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Father was a mathematician, and when he
was not able to solve a problem he would turn
to Sanskrit Grammar.

RAJA RAO. The Serpent and the Rope.

This volume XXXIX of Séminaire de Probabilités
is dedicated to the memory of Paul-André Meyer,
who unexpectedly passed away on January 30'" 2003, in Strasbourg.

Readers of the Séminaire need not be reminded how deeply Paul-André
Meyer’s research has modified the landscape of Probability Theory during
three decades, from 1962 and 1963, when his articles in the Illinois Journal
of Mathematics extended to continuous time Doob’s decomposition of super-
martingales, to 1993, when his Quantum Probability for Probabilists appeared
in the Springer Lecture Notes.

Most important is probably the way his work continues to live on, some-
times in ways different from those he would have thought. It is used “as one
breathes” (to quote his “Titres et Travaux : Postface”, which can be found
at the very beginning of this volume), that is, in a way both trite and funda-
mental, similar to the way Fubini’s theorem is used ...

The May-June 2005 issue of the Annales de [’Institut Henri Poincaré
(Vol. 41, n° 3), also dedicated to the memory of Meyer, was prepared at
the same time as this volume, under the auspices of a joint committee,
consisting of J. Azéma, S. Attal, D. Bakry, M.T. Barlow, G. Ben Arous,
J. Bertoin, P. Biane, C. Dellacherie, H. Follmer, R.K. Getoor, J. Jacod,
T. Jeulin, M. Ledoux, J.-F. Le Gall, Y. Le Jan, D. Lépingle, J. Neveu,
K.R. Parthasarathy, E.A. Perkins, R. Rebolledo, A.N. Shiryaev, C. Stricker,
J.B. Walsh, S. Watanabe, K.-A. Yan and ourselves. Both volumes exemplify,
but do not exhaust, the broad spectrum of mathematical themes which inter-
ested Meyer.

We take this opportunity to recall to the reader’s attention the tribute
paid to P.A. Meyer and J. Neveu in 1994, on occasion of their 60" birthdays;
it was published in 1996, in n° 236 of Astérisque and in n° 68 of La Gazette
des Mathématiciens.

The present volume opens with a slightly abridged version of Meyer’s auto-
biographical “Titres et Travaux : Postface”, followed by an English version
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of Marc Yor’s “Un modele pour nous tous” (the French version has appeared
in the Notices de I’Académie des Sciences) and by Stéphane Attal’s “Dis-
parition de Paul-André Meyer”, already published in n°® 96 of La Gazette des
Mathématiciens.

Ten other personal témoignages then follow. Among them is the speech
Jacques Neveu delivered at Meyer’s funeral in Paris; the other nine were
written for this memorial volume.

Very sadly, one of these témoins, Catherine Doléans-Dade, also untimely
left us in 2004. She had been Meyer’s first student, and her name remains
associated to a most important object in stochastic calculus; our warmest
thoughts go to Everett and their children. Her death followed shortly that of
Joseph L. Doob, who was from the very beginning one of Meyer’s permanent
sources of inspiration ...

We thank the Académie des Sciences and the Société Mathématique de
France for their kind permission to reprint Marc Yor and Stéphane Attal’s
témoignages, Anthony Phan for the drawing reproduced on the front cover,
and Philip Protter for his help with the English language.

M. Emery and M. Yor
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Titres et Travaux : Postface

Paul André Meyer

2 janvier 1998

Il y a maintenant juste trois ans que je suis a la retraite. Le moment est
favorable pour écrire quelque chose sur mon expérience de mathématicien,
avec un peu de recul et pas trop d’oubli. Prendre du recul n’a pas diminué
mon estime pour les mathématiques, au contraire : avoir d’autres activités me
permet de mieux apprécier ’extraordinaire concentration qu’exige le travail
mathématique.

Les mathématiciens forment un monde un peu & part, aussi vaut-il la peine
de raconter avec quelques détails comment j’y suis entré et j'y ai vécu. Cela
ne ressemble pas tout a fait a la trajectoire de ’enfant doué.

Personne dans ma famille n’a fait de mathématiques avant moi. Tout le
monde était dans le commerce, petit ou plus grand, achetant et revendant
quelque chose. J’ai d’ailleurs gardé, a voir l'intelligence et le charme que mon
pere pouvait mettre dans le fonctionnement de sa boutique, une grande estime
pour cette activité que 'on juge couramment stupide. Une légende familiale
veut qu’un arriere grand-oncle paternel (ou quelque chose de ce genre) ait été
un calculateur prodige, mais rien ne la garantit, et quant a moi j’ai continué
jusqu’au lycée a compter sur mes doigts.

Mes premiers souvenirs mathématiques sont justement des souvenirs de
grandes difficultés avec les opérations, particulierement la division. C’est ma
mere qui m’a tiré de la, m’apprenant a faire les divisions comme on le lui
avait appris a 1’école anglaise, c’est a dire en posant toutes les opérations
intermédiaires, multiplications du coté droit, soustractions du coté gauche.
Ce manque de sécurité, ce besoin de tout « poser », je peux dire que je I'ai
ressenti toute ma vie.

J’ai le souvenir d’une composition de 8° complétement ratée, ou j’avais
eu 4 sur 20, et d’'un moment de désespoir. C’est encore ma mere qui m’a
tiré d’affaire. Elle m’a dit « Je ne sais pas faire tes problemes comme ils le
veulent, mais on m’a appris a ’école anglaise a les faire par 'algebre. Je vais
te montrer. Tu appelles ¢a x et ca y, alors cette phrase veut dire que z+y = 3,
celle-la que 3z +2y = 7, tu remplaces y par 3—z dans la seconde égalité, et tu
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trouves que z = 1, donc y = 2». J’étais émerveillé. J’emportai le cahier dans
ma chambre, je refis le probleéme, puis tous les problemes, et je finis méme par
comprendre la ruse qui permet, dans certains cas, de présenter la solution sans
algebre. J’ai rattrapé les autres sans peine. Ensuite, je me suis arrangé pour
étre toujours en avance sur ma classe, appliquant sans le savoir le principe
que Spitzer devait m’expliquer en 1965 : « always tell the NSF that you plan
to do what you just have done ».

J’ai eu jusqu’en 6° un délicieux et invraisemblable professeur, qui nous
a appris, certes, a extraire des racines carrées et cubiques, mais qui était
d’autant plus heureux devant une figure de géométrie qu’elle comportait plus
de traits de toutes les couleurs. J’avais de bonnes notes. Entre la 6° et la 5°,
arrivant a Paris au printemps, j’ai pris quelques lecons de mathématiques et
de latin avec un professeur du Cours Hattemer qui se nommait M. Bonhoure;;
on disait qu’il avait été jésuite. Il barra le premier dessin multicolore et me
dit « Une figure ne doit pas comporter une lettre ou un trait inutile pour la
démonstration ». J’avalai la lecon. Il me donna aussi quelques cours de latin,
et lorsque mes parents me demandeérent (cela m’émerveille, mais c’est ainsi)
ce que je voulais faire, je dis que le latin me plaisait, mais que je voulais
faire le plus de mathématiques possible. J’abandonnai donc le latin. Hélas,
comment aurions-nous pu savoir qu’en ce temps-la, pour faire «le plus de
mathématiques possible » il fallait faire aussi du grec ?

J’étais en pension au premier trimestre de 5°. Je ne sais pas comment un
formulaire de mathématiques me tomba entre les mains. Il commencait par
des identités remarquables : (a + b)?, (a + b)%... que je vérifiai facilement.
Puis il continuait : dérivées, différentielles... équation de Laplace, équations
de Maxwell... Les identités remarquables exceptées, je ne compris rien, sauf
que tout cela existait. Mon idéal mathématique devint pour des années de
comprendre ’équation de Laplace et les équations de Maxwell. Je suis arrivé
jusqu’a Laplace, mais jamais vraiment jusqu’a Maxwell.

Au second trimestre de 5° j’étais de nouveau en famille. Le cabinet de
toilette a coté de ma chambre était devenu mon laboratoire, ou j’avais une
petite machine électrostatique, une bobine de Ruhmkorff. Je m’y suis construit
un poste a galéne (je me revois casque aux oreilles écoutant le Martyre de Saint
Sébastien, la galéne étranglant d’Annunzio tout en gardant le plus possible
de Debussy). Quant aux mathématiques, nous avions (en 1947, déja, et a
Janson!) un professeur remplagant qui peinait beaucoup. Un jour il se trompa
au tableau et resta court. Je levai la main et lui dis ot il se trompait. Il discuta
un peu, je répondis « C’est logique! » Alors un gargon dans les premiers rangs
dit & voix haute « Ca n’a rien a voir avec la logique, ici on est en maths ».

A partir de la 4°, j’eus un vrai professeur, M. Heilbronn, qui était méme
docteur es-sciences — sa theése portait sur «les équations aux dérivées par-
tielles selon Jules Drach», si ma mémoire est bonne. Par les hasards des
changements de classe, je restai avec lui quatre ans. A vrai dire, ce n’était un
bon professeur que pour les bons éléves, car les autres le mettaient dans des



Titres et Travaux : Postface 3

rages folles. Mais pendant quatre ans je n’eus avec lui aucune note inférieure
a 18. J’aimais beaucoup la géométrie, la droite de Simpson et le cercle des
neuf points, et je me posais tout seul le genre de problemes puérils que je pou-
vais imaginer, imitant les exercices de fins de chapitre, tels que construire un
triangle connaissant les rayons du cercle inscrit, du cercle circonscrit, et d’un
cercle exinscrit. Je calculais mieux aussi (sur les lettres a défaut des chiffres),
et j’aimais méme la trigonométrie.

La géométrie plane, branche morte des mathématiques, avait cet avantage
d’étre concrete, et de mettre a la portée des enfants des énoncés non-évidents.
Sa suppression en tant que théorie «inutile », fut 'ceuvre de gens intelligents
et honnétes, et je pense que ce fut une sottise — 'une de ces sottises logiques
et irréparables, sur lesquelles on ne peut que pleurer.

Je crois que pendant cette période de la 5° a la 2° — de 12 a 15 ans,
mettons — j’ai été plus intelligent que pendant tout le reste de ma vie. J’ai
I'impression que maintenant 'intelligence des adolescents est gaspillée.

En classe de seconde se produisit un événement important pour moi : mon
cousin venait de passer son bac, dans la classe de Sciences Expérimentales (il
a fait des études de médecine), et il me passa son livre de maths. Or dans
ce mince livre, il y avait les dérivées et différentielles, primitives, logarithmes
et exponentielles. Cela me transporta. L’idée que la fonction 1/x avait une
primitive pour laquelle il fallait inventer un nouveau nom me stupéfia ; je ne
voulus pas le croire, et je partis & la recherche de cette primitive. J’y passai
beaucoup de temps, transformant la relation ¢y’ = 1/x en diverses équations
différentielles que j’essayais de résoudre. Enfin, j’en parlai a M. Heilbronn, qui
m’affirma que vraiment il n’y avait rien a faire — et que j’aurais du plutot
m’étonner que la dérivée d’'une fonction algébrique soit algébrique.

A cette époque, je passais beaucoup de jeudis apres-midi au Palais de
la Découverte. A vrai dire, j’en passais autant au Musée Guimet, dont la
bibliotheque me fascinait. Je tournais autour, mais jamais je n’ai osé demandé
a y entrer.

Le résultat de tout cela fut que j’allai acheter le Cours de Mathématiques
Spéciales de A. Decerf, qui avait 'avantage d’étre mince. Ce n’était pas un
livre extraordinaire, mais il était clair et je ’ai beaucoup aimé. Je ne m’en suis
séparé que lorsqu’il est vraiment devenu impossible de le recoller. Le premier
chapitre était le plus difficile, I’algebre linéaire, avec la définition classique des
déterminants, si bizarre. Je me suis passionné pour I’Analyse Combinatoire,
et j’ai passé beaucoup de temps a compter les différentes manieres de ranger
ceci ou cela.

Je me rappelle un autre écueil sur lequel j’ai buté : je m’étonnais que 1’on
put couper une intégrale en deux, dans la premiere moitié poser s = t, dans
la seconde s = 1 —t, et les remettre ensemble. Il me semblait que s ne pouvait
étre égal a la fois a t et a 1 —¢. Je n’ai pu avancer qu’en comprenant qu’il
n’y avait rien a comprendre. Cela me rappelle un passage de Stendhal (dans
la Vie de Henry Brulard au chapitre 34) ou il dit avoir été arrété dans son
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développement mathématique par I'impossibilité de « comprendre » comment
— multiplié par — peut donner +. Voici ce passage : « Mon enthousiasme
pour les mathématiques avait peut-étre eu pour base principale mon horreur
pour ’hypocrisie... Que devins-je quand je m’apercus que personne ne pou-
vait m’expliquer comment il se faisait que : moins par moins donne plus ...
On faisait bien pis que ne pas m’expliquer cette difficulté (qui sans doute
est explicable car elle conduit a la vérité), on me 'expliquait par des raisons
évidemment peu claires pour ceux qui me les présentaient... J'en fus réduit a
ce que je me dis encore aujourd’hui : il faut bien que — par — donne + soit vrai,
puisque évidemment, en employant a chaque instant cette regle dans le calcul,
on arrive a des résultats vrais et indubitables. » Ainsi le progres consiste & com-
prendre que 'imagination concrete doit lacher prise et laisser le langage faire
son travail. Le langage mathématique va beaucoup plus loin que I'imagination
— pourquoi, c’est un mystere. Cela se retrouve a tous les niveaux, par exemple
on ne peut (& mon avis) « comprendre » la transformation de Lorentz ou les
fondements de la mécanique quantique, on peut seulement s’y habituer — et
une intuition se reconstitue a partir de cette habitude. Dans ce cas précis, bien
str, il aurait été facile de satisfaire aussi I'imagination, et ’obstacle a été créé
par de mauvais professeurs, qui ne comprenaient pas ce qu’ils enseignaient.

L’« absence d’hypocrisie » dont parle Stendhal me semble étre un élément
important de I'attrait des mathématiques.

Cette opposition entre ce que dit le langage mathématique et ce qui est
compris par images se rencontre partout : rien dans notre imagination ordi-
naire ne nous prépare a concevoir la vitesse de la lumieére comme vitesse limite,
et la transformation de Lorentz peut étre (me semble-t-il) manipulée, mais
non « comprise». C’est pire encore pour la mécanique quantique. Bien en-
tendu, I'esprit d’'un physicien qui manipule ces choses tous les jours finit par
les connaitre parfaitement, mais je ne crois pas qu’il réalise plus qu’un court-
circuit du langage mathématique, une constitution sommaire d’images a partir
de celui-ci. Feynman n’a-t-il pas écrit que la mécanique quantique restait tou-
jours aussi stupéfiante au bout de quarante ans d’expérience? Ou que la ques-
tion « Qu’est-ce qui fait que les masses s’attirent » est sans réponse jusqu’a
maintenant, et sans doute pour toujours 7 En ce sens, la science n’explique
rien. Elle nous dit «c’est comme ¢a», de la méme facon que mon pere, a
toutes les questions que je lui posais a 1’age des questions, répondait « a cause
des mouches ».

Je reviens a ma formation. J’ai d’abord été intéressé par les nombres
et leurs propriétés, comme tous les débutants me semble-t-il, en raison du
caractére élémentaire de ce sujet. J’ai dii lire deux démonstrations fausses du
théoréme de Fermat, une démonstration (obscure) de la transcendance des
nombres e et 7. J'ai perdu maintenant I'intérét pour les « nombres » en eux-
mémes, et je ne peux m’empécher de trouver puéril I'attachement que leur
portent beaucoup de mathématiciens. J’éprouve presque aussi peu d’intérét
pour le théoreme de Fermat que pour la coupe du monde de football.
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M. Heilbronn avait été élevé dans la tradition de Borel, Lebesgue, Hada-
mard (au séminaire duquel il avait assisté autrefois), et il m’a conseillé de
lire les Cours d’Analyse de Goursat et Valiron, et des livres de la Collection
Borel : les Legons sur la Théorie des Fonctions, les Lecons sur I’Intégration de
Lebesgue, puis de Sierpinski les Le¢ons sur les Nombres Transfinis. Mais il m’a
prévenu aussi que tout cela était vieilli, et qu'un jour je devrais lire Bourbaki
— en passant, et puisqu’il est a la mode a présent de décrier Bourbaki, je note
mon émerveillement lorsque je I’ai lu (en classe préparatoire sans doute), avec
le fascicule de résultats de Théorie des Ensembles, et les admirables premiers
volumes de 1’Algebre et de la Topologie Générale, supérieurs par leur sobriété
a ceux qui sont venus par la suite. Je pense que toute une génération a été
enthousiasmée par cette perfection d’écriture — au détriment peut-étre de
I'imagination créatrice, mais je n’en suis pas sur.

La fascination de Bourbaki dans ces années-la ne s’exergait pas seulement
sur les mathématiciens. Ce texte a la fois limpide et difficile a suscité la jalousie
des philosophes. Une partie des textes que contient le sottisier de Sokal peut
se comprendre comme une imitation de Bourbaki, a la fagon dont un bébé
imite le bruit du frangais. Mais Bourbaki n’y est pour rien.

J’ai beaucoup profité de mes années de lycée, ou j’ai appris a rédiger
clairement et sobrement. J'ai surtout immensément aimé [’école. J'avais le
sentiment que l'on pouvait tout savoir, et que le savoir menait a tout. Je n’ai
pas retrouvé chez mes enfants cet amour de ’école, et il me semble que quelque
chose s’est perdu d’une génération a l'autre.

Lorsque j’étais en Terminale, j’ai eu mes premiers contacts avec des
mathématiciens en activité, a qui je fus envoyé par le physicien P. Grivet,
un ami d’amis et un homme tres bienveillant. Ce furent Raphaél Salem, qui
me préta la premiere édition du traité d’intégration de Saks, Henri Cartan,
qui me conseilla de lire les Fonctions de Variables Réelles de Bourbaki, et
Laurent Schwartz, qui me recommanda son livre sur les distributions. J’ai
acheté ces livres, ils m’ont servi plus tard, mais bien str je n’y compris rien en
ce temps-la. Plus important, P. Grivet persuada mes parents que mon projet
de préparer le seul concours de la rue d’Ulm n’était pas une folie.

Je me suis trouvé parfaitement heureux en analyse : la théorie descriptive
des ensembles, l'intégration (et la théorie des fonctions d’une variable com-
plexe). Cependant, je n’avais pas d’aversion pour la géométrie. Mes premiers
contacts avec la géométrie différentielle (dans le vieux manuel de Lainé) ont
été heureux. Je me rappelle avoir réfléchi en ce temps-la sur la définition des
différentielles secondes « completes » dans le livre de Goursat. Je me souviens
aussi d’avoir été émerveillé en Terminale et en Hypotaupe par le petit traité de
Duporcq Premiers Principes de Géométrie Moderne, c’est a dire la géométrie
projective complexe a la Poncelet.

En Hypotaupe et Taupe, je travaillais beaucoup et je réussissais bien. Je
n’étais pas le meilleur. Celui-ci, qui avait fait du grec, est entré a Polytech-
nique ; j’ai apercu son nom dans les journaux (il y a déja longtemps) comme
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fondé de pouvoir d’une grande banque dans quelque opération financiére inter-
nationale, et il me semble qu’il y a eu la un gaspillage d’intelligence. Il me
semble trop distrait et trop gentil pour avoir fait un excellent banquier. En
tout cas, je n’ai pas vu mentionner son nom a propos du Crédit Lyonnais.

Je détestais en idée Polytechnique depuis I’adolescence, ot j’avais lu (dans
un livre datant de 1880) que les polytechniciens marchaient au pas et qu'un
planton les empéchait d’entrer et de sortir. Si je ne pouvais entrer a 1’Ecole
Normale en une fois, j’irais a la Sorbonne ou aux USA.

L’année du concours de I’Ecole Normale, je quittai le lycée au milieu de
I’année, car mon professeur de physique—chimie me persécutait. Je fus recu au
concours (parmi les derniers d’une toute petite fournée) grace a un 20/20 en
physique et a la lucide bonté de J. Deny, le second examinateur de maths.

Le jour ol j’ai vu mon nom affiché a la porte de I’'Ecole Normale a été I'un
des plus lumineux de ma vie (il faisait d’ailleurs trés beau). En y entrant, je
ne savais pas si je choisirais les maths ou bien la physique, et les splendides
possibilités de manipulations offertes aux éleves me firent hésiter un moment.
Mais I'inadaptation pédagogique des cours de physique, comparée a la lumi-
neuse perfection de Cartan, me firent choisir les maths. L’effet sur d’autres fut
exactement contraire. Je me rends compte a présent que 'aptitude a tirer de
I'information d’un exposé obscur ou incomplet fait partie de I’entrainement
d’un physicien, et je regrette d’avoir méprisé ces bons maitres.

Entré en 1954 rue d’Ulm, j’ai passé I’Agrégation en 1957 (& nouveau dernier
sur une courte liste). Ce fut une année mémorable, ou les candidats furent
autorisés a passer l'oral sans veste — mais non sans cravate — car il faisait
si chaud que le Préfet de Police avait autorisé les agents a enlever les leurs.
J’ai eu une quatrieme année d’Ecole, et je suis entré au CNRS avec un dossier
contenant seulement deux lignes de Cartan « M. Meyer me semble étre I'un
des bons éléments de sa promotion». J’ai jeté un coup d’ceil a ce dossier
par curiosité, alors que j’étais membre de la Commission du CNRS — & une
époque ou pour entrer au CNRS il fallait avoir une these de 3° cycle achevée,
et des publications.

D’abord j’ai suivi le chemin tout tracé : rédiger le cours de Cartan sur
I’homologie, lire de 'algebre ; puis je me suis senti incapable de supporter
une compétition aussi vive, et lorsque Cartan m’a proposé d’étudier les fibrés
holomorphes je me suis jeté dans les probabilités. C’était alors une branche
basse des mathématiques, bien qu’exergant une certaine fascination d’ordre
esthétique (et je reste fasciné par le hasard, quarante ans apres). A cet égard,
on peut comparer le hasard aux «nombres». Les cours de la Sorbonne en
probabilités étaient nuls a un point que 1’on ne peut imaginer. Le seul grand
probabiliste frangais, Paul Lévy, y était interdit d’enseignement ; son disciple
Loeve un moins grand mathématicien, mais un admirable professeur —
avait été écarté par xénophobie. La seule personnalité qui, sans étre tres utile,
n’était du moins pas nuisible, était R. Fortet. Sans volonté de puissance per-
sonnelle, il accueillait généreusement les débutants, et nous sommes nombreux
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a penser a lui avec gratitude. J’ai d’abord travaillé seul, essayant de lire les
livres de Lévy — mais celui-ci n’était pas mon genre. J’ai vraiment été formé
par le grand traité de Doob, alors tout récent. J’avais une solide formation en
théorie de la mesure, et Doob a fait de moi un probabiliste.

Comme Choquet avait été mon professeur, comme Deny m’avait sauvé par
les cheveux au concours, je suivais le Séminaire de Théorie du Potentiel, et je
me rappelle bien quand Brelot m’a dit «Il parait qu’il y a un grand travail
qui vient de sortir, di & Hunt; il démontre des résultats importants de théorie
du potentiel par des méthodes purement probabilistes ». C’était une occa-
sion de devenir probabiliste tout en restant un mathématicien « pur », chose
qui jusqu’alors n’avait été possible qu’en Russie. Justement cette année-la
(58/59), Loeve est venu & Paris. L’année suivante, je I’ai suivi aux USA — en
partie pour mettre I’Atlantique entre la guerre d’Algérie et moi, car on par-
lait de résilier les sursis. J’étais aussi entré en rapport avec Doob, & ’occasion
d’une premiere note (assez stupide) sur la «séparabilité des processus sto-
chastiques ». J’ai donc passé une année universitaire, moitié a Berkeley avec
Loeve, moitié a Urbana chez Doob. En fait, a Noél de cette année-1a j’ai trans-
mis par l'intermédiaire de Loeve une note aux Comptes Rendus, qui la veille
du Jour de I’An s’est révélée completement fausse; Loeve a eu la gentillesse de
téléphoner a Fréchet pour qu’il la retire. Mais en revenant en juin j’avais déja
une demi-these sur les processus de Markov. Elle n’avait rien a voir avec Loeve
et assez peu avec Doob : j’avais trouvé un probléme intéressant en piochant
Hunt, et lu les travaux des éleves de Dynkin sur ce sujet. A vrai dire, j’ai assez
peu lu en ce temps-la Dynkin lui-méme, qui me semblait trop abstrait.

La note retirée me donne ’occasion de dire que j’ai fait pas mal d’erreurs
dans mon travail mathématique, et que j’ai vu a 'oeuvre sur moi-méme les
mécanismes de 'erreur, et dans certains cas 'utilité de l'erreur. Parfois, si
I'on avait au départ une idée juste de la difficulté d’une démonstration, on
perdrait courage. Paul Lévy a dit quelque part qu’il avait progressé « d’erreur
en erreur vers la vérité ».

Surtout, j’ai une chose importante a dire a propos de ces premiers travaux.
On décrit la formation des étoiles par ’effondrement d’un nuage de gaz, apres
quoi nait spontanément une réaction nucléaire (ainsi, Jupiter aurait da étre
le compagnon du soleil, mais s’est trouvé trop petit pour s’allumer). L’image
convient aux mathématiciens : il y a d’abord accumulation de connaissances,
apres quoi ou bien on «s’allume » pour devenir un mathématicien et pro-
duire des résultats nouveaux, ou bien on reste «froid» : un érudit, nulle-
ment méprisable, mais privé de la grace. C’est un phénomene propre aux
mathématiques, me semble-t-il, dii au fait que ’activité y est entierement
mentale, sans les occupations annexes qu’apporte la pratique du laboratoire.
Les gens du dehors ne comprennent pas bien cela.

Au retour des Etats-Unis, j’ai fait & Paris un séminaire sur les processus
de Markov, dans le cadre du Séminaire Brelot-Choquet-Deny, qui a été tres
bien accueilli — je me rappelle Dixmier sortant d’un exposé sur la théorie
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de la mesure abstraite en disant «ce n’est pas si dégueulasse apres tout ! ».
J’ai soutenu ma these en 1961, le premier des normaliens de mon année.
Apres mon service militaire, j’ai pris mon premier poste dans I’Académie de
Strasbourg (précisément & Mulhouse). Nous sommes arrivés & Strasbourg par
un froid terrible au début de ’année 1964. Nous avons tant aimé Strasbourg,
I’Alsace, les Vosges et la Forét Noire, que je n’en ai plus bougé, bien que des
occasions de « remonter » a Paris se soient manifestées presque aussitot. Nous
n’avons quitté Strasbourg que pour un séjour de deux ans de l'autre coté du
Rhin, a Freiburg. J’aurais eu sans doute une vie mathématique plus longue,
si j’étais retourné a Paris ; nous avons connu ici des années creuses, sans le
moindre étudiant. J’ai toujours donné a ma famille une certaine priorité sur
mon travail, et j’ai eu ma récompense lorsqu’une de mes filles m’a dit « Quand
nous étions petits, nous nous disions que tu ne faisais rien, et nous avions un
peu honte ».

Les mathématiciens sont friands d’anecdotes, mais je n’en raconterai pas.
Les souvenirs imprimés dans ma mémoire sont pour la plupart de mauvais
souvenirs, oll je joue un role ridicule, et personne ne peut m’obliger a les
raconter. En voici une tout de méme : j’ai été invité une fois a diner chez L.C.
Young a Madison avec deux personnages illustres : Littlewood, agé de 90 ans
(sa moustache lui donnait 1’air d’un phoque, et il méachait en silence), et Mark
Kac, qui m’a pris a partie pendant tout le diner, en se moquant de ces Francais
toujours si abstraits, alors que ce qui compte en probabilités, c’est le concret,
etc., etc. Des gens comme Arnold répetent maintenant ce genre de bétises.
J’ai gardé le souvenir d’un bon diner, car au fond j’étais d’accord avec lui, et
certain d’avoir autant que lui travaillé dans le cambouis (apres tout, je suis
né a Boulogne-Billancourt).

Le moment est venu de parler de mon travail mathématique, en essayant
de n’étre pas trop ennuyeux.

J’y vois trois périodes. La théorie des processus de Markov d’abord, puis la
théorie des martingales et ce que ’on appelle la « théorie générale des proces-
sus », sans doute la période la plus heureuse et la plus fructueuse de ma vie
mathématique. Apres cela, j’ai changé de sujet tous les deux ou trois ans, sans
approfondir vraiment les choses, mais avec des enthousiasmes de breve durée :
applications des martingales a 'analyse, géométrie différentielle stochastique,
« mécanique stochastique» a la Nelson, «calcul de Malliavin ». Mes toutes
dernieres années d’activité ont été consacrées aux probabilités quantiques de
Hudson et Parthasarathy, sujet pour lequel j’ai mené une propagande efficace,
me semble-t-il, mais sans démontrer de résultats personnels.

En théorie des processus de Markov, j’ai démontré dans la ligne de Doob,
Hunt et Dynkin des résultats qui a ’époque ont été considérés comme
«importants », mais maintenant dans cette théorie I’herbe pousse entre
les rails. Un théoreme de représentation des fonctions excessives, que j’ai
démontré en m’appuyant en grande partie sur des travaux préliminaires russes
(Volkonskii, Shur), a pu étre traduit presque littéralement deux ou trois ans
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plus tard, comme le théoreme de décomposition des surmartingales de la classe
(D), qui est sans doute le seul résultat de moi que le «grand public» des
probabilistes purs et appliqués puisse citer. En fait, il ne s’agissait que d’une
traduction !

La théorie générale des processus est ’étude des filtrations, des temps
d’arrét, des martingales et semimartingales. Elle a été fondée par Doob,
développée par Doob, Chung et 1’école russe. Le groupe strasbourgeois est venu
ensuite, et nous avons beaucoup fait pour la simplifier et en faire un langage
simple et commode — si commode qu’il a été adopté par les mathématiciens
appliqués, démentant ainsi les accusations de Kac. Nous, c’est a dire pas mal
de monde & Strasbourg : Dellacherie (qui écrivait aussi bien que moi, mais
moins vite), Catherine Doléans, Michel Weil, Maisonneuve, J.A. Yan, Giorgio
Letta — et bien siir beaucoup d’autres ailleurs ou plus tard. Ces travaux sont
destinés a rester, j'en suis persuadé, et de la meilleure maniére qui soit : en
devenant des « trivialités », que I'on utilise comme on respire.

Cette période a amené des publications : celle de mon livre « Probabilités
et Potentiel », repris plus tard en collaboration avec Dellacherie (puis ralenti
par son départ et ma paresse au point que les derniers volumes en sont passés
inapergus). Surtout, celle des Séminaires de Probabilités de Strasbourg, encore
vivants apres trente ans.

Apres la théorie générale est venue la période de calcul stochastique, c’est-
a~dire des intégrales stochastiques et de leurs applications — aux équations
différentielles stochastiques d’une part, et a l'analyse d’autre part. J'y ai
travaillé mais avec Catherine Doléans (qui a fait la découverte principale,
mais n’en a pas tiré de bénéfice, & cause de 'antiféminisme du Middle West),
puis en suivant la voie ouverte par la these d’Emery.

Le troisieme sujet de recherches que je considére comme important est
une étude des «chaos» de Wiener (rien & voir avec la théorie du chaos dont
tout le monde parle), commencée en essayant de comprendre une application
qu’en avait donnée Malliavin. En utilisant des méthodes apprises chez Stein,
j’al pu démontrer une inégalité intéressante (qui a été aussi le point de départ
des travaux beaucoup plus vastes de Bakry, puis Bakry-Emery). J’ai travaillé
sur les chaos de Wiener, selon d’autre points de vue, avec Y.Z. Hu et J.A.
Yan. Enfin je les ai retrouvés dans mon enthousiasme pour les « probabilités
quantiques ».

A partir des années 70, je me suis tenu a I’écart des courants nouveaux des
probabilités. Je n’avais plus assez de temps a consacrer & un travail de fond, ou
méme a la lecture. J’avais toujours devant moi un article a lire comme referee,
des lettres d’évaluation a écrire pour ces terribles organismes de recherche
américains, des rapports pour la commission du CNRS!. Mon intérét person-
nel s’est tourné vers des sujets marginaux, ou la compétition n’était pas trop
vive. J’ai le regret d’avoir été un peu touche-a-tout, laissant tomber un sujet

! Encore pires, les années d’apres 68 passées & rédiger des statuts et constitutions

a la place d’un pouvoir politique défaillant, incapable (il I'est toujours) soit de
savoir ce qu’il veut, soit de I'imposer.
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au moment ou les choses devenaient intéressantes et un peu difficiles. A trente
ans je me serais sans doute comporté autrement.

A coté de la recherche et des publications, d’autres choses occupent la vie
d’un mathématicien. Je n’ai fait de I’enseignement élémentaire que pendant les
premieres années de ma carriere : j’aimais surtout enseigner en premier cycle,
mais les examens m’horrifiaient. J’avais une grande pitié pour cette foule de
jeunes gens, filles et garcons, qui se faisaient massacrer, et pour lesquels je ne
pouvais presque rien. Il n’aurait été possible de les tirer de la qu’au prix d’un
effort que ni I’Etat, ni nous-mémes n’étions préts a fournir.

Dans les années 80, je me suis pas mal occupé des relations avec les proba-
bilistes chinois et la Chine. Nous avons eu des collaborations tres fructueuses
avec J.A. Yan, W.A. Zheng, Y.Z. Hu et plusieurs autres. Cela m’a valu d’aller
plusieurs fois en Chine, et aussi a Taiwan.

Je n’ai pas manqué d’honneurs : j’ai eu dans ma jeunesse le prix Peccot
et le prix Maurice Audin, dans mon age plus mur le prix Ampere, j’ai été
élu correspondant de 1’Académie des Sciences. J’ai été nommé deux fois au
Comité National du CNRS, et une fois au Jury d’Admission. J’ai été invité
dans de grands congres a I’étranger. Si j’en avais désiré davantage, j’aurais sans
doute pu l'obtenir — et je ne ferai pas la fine bouche, tout cela m’a réjoui
et encouragé, particulierement les occasions de voyager en Inde, en Chine, au
Japon. Mais j’éprouvais aussi un sentiment de malaise, dont je reparlerai.

Je pense avoir été un directeur de recherches a la fois bienveillant et tyran-
nique. Il est tres difficile de se juger soi-méme a cet égard, presque autant que
de se juger en tant que pere. Le départ de mes anciens éleves a été relative-
ment difficile a supporter, particulierement celui de Dellacherie — pourtant je
suis trop lent pour travailler volontiers avec d’autres. Je n’ai pas eu beaucoup
d’éleves ; sans doute parce que j’étais a Strasbourg, mais aussi parce que je
manquais de sujets a leur donner. Quand j’avais une « bonne question », je la
traitais moi-méme. Dans les meilleures années, il y avait a la fois suffisamment
de monde a Strasbourg pour justifier cours et séminaires, et suffisamment de
postes d’assistants pour nourrir les étudiants, qui pouvaient alors trouver leur
sujet eux-mémes, sans pression excessive. C’est alors que je pouvais les aider.

Que j’aie été ainsi reconnu comme un mathématicien par le milieu mathé-
matique, sous la forme de distinctions objectives, est d’autant plus important
que je me suis jamais parvenu d me reconnaitre moi-méme comme tel.

Je devrais étre un adhérent des Social Sciences a la mode, tant j’ai été
conscient pendant toute ma vie du caractere collectif de la science, du mou-
vement souterrain d’informations qui se trouvent & point nommé la ou il faut
(mes propres emprunts a Blackwell, & Volkonskii et Shur & des moments cruci-
aux), du caractere injuste de beaucoup d’attributions, du caractere fragile de
la connaissance (des choses bien connues dans ma jeunesse sont maintenant
oubliées), etc. En ce qui concerne les « dons », je ne me reconnais que le gott
du travail (le premier de tous les dons, il est vrai), une excellente mémoire,
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et une certaine habileté manuelle qui m’a permis de taper des kilometres de
papier, pour moi et pour d’autres. Tout cela, en somme, des qualités de bon
éleve. Je n’en vois qu'une qui dépasse ce niveau : une certaine aptitude a
distinguer ’essentiel de ’accessoire.

J’ai mis une certaine insistance a souligner plus haut que j’ai été regu a
quelques concours, mais dans les derniers rangs. Il me semble que je n’aurais
pu réussir les épreuves d’un quelconque « Rallye Mathématique » destiné a
sélectionner, a la maniere des Russes, de futurs mathématiciens.

En gros, tant que j’ai eu la force de lire des articles difficiles, de les digérer
et de les exposer, je suis arrivé a découvrir des choses nouvelles. Je sais par
expérience que si 'on prend son temps pour lire, en cherchant vraiment a
comprendre, on en est souvent (mais pas toujours : il y a un risque a pren-
dre) récompensé bien au deld de ce qu’on espérait. Il est tout a fait normal
qu’un mathématicien qui découvre un théoreme utilise pour cela des chemins
compliqués ou artificiels, et ne comprenne pas ce qui est vraiment au fond des
choses. Chung m’a dit une fois « Monsieur Meyé, people say that you don’t
write your own papers, you rewrite the papers of other mathematicians ». Je
peux accepter ce jugement en partie.

Le travail de lecture est peu glorieux, mais il est a la base de l'activité
scientifique. Les historiens des sciences ne font attention qu’au processus de
découverte, alors que le controle exercé sur celle-ci par des collegues (surtout
s’ils sont mus par la jalousie) est essentiel. La vérification des travaux de
de Branges sur la conjecture de Bieberbach, de Wiles sur le théoreme de
Fermat, a été un travail énorme — et personne ne tresse de couronnes a
ceux qui passent un an a vérifier une démonstration et la trouvent fausse.
C’est un peu comme si I'on réduisait une fourmiliere a la reine. Le systeme
d’avancement des scientifiques ignore trop cette activité. J’ai rencontré en
Californie, lorsque j’étais étudiant, un vrai lecteur et écouteur qui se nommait
John Woll. Comme il ne publiait pas suffisamment il a du partir et j’ai perdu
sa trace. Dans les séminaires, il avait I’air de tout comprendre tout de suite, et
faisait des remarques intéressantes. Il a lu mon premier article et a découvert
une partie des erreurs qui s’y cachaient.

J’ai beaucoup lu, mais j’ai aussi beaucoup été lu pendant quelques années,
et je n’en suis pas peu fier.

[ 3 BN J

La phrase relative aux Social Sciences est restée en suspens. Il me faut
expliquer pourquoi je n’y adheére pas. Je sais parfaitement ce qu’on peut dire
de la Science. Les gens lui demandent beaucoup trop, mais moi non. Non seule-
ment j’ai depuis longtemps renoncé a tout savoir, mais je me suis persuadé que
si je savais tout, je ne saurais pas grand chose. Cependant, mon enthousiasme
pour la science n’a pas diminué, et je suis heureux d’avoir participé a la vie
scientifique, méme de fagon relativement marginale.

L’histoire des sciences telle qu’elle est racontée dans les Social Sciences
(voir par exemple A qui appartient la découverte de [’électron, dans La
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Recherche de novembre 1997) est dépourvue de toute grandeur humaine.
Elle ne s’exprime qu’en termes de pressions sociales, réseaux d’influences,
copinages et hostilités. Je me rappelle avoir voyagé entre Paris et Strasbourg
dans le méme compartiment que trois profs. Pendant tout le trajet ils n’ont
parlé qu’avancement : proviseurs, syndicats, commissions, concours. C’est
I'univers des Social Sciences. Moi qui ai été un étudiant—2CV des années 50,
j’y reconnais les étudiants-Austin des années 70, nés dans un monde pauvre
en postes. Les Social Sciences ne sont que l'expression des classes moyennes
frustrées.

Je veux bien qu’on soit corrosif. Un livre corrosif comme La double hélice de
Watson laisse sa place a la grandeur, c’est-a-dire a 'admirable conjonction de
Iintelligence et du travail. Pour ma part, au cours de ma vie de mathématicien,
j’ai rencontré deux formes de grandeur. D’abord la grandeur intellectuelle, qui
n’est pas forcément arrogante ou écrasante (je pourrais citer ici des noms en
bien et en mal). J’ai beaucoup admiré des mathématiciens, pas tous célebres,
que possédait véritablement le désir de comprendre, et qui n’auraient pu vivre
sans un beau probleme difficile.

L’extréme concentration que j’ai rencontrée chez les « vrais mathémati-
ciens », je ne l'ai éprouvée que de rares fois dans ma vie. Mon expérience la
plus proche de celles que rapportent les grands créateurs concerne un travail
mineur, ou je voulais démontrer que la théorie du potentiel décrite axioma-
tiquement par Brelot entre dans la théorie des semi-groupes. Je n’y arrivais
pas malgré beaucoup d’efforts, mais j’avais réduit le probleme a la construc-
tion d’une certaine fonction sousharmonique, et je me suis couché en plein
travail ; le matin, je me suis réveillé en pensant « considere une somme de
carrés de fonctions harmoniques », et cela marchait.
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1 Introduction and a short vita

Paul André Meyer was born on August 21st, 1934 in Boulogne-Billancourt,
a suburb of Paris. He entered the Ecole Normale Supérieure de la rue d’Ulm
in 1954, and was a student there between 1954 and 1958. After preparing
and defending his doctoral thesis, under the supervision of Jacques Deny, he
became Professor at the Université de Strasbourg, a position he held from
1964 until 1970, before becoming Directeur de Recherches in CNRS from
1970 onwards. He was elected a corresponding member of the Académie des
Sciences de Paris in 1978. He retired completely from scientific activities in
1994.

Between roughly 1962 and 1992, Meyer’s publications were constantly at
the forefront of developments of research in probability theory, and more par-
ticularly in the study of stochastic processes.

In the following, I present the main results of Paul André Meyer, I hope
in not too technical a manner, and I sketch a portrait of the admirable person
he was, most certainly worthy of the accolade given to Laurent Schwartz by
Alain Connes: “un modele pour nous tous”.
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2 The genesis of Paul André Meyer’s work

In order to understand the genesis of the work of Paul André Meyer, it is useful
to consider the situation of probability theory in France in 1957, as Paul André
Meyer was about to start his 4th year in the Ecole Normale. The following
lines are borrowed from a text of G. Choquet: “Paul Lévy, who was considered
abroad as one of the founding fathers of modern probability, was little known
in France. France, which had been the cradle of probability with Pascal, was
running the risk of seeing the line of her famous theoreticians (Borel, Fréchet,
Lévy ... ) cut short. The Parisian mathematicians, being aware of this danger,
invited M. Loéve, a former disciple of P. Lévy, to come from Berkeley and
spend a year in Paris, in order to sow the good seed by giving a course and a
seminar . ..

By the end of the year, Meyer had assimilated the probabilistic techniques
and was ready to begin his own research; this was the time when G. Hunt was
publishing, in the United States, two fundamental memoirs which were renew-
ing at the same time potential theory and the theory of Markov processes by
establishing a precise link, in a very general framework, between an important
class of Markov processes and the class of kernels in potential theory which
French probabilists had just been studying. Meyer, who was in close relation
with these potentialists, and who was quite knowledgeable about convex func-
tional analysis, was particularly well positioned to explore Hunt’s theory.

In 1961, under the guidance of Jacques Deny, Meyer defended his thesis on
multiplicative and additive functionals of Markov processes, which established
him at once as a top researcher among probabilists and potentialists.”
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3 The post-doctoral period (1961-1966)

(3.1) Following his thesis, Meyer (1962-1963) published some fundamental pa-
pers in probability theory which demonstrated his technical virtuosity, and the
depth of his understanding of supermartingales, i.e.: processes which model
“unfair games”. More precisely, in these papers Meyer shows that, as a deep
extension of Doob’s results in the discrete time case, any supermartingale of
class (D) may be decomposed as the difference of a martingale and a pre-
dictable increasing process.

(3.2) A first—very structured and pedagogical—evaluation of the results ob-
tained so far by P.A. Meyer appeared in 1966, with the publication of his
book: Probabilités et Potentiel (1966) which is divided into 3 sections:

A. FElements of Probability Calculus
B. Martingale theory
C. Analytical tools in Potential theory.

This book, which was immediately translated into English (Blaisdell, 1966)
had a huge impact. It became the reference book for a large number of prob-
abilists, roughly for the period 19671975, at the beginning of their research
in probability. In particular, for myself and probabilists of my generation, it
opened the door to graduate study (leading to the Diplome d’études appro-
fondies) and the preparation for the Agrégation (an exam which, in the French
system, enables one to take up a teaching position in Classes préparatoires
aux grandes écoles ... ).

Throughout his career, Meyer always came back to the contents of his
book, adding successive layers of knowledge to it; it was, indeed, the corner-
stone of his work.

4 The first fifteen years of the Séminaire de Probabilités

Not only was Paul André Meyer a virtuoso of probability theory, potential
theory, and so on, but he also had his own deep vision of establishing an eas-
ily accessible body of knowledge, essentially by concentrating his own publi-
cations, as well as those of his students, collaborators, etc..., in Séminaire
Notes. Here he was following the tradition of the Brelot-Choquet-Deny
mimeographed volumes.

TELEE b= This led to the birth of the Séminaire de Probabilités,
7. which appeared annually from 1967 onwards, each vol-
ume totalling between 200 and 500 pages, within the
Springer Lecture Notes in Mathematics series. In each
Séminaire, Meyer systematically discussed the main de-
velopments of the moment, at an international level, of
research in probability.
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This really was a titanic work, into which Meyer threw himself, with all his
intellectual strength and enthusiasm, together with the help of C. Dellacherie
and M. Weil. He often presented much clearer versions than the original works,
he extended the results of many authors, from the continuous to the discon-
tinuous case, from the integrable to the non-integrable case, and so on ..., so
that the Séminaire became an indispensable working tool for any researcher
concerned with stochastic processes. In fact, Meyer always insisted on this
aspect of the Séminaires, and often compared them to the “working book” of
a general medical doctor, the pages of which need to be replaced as medicine
evolves. With each volume, Meyer provided some comments, improvements,
and corrections to previous articles, always closely related to the most recent
developments in the subject.

The list of the fundamental results to which Meyer gave, in the Séminaires,
an enlightened view and an essential personal contribution, is indeed quite
lengthy; after making some difficult choices, I list the following:

e in Séminaire I (1967), a sequence of four papers about stochastic inte-
grals, where the spaces of additive functionals - martingales for a general
Markov process - are thoroughly studied, following the fundamental paper
of Kunita-Watanabe, which also appeared in 1967;

e in Séminaire IT (1968), the detailed guide to the general theory of stochastic
processes, which culminated in 1972 with the publication of the book of
C. Dellacherie: Capacités et Processus Stochastiques;
in Séminaire 11T (1969), the Burkholder inequalities in martingale theory;
in Séminaire IV (1970), the discussion of Stroock-Varadhan’s martin-
gale problem formulation, which constitutes a very powerful and elegant
method of constructing Markov processes with a given (pre-)generator,
thus completing in an original manner It6’s pathwise construction of dif-
fusion processes with the help of the resolution of stochastic differential
equations;

e in Séminaire V (1971), a wonderful presentation of It6’s excursion the-
ory, which had just appeared in the Berkeley Proceedings (1970), as well
as a simplified proof of Knight’s theorem about continuous orthogonal
martingales (Meyer had just heard the lecture by F. Knight in the Math.
Institute of Oberwolfach). I should not forget Meyer’s presentation of the
results about time reversal for Markov processes, obtained by Chung and
Walsh. In fact, Meyer discussed this topic (namely, time reversal) a number
of times, starting with Nagasawa’s original results (1964) and progressing
towards those of Azéma (1972) which he discussed in Séminaire VIII, to
finish with Kuznetsov’s contributions (see later).

e in Séminaire VI (1972), Meyer’s presentation of Follmer’s measure asso-
ciated to a supermartingale (the original article appeared the same year)
thanks to which the tendency of these processes (supermartingales) to de-
crease may be measured in a global way; the same Séminaire also contains
a renewed discussion (see Séminaire IIT) of the inequalities of Burkholder-
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Davis-Gundy for martingales; these inequalities played, a few years later,
an essential role in L? estimates of semimartingales;

e Séminaire VII (1973), contains an impressive collection of 11 articles by
Meyer, on very different subjects, among which may be found: surgery of
Markov processes, Azéma’s work about the general theory of processes, as
well as a paper which became quite famous: “On a problem of filtration”, in
which Meyer was deeply astonished by the fact that the probability theory
he had developed might be used in applied questions! What happened next
(see below!) can only have astonished him further!

e in Séminaire VIIT (1974), besides a lecture about time-reversal, one finds a
big paper written with Maisonneuve concerning homogeneous Markovian
random sets;

e again, in Séminaire IX (1975), the contributions of Paul André Meyer are
very important, roughly about fifteen; they were written on his own, or in
collaboration, or holding the hand of a researcher ... There, one finds some
complements to the general theory of processes, some studies of the theory
of flows (7 papers!), some studies of time reversal, work on predictability,
as well as a discussion of the marvellous book by A. Garsia about the
(inequalities for) discrete time martingales. With hindsight, one realizes
that Meyer is gathering his ammunition for the fireworks which are about
to occur in the next Séminaire . ..

e Séminaire X, which appeared in 1976, and contains the “Cours sur les
Intégrales stochastiques” (150 pages) by Meyer, constitutes an “explosion”,
both of the contents of the Séminaire and of Meyer’s creativity: this period
was probably one of the magical moments in the research career of Paul
André Meyer, a period when the efforts and tenacity shown during many
years finally bore fruit. More precisely, here, with the help of the general
theory of processes, and that of the many papers written by Meyer, C.
Dellacherie and C. Doléans in the previous Séminaires, Meyer was now
able to develop a theory of stochastic integration with respect to a general
semimartingale. One of the strong points of this Course is the derivation
of a Tanaka formula for the local times, and their existence, related to a
general semimartingale.

It does not seem too much of an exaggeration to say that this “Cours” was
the result of about thirty years of research by the international probabilistic
community, culminating in a presentation as general and efficient as possible
of the theory of stochastic integrals. This theory was initially created by It6 as
early as 1944 for Brownian motion, and became known by probabilists outside
of Japan as late as 1969, with the wonderful, although very concise, book of
H.P. McKean: Stochastic Integrals, but which only discusses diffusions (i.e.:
Markov processes with continuous trajectories).

The richness of the “Cours” is largely acknowledged by the impressive
crop of results and publications which it generated in the years following its
publication, that is, roughly between 1976 and 1980:
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e the Séminaires XI to XIV contain many complements to the “Cours”;
a whole new generation of French probabilists (Emery, Jacod, Jeulin,
Lenglart, Lépingle, Stricker ...) and also those abroad (Pratelli, Yan,
Yoeurp) became accustomed to changing—probabilities, filtrations, and
so on—, in a general framework, by having the essential techniques de-
veloped in the Cours. Local times became a crucial element in the study
of stochastic processes: a little later, J.F. Le Gall used them to simplify
considerably the arguments of the Japanese school on fine results for sto-
chastic differential equations; a little later again, a systematic exploitation
of local times of intersections of planar Brownian motion were made, in
order to study its multiple points (see Le Gall’s Cours de St-Flour (1990);
LNM 1527);

e the richness of the Cours is also shown by the publication, in the following
years, of a number of treatises on stochastic calculus (with, or without,
applications ...). In one of the first such books, R. Durrett, then a pro-
fessor at UCLA, wrote that his own book was mainly a translation from
the Alsatian to the American language . ..

All of these developments led P.A. Meyer, at the end of 1979, to ask J.
Azéma and myself to be in charge of the yearly editions of the Séminaires,
from Séminaire XIV onwards, a task which we accepted, although we felt
strongly that Meyer did us an honor of which we were unworthy; however,
this may have facilitated Meyer’s deep involvement in the developments—by
then in full blossom—of Stochastic Differential Geometry, with the essential
and independent contributions at that time of J.M. Bismut, D. Elworthy,
P. Malliavin and L. Schwartz.

In order to accommodate the abundance of new results in this field, which
were extremely clearly exposed by Meyer in Séminaire XV, it was necessary
to add an additional volume (the whole Séminaire comprised more than 500
pages, to the horror of Springer!). Among these papers, I would like to cite the
celebrated: “Géométrie stochastique sans larmes”, as well as a very beautiful
synthesis given at the Durham Congress (July 1980), which constituted a key
moment for the international probabilistic community.

5 The five volume Treatise: Probabilités et Potentiel
(1975-1992) by C. Dellacherie and Paul André Meyer
(and B. Maisonneuve, for vol. V)

(5.1) At this point in the evocation of the works of
Paul André Meyer, it seems judicious to leave aside for
a moment the litany of the Séminaires (to return to
it later) in order to present the main characteristics of
the huge scientific undertaking which the writing of the
Treatise Probabilités et Potentiel, published in 5 vol-
umes by Hermann between 1975 and 1992, represented.
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(5.2) To write of the Treatise that it is a completely new edition of the
book of Paul André Meyer published in 1966 (see Section 3 above) gives
only a very vague idea of the corpus of knowledge which is contained within
it. It represents, in fact, a deep synthesis of the main results obtained by
Dellacherie and Meyer, and more generally by the group of probabilists formed
by, educated by, or linked with, one way or another, the “Strasbourg school
of probability”, which was simultaneously, quite virtual (before the advent of
the Internet), and also truly “real”!

(5.3) I now discuss, volume by volume, chapter by chapter, the contents of
the Treatise:

Volume I: (Chapters I to IV). Published in 1975. In this volume, the au-

thors present the foundations of the treatise: the two first chapters contain
the complete theory of integration and its diverse variants for probabilists.
Chapter III presents the theory of analytic sets, and Choquet capacities,
which are indispensable tools for the section theorems; the latter play a
central role in the general theory of processes. Chapter IV is devoted to
an introduction to stochastic processes: their filtrations, stopping times,
optional, predictable, progressive processes . ..

Volume II: (Chapters V to VIII). Martingale theory; published in 1980.

This second volume gives an exhaustive presentation of the theory of
martingales, beginning with the discrete case (Chapter V) and then con-
tinuing in the case of continuous time (Chapter VI), where the full power
of the general theory of processes, including “direct” and dual projections,
is utilized. The decomposition theorems of super- and semi- martingales
are presented in Chapter VII where one can also find a study of HP-spaces
of semimartingales, and the H'-BMO duality. Finally, the theory of sto-
chastic integrals is developed in Chapter VIII. Apart from the general
It6-Tanaka formula, this chapter contains the characterization of semi-
martingales as “good integrators” taking values in L° due to Dellacherie
and Bichteler (following the pioneering works of Métivier and Pellaumail).
The full strength of functional analysis (vector measures taking values in
LY; works of Maurey and Nikishin) is put to use ... All of Meyer’s virtu-
osity was necessary to remain in such close contact with the fascinating
new developments of that period. Although it says, in the Preface to this
volume, that the presentation does not pretend to be definitive because
the theory progresses too fast, it transpires that, more than twenty years
later, it still gives a very coherent and up-to-date discussion of martingale
theory. This discussion was further completed in volume V.

Volume III: (Chapters IX, X, XI). Discrete potential theory; published in

1983. This third volume, which consists of 3 chapters, provides a first
introduction to potential theory: more precisely, in Chapter IX, potential
theory with respect to a discrete time semigroup (which amounts to a
discussion relative to a single kernel) is presented; Chapter X presents the
notion of réduite in the set-up of the “gambling houses” of Dubins and
Savage, whose beautiful book: How to gamble if you must is too little
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known; this chapter also contains some beautiful applications, which go
far beyond those to be found in the 1966 book (Bernstein and Bochner’s
theorems, and so on ...). Finally, Chapter XI presents new methods in
capacity theory, and their applications to gambling houses.

Volume IV: (Chapters XII to XVI). Potential theory associated with a re-

solvent; theory of Markov processes; published in 1987. This sub-title in-
dicates quite well the nature of the two parts of the volume: the first part
(Chap. XII and XIII) is devoted to the study of the notion of a submarkov-
ian resolvent, and goes as far as the representation theorem of excessive
functions in terms of extremal ones; the second part discusses the theory
of Markov processes, presented here in the form of Feller processes, which
suffices to present Ray processes. Besides general discussions—which are
unavoidable on this subject—one also notices that Chapter XV contains a
deep study of local times associated with closed random sets and, in par-
ticular, it contains It&’s excursion theory, and some of its applications to
the study of Brownian motion. Finally, Chapter XVI shows how the most
general class of Markov processes, namely the “right processes”, may be
reduced to Ray processes. I should also indicate that this volume contains
a deep discussion of the opérateur “carré du champ”, a notion due to
H. Kunita (1969) and rediscovered by J.P. Roth in his thesis (1976) in po-
tential theory; this notion then played an important role in the derivation
of the log-Sobolev inequalities of Bakry-Emery. This volume also presents
the Lévy systems of Markov processes, which had already been thoroughly
studied by P.A. Meyer in Séminaire I (see above).

Volume V: (Chapters XVII to XXIV). Markov processes (the end); Com-

plements of Stochastic Calculus. This fifth and final volume begins with
Chapter XVII, in which the authors gathered some important comple-
ments to the so-called “right processes”, which constitute the ultimate
“good” class of Markov processes and whose definition emerged little by
little, as Meyer’s works on Markov processes developed. The second part
of the Chapter is devoted to the study of excessive measures. The whole
Chapter is very much correlated to the monographs of Sharpe (1988) on
Markov processes, and of Getoor (1990) on excessive measures.

Chapter XVIII discusses in depth the important subject of time-
reversal for Markov processes: this operation is made difficult by the fact
that if one reverses a Markov process at a fixed time, the reversed process
is no longer time-homogeneous; on the other hand, the time-homogeneity
is preserved when reversing at a “return time”. To discuss this result, the
authors presented all the necessary notions and techniques, which were
often borrowed from Azéma’s work in 1972-73.

Chapter XIX discusses the theory of Markov processes with random
birthing, a theory which culminated in the works and, in particular, the
measures, of Kuznetsov (1974), which are presented in the first section.
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This is followed by a second section on the theory of flows and Palm
measures. The Chapter concludes with some applications to last exit de-
compositions for Markov processes.

Chapter XX offers a definitive treatment of filtrations and martingales
related to random sets, and is partly inspired by Azéma’s works on ran-
dom closed sets. The same chapter also contains an excellent presentation
of the theory of enlargements of filtrations, a theory which although quite
natural, the “French school of probability” has had a lot of difficulty in
exporting, despite repeated efforts . ..

Chapter XXI is devoted to instances of chaotic decompositions, which
were then very much studied, following the discovery by M. Emery in
Séminaire XXIII of the remarkable fact that Azéma’s martingale en-
joys the chaotic decomposition property, which brings this martingale to
the forefront of the important Markov processes, almost with the same
fundamental status as Brownian motion and the Poisson process. The
same Chapter also contains a beautiful introduction to analysis on Wiener
space, in other words, to Malliavin Calculus, which is close to the presenta-
tion of D. Williams in his “To begin at the beginning”, in the Proceedings
of the 1980 Durham Conference (Springer LNM 851), which was men-
tioned earlier on.

In Chapter XXII, the works of Meyer on the Littlewood-Paley
inequalities and the Riesz transforms are taken up in detail. Meyer
contributed immensely to the popularization of the works of Burkholder-
Gundy-Silverstein, so that they should be better known in both the prob-
abilistic and analystic communities, by going back and forth between the
purely analytical studies of harmonic functions on one hand, and, on
the other hand, Brownian studies, and/or studies involving certain Lévy
processes obtained from the subordination of Brownian motion.

Chapter XXIII provides yet another pedagogical presentation of
the martingale inequalities, as they were developed in, and around, the
Strasbourg Séminaires (an excellent presentation is given by Lenglart-
Lépingle-Pratelli in Séminaire XIV). One also finds, in the same Chapter,
a deep discussion of multiplicative representations of submartingales, a
theme which was dear to Meyer, and was inherited from the early works
of Itd6, Watanabe, Kunita, etc. Stochastic differential equations are also
studied in a general framework.

Chapter XXIV, which closes this fifth volume, and the whole treatise,
is devoted to deep results about the descriptive theory of sets, in a form
which may be used by probabilists.

(5.4) To summarize, the Treatise represents a wonderful synthesis of the works
of Paul André Meyer, starting from the publication of his book in 1966, and
decanting the twenty five volumes of the Séminaire which were published up
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to 1992, and are described as a treasure by the three authors of volume V. It
is really sad that this volume is certainly among the less disseminated ones; I
hesitate to formulate an explanation, (but perhaps ...).

(5.5) This sketch of the contents of the Treatise should not prevent us from
noticing that Paul André Meyer wrote several Lecture Notes in Mathematics
(Springer LNM), of high quality:

LNM 26: Markov processes (1967)

LNM 77: Markov processes: Martin’s boundary (1968)

LNM 284: Martingales and Stochastic Integrals I (1972)

LNM 307: Presentation of Markov processes (1973) In: Ecole d’Eté de
Saint-Flour, 1971

without forgetting the remarkable:
e LNM 1538: Quantum Probability for Probabilists (1993)

which, despite the insistence of Springer-Verlag and of many readers, he always
refused to publish as a book.

6 Back to the Séminaires de Probabilités

(6.1) Mentioning Meyer’s Quantum Probability Lecture Notes brings us back
quite naturally to Meyer’s contributions to the Séminaires de Probabilités (the
discussion of which we left aside after Séminaire XVI (1980)). Two “periods”
appear quite clearly: the first one between 1980 and 1991, and the second one,
between 1992 and 1994, during which Meyer published only a little.

(6.2) Concerning the first period (1982-1991), one should cite, first of
all, some important papers of Meyer about Nelson’s stochastic mechanics
(Séminaires XVIIT (1984) and XIX (1985)), which is really a renaissance from
the famous Princeton Lecture Notes of Nelson (1967): Dynamical Theories of
Brownian Motion. These Séminaire papers were written by P.A. Meyer and
W. Zheng, and are very often quoted. But the main contributions of Meyer
from this period are the publications, in the form of a series, of his Eléments
de Probabilités Quantiques (vol. XX (1986): Chap.I to V; vol. XXI (1987):
Chap. VI to VIII; vol. XXII (1988): Chap.IX and X) which, of course, consti-
tute a first draft of what ultimately became the volume: Quantum Probability
for Probabilists (1993), already cited above.

Next, in Séminaire XXIII (1989), Meyer constructs the solutions of struc-
ture equations for martingales, and highlights their relationships with quan-
tum probability. This was an occasion for Meyer to popularize the astonishing
properties of Azéma’s martingale, which may be obtained as the projection
of a real-valued Brownian motion on the filtration generated by its signs, and
which has already been mentioned in the above discussion of Chap.XXI of
the Treatise.
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All of this work, and these publications, bore fruit: they kindled the inter-
est of French probabilists in Quantum Probability. I remember that, during
those years, Meyer used to give informal lectures on Saturday mornings in the
Laboratoire de Probabilités of Paris VI, on his way to visit his parents who
lived in the Paris region; it was during these lectures that Ph. Biane assimi-
lated very quickly the topic of Quantum Probability and became, a few years
later, a leading expert on Voiculescu’s free probability theory.

The Séminaires during these years are also strongly enriched with the
answers given by “Meyer’s listeners” to his incessant interrogations about
quantum probabilities. Finally, about the end of this “first period”, I should
like to mention the 3 papers by Meyer about Quantum diffusions in Séminaire
XXIV (1990).

(6.3) Concerning the second period, one should mention four articles of Meyer
in Séminaire XXVII (1993), which still concern Quantum Probability (written
while his LNM 1538 was appearing).

To this day—that is in 2005—the Séminaire de Probabilités still appears
annually, under the guidance of M. Emery (Strasbourg) and M. Ledoux
(Toulouse), until 2004, and, after 2005, with a new editorial team. Let us hope
that the original spirit of the Séminaire, originating of course from Meyer, is
still easily recognizable: that the Séminaires contain many papers from young
researchers, they also feature specialized Courses which are quite close to cur-
rent developments, and try to imitate the role of Meyer’s Very Quick Writing
Machine (sorry, in English, VQWM does not look at all like TGV; I wonder
why?) ...

The general theory of stochastic processes (GTP, for short) has be-
come an indispensable tool in (the foundation of) Mathematical Finance,
as W. Schachermayer (Vienna) (see the beginning of his St-Flour Summer
School, 2000) and F. Delbaen (ETH Ziirich) have demonstrated very clearly.
Immediately after P.A. Meyer’s death, Delbaen wrote, (in substance): “We
constantly use the GTP, which we call the ‘Meyereries’; it looks as if Paul

André did all he could to open the gate for us ...”. I wonder what Meyer
would think about this? I think I understand that, a little similarly to D.
Williams in Great Britain, J. Pitman in Berkeley, and many others ... he

was somewhat skeptical, and a little ironic, even saddened, as far as this very
first role of the GTP in Math. Finance is concerned, but the history of Math-
ematics made us familiar with a number of these role reversals which may
happen between “the most theoretical” research, and the “most practical”
applications. But, is this really the case here?

Whatever the answer to this question may be, this domain of applications
of the GTP and, hopefully, others to come, illustrate the pertinence of the
Ariadne thread of the GTP, of which Meyer was, simultaneously, the founder
and the working craftsman ...

This Ariadne thread of the GTP consisted, for Meyer, in highlighting
“the martingale backbone” inside studies done in the Markovian framework
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(following thus the founding paper of Kunita-Watanabe (1967)) and then
eradicating, as much as possible, the Markov property ... a property which
is open to discussion when one examines closely many random phenomena
(although, conversely, any process may be considered as a Markov process,
under the condition that it is “immersed” in a sufficiently big space of mea-
sures (e.g., Knight’s prediction theory (1975), expounded in book form by its
author (1991)).

7 Paul André Meyer, the man

In this final section, I would like, at the same time, to synthesize the activity
of the researcher, and to evoke other facets of Paul André Meyer, at least
the ones I was fortunate enough to get a glimpse of. I find it most difficult
to choose the right words, as he disliked very much every pretentious label.
Should I say that he was an invaluable “Directeur de Recherches”, in the
full sense of the term, that is knowing in which direction he was going, and
warmly inviting his students and, more generally, everyone around him to
follow? This is indeed true, but the feeling which all who worked with him
and lived around him got was much deeper than that, i.e. that of being with
an elder member of “the family”—he was in fact my so-called “godfather”
when I was in CNRS—in whom we could have complete confidence and for
whom mathematical rigor went hand in hand with a noble spirit of mind and
a moral rectitude.

I have also been asked—by several colleagues, among whom Nick
Bingham-—to make a list of the (direct) students of Paul André Meyer: to
answer this query, I may of course write down the names of C. Dellacherie,
M. Weil, B. Maisonneuve, D. Bakry, M. Emery, C. Stricker, but I find this
task almost impossible, as every researcher—young and not so young—who
ever came in contact with Paul André Meyer and submitted a paper to the
Séminaire knows very well how much he/she owes to Paul André, who invari-
ably rewrote the paper, added his own comment, and so on ... Should not
these researchers be considered as students of Paul André?

I would also like to present three remarks' which were made to me by
Yves Meyer, a great friend of Paul André, an expert on wavelets, as well as
the thesis supervisor of Martin, Paul André’s son:

e the first remark is the reason P.A. Meyer studied probability theory: “to
understand the world around us” (P.A. Meyer dixit). However, by Paul
André’s own confession, this was not enough: to understand this world,
one needs either many more probabilistic tools, or other tools! This brings
us to the work of Paul André in Stochastic Differential Geometry, as well
as in Quantum Probability;

! See also the Témoignage of Yves Meyer: “Un chemin vers la lumiére”, in this
volume.
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e the second remark is close
to the first one: P.A. Meyer
was always extremely in-
terested, if not passionate,
about other cultures, and in
particular, those of the Far
East. P.A. Meyer was inhab-
ited by a fever and a spiritual
questioning which brought
him to an open and erudite
knowledge of cultures and
religions;

e the third remark concerns the very high regard which P.A. Meyer had,
contrary to many mathematicians, for statistics as an intellectual disci-
pline. As he wanted to “form” my background, he kept explaining to me
that statistics is not a trivial implementation of intellectual tools elab-
orated by probabilists. On the contrary, statistics builds itself from a
never-ending dialogue between mathematical models and problems posed
by practitioners. Thanks to his infinite humility and respect for others,
P.A. Meyer conveyed to me how wrong the arrogant pretension of “pure
mathematicians” that any probabilist could be a good teacher of statistics
is ... These were discussions in the 60’s; nowadays this opinion is widely
held ...

Returning to some more personal memories, I keep as a treasure in my mind
some stays I had the privilege to make in his family apartment, where, sur-
rounded by his wife Genevieve, and sometimes their grown-up children, we
exchanged some simple thoughts, and mostly silence, sometimes looking at
the impressive bookshelves where mathematics and physics competed with
the best literature from the entire world.

I still kick myself, and so do several colleagues, for not daring to disturb
him as soon as he retired, in 1994; Paul André had given us so much, we could
not keep bothering him with our little problems ...

This permanent position of withdrawal and this discretion were essential
components of the personality of Paul André Meyer; if some ultimate proof
were necessary, it is provided by ten pages which Paul André wrote in January
1998, entitled: “Titles and Works: Postface”2, all of them filled with a good
dose of humor and humility, and which were made public in the Journées de
Probabilités de Toulouse, in September 2003.

As a conclusion, may the French educational system and, more generally,
university teaching throughout the world, continue to favor the development
of such figures.

2 This is the first item in this volume.
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Disparition de Paul-André Meyer

Stéphane Attal

Institut Camille Jordan, Université Claude Bernard, 21 avenue Claude Bernard,
F-69 622 Villeurbanne Cedex, France
e-mail: attal@math.univ-lyonl.fr

Jeudi 30 janvier 2003, Paul-André Meyer est décédé d’un infarctus foudroyant.
Cette disparition est celle d'un grand mathématicien, qui a transformé le
paysage de la théorie des processus stochastiques en France et dans le monde.

Souvenirs

Lorsque j’ai appris la nouvelle le lendemain matin, par un courrier électronique
de sa fille Thérese, j’ai bien entendu été tres triste, assommé par le caractere
completement inattendu de cet événement. Il y a quelques semaines a peine
je conversais encore avec lui et il était comme toujours vif et gai.

Mais c’est surtout lorsque je me suis rendu & Strasbourg pour la cérémonie
que j’ai été profondément bouleversé. En arrivant a Strasbourg méme, au
département de mathématiques ou en refaisant le chemin a pied jusque chez
lui, tous les souvenirs sont revenus avec énormément de poids.

Je repensais a ce séminaire du mardi matin. Toutes les semaines nous nous
retrouvions devant le tableau du quatrieme étage de la tour .LR.M.A. Nous
étions parfois 10 personnes, parfois 3 personnes, et nous écoutions Meyer. 1l
venait chaque fois avec un nouveau texte dactylographié : il avait démontré
un résultat nouveau, ou alors il avait lu et entierement réécrit un article d’'un
autre, ou encore il nous dispensait le 10° chapitre de son cours sur les algebres
de von Neumann, les algebres de Lie ou la théorie quantique des champs.

Je repensais a 'intérét et a ’enthousiasme constant qu’il avait pour tout
ce que je faisais. Je devais surement étre la millieme personne a lui montrer
fierement ses résultats, mais je crois bien que son intérét était sincere, intact.
Une joie permanente a voir les mathématiques avancer, a voir un jeune pro-
gresser.

Je me souvenais de ce chemin que nous faisions souvent ensemble a midi,
je 'accompagnais a pied vers chez lui et nous parlions. Nous parlions de
mathématiques bien siir, mais aussi de voyages (en particulier de I'Inde), des
langues, de musique classique.
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Je repensais a ces séminaires ou il écoutait l'invité pendant les cing
premieres minutes, puis fermait les yeux ou lisait son courrier pendant le
reste de 'exposé, et, a la fin, posait de nombreuses questions tres pertinentes,
proposait des directions de développement qui émerveillaient I'orateur.

Je me souvenais du premier congres ou je fus invité pour présenter mes
résultats, il a tenu & m’accompagner. On a fait une marche en forét et il m’a
raconté ses débuts. Je crois qu’il était ému comme moi.

Je me souvenais de la fois ou je n’ai pas été retenu comme professeur
sur un poste et il m’a dit « C’est une treés bonne nouvelle ! Tu ne dois pas
quitter le C.N.R.S. avant d’avoir effectué encore de nombreux voyages dans
des départements de mathématiques ou de physique a I’étranger ! »

Je me disais que tout cela avait été un bagage extraordinaire pour un jeune
chercheur et que je ne le revivrai sans doute plus jamais.

Je me sentais orphelin en ce mardi matin pluvieux devant I'église St
Maurice de Strasbourg.

Parcours

Je vais maintenant retracer les grandes lignes du parcours personnel et
scientifique de Paul-André Meyer. Je ne ’ai moi-méme cOtoyé que durant
sa période « Probabilités Quantiques». Pour les autres périodes je me suis
appuyé sur des renseignements de Michel Ernery7 Claude Dellacherie et Michel
Weil, mais aussi de Martin Meyer pour les étapes personnelles. Je les en
remercie. J’ai aussi eu a ma disposition un texte privé de Paul-André Meyer
lui-méme, retracant son parcours.

Paul-André Meyer est né en 1934 dans la région parisienne, dans une
famille de négociants qui s’appelaient a ’époque Meyerowitz. Entre 1940 et
1946 sa famille se réfugie en Argentine. Il gardera toute sa vie une connaissance
parfaite et beaucoup d’amour pour la langue espagnole. Sa femme Genevieve
a aussi vécu son enfance a Buenos Aires et a fréquenté le méme lycée francais.
Mais ils ne se sont rencontrés que beaucoup plus tard sur les bancs de la
Sorbonne.

De retour a Paris, il entre au lycée Janson de Sailly et découvre un vrai
gout pour les mathématiques au contact d’un professeur qui 1’a marqué,
M. Heilbronn. Il passe le bac en 1952 et a la méme époque son pere fait
changer le nom de leur famille en Meyer. Il entre a 'E.N.S. en 1954, en s’y
préparant seul.

Meyer, dans ses notes personnelles, ne se présente pas comme un éleve
particulierement brillant, requ parmi les derniers a I’'E.N.S. et a ’Agreg ; mais
il est au moins certain que sa progression, a partir du moment ot il a entamé
sa these, a été fulgurante.

A ses débuts de normalien, il suit le séminaire de Théorie du Potentiel
avec ses professeurs Choquet et Deny. Sur le conseil de Brelot, il s’intéresse a
des travaux récents de Hunt qui montre des résultats importants de théorie
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du potentiel par des méthodes probabilistes. Meyer rencontre Loeve qui passe
une année a Paris, puis le suit aux Etats-Unis (Berkeley). Il entre en contact
avec Doob, dont il avait lu le grand traité, alors tout récent. Il s’agit la d’une
période qui va vraiment déclencher sa carriere.

Ses premiers résultats importants dans les années 60 furent de caractériser
les fonctions excessives qui se représentent comme potentiel d’une fonction-
nelle additive. Puis en appliquant ces méthodes & la théorie des martingales,
il caractérise les surmartingales qui sont différences d’'une martingale et d’un
processus croissant. C’est la fameuse « Décomposition de Doob-Meyer ». En
appliquant cela au carré d’une martingale la voie est ouverte a toute la théorie
de l'intégration stochastique pour les martingales de carré intégrable (en par-
ticulier grace a la définition des crochets droits).

Dans ces années sa vie personnelle s’accélere : conversion au catholicisme
puis mariage en 1957, naissance de 3 enfants entre 1959 et 1962 (la quatrieme
naitra en 1969), prix et cours Peccot en 1963 et surtout installation de la
nouvelle famille dans la région de Strasbourg en 1964.

Meyer dit qu’ils ont tellement aimé Strasbourg, 1’Alsace, les Vosges et la
Forét Noire, qu’ils n’ont plus bougé. Et cela malgré de trés nombreuses propo-
sitions qui lui seront faites de revenir & Paris (ce qui n’empéchera pas Meyer
de garder des contacts tres étroits avec les collegues probabilistes parisiens,
en particulier avec Neveu). C’est le début de «Ecole strasbourgeoise des
probabilités ».

Tres vite, Meyer va développer une équipe avec ses étudiants, en particulier
Doléans, Dellacherie, Maisonneuve, Weil. Il va recevoir de nombreux visiteurs
Doob, Ito, Chung, Spitzer, Walsh, Knight, Getoor, etc. En quelques années,
Paul-André Meyer et son groupe vont étendre tous les résultats décrits ci-
dessus et vraiment créer la « Théorie générale des processus ».

Ils posent la théorie définitive de I'intégration stochastique avec intégrand
prévisible et intégrateur semi-martingale (Schwartz a un jour suggéré qu’elles
étaient bien mal nommées et qu’elles devraient s’appeler « meyergales »).

La théorie des temps d’arrét va y jouer un role crucial et offre un langage
naturel qui n’a pas d’équivalent en analyse. Associée a ces temps d’arrét est la
théorie des différentes mesurabilités pour les processus (progressifs, optionnels,
prévisibles). C’est une théorie extrémement subtile (cf. les fameux théorémes
de « Début » ou de « Section ») mais maintenant tellement clarifiée que ’on
a du mal a imaginer que des notions aussi simples que la tribu prévisible
engendrée par les processus continus a gauche, ou les temps d’arrét prévisibles
annoncés par une suite de temps d’arrét, ont demandé énormément de temps
et d’efforts pour arriver a une telle efficacité. Meyer écrit : « Ces travaux sont
destinés a rester, j'en suis persuadé, et de la meilleure maniére qui soit : en
devenant des trivialités, que I’on utilise comme on respire. »

C’est aussi I’époque du premier livre de Meyer (1966), « Probabilités et
Potentiel », qui sera ensuite repris et enrichi en 5 volumes avec C. Dellacherie
(le 5° volume en collaboration avec B. Maisonneuve aussi). Véritable bible de
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la théorie générale des processus stochastiques, de 'intégration stochastique,
des processus de Markov..., ces volumes ont connu un succes décroissant avec
le numéro du volume. Le premier volume est dans le bureau de presque tout
probabiliste, le cinquieme n’a pas dépassé 100 ventes. C’est certainement une
bien grande injustice pour une série inégalée encore aujourd’hui, et il semble
que Paul-André Meyer en avait gardé une certaine amertume.

C’est aussi I’époque ou démarre la série des « Séminaires de Probabilités».
Commencée en 1967 cette série de volumes chez Springer continue encore
aujourd’hui avec le volume XXXVI qui vient de paraitre.

Cette édition annuelle a constitué a une époque une véritable référence.
Certains articles ou cours qui y figurent ont influencé toute une génération de
mathématiciens. C’est une publication, originale a plus d’un titre, a laquelle
Meyer était tres attaché. D’abord parce que c’était son enfant, mais aussi
pour le vent de liberté qui y soufflait. Ces volumes contenaient bien entendu
des articles fondamentaux qui restent des références 30 ans plus tard, mais
aussi des remarques, des mises au point, des cours, et tout un joyeux mélange
qui a été le ferment de la progression des idées et de la communication entre
chercheurs de toute une époque.

Ce mélange a aussi porté du tort a 'image de cette publication aupres des
mathématiciens non probabilistes, qui ’ont considérée comme une publication
pas tres sérieuse. On connait des exemples de commissions de spécialistes qui
ne comptent pas les articles publiés dans cette série comme de véritables
publications.

Il est certainement dommage que ’esprit scientifique au sens large de cette
revue, cette liberté d’écrire ce que 'on jugeait important, loin de la pression
des commissions, du comptage des publications, aient été contraints de reculer.

Cette période pour ’équipe strasbourgeoise culmine dans les années 70
avec le fameux « Cours sur les Intégrales Stochastiques» auquel partici-
paient Chou, Dellacherie, Emery, Pratelli, Stricker, Yan, Yceurp mais aussi,
a distance, Azéma, El Karoui, Jacod, Lenglart, Lépingle, Mémin, Métivier,
Pellaumail, Yor.

Parallelement a ces travaux en théorie générale des processus, Meyer pour-
suit les applications de la théorie des martingales en analyse. En théorie des
espaces homogenes et des intégrales singulieres, les martingales lui donnent des
résultats a la fois profonds et valables sur des espaces tres généraux. Par exem-
ple, 10 ans apres ses apports a la théorie de Littlewood-Paley, les analystes
travaillaient encore a des extensions & R™, ignorant, parce que sa modestie lui
interdisait de le leur signaler, que Meyer avait obtenu les inégalités avec des
constantes universelles, indépendantes de la dimension, ou méme de la nature
euclidienne ou non de ’espace.

Vers la fin des années 70 Meyer s’intéresse aux martingales continues sur
les variétés différentiables et a l'intégration stochastique intrinseque dans ce
contexte. Il a beaucoup discuté avec Schwartz sur ce sujet, mais ils ont rédigé
séparément. On doit & Meyer sur ce sujet I'introduction et 1’étude des martin-
gales dans une variété, riemannienne ou non, mais pourvue d’une connexion,
la classification des transports stochastiques.
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En 1980 il fait connaissance avec le calcul de Malliavin, au congres de
Durham. Ce théme rejoint son gout pour les «chaos de Wiener ». Meyer
sera au départ de nombreux développements. En particulier ses équivalences
de normes Sobolev en dimension infinie donneront lieu a toute une série de
travaux fameux de Bakry, et aussi dans un autre registre de Hu et Yan.

Ce gotit pour les chaos de Wiener trouvera un écho tres fort en 1984 quand
Meyer écoute un exposé de Parthasarathy a Pise sur le tout nouveau calcul sto-
chastique quantique. Meyer est tellement enthousiasmé qu’il décide fermement
de consacrer le reste de sa carriere a ce sujet. Pendant plus de 14 ans Meyer va
explorer le monde des probabilités quantiques de fond en comble. Il a contribué
a de nombreux développements importants (bien qu’il s’en défendit). J’en cite
quelques uns qui me viennent & ’esprit, sans étre exhaustif : introduction et
développement de la théorie des noyaux de Maassen a 3 arguments, contre-
exemple célebre a la représentation en intégrales stochastiques quantiques des
opérateurs bornés (avec Journé), une nouvelle définition des intégrales sto-
chastiques quantiques (avec moi-méme) permettant de s’abstraire du domaine
des vecteurs cohérents de Hudson et Parthasarathy. Il a aussi beaucoup fait
de propagande et de travail de réécriture sur ces sujets, donnant lieu au Lec-
ture Notes « Quantum probability for probabilists» qui reste un succes et une
référence.

Ce travail de réécriture permanent est une autre caractéristique du travail
de Paul-André Meyer. Il disait lui-méme qu’il ne pouvait rien lire sans le
rédiger a sa maniere et l’exposer. Ainsi, en plus de ses travaux originaux
considérables, Meyer a réécrit de tres nombreux articles. Mais il faut savoir que
les articles repris par Meyer pouvaient étre tres différents de I'article original
(nouvelles démonstrations, simplifications, extensions, rédaction enfin lisible)
et devenaient parfois la référence plutét que ’article original.

Ce travail de réécriture et de compilation est une composante aussi impor-
tante du travail de Meyer que ses articles originaux. Mais parfois ce double
role a été mal compris et Meyer a été parfois plus percu comme un ency-
clopédiste que comme un mathématicien original. Il est bien évident que cela
est totalement faux et que son ceuvre dépasse méme surement ce que l'on
en connait. En effet sa trés grande modestie naturelle I’a souvent conduit a
s’effacer derriere d’autres personnes. Son ceuvre originale est considérable et
elle a changé le paysage des mathématiques de ces 40 dernieres années.

D’ailleurs, je me souviens d’un jour ou je me plaignais devant lui du
manque de reconnaissance dont souffraient les probabilités quantiques en
France. Il me répondit : «J’ai passé tout le début de ma carriere a faire
des probabilités en m’abritant sous le parapluie de la théorie du potentiel, ca
m’a ouvert des portes. Tu n’as qu’a faire de méme et faire des probabilités
quantiques en t’abritant sous le parapluie de la théorie des probabilités ! »

Comme les temps ont changé ! La théorie des probabilités et des processus
stochastiques est passée en 40 ans du statut de théorie mineure, appliquée et
inavouable, a un statut de théorie a part entiére, reconnue et développée. Et
¢a, Paul-André Meyer y est pour beaucoup.
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Durant sa carriere de Paul-André Meyer a été souvent récompensé : prix
Peccot, prix Maurice Audin, puis le fameux prix Ampere. Il fut deux fois
nommé au Comité National du C.N.R.S et élu correspondant de I’Académie
des Sciences. Mais il n’a jamais fait grand cas de toutes ces distinctions, al-
lant méme jusqu’a partager financierement un de ses prix avec un co-auteur,
ou encore ne jamais mentionner a sa famille I'obtention de certaines
distinctions.

Caractere

Je voudrais terminer ce portrait en parlant de I’homme, de son caractere, de
I’impression qu’il laissait a ceux qui le cotoyaient.

Paul-André Meyer était un mathématicien trés important, reconnu dans
le monde entier, une véritable référence et pourtant il était d’une incroyable
modestie. Je parle 1a d’'une modestie sincere et non pas des habituels discours
« Mais non, mais non, je n’y suis pas pour grand chose !» que 1'on entend
souvent. Un souvenir personnel illustre ce trait de caractere.

Il s’agit de la seule fois ot il s’est (un peu) faché contre moi. Je finissais
de rédiger ma these et récupérais un chapitre a 'imprimante. Il passe et voit
que j’y parle de noyauzr de Maassen-Meyer. 11 me dit : « Je ne veux pas que
tu les appelles ainsi, appelle-les noyaux de Maassen !» Je lui explique que les
opérateurs a noyaux sur l’espace de Fock quand ils sont & deux arguments
sont effectivement de Maassen mais que c’est bien a lui, Meyer, que I'on doit
avoir montré la nécessité d’introduire le troisieme argument et que depuis
tout le monde dit noyauzr de Maassen-Meyer. Il me répond qu’il ne veut
pas que des objets mathématiques soient nommés d’apres son nom. Je lui
demande alors comment il fait pour parler de la décomposition de Doob-Meyer.
Alors il se retourne, part et me lance en criant « Je n’ai JAMAIS appelé cela
décomposition de Doob-Meyer ! » et il claque violemment la porte derriere lui.

Tous ses anciens étudiants témoignent que Meyer s’est beaucoup occupé
d’eux. Il a toujours été tres présent, tapant souvent lui-méme des articles, avec
sa machine a écrire que tout le monde savait reconnaitre (avant 'arrivée de
TEX). Il portait aux travaux des autres, en particuliers de ses étudiants, un
enthousiasme communicatif. Il débordait d’idées et de commentaires. Et puis,
il mettait lui-méme une telle énergie dans tout ce qu’il faisait, il avait une telle
capacité de travail et de concentration, que ceux qui travaillaient avec lui ne
pouvaient qu’étre portés, poussés par cet élan.

Dans toute sa carriere Paul-André Meyer a attaché relativement peu
d’importance aux applications que pouvaient avoir ses travaux (comme en
physique ou en mathématiques financiéres). Je le cite :

«Rien dans notre imagination ordinaire ne nous prépare a concevoir la
vitesse de la lumiére comme une vitesse limite, et la transformation de Lorentz
peut étre manipulée mais non comprise. C’est pire encore pour la mécanique
quantique. Bien entendu, ’esprit d’un physicien qui manipule ces choses tous
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les jours finit par les connaitre parfaitement, mais je ne crois pas qu’il réalise
plus qu’un court-circuit du langage mathématique, une constitution sommaire
d’images a partir de celui-ci. Feynman n’écrit-il pas que la mécanique quan-
tique restait toujours aussi stupéfiante au bout de 40 ans d’expériences ? Ou
que la question : Qu’est-ce qui fait que les masses s’attirent ? est sans réponse
jusqu’a maintenant et sans doute pour toujours. En ce sens la science ne nous
explique rien, elle nous dit : C’est comme ¢a ! »

Pourtant, dans les toutes derniéres années de sa carriere, il semble avoir
regardé la physique d’un autre ceil. En effet, nous sommes nombreux a ’avoir
vu faire des efforts en direction de la physique quantique. I m’a répété sans
cesse que faire des probabilités quantiques n’avait pas de sens sans s’intéresser
aussi a la physique qu’il y avait derriere. Il me disait que les probabilistes
(quantiques ou non) avaient siirement beaucoup de choses & dire aux physi-
ciens mais que pour cela il fallait faire I'effort d’aller vers eux, de comprendre
leurs problemes, leurs besoins.

Je terminerai en évoquant les passions de Meyer en dehors des sciences.
Les quatre principales étaient je crois sa famille, la musique, les langues et la
littérature.

Paul-André Meyer était en effet treés proche de sa famille, qu'il faisait
souvent passer avant tout. Il écrit : « J’ai toujours donné a ma famille une
certaine priorité sur le travail, et je me suis senti un jour récompensé quand
une de mes filles m’a dit : Quand nous étions petits, nous avions un peu honte,
car nous pensions que tu ne faisais rien ! »

Paul-André Meyer était un grand mélomane et un trés bon musicien. Il
jouait lui-méme du violon, de 'alto et surtout de la flite traversiere. Toute
sa famille a grandi dans cette passion de la musique (deux filles musiciennes
professionnelles). Le soir, la « petite famille Meyer » jouait & la maison des
sonates, des trios, des quatuors avec piano.

Paul-André Meyer était aussi un impressionnant connaisseur de langues
étrangeres. Il parlait tres bien espagnol, anglais, allemand, mais aussi chinois,
bengali. Il avait de bonnes connaissances de japonais, hindi, sanscrit, russe.
Cet amour des langues s’accompagnait naturellement d’un amour des voyages.
Sa carriere de mathématicien lui a d’ailleurs permis d’en effectuer beaucoup.
Il a par exemple beaucoup travaillé aux relations scientifiques entre la France
et la Chine, faisant de nombreux voyages et cours, formant de nombreux
étudiants chinois en France.

Paul-André était beaucoup plus qu'un grand mathématicien ou méme
quun grand scientifique. Toutes les personnes qui le cOtoyaient ne pou-
vaient qu’étre frappées par son immense culture. Parmi les auteurs qu’il a
le plus aimés, il faut citer : Pouchkine, Saint Simon (le mémorialiste), Borges,
Tchekhov, les poetes de la Chine des Tang et des Song. Ses livres de chevet
étaient les Essais de Montaigne et le Zhuangzi, texte taoiste de I'antiquité
chinoise.

Il avait aussi une vie spirituelle intense, une réflexion profonde sur son
engagement religieux, tout en gardant une grande ouverture d’esprit. Il
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a en particulier voué une véritable passion a I’hindouisme. Allant méme
jusqu’a prendre sa retraite pour achever une ceuvre qui le « travaillait depuis
I’enfance » : apprendre le bengali, le hindi et le sanscrit, pour traduire en
frangais les ceuvres du disciple de Ramakrishna, Mahendranath Gupta, en
particulier le volumineux Kathamrita. Cette ccuvre immense (environ 950
pages de traduction), qu’il a achevée juste avant de nous quitter, représentait
un jardin secret, une passion de toute sa vie, qui n’étaient connus que de
ses tres proches, mais qui montre encore une fois combien Paul-André Meyer
pouvait étre déterminé et fidele dans tout ce qu’il faisait.

Paul-André Meyer part en laissant derriere lui pres de 200 publications,
une dizaine de livres, de nombreux éleves, « petits-éleves » et méme « arriere-
petits-éleves ». Il en est de certains hommes comme des grandes ceuvres, ils
ne disparaissent jamais vraiment.



Témoignages

Jacques Azéma, Claude Dellacherie, Catherine Doléans-Dade,
Michel Emery, Yves Le Jan, Bernard Maisonneuve, Yves Meyer,
Jacques Neveu, Nicolas Privault and Daniel Revuz

Que dire 7 Il avait une telle horreur des hommages... Au moins nous sera-
t-il permis de partager quelques souvenirs. Celui de cette machine a écrire,
d’abord, dont les caracteres « non indispensables » avaient été remplacés par
des symboles mathématiques ; on reconnaissait sa frappe a 'autre bout du
monde. La fierté secrete éprouvée quand une de nos idées se retrouvait dans
ses lignes. A Theure des conference-call et des show minutés des grands congres
internationaux, il est devenu difficile d’imaginer que cette machine, dans le
silence d’un village d’Alsace, ait pu a elle seule révolutionner les probabilités
francaises.

Si 'on savait lire entre les formules, on pouvait discerner, cachés par la
profondeur des mathématiques et la beauté du texte, le plaisir de se retrouver
entre amis, la joie peut-étre aussi d’avoir dévoilé, a ’aide d’une idée simple,
quelques-uns des petits secrets du monde.

L’hotel Gutenberg, avait-il réellement choisi ce nom par hasard, lui qui
pouvait, des heures durant, parler des fontes de ’A.M.S. ou que l'on croi-
sait dans Paris a la recherche d’un pinceau destiné a calligraphier des idéo-
grammes ! L’hotel Gutenberg, d’ou s’échappaient une ou deux fois ’an une
vingtaine de mathématiciens mal fagotés venus des quatre coins du globe,
désorientés dans les rues de Strasbourg.

Une fois passés la cathédrale et les quais, au pied de la tour de 'lLR.M.A.,
un sourire clair d’enfant posé sur un vieux duffle-coat, Paul André Meyer.

Jacques Azéma

* % Kk %k &

Nostalgie du fossoyeur

Je suis arrivé a ’age ou régulierement on perd un étre proche, un étre cher,
une part de sa chair. Meyer, puis Doob, puis Doléans ; Joe, André, Catherine
dans l'ordre des générations.
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Doob avait atteint un grand age, et nous nous savons mortels. Par un
heureux hasard nous étions en méme temps, il y a plus de trente ans, a
I'Institut de Princeton. Hebdomadairement il écoutait ma conférence, nous
mangions ensemble et devisions; c’est ainsi que j'appris que « y » ne se dit pas
« aie grec » en anglais, et beaucoup d’autres choses. Un grand homme humain.
C’est bien cela, pense chacun, et beaucoup plus, mais comment s’exprimer
convenablement sur un homme 7

Meyer, André, il devait parler de moi aux Journées de Rouen pour mes
60 ans, sa mort a brutalement arrété une correspondance renouvelée, et c’est
moi qui ai di parler de lui, de notre collaboration, en ouverture des Journées
probabilistes de Toulouse. Ce que je sais dire, je ne sais pas forcément 1’écrire,
pas encore en tout cas. Lors de ma premiere année a Strasbourg, alors qu’il
m’avait donné a lire un article de Getoor, je suis arrivé dans son bureau avec
la nouvelle «j’ai trouvé une erreur dans l'article de M. Getoor (prononcé a
la frangaise) » ; il a ri et j’ai fini par comprendre. André aimait beaucoup les
jeux de mots, et nous en rivalisions plus tard dans notre correspondance.

Et Catherine, son sourire, ses grands yeux, sa rudesse et sa gentillesse. Vue
pour la derniere fois, il y a plus de vingt ans, chez elle & Urbana puis chez moi
a Rouen. Brillante étudiante & Paris, premier éleve de Meyer a Strasbourg, elle
fut mathématicienne puis mere, essaya de concilier les deux dans 'indifférence
d’un monde trop masculin. Nous étions les chouchous de la bibliothécaire,
Mlle Frenkel.

Ich sinke, ihr Lieben, ich komme, ich komm’

Claude Dellacherie

* Kk k k%

Il est difficile d’exprimer en quelques mots l'influence que Paul-André
Meyer eut dans ma vie mathématique. Lorsque j’arrivai a Strasbourg en
automne 1965, je sortais de quelques années de quasi-isolement a l'université
de Paris et je fus heureuse de trouver a Strasbourg, sous la direction de Paul-
André Meyer, un groupe probabiliste beaucoup plus restreint et plus humain.
André venait de finir d’écrire son premier livre Probabilités et Potentiel ;
chaque semaine il nous en exposait une partie, et c’est ainsi que je commengai
a m’intéresser aux processus stochastiques.

Maintenant que j’ai depuis longtemps quitté la France et le monde des
mathématiciens, quels souvenirs me reste-t-il de ces années strasbourgeoises ?
La bienveillance d’André ; sa disponibilité pour ses éleves ; la clarté de ses
cours et I’atmospheére amicale qui y régnait ; les petites remarques humoris-
tiques qui les parsemaient ; le souvenir d’un cours entier passé a démontrer
la mesurabilité d’une fonction ; une ironie qu’il savait faire partager en trois
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mots prononcés lentement, un regard et un demi-sourire ; les tous premiers
séminaires de probabilités auxquels venaient assister trois ou quatre proba-
bilistes de Paris.

Lorsque je quittai le monde des Mathématiques, André ne fut plus pour
moi un ex-directeur de these, mais tout simplement un ami. Durant toutes
ces années, il fut le seul avec qui je restai en correspondance ; correspondance
annuelle et banale, dans laquelle nous échangions nos veeux et nous nous
donnions des nouvelles de nos familles. Avec lui a disparu mon dernier lien
avec I’ancien groupe de Strasbourg.

Catherine Doléans-Dade
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Tribut du passé

Je trouve tres heureux le projet de demander
a tous ceux qui 'ont fréquenté d’écrire & son
sujet ; mon témoignage sera peut-étre le plus
bref et sans doute le plus pauvre, mais non le
moins impartial du volume que vous éditerez.

J. L. BORGES, Funes ou la mémoire.

Machine a écrire. Dans les années soixante-dix, imitant le courrier ad-
ministratif et ses lettres référencées JP/AN027, ot JP étaient les initiales de
lauteur de la lettre et AN celles de la dactylo, Meyer envoyait des lettres
d’allure tres officielle, du style : « Vos intéressantes remarques ont été tapées
par le secrétariat du Séminaire comme note pour le prochain volume », avec :
Notre référence AM/MEO012, o AM signifiait évidemment André Meyer, et
ME ... machine a écrire.

Pour reconnaitre, dans les Séminaires, ce qu’il avait tapé, les caracteres de
ses machines étaient un indice bien plus fiable que la signature de I'auteur.
Lors de 'arrivée des micro-ordinateurs,

ces écrans qui, dit-on, « traitent » les textes (comme on traiterait les

eaux usées),’
inquiet de "impersonnalité des articles composés par TEX, il imite a 'ordi-
nateur la machine a écrire. Mais il se rassure bientot : TEX est tellement
malléable que, avec les mémes caracteres que tout le monde, chaque page
porte la marque de 'auteur, repérable d’'un coup d’ceil. Il nous a quittés juste
apres le volume XXXVI, le dernier encore formaté a fagon par chaque auteur...

L' E. Orsenna, Grand Amour.
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Sainteté. Au séminaire, 'orateur se bat avec le symbole d’'un opérateur
pseudo-différentiel. Meyer me glisse un billet : « Le graal aussi, c’est un
saint bol ».

Une autre fois, vers 1990, entrant dans mon bureau, il extrait solennelle-
ment de son vieux cartable rapé un paquet de lessive Saint-Marc et une
bouteille d’eau Saint-Yorre : « Voici les patrons que tous les probabilistes
devraient révérer ». Sur la bouteille, une petite étiquette, hélas perdue depuis,
tapée en TEX : « Tested for probability by the Berkeley Probability Lab. —
Guaranteed content: 100 % probabilistic water ».

Une autre fois encore : « Voici pourquoi le Gange est sacré : avec les ca-
davres qui s’y décomposent, c’est un vrai miracle que les pélerins qui y font
leurs ablutions en ressortent, sinon saints, du moins sains ! »

Sanscrit. Au sortir de son cours de sanscrit : « Aujourd’hui, a propos du
linguiste bien connu Hermann Grassmann, auteur d’un excellent dictionnaire
de sanscrit, notre professeur a eu ce commentaire : “Il parait qu’il aurait fait
aussi un peu de mathématiques”. »

Chine. Un peu avant ses soixante ans, il surprend par hasard des échanges
entre Dellacherie et moi sur la facon de féter ca. « Vous ne ferez rien pour
moi ! Ces célébrations ! Tu imagines ces malheureux, rivés a leur siege, sous
les éloges 7 De toute fagon, je m’arrangerai pour étre ailleurs, en Chine, par
exemple. »

A la fin des années soixante-dix, jouant, le regard pétillant, a imiter la
langue de bois de la révolution culturelle, il se plaisait a commenter, dans
le style du Quotidien du Peuple, la derniére réunion de Commission des En-
seignants. Le document ci-dessous date de cette époque.
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J'avais commencé a écrire quelque chose sur Meyer, mais ce que j’avais
écrit ne me plaisait pas beaucoup, alors je I’ai perdu. Finalement je me suis
dit que si j’en ressentais trop vivement la vanité, ce genre n’était pas fait pour
moi. Et puis, comme il fallait « boucler » le numéro de 'IHP qui lui est dédié,
j'ai pensé a lui et je me suis apergu que je commengais a oublier certaines
choses. Alors ¢a m’a donné envie, finalement, d’essayer... pour moi en fait, je
crois.

La derniere fois que je I’ai vu, ¢’était a Strasbourg, il y a trois ans environ.
Je donnais un séminaire et il était passé nous dire bonjour. Il m’a dit qu’il
devrait partir avant la fin. Malgré tout, ¢a m’a stimulé, je me suis senti un bref
moment face au maitre, comme cela m’était arrivé certainement en quelques
occasions, il y a vingt ans. Mais assez vite il a fermé les yeux.

Donc il y a cela bien siir, cette position magistrale qu’il occupait quand
j’al commencé a travailler. Mais qui reposait, je crois, moins sur 'autorité,
que sur la séduction et 'abondance de la parole. Il aimait répandre des idées,
des problématiques, magnifier un peu leur importance, entrainer derriere lui
une petite foule, voyager dans les champs de ’analyse et du calcul des proba-
bilités. Potentiels, Markov, martingales, semigroupes, espaces de Fock, tout
s’enchaine bien str, mais ¢a fait de grands paysages et il y batissait de grandes
architectures. On voyageait avec lui, ou on lisait les relations dans le séminaire.
Ca avait quelque chose des récits des grandes explorations dont je me régalais
enfant.

Mais ce n’est pas si simple. Un homme qui apres avoir écrit des milliers
de pages, entrainé toute une école a sa suite, se retire presque brutalement et
presque totalement du monde académique, sans amertume aucune, je pense,
a du garder ou mirir en lui toutes ces années ce projet. Les farces de potache
qu’il glissait ici et la en étaient peut étre un signe mineur. Son gout des langues
orientales (terrain ol je m’étais un peu aventuré), un indice plus significatif.
Travailleur acharné des mathématiques, il m’a toujours semblé qu’il échappait
pourtant parfaitement au mortel esprit de sérieux, et posait souvent un sourire
sur tout ca. Il pouvait le partager et on sentait alors de I’amitié. La sans doute
résidait son attrait qui demeure, et nourrit le regret. Plusieurs visages ne font
pas une statue.

Yves Le Jan
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C’est en 67, alors que je cherchais a échapper au Service des Etudes et
Recherche sur la Circulation routiere (ma fascination pour les probabilités
enseignées par Neveu a 'THP était devenue trop forte), que je suis allé avec
J.L. Vermeulen faire une petite virée a Strasbourg, pour prendre contact avec
un jeune professeur a la renommée déja grande. Notre entrevue avec Meyer
fut fort sympathique et trés encourageante : comme nous nous informions
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sur les centres d’intérét de la recherche strasbourgeoise, il nous dit que lui
et son équipe travaillaient un petit peu sur les martingales et nous en fimes
enchantés, car nous avions présenté a Bonitzer, un ingénieur des Ponts et
Chaussées plein de verve et de curiosité, une partie du livre de Doob et
croyions étre bien au courant ! Toutefois I'atmosphere ne s’était vraiment
détendue que lorsque nous avions évoqué notre passé polytechnicien (quelques
années plus tard une notation qui ne lui plaisait pas me vaudra pourtant
un «Si tu écris ¢a, je vais te traiter de polytechnicien »). Ensuite j’ai pris
une ou deux fois le Paris-Strasbourg, pour assister au Séminaire de Stras-
bourg et me laisser séduire par son ambiance familiale, par la simplicité avec
laquelle Meyer interrompait ’orateur, suggérait, s’émerveillait ou soulevait
des questions avec une générosité qui n’appartenait qu’a lui. J’avais attrapé
le virus.

En 67-68 j’obtins un poste d’assistant a Strasbourg, ou je suis resté six ans.
La premiére année (67-68), Meyer faisait un cours sur la frontiere de Martin ;
Claude Dellacherie disait qu’il n’y comprenait rien, mais cela ne me rassurait
pas : lui faisait semblant. Suivirent les années Dacunha(-Castelle), Bretagnolle
(dans un exposé du second sur les PAI, André faisait circuler un petit rébus
constitué de : Bretagne, Olive, A, Fort). Et puis nous avons eu Kai Lai Chung
et ses sticky points, John Walsh et ses ez is pour is dans E (traduction : Xs,
s, A) et discussions « a batons rompus » (ca faisait rigoler Badrikian). Meyer,
lui, vivait 'apres-mai 68 pres de Freiburg en Forét Noire, mettant doublement
en pratique le dicton alsacien : «l’intérieur est a 'extérieur », et c’est la,
tout pres du petit téléski qui frolait son jardin, que je suis venu lui présenter
mes processus en dents de ski descendantes (résultats de renouvellement pour
processus de Markov généraux). C’est surtout dans le cadre sympathique de
I’Ecole de St-Flour (juste avant ma theése, puis quelques années plus tard) que
j’al vraiment rencontré personnellement André et sa famille.

Pour le dernier volume de la 2° mouture de Probabilités et Potentiel,
André a fait appel a moi pour la partie concernant les processus de Markov,
car je venais avec Pat Fitzsimmons de renouveler un peu le point de vue,
grace aux mesures de Kuznetsov. J’ai alors eu une abondante correspondance
mathématique avec André. C’est lui qui faisait tout le boulot de frappe (il di-
sait que ¢a ’empéchait de réfléchir) et j’ai eu souvent des scrupules & demander
vraiment ce que je désirais. De plus, n’étant a I’époque pas initié aux ordina-
teurs et les évitant a cause de mes yeux, nous dépendions de la Poste pour nos
correspondances et certaines de mes rédactions sont arrivées trop tard ! Il me
disait que cela n’était pas grave, puisque je devais étre amené a les exposer
dans un cours d’été de Saint-Flour.

En décembre 94 André écrit : « ga fait un temps fou (des mois) que je veux
t’écrire, mais j’ai remis de jour en jour — chaque jour apportant sa charge
de minuscules obligations qui suffisent & occuper tout le temps ». Puis apres
quelques nouvelles tristes, il me fait part de son prochain départ a la retraite
en ces termes : « Avec tout cela, qui ne représente d’ailleurs que les soucis
ordinaires dans chaque famille, je me suis bien détaché des mathématiques
actives — je passe mes journées a essayer de ne pas travailler (ce n’est pas
difficile). Pourtant, je suis encore attiré par les mathématiques passives —
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par exemple, j’ai commencé un cours sur les Algebres de Lie, qui m’amuse
beaucoup. J’ai demandé ma mise a la retraite au ler janvier prochain, pour
toutes sortes de raisons. Ce ne sera pas un grand changement. »

André avait pris 'habitude de me parler de I’état de santé de ses pa-
rents, de Genevieve ou encore du violoncelle de Thérese ; il me parlait aussi
volontiers de ses activités extra-mathématiques et surtout de musique. En
cela il cherchait, je suppose, a me mettre a l'aise, car je m’étais éloigné des
mathématiques «actives» depuis mes difficultés oculaires, qui ont été at-
tribuées pendant 15 ans & une myopathie de Steinert (ce qui a été finalement
démenti !). J'avais été amené, & un moment ot mon moral flanchait et pour
expliquer une certaine mollesse dans ma collaboration au livre, a lui parler de
cette myopathie et des soucis qu’elle causait & Anne et moi-méme au sujet de
nos filles. Il m’a alors apporté un soutien inestimable a travers quelques lettres
bouleversantes, auxquelles j’ai répondu trop parcimonieusement, cherchant a
tout prix a oublier mes problemes, plutot qu’a les ressasser. Qu’il me pardonne
et que me pardonnent aussi tous les mathématiciens amis qui représentent son
héritage (souvent partagé avec Jacques Neveu) et a qui je n’ai plus donné de
nouvelles depuis si longtemps.

A force de concentration je viens de parvenir & faire remonter A la surface
quelques bribes des belles années strasbourgeoises et des plus difficiles années
récentes. Merci, André, d’avoir tant cru en les mathématiques et de nous avoir
entrainés dans tes parages.

Bernard Maisonneuve
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Un chemin vers la lumiere

Nous sommes tous menés, menés mais non
contraints et forcés, menés comme par la lumiere.

JEAN CAVAILLES

En 1963 les locaux du département de mathématique de 1'Université de
Strasbourg se réduisaient a cinq bureaux prétés par la Faculté de théologie
protestante. Les professeurs étaient entassés dans quatre petits bureaux tandis
que nous, les assistants, étions regroupés dans le cinquieme qui était spacieux,
bruyant, enfumé, mais tres convivial. Paul-André Meyer venait d’étre nommé
professeur et moi assistant. Nous partagions une méme boite aux lettres, ce qui
nous amenait a causer en ramassant notre courrier. La délicieuse amabilité de
Paul-André fit le reste. Nous devinmes amis. Nous organisames un séminaire
commun dont I'un des themes était de relier la théorie de Littlewood-Paley
a celle des martingales. Nous anticipions ainsi les travaux de Burkholder et
Gundy qui eurent, par la suite, une grande influence sur la pensée de Paul-
André.
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Dés lors, a sa demande, je 'appelai André. André fut pour moi un
malitre vénéré et, bien qu’il n’ait pas été mon directeur de recherche, il
m’a profondément influencé. Les autres mathématiciens strasbourgeois di-
saient «le grand Meyer » en parlant d’André; «le petit Meyer » ¢’était moi.
Mais cela ne me génait pas, car 'ccuvre d’André en probabilité était déja
éclatante.

Hier, le 11 mars 2005, a Evry, je participais a un jury de theése et le seul
«Meyer » & étre mentionné dans la bibliographie de 'impétrant (Sadek Gala)
fut Martin Meyer, fils d’André et ensuite mon éléve en these. Cela elit comblé
de joie André et je désespere de ne plus pouvoir le lui dire.

Revenons aux années soixante. J’étais marié, ma femme était provisoire-
ment sans emploi et nous avions un bébé. André et Genevieve nous invi-
taient souvent chez eux. J'y fis la connaissance de leurs enfants, c’est-a-dire
de Catherine, de Martin (qui plus tard deviendrait mon éleve) et d’Alice.
Thérese n’était pas encore née. Apres le repas, Genevieve enfilait ses gants de
caoutchouc et allait faire la vaisselle en poussant de légers soupirs. Je ne suis
jamais arrivé a I’en empécher et a faire la vaisselle a sa place. Elle respectait
et admirait I'activité intellectuelle d’André et lui évitait tout souci ménager.
La vaisselle terminée, Genevieve revenait discuter avec nous. J’aimais André,
j’almais son ironie et sa douceur, et je I’écoutais avec vénération. En me citant
des textes que je ne connaissais pas encore, André souriait de mon admiration
pour Simone Weil.

Pour aller chez André et Genevieve, il nous suffisait de traverser quelques
rues. Leur appartement était rempli de livres; c¢’était une vraie bibliotheque.
Genevieve et André lisaient sans arrét, ils lisaient ensemble et ces lec-
tures étaient une sorte de priere. André travaillait & la maison, chez lui. Il
n’établissait pas de frontiére entre son travail de chercheur, son activité de
lecteur, sa vie spirituelle et sa vie affective. Tout se mélait ; une méme ferveur
et une méme ascese le conduisaient vers la lumiere.

André conservera toute sa vie son amour de la lecture. Lire, relire et finale-
ment comprendre un grand texte lui permettait de prendre son élan pour aller
plus loin. Le mathématicien argentin Alberto Calderén me conseillait de ne
pas lire et d’attaquer un probléme d’une facon personnelle et originale, sans
étre influencé par ce que d’autres avaient essayé de faire. Antoni Zygmund
se plaignait d’avoir trop lu, d’avoir été encombré par ses lectures. André a
lu toute sa vie. Cette facon de travailler et lattention qu’André porta a la
pensée des autres mathématiciens est, & mon avis, I'une des manifestations de
son exquise attention aux autres. Il voyait venir un temps ou les scientifiques
dédaigneraient de lire les travaux de leurs collegues et se contenteraient de
publier des textes dont ils seraient les seuls lecteurs.

D’autres fois, André et Genevieéve nous invitaient & un pique-nique dans
les Vosges. Il était prudent de prendre un second petit-déjeuner avant de
partir pour ces aventures, car la nourriture ne se méritait qu’apres une longue
marche et le pique-nique ne débutait que vers deux heures de I'apres-midi.
Ces pique-niques avaient pour origine un usage introduit par Joseph Doob a
Urbana. Ceci mérite quelques explications et un retour en arriere.
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André entra a I’Ecole Normale Supérieure, en 1954, parmi les derniers
d’une toute petite fournée. Ensuite André entra directement au CNRS, apres
une quatrieme année a I’ENS. Ses maitres furent alors Gustave Choquet,
Jacques Deny et Marcel Brelot. Ce dernier 'orienta vers les travaux de Hunt et
Doob ou des résultats importants de théorie du potentiel étaient obtenus par
des méthodes purement probabilistes. André m’a souvent parlé de ce moment
historique ou les probabilités acquirent enfin leurs lettres de noblesse aupres
des analystes et autres « mathématiciens purs ». Mais André m’a confié que ce
lien avec la théorie du potentiel n’était pas la seule explication de son intérét
pour les probabilités. Il étudiait les probabilités afin de pouvoir comprendre le
monde qui nous entoure. Cet aveu m’a bouleversé et a influencé mes propres
recherches en traitement du signal et de I'image.

André passa un an aux Etats-Unis. Ce voyage a Urbana lui permit de
rencontrer Doob qui l'initia a l'art du pique-nique. Mais ce voyage ne fut
pas facile, car André était déja marié et sa fille Catherine était encore un
bébé. Genevieve a alors tout fait pour que le travail d’André ne soit pas trop
perturbé par les problemes matériels et les cris de Catherine. De retour en
France, André soutenait une thése d’Etat (I’équivalent de notre habilitation),
effectuait son service militaire et obtenait son premier poste a Mulhouse, puis
a Strasbourg. A Strasbourg, André créa un centre de recherche en probabilités
qui allait tres rapidement acquérir une réputation internationale. André n’a
plus quitté Strasbourg.

André nous dit qu’il a eu peu d’éleves et qu’il en aurait eu d’avantage
s’il n’était pas resté a Strasbourg. Mais peu de maitres ont eu une influence
intellectuelle et morale aussi forte sur leurs disciples. Apres avoir donné, en
avril 2002, une conférence a Toulouse, j’accompagnai Michel Ledoux dans son
bureau et Dominique Bakry nous y rejoignit. Nous étions heureux d’évoquer
le passé et de parler de ce que nous devions & André. De retour & Paris, je
téléphonai a Genevieve et André pour leur raconter mon séjour a Toulouse.
Genevieve fut heureuse d’entendre mon témoignage, tandis qu’André était un
peu géné.

La vie et I'ceuvre d’André ne se limiterent pas aux mathématiques et
a sa famille. André a étudié et a admiré les cultures chinoises et indi-
ennes. Son extréme pudeur, son exquise politesse et son attention aux autres
I’apparentent aux traditions de 1’Orient. Il construisit avec soin et opiniatreté
des relations scientifiques avec la Chine. Apres avoir pris sa retraite, il apprit
le bengali et traduisit et publia un texte qui, tout comme le fut sa vie, est une
invitation, un appel a ’amour, a la sagesse et au dépouillement.

Yves Meyer

* %k %k %k
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J’ai connu Paul-André Meyer en 1959 & DI'Institut Henri Poincaré alors
qu’il avait commencé sa these avec Jacques Deny. Je n’ai donc pas rencontré
Paul-André lorsqu’il était a I’Ecole Normale, ou il est entré en 1954, car j’étais
a cette époque a New-York et a Berkeley. Nous avons d’emblée sympathisé,
miis par notre intérét commun pour les Probabilités.

De cette année 1959, je me souviens notamment de Michel Loéve, alors pro-
fesseur a Berkeley et en année sabbatique a Paris, qui nous disait son espoir
que nous poursuivions ’ccuvre magistrale de Paul Lévy et que nous renouve-
lions tous les deux I’étude des Probabilités en France apres les développements
importants que notre discipline avait connus depuis les années 1950 d’une part
aux Etats-Unis sous la conduite de W. Feller et de J.L.. Doob et d’autre
part en URSS & linspiration de A.N. Kolmogorov. A juste titre, Paul-
André admirait d’ailleurs beaucoup Doob aupres duquel il avait passé une
année.

Paul-André probabiliste bien que normalien, n’aurait pu en ces années 60
avoir de meilleur directeur de these que Jacques Deny et par voie d’osmose
que Brelot et Choquet. En ces temps les Probabilités avaient besoin de plus
en plus de mathématiques pour se développer. Dans cet esprit G.A. Hunt,
professeur & Princeton, venait de publier des longs mémoires approfondissant
les liens entre la théorie du potentiel et celle des processus de Markov ; invité
& Orsay pour un an, il participait au séminaire B.C.D. (Brelot-Choquet-Deny)
et eut une grande influence sur nous tous.

Apres ces années d’apprentissage, Paul-André entré au C.N.R.S. décida
de s’installer a Strasbourg et d’y créer un séminaire. Je n’ai certainement pas
été le seul a regretter qu’il refuse ensuite les propositions qui lui furent faites
de revenir a Paris mais les jeunes probabilistes lorsqu’ils ne choisirent pas de
partir a Strasbourg, établirent rapidement un axe Paris-Strasbourg.

Le séminaire de Probabilité de Strasbourg connut un tres grand succes.
Comme le rappelait Michel Emery dans un hommage a Paul-André, celui-ci
ne pouvait lire ou exposer un article sans en réécrire instantanément une ver-
sion personnelle ; ces textes avec les travaux personnels trés importants de
Paul-André le conduisirent & ’écriture avec C. Dellacherie d’un grand traité
intitulé « Probabilités et Potentiel ». Ainsi naquirent les « Probabilités stras-
bourgeoises »...

D’autres que moi évoqueront les travaux de recherche exceptionnels qui
ont établi la renommée de Paul-André. Mais je ne puis terminer cet hom-
mage sans évoquer ses tres grandes qualités humaines : urbanité constante
dans ses rapports avec autrui doublée d’'une grande modestie, un trés grand
dévouement reconnu par ses nombreux éleves et collaborateurs, un enthou-
siasme communicatif pour sa discipline.
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Paul-André a disparu sans que nous nous y attendions. Nous garderons
longtemps le souvenir de ce trés grand Probabiliste et Mathématicien ainsi
que de 'homme merveilleux qu’il fut.

Jacques Neveu
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Cela se passe au milieu d’'un séjour de deux ans en Chine alors que j’essayais
d’écrire une these dans un certain isolement. Un jour de septembre 1991, re-
tournant au batiment des étrangers et m’interrogeant une fois de plus sur
l’utilité de poursuivre ces travaux, je trouvai un courrier venant de France,
dont ’adresse était parfaitement rédigée en caracteéres chinois. L’enveloppe
contenait cinq pages dactylographiées intitulées « Notes sur un travail de
N. Privault », consistant en une série de remarques et conseils détaillés de
P.A. Meyer sur un manuscrit que j’avais pu lui transmettre via S. Paycha.
C’est probablement grace a cet encouragement que j’ai continué ma these.

Nicolas Privault
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Les tributs payés a Meyer mettent en lumiere la variété des domaines qu’il
a ouverts ou popularisés. Mais il me semble que ’on oublie parfois celui des
processus de Markov et de la théorie du potentiel. Jusqu’a la parution du livre
de Blumenthal et Getoor ceux qui travaillaient dans ce domaine disposaient de
trés peu de textes facilement accessibles sur les travaux de Hunt. L’un de ceux-
ci était le volume du séminaire Brelot-Choquet-Deny consacré a la théorie
probabiliste du potentiel, tome & la rédaction duquel Meyer avait contribué
de fagon essentielle. Il y avait aussi sa these « Fonctionnelles multiplicatives
et additives de Markov » dont le titre était tout un programme et a fourni du
travail aux chercheurs pendant plusieurs années.

Dans sa these il donnait dans le cadre markovien un exemple général de
décomposition des surmartingales. Cela allait le conduire au fameux théoréeme
de décomposition dont la partie « unicité » était quelque chose de radicalement
neuf et sans doute son résultat le plus remarquable. Je me risque a penser que
c’était aussi son opinion. Dans une conversation que j’eus avec lui il y a bien
longtemps, malgré sa modestie habituelle (« Nos travaux seront vite oubliés »,
« Ne prenons pas trop au sérieux ce que nous faisons ») il admit que la, il avait
eu une idée (la seule bien siir qu’il ait jamais eue !).

Daniel Revuz

* Kk ok %k %k
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Introduction

The representation of operators on Fock space over L*(R;) or L*(R%) as
Maassen—Meyer kernel operators—that is, as series of iterated integrals of
scalars with respect to quantum noises—is of particular interest. Indeed, this
type of representation has been heavily studied because kernel operators nat-
urally arise as solutions of quantum stochastic differential equations (see [5],
[6]); what is more, composing kernel operators gives a kernel operator which
can be explicitly computed. Nevertheless, there is no satisfactory criterion for
representability of an operator, as existing results are scarce (see [1], [3]).

The purpose of this article is to give very general representability criteria in
the simpler case of infinite dimensional toy Fock space, that is, antisymmetric
Fock space over £2(N) or £2(N?). The search for such results was motivated by
Attal’s rigorous method to approximate boson Fock space over L?(R ) (which
we denote by ®) by its “discrete-time” counterpart: infinite dimensional toy
Fock space T® (see [2]). Since the approximation method is explicit, finding
criteria for the representability of operators on T® could lead to representa-
tions as kernel operators (and, as we shall see later, as quantum stochastic
integrals) of approximations of operators on ®.
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Furthermore, the toy Fock space T® conspicuously has interesting features
regarding representability as kernel operators: indeed it is straightforward to
see that the von Neumann subalgebra of B(T®) (the set of bounded operators
on T®) generated by all fundamental operators a;', a; af, i > 0, is B(T®)
itself. This leads to some kind of kernel representability result for bounded op-
erators of T®. Another simple approach, presented in section 2, gives a more
precise result on the representation of a bounded operator; yet this result is
still unsatisfactory both in its range of application (the operators considered
in physical practice are rarely bounded) and in the underlying meaning given
to a kernel representation. In this paper we discuss a more satisfactory defini-
tion of such a representation. We then search after equivalent formulations of
that definition; we will see that, with minor domain assumptions, these for-
mulations lead to explicit formulas for the coefficients involved in the kernel
and yield a very general sufficient condition for the existence of a kernel repre-
sentation. The proofs use discrete-time analogues of continuous-time methods
developed by Lindsay in [4]; we point out along the way a mistake contained
in one of the propositions of that paper, give a counterexample and make a
tentative correction. Later on we apply our results on kernel representations
to obtain criteria and formulas for representations of operators as quantum
stochastic integrals.

This paper is organized as follows: in section 1 we give all the needed
notations. In section 2 we fulfill the above program on kernel representations.
In section 3 we apply our kernel representation theorems to the study of
quantum stochastic integral representations.

1 Notations

In the purpose of generalizing our representability theorems to criteria that
apply in any antisymmetric Fock space over an infinite-dimensional, separable
Hilbert space, we introduce all notations in a general framework. Denote by A
an arbitrary infinite countable set, and by P the set of all finite subsets of A.
The space we will work on, throughout this paper, is the antisymmetric Fock
space over £2(A), which, by Guichardet’s interpretation, can be seen as ¢2(P),
that is, the space of all maps f : P — C, such that

> M) < oo

MeP

The most familiar case is A = N, where ¢?(P) is the infinite dimensional toy
Fock space.

Let us denote by X 4 the indicator function of A € P; the set of all X4’s
constitutes a (Hilbertian) basis of 2(P). This particular basis being fixed, one
defines for all B € P three operators by
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X HfBNA=go
+ _ AUB
apXa = { 0  otherwise,

_ . XA\B ifBCA
apXa = { 0  otherwise,

o X, — X4 itBCcA
4BAA =1 otherwise.

Those operators are closable and we keep the same notations for their clo-
sures. They are called respectively the creation, annihilation and conservation
operators. From now on, for two subsets A, B of A, we write

e A+ Bfor AUBiIf ANB=g,
A—Bfor A\Bif BC A,

using the convention that any quantity in which A + B (respectively A — B)
appears as a variable or as an index is null if ANB # & (respectively B ¢ A).
We will write for example

aEXA = XA+B,

GEXA = XAfB-

Practically this will turn out to be a short notation to restrict the range of
summation of sums in which the variables are elements of P.

Let us write the general expression of the action of an operator aja%as on
a vector f of £2(A). First, if A, B, C are not mutually disjoint then aza%aa
is null; otherwise for all M in P,

aj{a%aa f(M)=f(M+C—A) (1)

if B C M, and zero otherwise.

Remark that we have not included here a precise definition of what we will
call a kernel representation. We postpone this and the preparative discussion
to the next section.

2 Kernel representation theorems on £2(P)

Let us describe a tentative approach to representations of bounded operators;
to that end let us restrict our framework to the (ordered) case where A = N,
and denote by p; the orthogonal projection on the subset ¢?(P;), where P;
is the set of subsets of {0,...,4 — 1}. In that case, for any bounded operator
K on (?(P), p;Kp; is an operator on ¢*(P;), and the sequence (p;Kp;)i>o
converges strongly to K. It is known from the case of finite dimensional toy
Fock spaces that every one of these p; Kp; coincides with a kernel operator
Di ZA,B,C<1’ ki(A7B7C’)ajga%a6pi. It is easy to see that the k;’s are com-
patible in the sense that there exists a kernel k : P3 — C which extends all
kernels k;.
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This k is such that for any vector f € ¢2(P), any M € P,

(Kf)(M) = lim > > k(UV,N)f(V+W+N), (2)

T ULViW=M Nep;

so that, in some sense, the function k satisfies an analogue of the formula which
defines kernel operators in continuous time (see [6], [5]). Nevertheless, let us
discuss what we want a kernel representation to be. Heuristically, such a rep-
resentation should be a series Z(A,B,C)6P3 k(A, B, C)aXaOBaE, the meaning
of the sum being taken in a weak sense: we expect that, for every f in some
domain, the formal computation Y, p o k(A, B,C)akagas > 5 F(N)Xn,
gives the right result at every M in 73,’ that is, that the equality

(KM= > D kUV,N)F(V+W+N), (3)

U+V4+W=M NcP

holds for every IV in P. It is a sensible demand, both from a pragmatic point
of view and from an intuitive one (the sums _, 5 ~ and 3, above should
be independent of the order of summation, so the final one also should) that
this series be absolutely convergent. In equation (2) the series a priori lacks
that property. It is therefore natural to look for conditions upon which that
property holds.

Returning to the general case (where A is any infinite countable set),
we will solve this problem and obtain further representation theorems. The
strategy of our proof will be completely different from the above; our basic
tools will be the following:

e the transform k — &’ similar to the one defined by Lindsay (see [4]) in the
regular Fock space; we give its definition below.

e The additional feature, specific to the case of discrete-time, of equiva-
lence of two variables and three variables representation. This feature is
the simple fact that, since any ay is agag, one should (and does, as
Proposition 1 will prove) obtain equivalent actions for the formal series
>oa,B,0)ep® k(A, B, C)ala%ag and > a,pyep? k(4 B)alap if we use the
correspondence

k(A,B) = k(A\B,ANB,B\A) and k(A,B,C)=k(AUB,BUC). (4)
Definition 1. For a function k : P? — C, let us define k' : P — C as

K(A,B,C) =Y k(A V,C),
VCB
and for a function k : P? +— C, let us define k' : P? — C as

K(A,B)= Y k((A\B)UV,(B\A)UV).
VCANB
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Remark. For subsets A, B,C' which are not mutually disjoint, the operator
ajgaOBaé is null; therefore, when considering kernels with three arguments,
the function k£ needs only to be defined on mutually disjoint triples for our

purpose, and similarly for &'
Properties of the transform

e The correspondence k — k' is bijective for both three-arguments and two-
arguments kernels thanks to the Moebius inversion formula which yields

k(A,B,C) =Y (-1)F7VIK(A,V,C) (5)
VcB
and

(A, B)= Y ()AE VI ((A\B)UV,(B\A)UV).  (6)
VCANB

e The correspondence defined by (4) is bijective between the set of functions
defined on the subset of P3 of mutually disjoint triples of P and the set
of functions on P2.

e If, in the next few lines, we add indices and denote kernels by ko, kb,
k3, k%, depending on the number of variables, the following diagram is

commutative:
k‘g — k‘3

! !

Ky — K

where arrows are either the correspondence in (4) or the transformation
in Definition 1. That means in particular that notations like k%, k% would
be unambiguous.

e Our choice for the transform k — k' extends the equalities in (4) to the
functions k’:

for mutually disjoint (A, B,C) € P3, kK'(A,B,C) =K (AUB,BUC).

Because of these properties we will not distinguish anymore notations be-
tween ko and k3, nor between k} and kj.

The following proposition contains the first properties that link the four
different forms of a kernel.

Proposition 1. Let f be a fived vector in £2(A). Define the four assumptions:

o for all mutually disjoint U, V., W in P

S IRU VN AV + W+ N)| < 400 (7)
NeP
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e for all disjoint U,V in P

> IKU,N)f(V + N)| < +o00 (8)
NeP

e for all disjoint U, V in P

S K (U V,N)F(V + N)| < 400 (9)
NeP
o forallU in P
> K (U,N)f(N)| < +oc. (10)
NeP

Then the conditions on two-arguments kernels are equivalent to their three-
arguments counterparts, that is, (7) and (8) are equivalent, (9) and (10) are
equivalent. What is more, the conditions on the kernels imply the conditions
on their transforms, that is, (7), (8) imply (9), (10).

Besides, if all conditions are satisfied, then the following are defined and
equal for all M € P:

> > k(U V,N)f(V+W +N) (11)
U+V+W=M N
> D KU V,N)F(V+N) (12)
U+V=M N
> D kRUN)FV+N) (13)
U+V=M N
> K(M,N)f(N) (14)
N

Proof. Let us start with the proof that (7) implies (8): first fix Uy, Vp;
> k(U N)f(Vo + N))|
N
=Y [k(Uo \ N,Uy N N,N\Up)f(Vo + Uy N N + N\ Up)|

N
< Y D RUV,N\U) AV + Vo + N\ Up)|
U+VvV=Uy N

<2l %" > (U, V,N)f(V + Vo + N)|
U+V=Uy N disjoint from U,V

<2% N N RU VN F(V A+ Vo + N))|
U+V=Uy N

< +00
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where the 2!Vl arises because any N can be written as at most 2/V0! different
LLN \ UO77 .
Now prove that (8) implies (7):

STIRUV,NYF(V+W +N)| =Y [kU+V,N+V)f(W+ (N +V))

> KU+ V.N)f(W + N)|

NDV

< +o00.

The equivalence of (9) and (10) is shown exactly in the same way.

To show that the above conditions on k imply those on the transform %',
we prove that (7) implies (9):

SO VNIV AN Y [k(Ua, N)f(a+ (V\a) + N)|
N N aCV

and the right-hand side is just a finite sum of series of the type (7) with
(U, V,W)=(U,a,V \ ).

The equalities are obvious once the summability assumptions allow all
manipulations on the sums. a

Remark. Tt is not true in general that the conditions on &’ imply their coun-
terpart on k. Here is a counterexample: let k& be of the form

kU, V,W) = (—=1)VliU,w)

for some function j of two disjoint finite subsets of N, which is not to be
confused with the kernel k expressed as a function of two variables.
Then k'(U,V,W) = ly_g j(U,W) and (9) simply becomes

forall U € P, > |j(U,N)f(N)| < +oo, (15)
N

whereas (7) is

for all (U, V) €P? D _[§(U,N)F(V+N)| < +oo. (16)
N

Now if one considers

e a function j such that j(U,W) = 0 if the cardinality of W is different
from 1,
e a vector f null on sets of cardinality one,



54 Yan Pautrat
then (15) is trivial while (16) becomes

for all (U, V) € P2, > (U An})f(V + {n})| < +oc. (17)

n=0

and still implies a condition on the values of j and f, so that many counterex-
amples exist.

The same type of counterexamples holds in continuous time for the equiv-
alence described by Lindsay in [4]. The next theorem describes a class of vec-
tors for which the equivalence of (7), (8), (9), (10) holds; once again this class
translates in continuous time to a class of vectors for which the equivalence
described by Lindsay holds.

Theorem 1. Let f be a vector in €2(P) for which there exists a function
¢ A— Ry such that

for all (A, B) € P2, |f(A+ B)| A [T 2.
i€B

Then assumptions (7), (8), (9), (10) are equivalent for that f.

Proof. What is left to prove is that (9) implies (7). Using the particular hy-
pothesis on f, one has for all U, V', W,

SN IKUV.NFV+WHN)< [[o60) D kU V.N)F(V+N)|
N

ieW Ndisjoint from V,W

< [T 06 D IKU.V.N)F(V + N
N

iceW

so we can reduce the proof to the case where W = @. But in that case, using
the inverse Moebius transform,

SRUV,N) VAN < YD KU, N)F(V + N
N

aCV N
<Y D KU a, N fa+N)| ] ¢6)
aCV N 1i€V\a
< +o0. O

Definition 2. The vectors which satisfy the property mentioned in the previ-
ous theorem are called subexponential. The set of all subexponential vectors,
which we denote by s&, contains all linear combinations of exponential vectors
or vectors X, A € P.

The set s€ is not a vector space; nevertheless, it has the properties that,
if f, g are in s€ and A, u are in C, then |A| |f| + || |g| is in s&.

Here is a precise definition, following our earlier discussion, of what we call
a kernel operator:
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Definition 3. A (possibly unbounded) operator K on ¢*(P) is said to have a
kernel representation if there exists a function k such that:

e Dom K is exactly the set of f € £2(P) that satisfy one of the conditions (7)
or (8),

o the equalities in (11), (12), (13) or (14) define a square integrable function
of M,

o Kf(M) is equal to the corresponding expression for all M € P.

Now, up to an additional simple assumption, the kernel decomposition
takes a clear meaning: suppose that an operator K has such a representation
and that the basis {X4} is in Dom K, then writing )\ &'(M, N)14(N) =
(KX 4)(M) yields the fundamental formula

(Xar, KX A) = K (M, A). (18)
Thanks to this formula, (10) becomes

VM, > (X, KXy) f(N)] < +o0,
N

and the other two assumptions (square-integrability and equality of expres-
sions) simply mean that one can write rigorously

oar, (X KX FN)X ) = 3 (X KX} £(V)
N N

What this means indeed is that kernel representations are just another
way to write the above expansion. Of course there are conditions for this
expansion to be meaningful and conditions for the obtained representation to
actually represent the original operator. We discuss these conditions after the
following proposition:

Proposition 2. Let K be an operator with domain such that
{X4,AcP} C DomK C s€.

Then K can be extended to a kernel operator if and only if for every f €
Dom K and every M in P,

>on (X, KXN) f(N)| < 400 and
{ >on (Xn, KX ) f(N) = Kf(M).
In that case, the associated kernel is given by
K'(A,B) = (X4, KXg).

Proof. Thanks to Proposition 1, Theorem 1 and formula (18), this is a simple
rephrasing of our definition. O
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It is clear that, if the domain of the operator K is not contained in the
subexponential subset, then the obtained kernel operator can be such that
{X4} € Dom K and {X4} = Dom K N Dom K.

It is also clear that, even if the conditions

v |[(Xar, KX ) f(N)| < +o0
SulXN <XM;KXN>f(N)‘2 < 400

hold for any f in Dom K, so that the associated kernel operator K} is well
defined on Dom K and coincides with K on {X4, A € P}, one needs a kind
of closability assumption to make sure that the kernel operator is indeed an
extension of K: this assumption is exactly the condition

> (X, KXy) f(N) = K f(M). (19)

N

It does not seem that a more concise formulation can be found: the usual
closability property would be that if a sequence (u,)n>0 converges to zero
and is such that the sequence of images (Kuy)n>o is convergent, then its
limit is zero.

Assumption (19) is weaker than closability in the sense that it only consid-
ers approximating sequences (un)n>0 made of partial sums of ) 5 f(N) X,
but also stronger than closability in the sense that convergence to zero of
(tn)n>0 with the weak convergence assumption on the images that (X, Ku,,)
converges for all M and defines a square-integrable function of M must imply
that that limit is zero.

On the other hand, it is clear that these properties are satisfied if one
assumes that K has an adjoint defined on all vectors Xj»;, M in P. Indeed
in that case, we have the following result. Note that no assumption of the
type Dom K C s€ is needed; actually the proof of this theorem proves the
stronger summability assumptions on the kernels & themselves and not on the
transforms k’.

Theorem 2. Let K be an operator on (*(P) such that the set of all X is
in Dom K N Dom K*. Then the kernel operator defined by (18) is a closed
extension of K.

Proof. Let us define the kernel k& by (18). We will show that assumption (7)
holds for any vector f of £2(P). Indeed, let us fix U, V, W; then from the
Moebius inversion formula, one has for all N disjoint from U, V, W:

kU, V,N)| < > |K'(U+a,N+a)
aCV

< S (Xusar K Xnvsa)|
aCV

< Z (K" Xvuta, XNta)ls
aCV
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which is a finite sum of square-summable terms. Besides, N — f(V+W+N) is
also square-summable, and therefore Y\ |k(U,V,N) f(V + W + N)| is finite.

The condition on f appears in the sequel: the domain of the kernel operator
K. f is the set of vectors f in T® such that

K f(M) =Y (Xar, KXn) f(N)

N

defines a function belonging to ¢2(P). That quantity is equal to

> (KX, Xn) f(N) = (K* X, f)
N

so that the domain of K, is the set of vectors f such that M — (K* Xy, f) is
square-integrable. For all f in Dom K, (K* Xy, f) = <XM,Kf>, so K C K.
We now prove that Kj, is closed: let (fn)n>0 be a sequence in Dom K,

that converges to some f in T® and such that (K} fn)n>0 converges to some
¢ in T®. Then

Z (K* X, ) = Zlim|<K*XM7fn>|2
M M
St [(K* Xag, £ < liming 37 (K™ Xar, f) 2
M M
timint 37K Xag, £ = liminf || K, o |
M
liminf | Ky foll = [|6))?
61 < +oo.

so that f lies in Dom K} ; besides

Kif(M) = (K" X, f)
(K" X, f) = lm (K" X, f)
lim (K* Xy, f) = lim (Xar, Ki f)
m (Xar, Ki fn) = ¢(M)
holds for every M in P so that ¢ = K} f and the proof is complete. O

Remark. The inclusion K C K}, is a priori not an equality.

This theorem gives numerous examples of operators that admit a kernel
representation.

3 Integral representation of operators on toy Fock space

In this section we restrict ourselves to operators on the toy Fock space T®
of quantum stochastic calculus, for which A = N; indeed we wish to consider
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integrals of operators, and this demands a natural ordering on our set A. Let
us suppose that an operator K on T® has a kernel representation in the sense
of Definition 3. This kernel representation is formally an expression of K as
ZA)&C k(A, B, C)aja"Baa. Let us go on with formal expressions and apply
careless manipulations to this sum: we write for all (A, B,C) # (9,9,9)
ajgaoBaE, = aX\Z.aOBaEa;L when e.g. the largest element i in AUBUC is in A,
and regroup terms. We obtain

k(@,@,@)—l—z Z k(A+i,B,C)a}apaga;
i A,B,C<i

Jrz Z (A, B +i,C)alayagal Jrz Z (A, B,C +i)alajaga;,
i A,B,C<i i A,B,C<i

that is, we obtain an integral representation of K with the following inte-
grands:

ki = doapc<ik(A+i,B, Cahapag
ki =3 ap.co<i k(A B+1, C)ajapag (20)

ki =3 apc<ik(AB,C+i iahapac

Giving a more rigorous meaning to that demands, of course, a definition
of the integrals. The definitions are actually quite simple (see [7]): the domain
of a sum ), h; is the set of vectors f such that for all A € P, the series
> ; hif(A) is summable and defines a square-integrable function of A. An
integral > . hSa§ is such a sum with h; = h{a$; on the other hand, one can see
from Deﬁnitlon 3 and from the expression (1) that a kernel representation is
simply a series >4 p (k(A, B,C) a}a%ag) in the above sense. This justifies
the above manipulations except for domain properties; what it exactly yields is

K Ck(2,0,0)+ Y (kT al +kjaj + k; a;),

which does not prove in our sense that our operator has an integral represen-
tation, since the right-hand side is itself an extension of the integral

k(2,2,2)+ Y kfaf +> ka} + kia;. (21)

What we have shown is that on some domain (the intersection of the domain
of this integral and the domain of the operator), the operator coincides with
the integral. Moreover, if a vector X 4 is in the domain of K, then it is also in
the domain of the integral (21), since only one of the three series ), kfa§ X4
has an infinite number of nonzero terms.

The interesting aspect of this formal computation is that the integrands
defined by (20) are everywhere defined as finite sums of everywhere defined
operators, and are described as simple kernel operators with explicit kernels.
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Using the formula (18) then gives the action of the operators k§ expressed as
functions of K:

<XA’kz‘+XB> = laaB<i <XAi[+i,KXBi[>
<XA,]€;XB> = laaB<; <XA7:[5KXBi[+i>
<XA’ kfXB> - ﬂAAB<i (<XAi[+i’KXBi[+i> B <XAi[7KXBi[>)

Using the fundamental operators of abstract Ito calculus on toy Fock space
pi, d;, these operators have much more interesting expressions. We recall
briefly from [7] the definitions of these operators: for f € T® and i € N,
p;f and d; f are defined as the vectors of T® such that, for M € P,

pif (M) = Iy<i f(M),
dif (M) = In<i f(M +1).
In particular,
piXa = 1ac;iXa,
diXa =14<iXa—i,
from which one sees immediately that one has
k;r p; = d; Kp;
ki pi = piKalp; (22)
ki pi = diKaf — piKp;
The above discussion proves the following result:

Theorem 3. Let K be an operator on T® such that the set of all X 4 is in
Dom K N Dom K*. Then the operator

A+ijaj+2sza§+2k;a;—f(,

where the operators kf are defined by (22) and X = (1, K1), is a restriction
of the zero process and its domain contains the set {X 4, A € P}.

The p;’s on the right of expressions in (22) are here only for the sake of
symmetry; if one notices that d; = p;a; and that a;r, a; are mutually adjoint,
these formulas show that (k*) = k;, (k*); = k" and (k*)$ = k2, where the
(k*)§ are the integrands in the integral representation of K*.
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Summary. On montre comment le théoréeme 25 — B de Pitman peut s’obtenir en
« cristallisant » une marche de Bernoulli quantique.

1 Introduction

Le but de cette note est de relier le théoreme de Pitman, dans sa version
en temps discret, avec la théorie des représentations du groupe SU(2), et
plus généralement des groupes quantiques SU,(2). On verra que ce théoréme
apparalt naturellement lors de la « cristallisation », au sens de Kashiwara, i.e.
lorsque ¢ — 0.

L’idée de considérer les représentations de SU(2) en liaison avec les proces-
sus de Bessel de dimension 3 provient d’une question de P. A. Meyer, qui avait
demandé, lors d’'un exposé en 1989, comment calculer la loi de la partie radiale
d’une marche de Bernoulli quantique (voir la partie 3 pour plus de précisions).

Cette étude ne nous en apprendra pas plus sur le théoreme de Pitman
lui-méme, mais elle a le mérite de suggérer comment généraliser ce résultat a
des situations plus complexes, en dimensions supérieures. En fait la transfor-
mation de Pitman est reliée & des opérations introduites par Littelmann [12]
en théorie des représentations. Les liens entre ces objets sont étudiés plus en
détails dans [5].

L’article est organisé de la fagon suivante : dans la partie 2 je rappelle
I’énoncé du théoreme de Pitman ainsi que sa version discrete. La partie 3
contient des généralités sur les processus stochastiques non commutatifs,
ainsi que la définition des marches de Bernoulli quantiques, puis je donne
une interprétation de ces marches de Bernoulli quantiques en termes de
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représentations du groupe SU(2). Dans la partie 4 je montre comment, en
passant de SU(2) au groupe quantique SU,(2), puis en faisant tendre ¢ vers 0,
on obtient le théoreme de Pitman de fagon naturelle. Finalement on termine
par des considérations sur les généralisations possibles de ces résultats.

2 Le théoréme de Pitman

Soit (X;t > 0) un mouvement brownien réel, issu de 0, le théoréme de Pitman
[16] affirme que le processus (T; := 2S5; — X35t > 0), o S; = sup,«; X, est
un processus de Bessel de dimension 3, i.e. a la méme loi que la norme d’un
mouvement brownien de dimension 3. Une fois énoncé, le théoreme est facile
a vérifier, il suffit de calculer la loi du processus ((X¢, S¢);t > 0), qui est un
processus de Markov, pour en déduire le résultat. On obtient de cette fagon
un bonus, le fait que pour tout ¢ > 0 la loi conditionnelle de la variable X4,
connaissant la trajectoire (Ts,0 < s < t), est uniforme sur l'intervalle [—T3, T%].
Faisons dés & présent une observation. Soit (Xy,Y;, Z¢;t > 0) un mouvement
brownien de dimension trois, alors le processus Ry = /X? + Y2 + Z2 est
un processus de Bessel de dimension trois, X; est un mouvement brownien
réel, et on vérifie facilement, en utilisant I’invariance par rotation de la loi du
mouvement brownien, que la loi conditionnelle de X; sachant la trajectoire
(Rs;0 < s <) est la loi uniforme sur l'intervalle [—R;, R;]. On voit ainsi que
les processus ((X3,T3);t > 0) et ((X¢, Re);t > 0) ont mémes lois marginales
de rang 1, les processus obtenus en prenant la premiere ou la deuxiéme coor-
donnée ont la méme loi, mais les lois des couples de processus ne coincident
pas, car T est mesurable par rapport a la filtration de X, ce qui n’est pas le
cas de R. La clé pour comprendre le théoreme de Pitman va consister a trou-
ver une interpolation naturelle entre les lois de ces deux couples de processus.
Il est possible de faire cette interpolation de fagon purement « classique »,
comme dans [6] mais ici nous allons la faire en introduisant des approxima-
tions en temps discret de ces processus, ce qui amene a considérer les groupes
quantiques SU,(2), comme expliqué ci-dessous.

La démonstration originale de Pitman repose en effet sur un analogue en
temps discret du théoreme. Considérons une marche de Bernoulli, i.e. X,, =
1+ X2 + ...+ x, ou les x; sont des variables de Bernoulli indépendantes,
centrées (P(x; = £1) = 1/2). Le résultat est que le processus (T;, := 285,
—Xp;n > 1), ou S, =sup{Xy;0 <k < n}, est une chaine de Markov sur N
de probabilités de transition

p(k k1) = 2(’“,;;21); p(kk—1) = 2(,;11) (1)

De plus la loi conditionnelle de X,, sachant la trajectoire (Ty;k < n) est
uniforme sur ensemble {—T,,, —T,,+2,...,T,—2,T,}. Le théoréme de Pitman
pour le mouvement brownien s’en déduit par un changement d’échelle et un
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passage a la limite. La démonstration de Pitman repose sur le fait que la
transformation de Pitman peut s’inverser, c’est-a dire que I'on peut retrouver
la trajectoire de X en connaissant celle de T', & condition de connaitre en plus
la valeur de X,,, en fait on a la formule explicite

Xy = inf{2Ty; k <1< n} A (X, +To) — T

Evidemment une formule analogue est valable dans le cas du temps continu.
Proposons ici une approche équivalente mais plus adaptée a notre propos. On
calcule les probabilités de transition de la chaine de Markov ((S,, Xy);n > 1),
a valeurs dans ’ensemble {(s,k) € N x Z|s > k}, on trouve facilement

p((s,k)7(s7k+1))=%, p((s,k),(s,k—1)) = % sis>Fk
p((575)7(5+1’5+1)): %a p(($78)7(87871)):% s

ce qui donne les probabilités de transition de la chaine de Markov ((T,, Xy);
n > 1), a valeurs dans {(¢,k) e N* x Z |k € (—t,—t+2,...,t —2,%)},

p((t k), (t=1,k+1)) =3, p((t,k),t+1LE-1) =5 sis>k (2)
p(t,t), (t+1,t+1) =5, p((tt),(t+1,t—1)=1.

On vérifie alors, par récurrence sur n, que la loi conditionnelle de X,,, sachant
Ty,...,T,, est la loi uniforme sur ’ensemble {-T,,, -1, + 2,...,T, —2,T,,}.
Le fait que (T,;n > 0) soit une chaine de Markov avec les bonnes proba-
bilités de transition s’en déduit aisément. Notre stratégie pour retrouver de
facon naturelle le théoreme de Pitman va consister a exhiber un analogue
discret du processus ((X¢, R¢);t > 0), ce que nous ferons en considérant des
marches aléatoires quantiques. Ensuite nous déformerons la loi de ce proces-
sus au moyen de la théorie des groupes quantiques, par un parametre réel
q €]0,1], de sorte que la loi de chaque composante reste constante, que
la loi conditionnelle de X,, sachant Ry,..., R, soit uniforme sur l'intervalle
{-Rn,—Rn+2,...,R, — 2, R, }, mais que la loi du couple ((X,, Ry,);n > 1)
converge vers celle du couple ((X,,,Ty);n > 1) lorsque ¢ — 0.

3 Marches de Bernoulli quantiques

Dans cette partie je vais faire des rappels sur les processus stochastiques non-
commutatifs et les marches de Bernoulli quantiques. Ce sujet est traité dans
[1] et dans le premier chapitre de [4], auxquels je renvoie pour plus de détails.
Pour une introduction aux probabilités quantiques, on peut consulter le livre
de référence de Meyer [11].

Dans la suite on considere des espaces de probabilités non-commutatifs. Un
tel espace est une algebre A sur C, avec une unité, habituellement munie d’une
involution antilinéaire %, et d’une forme linéaire 7, qui joue le role d’espérance,
qui vérifie n(1) = 1 et n(a*a) > 0 pour tout a € A. La donnée d’un élément
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autoadjoint © = z* détermine alors une suite de nombres réels (n(z™);n > 0),
qui sont les moments d’une mesure de probabilités sur R, non nécessairement
unique. Si cette loi est unique on 'appelle la loi de I’élément x. Par exemple,
lorsque D'algebre est M, (C), et n(M) = L1Tr(M) alors la loi d’un élément
autoadjoint M € M, (C) est la mesure empirique sur les valeurs propres de M
(comptées avec leur multiplicité). Evidemment dans ce cas la loi est & support
compact et donc déterminée par ses moments.

Plus généralement si on se donne une famille d’éléments autoadjoints qui
commutent 1, ...,x, alors les nombres n(xlf ) ..x%);h,l%...,lk > 1 sont
les moments d’une mesure de probabilités sur R*, que I’on appelle la loi jointe
des xy, si elle est unique. De nouveau, si I’algebre est de dimension finie, la loi
est & support compact (et méme fini), et donc est déterminée par ses moments.
C’est dans ce cadre que nous nous placerons dans toute la suite.

L’exemple le plus simple est celui de Ms(C), les matrices de taille 2 x 2

1

sur C, avec n(M) = 5Tr(M). On consideére les matrices de Pauli

(o1 (0 (10
T=\10) Y= \io) T o=-1)"

chacune d’elles suit une loi de Bernoulli symétrique, et elles vérifient les rela-
tions de commutation [z,y] = 2iz, [y, z] = 2ix et [z, 2] = 2iy . En particulier,
elles ne commutent pas, on ne peut donc pas parler de leur loi jointe. L’algebre
My (C)®N est isomorphe & 'algebre des matrices My~ (C), et le produit ten-
soriel des traces sur chacun des facteurs est la trace sur My~ (C). Dans cette
algebre on considere les éléments (I désigne la matrice identité)

2 = 180D @ g @ [EIN=0 . [8(i-1) g ¢ g [R(N=1)
7 =I80"D @ z @ [¥(N=7)
pour i =1,..., N, et leurs sommes partielles
Xn=x14+...4zn, Yo=tv1+...4Yn, Zn=21+...4 2n.

Chacun des processus (X,;1 <n < N),(Yp;1<n<N)et (Z,;1<n<N)
est constitué d’opérateurs qui commutent, on peut donc calculer leur loi, qui
est, dans les trois cas, celle d’'une marche de Bernoulli centrée. Ces opérateurs
vérifient les relations de commutation [X,,,Y;,] = 2iZ,am, ainsi que celles
obtenues par permutation circulaire de X, Y, Z. On constate que ces relations
de commutation entrainent que les opérateurs X, = /I + X2+ Y2 + Z2
commutent entre eux. On peut calculer la loi du processus (X,;n > 1) et on
trouve par des calculs explicites (cf [4]) que c’est la loi de la chaine de Markov
sur N*, de lois de transition

k+1 k-1

e plek-D =T 3)

plk.k+1) = 5

Autrement dit, le processus (R, := X, — I,n > 1) a les mémes probabilités
de transition que (1). De plus, pour tout n, les opérateurs Ry, ..., R, et X,
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commutent et la loi conditionnelle de X,, sachant R, ..., R, est uniforme sur
{-Rn,—Rn+2,...,R, —2, R, }.

Plutét que de reproduire la preuve de [4], je vais expliquer comment on
peut retrouver ce résultat par la théorie des représentations de SU(2). Les
relations de commutation entrainent que, pour chaque n > 1, les opérateurs
Xn,Y, et Z, engendrent une représentation de I’algebre de Lie sl5(C). Rap-
pelons que cette algebre de Lie est de dimension 3, engendrée par trois
éléments z,y, z, qui vérifient les relations

[x,y] = 2iz, [y,2] = 2izx, [z,2] = 2iy.

D’autre part, Popérateur 2 = I + X2 + Y,2 + Z2, est I'image dans cette
représentation de 'opérateur de Casimir 1 + x2 + y? + 22, qui engendre le
centre de lalgebre enveloppante de slo(C). On sait que les représentations
irréductibles de sl3(C) sont indexées par les entiers [ > 1; pour chacun de ces
entiers il existe une unique (& isomorphisme pres) représentation irréductible
de dimension [. De plus dans cette représentation l'opérateur de Casimir
est un multiple de 'identité de valeur propre I2. On peut en déduire la loi
du processus (Ry;k < N). Pour cela supposons que nous avons décomposé
la représentation (C?)®" en composantes irréductibles. Alors pour trouver
les valeurs propres et les sous-espaces propres de R,.1, pour chaque copie
Vi, C (C%)®" de la représentation de dimension k, il nous faut décomposer la
représentation Vj, ® C2. Les formules de Clebsch-Gordan donnent la réponse,
cette représentation se scinde en somme directe de deux représentations
Vi @ Vo ~ Vi_1 @ V1. Les probabilités de transition sont proportionnelles
aux dimensions respectives de ces représentations, ce qui redonne bien la for-
mule cherchée. La loi conditionnelle de X, sachant la trajectoire Ry,..., R,
s’obtient en remarquant que dans une représentation irréductible Vi, ou R,
prend la valeur k—1, 'image de 1’élement z de sl5(C) a un spectre formé des k
valeurs propres {—k+1,—k+3,...,k—3,k—1}, chacune ayant multiplicité 1.

Une fois ces observations faites nous allons donner une construction plus
abstraite de la marche aléatoire ci-dessus. Nous aurons besoin de la notion
de variable aléatoire a valeurs dans un espace non-commutatif. Un espace
non-commutatif est donné par une algebre qui joue le réle d’algebre de fonc-
tions sur l’espace. La notion de variable aléatoire a valeurs dans un espace
est remplacée par celle de morphisme d’algebres, a valeurs dans un espace de
probabilités non-commutatif. Le lien avec la situation classique est facile a
comprendre, une variable aléatoire ordinaire X : {2 — E donne lieu & un mor-
phisme d’algébres X' : L°(F) — L°°(£2) défini par la formule X(f) = f(X),
et réciproquement la donnée d’un tel morphisme détermine la valeur de la
variable aléatoire X (presque stirement). Dans la situation non-commutative,
les points des espaces non-commutatifs n’existent plus, mais la notion de
morphisme d’algebres garde un sens. Nous allons donc construire les processus
X,Y, Z, R ci-dessus et les considérer comme des coordonnées d’un processus
a valeurs dans un espace non-commutatif. Cet espace non-commutatif sera le
dual de SU(2) ce qui signifie que 'algébre de « fonctions non-commutatives »
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qui le définira sera ’algeébre du groupe SU(2). Il y a plusieurs choix possibles
d’algebres de convolution sur un groupe, on peut convoler par exemple les fonc-
tions L', ou les mesures finies, ou encore les fonctions continues ou les fonctions
régulieres si on est sur un groupe de Lie. Les subtilités liées au choix de la
topologie, et in fine de la complétion ne sont pas tres utiles pour comprendre
les calculs algébriques, je renvoie & la discussion de [2] pour plus d’information,
et je me contenterai de donner une description informelle de cette algebre.
Comme nous avons vu, il existe pour chaque entier [ > 1 une unique
représentation irréductible de dimension ! du groupe SU(2), ce qui suggere
de prendre pour l'algebre A(SU(2)) le produit direct des algebres de matri-
ces M;(C) pour | > 1. Tout autre choix pourra se plonger dans cette grosse
algebre. Dans cette algebre se trouvent des éléments x,y, z correspondant a
la base de sl3(C), et dont les composantes sur chaque sous-algebre M;(C)
forment la représentation de dimension [ de sly(C). L’opérateur de Casimir
1+ 2% +y? + 2?2 a pour composante dans chaque algébre M;(C) un opérateur
scalaire de valeur propre [2, tandis que les composantes des opérateurs x,y
et z sont diagonalisables, et leurs valeurs propres, de multiplicité 1, sont
{=1+1,-143,...,1—3,1—1}. On peut considérer ces opérateurs comme trois
coordonnées sur l’espace non-commutatifs sous-jacent. Chaque sous-algebre
M;(C) est une sorte de sphére non-commutative de dimension 3, de rayon [ —1.

L’espace non-commutatif correspondant & A(SU(2))

A chaque direction de l’espace & trois dimensions («, 3,7), on peut faire
correspondre 'opérateur ax + By +vz. Dans une telle direction, la coordonnée
peut prendre des valeurs entieres. On peut dans cet espace déterminer simul-
tanément le rayon de la sphere sur laquelle on se trouve et la coordonnée dans
une des directions de I’espace, auquel cas on trouve que les valeurs possibles
des coordonnées sont —r,r +2,...,r — 2,7 ou r est le rayon de la sphere. Par
contre on ne peut pas déterminer simultanément les coordonnées dans deux
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directions de ’espace qui ne sont pas paralleles, car les opérateurs correspon-
dants ne commutent pas.

J’ai représenté de maniere symbolique cet espace dans le dessin ci-dessus.
Les algebres M;(C) sont représentées par des spheres « floues » concentriques
(j’ai représenté celles de rayons 0 a 4). J’ai aussi montré les coordonnées que
I’on peut obtenir en faisant une mesure dans deux directions sur les sphéres
de rayons 3 et 4.

Nous allons maintenant construire un processus stochastique non-commu-
tatif sur 'algebre A(SU(2)). Pour cela il nous faut construire des morphismes
de A(SU(2)) a valeurs dans un espace de probabilités non-commutatif. On va
se servir de la structure d’algebre de Hopf de A(SU(2)).

L’algebre A(SU(2)) possede en effet une structure d’algebre de Hopf
(comme toute algebre de groupe), ce qui correspond & la donnée d’un coproduit,
qui est un morphisme A : A(SU(2)) — A(SU(2)) ® A(SU(2)), ainsi que
d’autres données, satisfaisant des axiomes que l'on peut trouver par exemple
dans [11]. Pour comprendre la signification de cette structure, considérons
un groupe G, et l'espace des fonctions (continues, ou essentiellement bornées,
ou polynomiales, etc...) sur G, muni de la multiplication usuelle qui en fait
une algebre A(G) (que lon notera C(G), L*°(G), P(G), . .. suivant 'espace de
fonctions choisi). La donnée de cet algebre caractérise l'ensemble G en tant
qu’espace, mais ne permet pas de trouver sa structure de groupe. Pour cela il
faut considérer le produit GXG — G. Comme tout a I’heure on peut considérer
le morphisme d’algebre A : A(G) — A(G x G) induit par cette application,
donné par la formule Af(g,h) = f(gh). Si on identifie A(G) ® A(G) avec
une algebre de fonctions sur G x G, alors A est un coproduit. Les propriétés
qui font de G un groupe (associativité, élément neutre, existence d’'un in-
verse) peuvent se traduire en terme de propriétés du coproduit. Par exemple
I’associativité du produit dans le groupe est équivalente au fait que les deux
morphismes (A®@I)o A, (I® A)o A : AG) — A(G) ® A(G) ® A(G) sont
égaux. La notion d’algebre de Hopf est «autoduale», ce qui signifie que si
H est une algebre de Hopf alors ’espace dual H* est encore une algebre de
Hopf, il suffit de renverser les fleches dans tous les morphismes considérés
(modulo les problemes usuels de passage au dual si la dimension est infinie).
Ainsi si G est un groupe abélien, alors il a un groupe dual G, et les algebres de
Hopf correspondantes sont en dualité. Dans la situation que nous considérons,
le groupe SU(2) n’est pas commutatif, par conséquent l'algébre du groupe,
dont la structure d’algebre de Hopf est duale de celle de I'algebre des fonc-
tions sur G, n’est pas l'algebre des fonctions sur un espace ordinaire, mais
nous pouvons la considérer comme ’algeébre des fonctions sur un espace non-
commutatif. Nous pouvons facilement écrire des formules pour le coproduit
d’éléments de cette algebre suffisamment simples. En fait on a

Aoz + By +72) = a(z@] + I@z) + By + IQYy) + v(201 + [®2)

(I désigne 'identité de A(SU(2))) ce qui suffit & caractériser ce coproduit.
Passons maintenant a la construction de la marche de Bernoulli quan-
tique. Soit un groupe G, muni d’une mesure de probabilités i, nous pouvons
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construire une marche aléatoire dont la loi des accroissements est p en con-
sidérant I’espace produit (G, u®N) et en définissant la suite de variables
aléatoires (X, (g1,.--,9N) = 919293 ---gn;n = 1,2,...,N). Si nous prenons
le point de vue des algebres, les variables X, induisent des morphismes
X, : A(G) — A(G)®YN donnés au moyen du coproduit A par les formules

Xy (z) = 2@ [®N-1)
Xy(z) = Az) @ I®WV-2)

Xs(x) = (I ® A) o Alz)) @ [PNV=3)

et ainsi de suite jusqu’a
Xo(z) = (I"2®@ A) o Xy (2)) @ TN,

On peut faire la méme construction avec n’importe quelle algebre de Hopf H
munie d’une involution *, (en fait il suffit que H soit munie d’un coproduit
coassociatif, les autres propriétés ne jouant pas de role dans la construction), a
condition de disposer d’un état 7 sur I’algebre de Hopf, c’est-a-dire une forme
linéaire positive, qui vaut 1 sur 'identité. On consideére alors 1’algebre H®N
munie de 1’état n®V et on définit les Xy, : H — H®Y par la formule ci-dessus.
La marche de Bernoulli quantique construite plus haut correspond a cette
construction pour l'algebre A(SU(2)), lorsque I'état est la trace normalisée
sur la composante Ms(C).

Dans le cas général, une telle marche aléatoire quantique satisfait la pro-
priété de Markov suivante : soit f € H et £ un élément de ’algebre engendrée
par les (Xx(H);k <n — 1), alors on a

n®N (X ())E] = n®N (X1 (P(S))E]
ou P: H— H est défini par

Pf=({I®n)oAf)

Dans le cas d’une marche aléatoire ordinaire sur un groupe abélien, en identi-
fiant H avec ’algebre des fonctions sur G, et 1 avec la mesure u, on voit que
P est I'opérateur de convolution par la mesure p

Pf(x) = /G Fay)dp(y).

Dans le cas général cet opérateur possede une propriété de positivité : si f est
positif dans ’algebre H alors P(f) l'est également. Il est méme complétement
positif, une propriété plus forte, mais nous ne nous servirons pas de cette
notion (cf [11], [15]). Nous I'appellerons 'opérateur de transition de la marche
aléatoire quantique.

Si on a construit une telle marche aléatoire quantique on peut en déduire
des processus stochastiques « classiques» a valeurs dans des espaces ordi-
naires, pour cela il suffit de trouver une sous-algebre commutative B C H de
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lalgebre de Hopf, telle que les images (X,,(B);n > 0) commutent dans ’espace
de probabilités non-commutatif. L’algebre B, étant commutative, s’interprete
comme une algebre de fonctions sur un espace B (son spectre), de méme,
il existe un espace de probabilités {2 dont I’algebre des variables aléatoires
bornées soit I’algebre engendrée par les (X,,(B);n > 0), et les morphismes X,
proviennent de variables aléatoires définies sur (2 et & valeurs dans B.

Dans le cas qui nous intéresse, il y a deux sortes de sous-algebres intéres-
santes, d’une part pour chaque sous-groupe commutatif de SU(2), on peut
considérer la sous-algebre de A(SU(2)) qu'il engendre. Cette algebre est iso-
morphe a ’algebre des fonctions sur le dual de ce groupe commutatif, et on
obtient ainsi une marche aléatoire sur ce groupe dual. La loi des accroissements
de cette marche aléatoire est obtenue en prenant la restriction de 1’état a la
sous-algebre engendrée par le groupe. Par exemple si on considere le groupe
4 un parametre engendré par un élément v € SU(2), alors on obtient une
marche aléatoire sur le groupe dual, qui est isomorphe a Z. C’est ainsi que
I’on peut interpréter les marche aléatoires de Bernoulli X,,,Y,, Z,, obtenues
au début, elles correspondent aux sous-groupes & un parametre de SU(2) de
générateurs ix, iy et iz respectivement.

Une autre sous-algebre commutative intéressante est le centre de 1’algebre
A(SU(2)). Celui-ci est engendré par Popérateur de Casimir, et il est isomor-
phe a ’algebre des fonctions sur N. On peut montrer que ses images par les A,
engendrent une algebre commutative. Comment, dans ce contexte, calculer la
loi de ce processus ? On utilise la propriété de Markov énoncée plus haut. En
effet si une sous-algebre B C H est stable par 'opérateur P, alors elle vérifie
la propriété de Markov avec pour opérateur de transition la restriction de P
a B. Il est facile de voir que si 'algebre engendrée par les X (B) est commu-
tative et si B est stable par P, alors les restrictions des X a B définissent
un processus de Markov classique sur B de noyau de transition donné par P.
Dans le cas du centre de lalgebre A(SU(2)), on peut calculer ce noyau de
transition explicitement ce qui revient comme précédemment a calculer la
décomposition en composantes irréductibles de la représentation Vi ® V5. Le
formalisme abstrait ci-dessus a un avantage, il nous permet de découvrir,
caché dans la marche de Bernoulli quantique, un processus de Markov non-
commutatif a valeurs dans un «vrai» espace commutatif. Considérons en
effet ’algébre engendrée par un sous-groupe & un parametre de SU(2) et par
le centre de A(SU(2)). Cette algebre est évidemment commutative et on peut
vérifier qu’elle est stable par 'opérateur P. La restriction de P a cette algebre
correspond donc & un noyau markovien sur un espace « commutatif ». Com-
mencons par déterminer quel est cet espace. Pour le trouver, diagonalisons
la composante du générateur du groupe a un parametre dans un des espaces
M;(C). Cet opérateur admet I valeurs propres distinctes. On voit alors que
la sous-algebre engendrée par ce sous-groupe a un parametre et par le cen-
tre est isomorphe au produit des sous-algebres des matrices diagonales dans
[I,>; Mi(C), (en particulier c’est une algebre abélienne maximale). Il est com-
mode d’utiliser les valeurs propres du générateur du groupe & un parametre et
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le rayon (qui vaut [ —1 dans la représentation de dimension !) pour paramétrer
les points de cet ensemble. On voit donc qu’il est donné par

{(r,k) eNXZ|ke{-r,—r+2,...,r —2,1}}.

Calculons le noyau de transition obtenu en restreignant P & cette sous-algebre.
Pour cela il est utile de considérer 'algebre de Hopf duale de A(SU(2)).
L’opérateur dual de P envoie A*(SU(2)) dans elle-méme, et est donné par
u +— xu ou X est le caractere normalisé de la représentation de dimension 2 de
SU(2), et our on a identifié A*(SU(2)) avec l’algebre des fonctions sur SU(2),
munie du produit ordinaire. Choisissons pour tout r une base orthonormale
(eg;j € —r,—r+2...,7r — 2,7) de la représentation V,; dans laquelle le
générateur du sous-groupe a un parametre est diagonal, alors il faut compren-

dre comment les fonctions coefficients u};(g) = (ge},e}) sont transformées

e
VRS
par P*. La réponse est donnée par la formule classique de Clebsch-Gordan

1 _’f’—j+2 r+1 ’f’+] r—1
Uit = ghy Y Y gy gy e
1 r+j+2 r—J —1
Uit = o Uikt g ) Y

Comme uj,;x = %(u%kl + u%l)ugj on en déduit les probabilités de transition

de la chaine

).+ Lk 1) = TEEE
MW%%W+Lk_D):%%%%§
p((r’k)7(rl7k+1))2(:~+k1)
p((?“,k),(r—1,k_1)):2€“:r+kl)_

On a donc obtenu une sous-algebre commutative stable par P, toutefois la
marche de Bernoulli quantique ne définit pas un processus classique associé sur
I’espace correspondant car les images de cette sous-algebre par les morphismes
Xi; k > 1 ne commutent pas entre elles, comme on peut le voir en remarquant
que X,, ne commute pas avec R, si n > m. Le processus défini par les
restrictions des X}, a cette sous-algebre est donc un processus de Markov non-
commutatif, & valeurs dans un espace commutatif, avec un noyau de transition
commutatif.

4 Groupes quantiques

L’algebre de Hopf de SU(2) peut étre déformée en introduisant un parametre
réel ¢. Je renvoie au premier chapitre de [10] pour une présentation claire
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et concise des principales propriétés de cette construction. On obtient une
algebre de Hopf A(SU,(2)), dont la structure d’algebre ne dépend pas de ¢,
mais dont le coproduit, lui, en dépend. Pour définir cette algebre on part des
générateurs suivants de sly(C)

= (53) 1=(0) - (32

vérifiant les relations de commutation

[h,e] =2e, [h,f]=-2f, e, f]=nh.

Ces dernieres formules définissent I’algebre enveloppante de sly(C). On définit
l’algebre enveloppante quantique de SU,(2), ¢ étant un parametre (dans notre
cas q €10, 1]) au moyen de générateurs t, e, f, qui vérifient les relations

t—tt
tet " =q’e, tft ' =q%f, ef—fe=—=
q—4q
avec un coproduit donné par les formules suivantes :

Aty =t®t, Ale)=ext'+1®e, A(f)=fR1+taf.

On vérifie que si 'on pose formellement ¢ = ¢ et que 'on fait tendre ¢
vers 1 dans ces formules on retrouve les relations de commutation définissant
lalgebre enveloppante de sly(C), ainsi que son coproduit, par exemple la
relation [h, ] = 2e s’obtient en dérivant en € = 0 la relation ¢“"eq~" = ¢*e.

On montre que les représentations irréductibles de dimension finie de cette
algebre sont des déformations de celles de sl3(C). Pour chaque entier » > 0
il existe deux représentations dans des espaces V,f';l et V7|, munis de bases
vzi; ke{-r,—r+2,...,7 —2,r}, données par les formules

tv;i = :I:qjv;i

r—j r+5+2 +

J \/ 2 p 2 qj

r+ T_j+2 T+.7 r+

p - o] [
q q

ou on a posé, conformément a une tradition bien établie,

" —q"

[n], = ———.
T g—qt

Le coproduit permet de définir le produit tensoriel (au sens de Kronecker) de

deux représentations. On montre que ce produit tensoriel obéit aux mémes

regles que celui des repésentations de SU(2), i.e. on a une décomposition
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€1 €1€2
Vl"1+1 ® V2+1 - @ r+l-

r=|ro—ri|,|re—r1|+2,...,r1+72

Désormais nous ne nous intéressons qu’aux représentations du type Vl+, et
on considere I'algebre de Hopf AT (SU,4(2)) = [[,»¢ End[V, ], qui en tant
qu’algebre est isomorphe a A(SU(2)), mais dont le coproduit est déformé
par les formules ci-dessus. Nous allons déformer la marche aléatoire quan-
tique considérée au paragraphe précédent, et calculer le noyau markovien
associé a ses restrictions. On considere donc l'état n = %Tr sur la com-
posante de dimension 2 de A" (SU,(2)). On peut alors calculer les proba-
bilités de transition obtenues en restreignant ’opérateur de transition a la
sous-algebre engendrée par ¢ et par le centre de A*(SU,(2)). Si 'on choisit une
base dans chaque représentation, formée des vecteurs propres de 'opérateur
t, cette algebre est encore la sous-algebre abélienne maximale de AT (SU,(2))
formée des éléments dont toutes les composantes sont des matrices diago-
nales. Dans la représentation de dimension r + 1 les valeurs propres de t sont
q",...,q". On note alors (ef;;j,k € {=r,—r+2,...,7 —2,r}) la base des
matrices élémentaires correspondantes dans chaque M,;1(C). On note aussi
ufy, la base duale dans (A*(SU,(2)))*. En utilisant encore les formules de
Clebsch-Gordan (cette fois-ci pour le cas quantique, cf. Klimyk et Vilenkin
[11], formules (6) et (9), §14.4.3, mais la normalisation n’est pas la méme que
celle du présent article), qui s’écrivent

1 _ 7(%_)/2[“?2](1 r4+1 (r—j+2)/2 L 2 1q [ 2 }
UL‘U—1—1 =4q / 7[7,_’_ 1], u; 15114 r+1], —13 1
X e FEE] N
gy = d"0" 1, Wi+ T 1, Ui

on constate que P'algebre engendrée par ¢ et par le centre de AT (SU,(2) (c’est-
a-dire par les e’ J) est stable par I'opérateur de transition. On en déduit les
probabilités de transition de la chaine de Markov

YN o v PR (et B
k), (r+ 1Lk +1)) = g = 4
p((?“ ) (’I" )) q [7'+]-}q 2(qr+1 7q7r71) ( )
[7‘—k+2] —k+1 _ —r—1
k 1L,k—1)) = ¢ (rtk)/2 2 a9 1
p((ra ),(T+ ) )) q 2[7,_’_”11 2(qr+1_q T 1)
[’"—k] —k—1 —r—1
& ka1 = Rtz L2 e —4a
p((T, )7(7' ) + )) q 2[T+1}q 2(qr+1_q T 1)
rtk r+1 —k+1
p((T, k),(f’* lak* 1)) = q(rik+2)/2 E 2 ](I - d + —1 .
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On peut vérifier sur ces probabilités de transition que la coordonnée k suit une
marche de Bernoulli, en effet p((r, k), (r+1,k+1))+p((r, k), (r—1,k+1)) = 1,
qui ne dépend pas de k, mais que la coordonnée r n’est pas markovienne (car
la probabilité p((r, k), (r+1,k+1)) +p((r, k), (r + 1,k — 1)), de passer de r &
r+1 dépend de k). Par contre on voit facilement sur ces probabilités de tran-
sition, par récurrence sur n, que si la chaine part de (Rg = 0, Xy = 0), alors
la loi conditionnelle de (X,, sachant Ry,..., R,) est uniforme sur {—R,,, —R,
+2,...,R,}. On en déduit que le processus (R,;n > 1) est bien une chaine
de Markov de probabilités de transition (3).

En faisant tendre ¢ vers 0, on constate que les probabilités de transition
(4) convergent vers (2), ce qui redonne bien le théoréme de Pitman.

Pour terminer avec SU,(2), faisons une derniére remarque sur la propriété
de Markov de la chaine de Bernoulli quantique déformée. On aurait pu, a la
place de I’état n, utiliser I’état p, obtenu a partir du caractére de Woronowicz
[17], qui est défini par (A®) désignant la composante de A dans M(C))

p(A) = [22]qn(tA) _ pl]qzrr <A<2> (g q91>> .

Cet état a été utilisé par Izumi [9], qui a montré que 'opérateur associé laisse
invariant le centre de A" (SU,(2)) (voir aussi [7],[14]). Pour le vérifier il suffit
de calculer les probabilités de transition associées, on trouve

r+2 _ _—k
ﬁ((ﬁ k)a (T + 1a k+ 1)) = [;ip((rv k)v (7" + 17 k+ 1)) = [Q]q(qqr-i,-l _qq—r—l)
~ 2q71 q*k _ q7r72
p((ra k)a (7’ + 13 k — 1)) = [Q]q p((r, k)a (T + 1v k— 1)) = [Q]q(qr+1 _ q—r—l)
-k _ ,—7r
B((r k), (r =1,k +1)) = é]qqp((r, k),(r—1Lk+1)) = [2]q((61f+1 _qq_r_l)
—1 r_ ,—k
B(r k), (r =1k = 1)) = Qg]qp«n k), (r—1,k—1)) = mq(q‘iﬂ _qq,r,l).

Cela permet de voir que la restriction a ’algebre engendrée par ¢ donne lieu
a la marche de Bernoulli décentrée de lois d’accroissements
gt
plk,k+1)= —, plk,k—1)=-—
2], 2l
alors que la restriction au centre donne la chaine de Markov de lois de tran-
sition

q

glk + 1], g 'k —1],

[2lq[k]q * [214[Klq
La chaine de Markov sur le centre s’obtient donc par une transformation de
Doob a partir de la marche aléatoire sur le dual du groupe engendré par t. Pour

p(k,k+1) = p(kk—1) =
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retrouver la loi de la marche deNBernoulli quantique de tout-a-1’heure, on doit
utiliser la formule n®V(.) = [z}—;p@)N(.t@N). La preuve de la markovianité de
la restriction au centre peut alors se faire suivant les lignes de [3], Theorem 4.1.

Evidemment il n’y a pas besoin d’introduire autant d’objets sophistiqués
pour comprendre le théoréeme de Pitman, toutefois ces constructions donnent
I’idée de généralisations naturelles. Il suffit de remplacer le groupe quantique
SUq(2) par un autre groupe quantique, et de regarder comment se comporte
la restriction des marches de Bernoulli & la sous-algebre engendrée par le
centre et par le tore maximal canonique, lorsque ¢ — 0. On espere alors
obtenir des formules explicites, & la Pitman, qui permettent de construire le
mouvement brownien a valeurs dans la chambre de Weyl du groupe com-
pact sous-jacent, a partir d’'un mouvement brownien de méme dimension. En
pratique cette approche a des limites, car il est difficile de calculer les coeffi-
cients de Clebsch-Gordan dans le cas général (voir toutefois l'article [8], qui
est a Porigine des travaux de Kashiwara sur les cristaux). Néanmoins, il existe
d’autres approches plus directes qui permettent d’obtenir de telles formules,
et qui sont développées dans [5].
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Summary. Kochen and Stone [2] have proposed a generalization of the Borel-
Cantelli lemma. Recently Petrov [3,4] further generalized their result. In this note we
first use the Chung-Erdos inequality to give a simple proof of Kochen-Stone’s result
and then show that the latter implies Petrov’s generalized Borel-Cantelli lemma.

Keywords: Chung-Erdos inequality, Generalized Borel-Cantelli Lemma
For the reader’s convenience we recall from [1] the Chung-Erdés inequality
(see (1) below) and give its proof.

Lemma 1. Let {Ay,1 <k <n} be a sequence of events. Then

n ( n: P(Ak))Q
" (U A’“) 2 S PA A 0

Proof. Let X, = I4,. By Schwarz’s inequality, we have

(P(5)) = (o) | (B x)

Since P(Y_p_; X > 0) = P(Ul, Ax), we get (1).

The following generalized Borel-Cantelli lemma is due to Kochen-Stone [2].
We give here a new and simple proof which is based on the Chung-Erdos
inequality.

* Work supported by the Ministry of Science and Technology, the 973 project on
Mathematics, and the Knowledge Innovation Program of the Chinese Academy
of Sciences.
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Theorem 1. Let {A,,n > 1} be such that )" P(A,) = oc0. Then

n=1
: . (2271 P(Ak))2 . Zl<7§<k:<n P(Ai)P(Ak)
P(A .0.) > limsup === —— "2 _ — lims =S
(o) = oo Y= P(AiAy) e Y i<icken P(AiAr)
(2)

In particular, if {An,n > 1} are pairwise independent or negatively correlated
(i.e., P(A;A) < P(A;)P(Ay),Vi # k), then P(A,, i.0.) = 1.

Proof. Let a, = (3 1_, P(Ay))?, by, = szzl P(A;Ag). Then by the assump-
tion lim,,_,~, a,, = 0o and by (1), we have lim, o b, = co. From (1) and the
fact that ZZkzm+1 P(A;Ay) < b, — by, we get that

P( G Ak>: hmP( O Ak)Zlimsup(‘/CT"\/@)2

=00 b, — b

k=m+1 k=m+1 n—oo n m
. ap

= limsup —.
n—oo bn

Letting m — oo gives the inequality in (2). Since Y P(Ax) = oo, and

k=1
(ren) <2 3 puartan 3 rua
=1 1<i<k<n =1
we have
Do P(Ax)

lim = 0.

n—=00 3 1 icpan L (Ai) P(Ak)
Thus the equality in (2) holds.

Recently, Petrov [3] found that if > P(A,) = oo and P(A;A;) <
n=1

HP(A;)P(Ayg) for all i,k > N such that ¢ # k and for some constants H > 1

and N, then P(limsup A,) > 1/H. Petrov [4] further generalized his result

as follows:

Theorem 2. Let {A,,n > 1} be such that > P(A,) = co. Let H be a real
n=1
constant. Put

.. Zl§i<k§n (P(AiAk) - HP(Ai)P(Ak))
ag = hrr_lggf 5 .
! ( Z:l P(Ak))

Then P(A,, i0.) > 1/(H + 2ay).
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We will show that this result is a simple consequence of Kochen-Stone’s
result. In fact, as indicated by Petrov [4], from both equalities

2 Y P(AiA) = > P(A4Ax) = P(Ay)
k=1

1<i<k<n i,k=1
and )
2 > P(A)P(Ay) = < P(Ak)> =) P(Ay)?,
1<i<k<n k=1 k=1
one gets

n—00

) P(A;Ag) (;::lP(Ak)> -
- <;P(Ak)> 1+H<ZP Ay) )(anp >_2

k=1 k=1

H + 2ay = liminf Z
k=1

(see (12)-(14) of Petrov [4]). However, from the above equality we deduce that

n n -2
H+2ay = linrriioréf Z P(A;Ay) (Z P(Ak)> .
k=1

ik=1

Thus Theorem 1 implies Theorem 2.
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Abstract. A class of stochastic processes, called “weak Dirichlet processes”, is in-
troduced and its properties are investigated in detail. This class is much larger than
the class of Dirichlet processes. It is closed under C*-transformations and under ab-
solutely continuous changes of measure. If a weak Dirichlet process has finite energy,
as defined by Graversen and Rao, its Doob-Meyer type decomposition is unique. The
methods developed here have been applied to study generalized martingale convo-
lutions.
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1 Introduction

The quadratic variation of a stochastic process as well as the mutual covaria-
tion of two stochastic processes have been well-known for a long time to be at
the core of the theory of stochastic integration, if only because the quadratic
variation appears explicitely in Ito’s formula for semimartingales. And indeed,
every attempt to generalize Ito’s calculus to a wider class of integrators (for
instance Dirichlet processes) or to functions less regular than C? functions has
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2 Supported in part by Komitet Badai Naukowych under Grant No 1 PO3A 022
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to deal with quadratic variations or covariations of the processes that appear.
In this aspect, the most enlightening work is perhaps Follmer’s paper ([9]).

On the other hand, it was proven by Graversen and Rao ([11]) that the ex-
istence of a Doob-Meyer type decompositon for a process X is narrowly linked
to the fact that X has a finite energy, which is a somewhat weaker assumption
than the existence of an integrable quadratic variation for X. The best known
class of processes with finite energy (beyond the class of square integrable
semimartingales) is the class of Dirichlet processes. A larger class has been
recently introduced by Errami and Russo ([6]) under the name “weak Dirich-
let processes”. The present paper explores some desirable properties of such
processes. Although our definition of a quadratic variation is different from
Errami and Russo’s one -it is in a way more classical- at any rate both coin-
cide as far as semimartingales are concerned. The other noticeable difference
is that we do not assume continuity.

In part 2, we give an as explicit as possible link between quadratic vari-
ation, energy, Dirichlet processes, weak Dirichlet processes, and “natural”
(then, “Doob-Meyer type”) decomposition.

Part 3 proves that any C* function F of a weak Dirichlet process X is again
a weak Dirichlet process. We use an Ito-type formula which gives explicitely
the decomposition of F/(X) for C? transformations, and in the general case we
find an explicit formula for the martingale part only. This extends the known
results: Errami, Russo and Vallois obtained related results with an Ito-type
formula ([8]) under slightly more restrictive conditions on F.

Part 4 which is closest to Errami and Russo’s work mentionned above,

¢
deals with processes X that may be written X; = / G(t,s)dLs where L is a
0

quasi-left continuous—but not necessarily continuous—square-integrable mar-
tingale and G a deterministic function. We give two sets of hypotheses under
which X is a weak Dirichlet process, and also give its natural decomposition.
This section is illustrated with 3 examples, the third one giving furthermore
a formula of Fubini type.

Last, the appendix gives some counter-examples related to the quadratic
variation or to the regularity of paths of processes. Although such examples
may be well-known, we could not find any in the literature, and we hope that
they can enlight some of the technical problems we are confronted with here
and there in the paper.

2 Basic notations and results about processes with finite
energy and weak Dirichlet processes

In what follows, we are given a probability space (£2,G,P).

We also fix a positive real number T'. Unless otherwise stated, every process
or filtration will be indexed by ¢t € [0,T]. A filtration (F;);<r is denoted by
F. All filtrations are assumed to be right-continuous and defined on (£2,G, P)
with -7:T C g
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We are also given a refining sequence D,, of subdivisions of [0,7] whose
mesh goes to 0 when n — oco. For every n, D,, = {0 =tj,t7,... Ny = T}.

We work with processes having a.s. right-continuous trajectories with left
limits (such a process is called cadlag), null in 0 and, unless otherwise stated,
admitting a finite energy in the sense defined below following Graversen and
Rao ([11]):

Definition 2.1. We say that X is a process of finite energy if

sup £ Z (Xir —thl)Q < 4o00. (1)
" treD,

This “sup” will be denoted En(X).

Of course, if X has a finite energy, | X;|? is integrable for every t < T and

also >, AX?Z is integrable.
We recall Graversen and Rao’s main result in [11]:

Theorem 2.1. If X is a process with finite energy, then it can be written
as a sum X = M + A, where M is a square-integrable martingale and A
is a predictable process such that there evists a subsequence (Dy;) of (D)
satisfying, for everyt <T

Bl X (A=A YN = Ny )| — 0 (2)
€D, 7 <t

as j — oo for all square integrable martingales N .

If, moreover, X = M' + A’ is any other such decomposition, the process
A — A is a continuous martingale.

Last, if we write

Mgl _ Z {Xt;‘ - E[Xt?|'7:t:b—l} ’ (3)

treD, tr<t

then for all t € \J, Dy, M, is the weak limit in o(L? L?) of the sequence,
(M)

Any process A satisfying (2) will be called a “natural” process, and any
decomposition of X as X = M + A, satisfying (2) and (3) will be called a
“natural decomposition”.

This definition of a “natural” process coincides with P.A. Meyer’s one if
X is a submartingale of class D. Graversen and Rao assume that the filtra-
tion is “free of times of discontinuity”, but this assumption is not necessary,
The important thing is that, as in the classical Doléans’ proof for integrable
increasing processes, “natural” implies “predictable”; to prove that, one uses
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the characterization of predictable processes expressed for example in Del-
lacherie’s book ([4] p. 85, T31). So, this decomposition of X is a Doob-Meyer-
type decomposition. Theorem 2.2 will provide us with an important setting
where the decomposition X = M + A in Theorem 2.1 is unique.

We will use the notion of weak Dirichlet process introduced by Errami and
Russo ([6]) in a slightly different context.

Definition 2.2. We say that X is a weak Dirichlet process if it admits a de-
composition X = M+ A, where M is a local martingale and A is a predictable
process such as [A,N] =0 for all continuous local martingales N.

In the above definition and in the sequel we use the notion of mutual
covariation and quadratic variation in the following sense (taken from [2]).

Definition 2.3. (i) Two processes X and Y admit a quadratic (mutual) co-
variation along (D) if there exists a cadldag process denoted [X,Y] such that
for everyt <T
(X, Y] = [X, Y]+ ) AX,AY,
s<t

and

S Y= Y (K, = X)(Yig, — Vi) XY as oo,
theED,, tn<t
(4)

(ii) A process X admits a quadratic variation along (D,,) if there exists a
cadlag process denoted [ X, X| with for every t <T

X, X = [X, X]; + > AX?

s<t
and

SU(X, X)) = Z (Xt?+1—Xt7)2i>[X,X]t asn—oo.  (5)

tPED, <t

Remark 2.1. (i) The decomposition X = M + A of a weak Dirichlet process
is unique.

To see this suppose that we have decompositions X = M + A = M’ +
A’ with A and A’ predictable and verifying [4, N] = [A, N'] = 0 for every
continuous local martingale N. Then A — A’ is a predictable local martingale,
hence a continuous local martingale. Then

A-A A-Alp=[A— A, Alp —[A— A, Alp =0

and we deduce that A = A'.
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(ii) A weak Dirichlet process X need not admit a quadratic variation.
We know only that for every continuous martingale N the covariation [X, N|
exists.

(iii) Of course, in general, a decomposition X = M + A with a martingale
M and a predictable process A, does not imply that [4, N] = 0 for every con-
tinuous martingale N, when [A, N] exists. For example, take A as a continuous
martingale and N = A.

The class of weak Dirichlet processses is much larger than the class of
Dirichlet processes. We recall:

Definition 2.4. A Dirichlet process is the sum of a local martingale and a
continuous process whose quadratic variation is identically zero.

Remark 2.2. Note that a Dirichlet process admits a quadratic variation,
which is equal to the quadratic variation of its martingale part. Our defi-
nition of a quadratic variation, which follows Follmer’s one in [9], is weaker
than the definition in [10], and slightly different from Russo and Vallois’ one
in [16]. However the three of them coincide as far as semimartingales are
concerned, and a Dirichlet process according to the definition in [10] is also
Dirichlet according to both other ones.

The following notion of pre-quadratic variation is weaker than quadratic
variation; however, both notions coincide under stronger assumptions, as will
be seen below.

Definition 2.5. A process X (not necessarily cadlag) admits a pre-

quadratic variation along (Dy,) if there exists an increasing process denoted by
S(X, X) such that for everyt <T

SUXX)e= Y (X, —Xip)? "= S(X,X), asn— oo (6)
1€ D, 7 <t

Remark 2.3. We can find examples of continuous processes X such that
S(X,X) is defined but not continuous (see example in Appendix 5.2), hence
X does not admit a quadratic variation.

For every t < T, denoting by m; any subdivision of [0,¢], we consider the
sum

Sm(XaX) = Z (th _Xti—1)2'
t;€my,i>0
Proposition 2.1. Let X be a cadlag process with a pre-quadratic variation S
such that the following property (referred to as property (S)) holds:
S(X,X) is right continuous and for everyt < T, S™ (X, X) — S(X, X),
as the mesh of my tends to 0.

Then S(X, X) is the quadratic variation of X along any sequence (D,,) of
subdivisions of [0,T] whose meshes tends to 0.
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This result is proved in [6], Lemme (3.11).

Remark 2.4. (i) The class of Dirichlet processes is larger than the space
of special semimartingales. Every continuous function admitting a quadratic
variation equal to zero is a deterministic Dirichlet process.

(ii) Every continuous function is a deterministic weak Dirichlet process
for any filtration:

Actually, let us consider a bounded continuous martingale N nul in 0, we
have

2

E(] Y (FE) = FE) N, = Ne)| | < supn (f(t41) — F(87))*E(Nr)*.

it+1
t?EDn

and, from continuity of f this last term tends to 0 when n — co.

We give in Section 4 nondeterministic examples of weak Dirichlet processes,
which are not ordinary Dirichlet processes.

Remark 2.5. The family of processes with finite energy is clearly stable under
addition, however we do not know if this stability holds for the family of
processes admitting a quadratic variation. Of course this is true for the family
of Dirichlet processes and for weak Dirichlet processes

Theorem 2.2. Assume X is a process with finite energy. The following three
conditions are equivalent:

(i) X is a weak Dirichlet process,

(ii) for every continuous local martingale N, the quadratic covariation [X, N]
1s well-defined,

(iii) for every locally square integrable martingale N, the quadratic covariation
[X, N] is well-defined.

If any of these conditions is fulfilled, the decomposition X = M + A as a
weak Dirichlet process is a natural decomposition of X as expressed in Theo-
rem 2.1, and this last decomposition is unique.

Proof: (i) = (iii) Let us write X = M + A as in Definition 2.2 and consider
the decomposition N = N¢ 4+ N¢, where N¢ is the continuous and N¢ the
purely discontinuous part of N. By the definition of a weak Dirichlet process
the covariation [X, N¢] is well-defined. To prove the existence of [X, N9] we
use the following lemma.

Lemma 2.1 Assume that X has a finite energy, and that N is a locally square
integrable martingale which is the compensated sum of its jumps. Then X and
N admit a covariation such that

[X,NJ; = > AX,AN,. (7)

s<t
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Proof of Lemma 2.1: By using a localizing sequence of stopping times, one
can assume that IV is a square integrable martingale. One can find a sequence
(NP), of martingales having finite variation and only a finite number of jumps,
such that N? — N in H? the space of square integrable martingales.

We have then, for fixed p,

> (K, = Xe)(NL = Np) == 3 AXANY (8)
€D, 1<t s<t
as n — o0.

On the other hand,

Bl Y (K, —Xe)(Np =N = Y (X, — Xap)

trED, 1<t tPED, 1<t

< (Nig,, = N ) ‘

1/2
<E[| )L (K, —Xy)
treD,, tr <t
1/2
2
<[>0 (MW, —NE) = (New = NE))
treD,, tn<t
< (En(X))?E ([N — N, N — NP),)"/?
which goes to 0 as p — oo since [N — NP, N — NP], 250.
Last,
1/2 1/2
E|> AX(AN,-ANP)| < E| | Y AX? > (AN, — AN?)?
s<t s<t s<t

< (En(X))V2E [N — N, N — N?],]'/?

which goes to zero as p goes to infinity, hence " _ <t AXSANP converges in
L' to >, ., AX,AN;.

These three convergences give the lemma. O

(#i1) = (it) is obvious.

(i) = (i) Let X = M + A be a decomposition from Theorem 2.1 and
let N be a continuous local martingale. Define T}, = inf{¢ : |N;| > p} then
(Tp) is a localizing sequence of stopping times. We will prove that for every p,
[A, NT»] = 0, which implies that also [4, N] = 0.

By hypothesis we have the convergence S™(X, NTr), = [X, NT7],.
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Hence we deduce that also S™(A, N7r), == [A, NT»],. We will show that
in fact
S"(A,NT?)p — [A,NT*)p in L . (9)
To see this, it is sufficient to check uniform integrability of the sequence
{S™(A, NTr)p}. Writing |S™(X, NTo) 7| < S"(X, X)5/2S™(NT», NT»)2/? and
using the Hoélder inequality, we get:

BIS™ (X, NT2)g[ /% < (BS" (X, X)r]) /3 (B[S" (N, N3] < oo,

A similar proof gives E|S™(M, NT»)p[*/3 < +o0.
As a consequence, we deduce uniform integrability of {(S™(A, NT#)r} and
(9) holds true. Therefore, in particular

E[S™(A,NTv);] — E[A, NT]p

and due to (2)
E[A,NT*]; = 0. (10)

Note that the process [A, N7#] has a finite variation ; moreover, since N is
continuous, [4, N7r] is also a continuous process. Therefore, to get [A, NTr] =
0 it is sufficient to prove that [A, NT#] is a local martingale

Consider a bounded stopping time 7 < T'; the same arguments as above
show that E[S™(A, NT»"7)p] converges to E[[A, NT»"T]7] and (2 ) gives

E[[A,N™],] = E[[A,N"""]] = 0.

Hence, it follows easily that the stopped process [4, N|T# is a martingale
and [A, NTr] = 0. Since P(T, = T) 1 1, the proof of the last implication is
completed.

Finally, take X = M’ + A’ any natural decomposition of X. From the
proof of (i7) = (i), X = M’ + A’ is a decomposition of X as a weak Dirichlet
process, but from Remark 2.1, such a decomposition is unique. This proves
the last assertion of theorem. |

We get easily the following

Corollary 2.1. Let us consider a weak Dirichlet process X with finite energy.
(1) If Q is a probability measure absolutely continuous with respect to P,
with bounded Radon-Nikodgm derivative, then X is a Q@ weak Dirichlet process.
(ii) For an a > 0 we define X = ZS< AX 1 A|x,|>as then X — X isa
weak Dirichlet process.

Now, we will consider processes with finite energy X admitting addition-
ally a quadratic variation [X, X|. Then of course E[X, X]r < oo.

Theorem 2.3. Assume X is a weak Dirichlet process with finite energy, ad-
mitting a quadratic variation process.
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(1) In the natural decomposition X = M + A, M is a square integrable mar-
tingale and A has an integrable quadratic variation.

(ii) The natural decomposition is minimal in the following sense. If X = M'+
A’ is another decomposition with a local martingale M’ and a predictable
process A’
then [A’, A’] is well defined and:

[AVA] = [M — M, M — M'] + A, Al.

Proof: (i) To begin with, we notice that

E Y AAZ| < oo

s<T

actually, for every predictable stopping time S, AAg = E[AXg|Fs—], hence
E [ng AAi] <E [ng Axg] < co. Tt follows that B[, . AM?] < oo

and M is a locally square integrable martingale.

Let us consider the decomposition M = M¢ + M9 where M¢ is the con-
tinuous part of M and M its purely discontinuous part. Writing [M?, A] =
[M?, X] — [M?, M9], we get the existence of [M9, A]. Using the property of
decomposition X = M + A, we have [M, A] = [M?, A]. From Lemma 2.1 we
deduce:

M, A] = > AMAX, =Y AM? =" AM,AA,.
s<

s<- s<-

Now, by the definition of quadratic variation of X and M one gets the
existence of [4, A]:

[A, A] = [X, X] — 2[M, A] — [M, M].
Finally,

E(M,M]r +[A, Alr) < EIX, X|r +2E[>  AMZ'?E[> | AAZ'Y? < oo,
s<T s<T

(ii) Since A’ = M + A — M’, by linearity [A’, A'] is well defined and we

can write:
(A, A) = [M+A-M'M+A-M'] = [M—-M', M—M']+[A, A]-2[A, M—M'].

But, M — M’ is a continuous local martingale and as A is taken from
the natural decomposition of X, we get: [A, M — M'] = 0, hence the desired
result. m|
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3 Stability of weak Dirichlet processes under C*
transformations

Assume X is a process of finite energy. Let us denote by u the jump measure of

X. Then Z AX? can be written / / x?u(ds, dz). Since E Z AX? <
R\{0} s<T
00, X admlts a Lévy system v which is the predictable compensator of u; then

the predictable increasing process / / 2?v(ds, dx) is well defined and
R\ {0}

EY AX?= / / u(ds, dz)] / / v(ds, dz)] <
w0} w0}

s<T

We begin with C? stability:

Theorem 3.4. Let X = M + A be a weak Dirichlet process of finite energy
and F a C?-real valued function with bounded derivatives f and f'. Then
the process (F(Xy)i>0) s a weak Dirichlet process of finite energy and the
decomposition F(X) =Y + I' holds with the martingale part

i / F(Xo
/ / F(Xo +a) = F(X,") = 2f(X,-)) (4 — v)(ds, dx)

and the predictable part

/f _)dA, —I/QZf J(AAy) +1/2/f )d[M, M|¢

+/Ot /IR,\{O} (F(Xs_ o) - F(Xs) - l’f(Xs_))l/(ds, dzx),

where (S) / f(Xs-)dAs is well defined as a limit in probability of Riemann
0
sums. More precisely for every t

Z (F(Xer)(Agn,, = Aep) +1/2f (Xen ) (Asr, | — An)?)

tPE€D, tP<t

S)/Otf(X—

Proof. Fix t > 0. We borrow arguments from Follmer [9]. For ¢ > 0 we define
J(1) = {s < t;|AX;| > €}. In the following, the elements of D,, are, for short,
written ¢; instead of ¢}'. Then
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Z (F(th‘+1) - F(th)) = Z(F(th-H) - F(th))

ti €Dy, t; <t 1

where Z denotes the sum (depending on w € 2) over all ¢t; € D,,,t; <t such
1

that (t;,ti+1] N J(1) # @ and Z the sum over all other ¢;’s.
2

Then by Taylor’s formula

Z(F(Xti+l) - F(th)) = Z f(Xti)(Xt1+1 - th)

2 2

+1/2 Z f/(Xti)(Xti+1 - Xti)2 + Z Tz(Xti7Xti+1)7
2 2

where 72(Xy,, Xt,,,) = Cf(Xy,,, — X¢,)? with max, [Cf| < [|f']| and

lifnlimsupP(mgx|Cf| >0)=0, 6>0. (11)
Hence
Z (F(Xti+1) - F(th)) = Z f(Xti)(Xti+1 - th)
t, €Dy, <t t; €Dy, ,t; <t
+1/2 Z f/(Xti)(XtH»l - th‘)2 + Z Tz(Xti7Xti+1)
tteDTmtiSt 2

+ Z{F(Xti+1)_F(Xti)_f(Xti)(Xt'i+1 _Xti)_1/2f/(Xti)(Xti+l _Xti)Q}
1

= Z f(Xti)(Mt1:+1 - qu) + Z f(Xti)(Ati,+1 - qu)

ti€Dp,t; <t ti€Dp,t; <t
+1/2 Z f,(Xti)(Ati+l_Ati)2+]‘/2 Z f/(Xti)(Mti+1_Mti)2
ti€Dy,t; <t ti€Dn,t; <t
+ Z f/(Xti)(Mti+1 - Mti)(AtwA - Ati) + Z Tz(Xti’XtH»l)
ti€Dy 1<t 2

+ Z{F(Xti-H)7F(Xti)7f(Xti)(Xt7‘,+1 - Xti)i]‘/Qf,(Xti)(Xti-i—l - Xti)2}
1
=0+ 0+ I0+ I+ 10+ 15° + I

Now, note that by the definition of a stochastic integral we have
I [ F(Xm)dM,.

The following simple lemma will be very useful in order to estimate the
other terms.
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Lemma 3.1 Assume that two cadlag processes X and Y admit a quadratic
covariation [X,Y] and that the sequence {Var(S™(X,Y))r} is bounded in
probability.

To any two cadlag processes Z and U we associate the sequences {Z™}
and {U™} of processes, where Z™ and U™ are the respective discretizations of
Z and U along Dy; precisely Z = Zin, Ul = Upr when t € [t} 17 [ Then,
for every continuous real function f,g and every t, the following convergence
holds:

/fZ” (AUMdS™(X,Y), —>/ f(Zs)g(AU,)d[X,Y]s,

where these integrals are Stieltjes integrals with respect to the processes
S™(X,Y) or [X,Y].

Proof of Lemma 3.1 From the proof of [2 Lemma 1.3] one can deduce that
Jo f( g(AUMdS™(X,Y ), — Jo f(Zs-)g(AU,)d[X,Y], in the Skoro-
khod J; topology (see e.g. [1 ]) Since for every t

F(Z)g(AUR) AS™ (X, Y )e = f(Ze-)9(AU) A[X, Y s,

the desired result follows from properties of the Skorokhod .J; topology. O

It is clear by Lemma 3.1 that we have the convergences:

14—>1/2/f )d[M, M],,

JLIL /0 FI(Xo)d[M, AlL,

where M? denotes purely discontinuous part of M.
Since X is a process with finite energy, by (11)

hmhmsupP(|I”5\ >4§)=0, ¢>0.

n—oo

We observe also that P-almost surely the following limit exists:

lim lim 1€ =Y {F(X,) = F(X,_) = f(X.-)AX, - 1/2f'(X,)AX?}

€i0 n—oo

=Y {F(Xy)-F(Xs-) - f(X, )AX}*1/2Z{J” -)AM
+3F(Xa)AAZ +2) fI(X,)AMIAA,Y.

s<t s<t
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On the other hand it is obvious that P-almost surely

Z (F(XtH»l) - F(Xt'i)) - F(Xt) - F(O)

ti€Dy,t; <t

and putting together all convergences we deduce that {13 +I}} is converging

in probability; denote its limit as ( fo _)dAs. Observe also that
/ f1(X,_)d[M, M) / (X =Y (X AM
s<t
and

/ F(Xo)dM? Al =) f(Xoo)AMLAA,.

s<t

As a consequence we obtain the formula

F(X, /f —)dMs + (S /f

+1/2/f d[M, M = 1/2) " f/(X,-)AA?

s<t

+Z{F(Xs) - F(Xs—) - AXsf(Xs—)}

s<t
Now, writing

Z{F(Xs) - F(Xsf) - AXSf(*Xsf)}

s<t
t
_ / / (F(Xo_ +2)— F(Xs_) — 2f(Xs_))u(ds, dz)
0 JIR\{0}
and using the basic inequalities

[F(y +2) = F(y) — 2 f(y)| < || f'||l+*

and
|F(y +2) — F(y) —zf(y)| <2 flll=],

we get the decomposition

D {F(X,) - F(X,_) — AX f(X.-)}
_ // (F(Xoe +0) — F(Xo_) — 2f (Xo2)) (4 — v)(ds, do)
IR\{0}
[ oy PO 0) = P(X00) = (s, )
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where
[ [ (PO 40 = P = 0 (X~ ) (s do)
0 JIR\{0}

is a square integrable purely discontinuous martingale, which we will denote
by L and

/‘ / (F(Xs_ + ) — F(X,_) — 2f(X,_))(ds, dz)
o Jr\(0)

is an increasing predictable square integrable process.

Then we get the decomposition F(X ) = F(0)+ Y + I, as written in the
statement of Theorem 3.1.

It remains to prove that, for every continuous local martingale N, the
equality [I, N] = 0 holds.

First note that

Z (th:+1 _Fti)(Nti,+1 _Nti)

t; €D, t; <t
tit1
= 3 [ XA, - N
ti€D, t;<t”ti
- Z (Lti+1 - Lti)(Ntl+1 - Nt7)
ti€Dp t; <t
+ Z f(Xti)(Ati+1 - Ati)(Nti+1 - Ntz)
ti€Dy ,t; <t
+1/2 Z f/(Xti)(AtiJrl - Ati)z(Nt'H»l - Nti)
ti €Dy, t; <t

+1/2 Z f/(Xti)(Mti+1 - Mti)z(NtH—l - Nt1)
t; €Dy, t;<t

+ Z f/(Xti)(Mti+1 - Mti)(Ati+1 - Ati)(Nti+1 - Ntz)
t; €Dt <t

+ Z TQ(Xt'HXtH»l)(Nth»l - Nti)
2

- Z{F(th+1) - F(th) - f(Xti)(Xti+1 - th)
1

_1/2f/(Xti)(Xt1:+1 - Xti)Q}(NtH»l - Nti)
=0+ LA+ I+ I+ I
Clearly,

HI<C Y (00 - DAY (e - N

t;€Dn,t; <t VY t;€Dp,t; <t
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where by the definition of the stochastic integral

EY / R XD) — F(X0)) ML)

ti€Dp,t; <t V"

> / TR = F(X0)2dIM, M), — 0.

t, €Dy, t; <t "
On the other hand by Lemma 3.1

o NJ; =0,

2
13—’/ J(X N]s =0,
I4~a1/2/ f(Xs )AA[A, N, =0,
mw= 1/2/ f(Xs_)AN.d[M, M]s =0,
and
I ~a/ f(Xs_)AMd[A,N]s = 0.
Finally, for every € > 0
3250 and I =0, P—a.s.

and the proof of Theorem 3.4 is completed.

95

O

Corollary 3.1. Let X = M + A be a weak Dirichlet process of finite en-
ergy admitting a quadratic variation and F be a C?-real valued function with
bounded derivatives f and f'. Then the process (F(Xy)i>0) is a weak Dirichlet
process of finite energy admitting a quadratic variation and the decomposition

F(X) =Y + I holds with the martingale part

+/Otf(X

+/Ot /]R\{O} (F(XS— +x) - F(Xs-) — xf(Xs—)>(/L —v)(ds,dx)

and the predictable part

I, = /f dA+1/2/f [ X, XS

+f0 fIR\{o} ( (X +7) - F(Xs-) - xf(Xs_))V(ds,dx).
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Proof: By Theorem 1.7(i), A admits integrable quadratic variation [A, A]
and due to Lemma 3.1

12 Y f(X)(Ans, — A 2172 / F(X.)d[A, Al

t; €Dy, t; <t

Since [X, X1]¢ = [M, M]¢ + [A, A]¢, it is clear that

1/2/f d[A, Al —1/2Zf AA2+1/2/f Jd[M, M],

—1/2 / F(Xa)d([A, AJE + [M, M]%) = 1/2 / (X)X, X]:

and the decomposition F(X;) = F(0) 4+ Y; + I} in the statement of Corollary
3.1 is a consequence of Theorem 3.4.

Finally, by the Theorem from [9, page 144] we obtain that also F(X)
admits a quadratic variation, which completes the proof. O

Theorem 3.5. Let X = M + A be a weak Dirichlet process of finite energy
and F a C*-real valued function with bounded derivative f.

Then the process (F(X;)i>0) is a weak Dirichlet process of finite energy
and the decomposition F(X) =Y + I' holds with the martingale part

0 —i—/otf(X

+ /Ot /}R\{O} (F(Xs_ +a) - F(X,_) - xf(XS_)> (1 — v)(ds, dz)

Remark 3.1. This theorem has formally almost the same statement as The-
orem 3.4. However, we have here no explicit formula for I". The delicate point
here is the behaviour of the sum

> (F(X.) - F(X,o) — AX f(X,))

s<t

which is not necessarily absolutely convergent and which does not define a
process with finite variation.

Proof of Theorem 5.2: We consider a sequence (FP),ecn of C? real functions
such that ||[F — FP||+||f — f?|| — 0, when p — oo. Using Theorem 3.4 we can
write

FP(X0) = F7(0) + Y7 + I}
where

/ FP(X,_)dM, + LP
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with
1y = / A o (PP ) = BP0 =060 ) (), ).

The sequence { [; f?(Xs—)dM, + LP}pen is a Cauchy sequence in the space
H? of square integrable martingales, hence the limiting martingale exists and
has the form [, f(Xs—)dM, + L:

Actually, for p, ¢ integers

T
\\Yp—YqIIHZSE(/ (fP(Xsm) = fU(X0))d[M, M)

+E/ /na\{o} FP(Xs- +a) = FP(Xy) — 2 fP(Xs-)

CPU(X @)+ FUX) e fU(X0)) ulds,do)
< |F? — FY|PE[[M, M]] + 2|17 — f9|*E[[M, M]).

Now we write:

I'P = FP(X,) — / fP(X,_)dM, — LP.

Clearly the sequence of predictable processes (I'?) converges uniformly in
probability and its limit (i.e. the process I') has to be also predictable.

It remains to prove that [I, N] = 0 for every continuous local martingale
N.

Fix t. In the sequel we use the notations from the proof of Theorem 3.4.

By Taylor’s formula

Z(F(sz+1) - F(th)) = Z f(Xti)(Xt1:+1 - th) =+ Zrl(Xti’Xti+1>7

2 2 2

where 71 (Xy,, X¢,,,) = Cf (X¢,,, — Xy,) satisfy |Cf| < |[f|| and

hmhmsupP(maX|C€| >9)=0, ¢6>0.

€el0 npn—oo

Therefore,
Z (FtH»l - Ft'i)(Nti+1 - Nti)
ti€Dy t; <t
tit1
= 3 [ - XA, - M)
t; €Dy, t; <t b

- Z (Lti+1 - Lti)(Nti,+1 - Nti)

ti €Dyt <t
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+ Z f(Xti)(Ati+1 - Ati)(NtH—l - Ntl)

ti €Dyt <t

+ Z 1 (Xti ) XtH»l)(NtH»l - Nti)

2
- Z{F(XtH»I) - F(th) - f(Xti)(Xti+1 - Xt'i)(Nt71+1 - Ntz)}
1
=17+ I8+ I8 + I + 12

Clearly, the first three sums tend to 0 analogously to the proof of Theorem
3.4. Next,
lifnlimsupP(|If’€| >46)=0,>0

n—oo
and for every € > 0
I -0, P—a.s.

which completes the proof of Theorem 3.5. a

Corollary 3.2. Let X = M + A be a weak Dirichlet process of finite energy
admitting a quadratic variation process and F a C'-real valued function with
bounded derivative f. Then the process (F(Xy)i>0) is a weak Dirichlet process
of finite energy admitting a quadratic variation and the decomposition F(X) =
Y + I' holds with the martingale part

t
Y= FO)+ [ fCxoau,
0
t
+/ / (F(XS, ) - F(X,_) — xf(Xs,)) (1 — v)(ds, dz)
0 JIR\{0}
The quadratic variation process of F(Xy); is given by

Lﬂﬂfmm:Aqmm%Wmm+Awwm%mmz
+ ) (F(X,) = F(X,0))2

0<s<t

Proof: Follows easily from Theorem 3.2, [9, Theorem, page 144] and the
equality [X, X]¢ = [M, M]¢ + [A, A]°. a

In the related work ([8]) one can see an Ito-type formula for C** functions
of processes admitting a quadratic variation.

We are able to prove a version of Theorem 3.2 for weak Dirichlet processes
also with infinite energy. However, in this case we have restricted our attention
to processes with a continuous predictable part.

Theorem 3.3. Let X = M + A be a weak Dirichlet process with continuous
predictable part A and F a C' real-valued function with bounded derivative f.
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Then the process (F'(X¢)i>0) s a weak Dirichlet process and the decompo-
sition F(X) =Y + I' holds with the martingale part

Y, = F(0) + /Otf(Xs)dMS
- /Ot /JR\{O} (F(Xs_ + 13) - F(XS—) - zf(Xs—)) (,U - l/)(dS, da:).

Proof.: We consider a sequence (FP),en of C? real functions such that
locally on compact sets ||F'— FP|| + ||f — f?|| — 0, when p — oo. Let AP be a
sequence of continuous processes with finite variation such that

sup |[A? — A;| ==0.
t<T

Using the classical Itd’s formula for the semimartingale X? = M + AP we
can write

FP(XP) = FP(0) + Y/ + 1Y
where

t
Y7 = / f7(XP)AM, + IF
0

with
- [ t | o (PP ) = P X)) ), ),

Similarly to the proof of Theorem 3.2, we check that

sup |[Y? — ;| = 0.
t<T

On the other hand it is clear that

sup |[FP(X7) — F(X;)| =0,
t<T

which implies that I', a uniform limit of predictable processes, is also pre-
dictable. Finally, by the same arguments as in the proof of Theorem 3.2 we
prove that [I', N] = 0 for every continuous local martingale N.

4 Weak Dirichlet processes and generalized martingale
convolutions

In this section we deal with processes X such that

X, = /O G(t,s)dL, (12)
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where L is a quasi-left continuous square integrable martingale, and G a real
valued deterministic function of (s, t).
Let us consider the following hypotheses on G.

(Hp): (t,s) — G(t, s) is continuous on {(s,t): 0 < s <t < T}.
(Hy): For all s, t — G(t, s) has a bounded energy on |s, T, that is

VZ(G)((s,T],s) = sup Z (G(tiy1,8) — G(t;,s))? < oo.

" €Dy ti>s

T
(M) - Bl / V2(G)(s, T, s)d[L, L] < oo

(Hy) : E[/O [2(s)d[L, L],] < oo

where I"(s) = sup,<r G*(t, s).

Remark 4.1. Instead of (Hy), Errami and Russo ([6]) use a slightly more
restrictive assumption, namely: (Hg+): (t,8) — G(t,s) is continuous on
{(5,t) : 0<s<t<T}.

Note that (Hy+ ), implies (H3). Actually I'? is continuous and bounded.

If t — G(t, s) admits a quadratic variation on (s, T along (D,,), then (H;)
is satisfied.

We shall extend G to the square [0, T]? by setting G(¢,s) = 0 if s > t.

Theorem 4.1. If X meets (12) and if G satisfies (Hy), (H1), (H2), (Hs),
then

(i) X is continuous in probability, has finite energy and has an optional mod-
ification,

(ii) Let us assume that X has a.s. cadlag trajectories, then X is a weak Dirich-
let process with natural decomposition X = M + A, such that if M" is
defined as in (3), then for everyt < T,
| M} — M| — 0 in L2,

Proof: The proof will be given in several steps.
Lemma 4.1 The process X is continuous in probability and has finite energy.
Proof of Lemma 4.1: First of all, from (Hs) and (Hs), for every t <T X,

is an F;-measurable square integrable random variable.
Let us write

ti tit1
X, — X, = / (G(Tiar,s) — Glts, 5))dLs + / Gltisr, s)dL.
0

ti
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Since L is a square integrable martingale, we get:

B(Y (i = X)) 280 3 (| (Gltin. ) = Gt )aL )

t; €D, t, €Dy,
tit1
+2E( Y ( G(tis1,s)dLs)?)
t;eD, “ti
t;
PSS [ (Gltinrs = Gltis) Pl 1L)
ti €Dy
7+1
t2p( Y / (i1, 9))2d[L, L], = 2B(I7) + 2B(13).
ti€Dy,

By simple calculations

tr

I = Z Z (tiv1,s) — G(ti,s))d[L, L],

teDkltkl

= [ S Gt~ Gt 1,

treD, V-1 >k

<y / VE(G)((s, T, 5)dIL, L.,

tr€Dy,
and
tit1
<Y [Tk,
ti€Dy ti
T
g/ I'%(s)d[L, L],.
0
Therefore

T
sup E( Z (Xt71+1 - Xti)2 < 2E‘/ %Z(G)((SvT]vs)d[LaL]e
" t;€Dy 0

This proves that X has a finite energy.
Now, let us take s,t such that 0 < s <t < T. We get:

B[(X:—X,)? < QE/OS(G(t,u)—G(s,u))Qd[L,L]u—i—QE/t(G(t,u))2d[L,L]u.
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Since L is continuous in probability, so is [L, L]. Under (Hs),
¢
ZE/ (G(t,u))?d[L,L], — 0, ast—s,
then by continuity of ¢t — G(t, s) and dominated convergence,
E/ (G(t,u) — Gls,u))2d[L, L]y — 0.
0

The continuity in probability of the process X follows.

Last, since the process X is Fi-adapted and continuous in probability,
it admits an optional modification that we shall denote again by X: see for
example [23] pp. 230-231, where Théoréme 5 bis is given for a progressively
measurable modification, but the sequence of approximating processes intro-
duced in the proof is cadlag hence optional (see also below the proof of the
existence of a predictable modification of the process A).

Therefore Lemma 4.1 is proven. O

Lemma 4.2 Consider the decomposition: X; = A} + M}*, where as in (3),

M= ) [Xt:‘—E[Xt? Full-

€Dy 7 <t
Then X admits a modification with a decomposition Xy = Ay + My, where M
t
is the square integrable martingale M; = / G(s,s)dLs, and A a predictable
0
process, such that:

(1) for everyt <T,
|M* — M;| — 0 in L,

(ii) for everyt <T, |A} — A;| — 0 in L2,
(iii) for every continuous local martingale N, [A, N] = 0.

Proof of Lemma 4.2: For every t;,t;11 we have
t;
E[Xt'H»l - Xti |‘7:tz] = / (G(t’i-‘rlv S) - G(ti7 5))dLs
0

hence for ¢ € [0, T
i1 p" ()
M= > / G(tiz1,s)dLg = / G"™(s)dLs,
tit1<t ti 0

where G™(s) = G(tiy1,s) for s € (t;,t;+1] and p™(t) = max{t; : t; < t}. Note
that p"(t) — t as n — oo.
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t
Define M; = / G(s,8)dLs. By (Hz) and (Hg3), for every € > 0
0

E[(M.)*] = E/O G?(s,s)d[L, L]s < E/O I'?(s)d[L, L],

and this last expression tends to 0 when ¢ tends to 0.
Similarly, when ¢ — 0

€
sup B[(M")? = supE/ (G™(s))*d[L,L)s — 0.
n n 0

Now, let us fix ¢ > 0 and belonging to D,,. Since (¢,s) — G(t, s) is con-
tinuous on {(s,t) : ¢ < s < t < T}, it is also uniformly continuous and
therefore:

sup |G"(s) — G(s,s)| — 0.

e<s<T

Hence
P (®)
BI(MP = M2 = My + MY < 2B( [ (G7(5) = Gls,9)dLa)?

t
+2E(/ G(s,8)dLs)*
P (1)

<$E / (G™(s) — G(s, $))2d[L, L],
2F G?(s,s)d[L, L.
" /M (5. 5)d[L. L]

The first term tends to 0 when n — oo because G™ converges uniformly to

G on [e,T]. Now, the continuity in probability of L implies the continuity in

probability of M on [0, T], hence the second term tends to 0 when n — oo.
Note that for every n

Ap= > EXp-Xp |[Fn ]

treD, <t

and A =X — M. A™ is a predictable process and we have Xpnr) = A"n(t) +
M’!L L
P (1)

As X is continuous in probability, for every t < T', X, n) — X in L?;
moreover, M = M, ) and A} = A7, - we deduce that A} — A; in L? for
every t.

It follows that A is also adapted and continuous in probability.

Our decomposition X = M + A coincides with the Graversen-Rao decom-
position of Theorem 2.1. But in Theorem 2.1, it is assumed that X is cadlag;
here it is not the case, it is necessary to check that A admits a predictable
modification.
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Actually, since A is continuous in probability on the interval [0, 1], one can
find a subsequence {n(k)}r>1 such that for every t € [0,1], A»*) — A, as.
when k — oo, whith A} =", 1(t;L}t;L+1](t)At? and A} = Ay. Since every A" is
a step process adapted and left continuous, it is predictable, and the process
A’ defined by A} = limsup,, A?(k) is also predictable. But for every ¢, A} = A,
a.s. So, we shall suppose now that A = A’, and X = A’ + M.

Proof of (4i): Let N be a continuous local martingale. Using localization
arguments, we will assume that N is a square integrable martingale. For every
t we can write:

Z (Nti+1 - Nti)(Ati+1 - Atz)

t; €Dy, t; <t

= Y (=N [ (Gt~ it )L

t; €D, t; <t
tit1
bYW =N [ (Gltines) - Gl
ti€Dn,t; <t ti
S S o

Since N is a martingale, using the B-D-G inequality and Schwarz’ inequality
we get:

" ) 1/2
E|I}| < cE ( > (i = M) ( / (Gtis1,s) = Glti, 5))dLs ) )

t;€Dp

1/2
t; 2
< B (me R A S| / (Gltis,s) = Glti, 5))dLs ) )

t;€Dnp

< C(E(tr-réz})x |Nti+1 - Nti|2))1/2

i

. o\ /2
(E 3 (/O (G(tiH,s)—G(ti,s))dLs) ) .

tieDn

Because of the continuity of N,

E[Hé%)i |Nt1:+1 - Nti|2] - O;

i

the second term is estimated as before by

(& / V2(G) (5. T), $)d[L, L].)/2,

which is finite.
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Now, by Schwarz’ inequality

E|Ig| < (E Z (Nti+1 - Nti)Z)l/Q

t; €Dy,
- 1/2
<E Z (/t (G(ti+17s) - G(S’S))dLs)2>
t;€Dy, i

T 1/2
< (B(IN, NJz)/> (E / (G"(s) - G(s,s»?d[ms)

where G™ is c%eﬁned as above.

Since E/ (G™(s) — G(s, 5))?d[L, L]s — 0, we conclude that for every ¢
0

Z (Nti+1 - Nti)(Ati+1 - Atz) —0

t,€Dn,t; <t

in L, and the covariation process [N, A] is null for every continuous martin-
gale N.
The proof of Theorem 4.1 is complete. a

Unfortunately we are not able to prove that X admits a modification with
cadlag trajectories. However, in this direction, we have the following lemma.

Lemma 4.3 : A is continuous (hence X is cadlag) if the following additional
condition is verified:
(H.): There exist 6 > 0,p > 1 and a function a(u) meeting

E[(/OT a(u)d[L, L], Y| < oo,
and for every s, t, u,
(G(t,u) - G(s,u)>2 < a(u)lt — 5|77

Proof : Let us take s,t such that 0 < s <t <T. We have, with a constant
¢ changing from line to line:

E(A; — A)* < E(/0 (G(t,u) — G(u,u))dL, — /OS(G(s,u) — G(u,u))dL,)*"
< cE(/OS(G(t,u) — G5, u))2d[L, L]u)?

+E(/ (G(t,u) — G(u,u)?d[L, L],)?

e(t — s)l'“"sE( a(u)d|L, L], )P

0
c(t — s)tHP,

IA

IN

Hence we get the continuity of A by Kolmogorov’s Lemma. |
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An analogous result under Holder condition was already given in the paper
([1]), Lemmas 2C and 2D.

We shall suppose by now that the processes given by (12) have a. s. cadlag
trajectories.

We are now interested in investigating conditions on G in order to make X
a Dirichlet process or a weak Dirichlet process admitting a quadratic variation.
For that let us consider the following hypotheses:

(Hy): For all s, t — G(t, s) has a bounded variation on (s, 7], for every 7 < T.
(We denote this variation by |G|((s, 7], s) < c0.)

T
(Hs) : E/O IG|((s, T, $)d[L, L], < oo

(Hg): For all u,v, t — G(t,u) and t — G(t,v) have a finite mutual quadratic
covariation with the property (S) on (max(u,v),T].

(We denote this covariation by [G(.,u),G(.,v)],.) Moreover we suppose
that the convergence involved to define the covariation, is uniform in u, v.

Of course (Hg) implies that t — G(¢,s) admits a quadratic variation on
(s,T] for all s with the property (S) and that (H;) is satisfied.

Theorem 4.2. (i) Let us assume (Hy), (Hs), (Hy), (Hs). Then X is a Dirich-
let process (i.e. A is continuous and [A, A] =0).

(ii) Let us assume (Hy), (Hz), (Hs), (Hg). Then X is a weak Dirichlet process.
Moreover if we assume that the process B defined by

t t v
B, = / (G, ), Gl 8))ed[L, L] + 2/ (/ (G, u), G(,v))idLo)dL,
0 o Jo
(13)
is a cadlag process, then X and A admit a quadratic variation such that:
[A, A]t = Bt and
(X, X] = [A, A] + [M, M]. (14)

Remark 4.2. (i) If t — G(t,s) is C! for every s, denoting by Gy(¢,s) its
derivative and assuming that (¢,s) — G1(t, s) is continuous on [0, 1]2, we
get Ay = fot (fy Gi(u, s)dLy) du by applying Fubini’s theorem for sto-
chastic integrals, so X is a semimartingale. This result is due to Protter

([15)).

(ii) In the case of a continuous martingale L, part 2) is due to Errami and
Russo ([6]) and ([7]).

Proof : (i) First of all, we notice that our hypotheses imply that (H;) and
(H2) are satisfied for any sequence (D,,) of subdivisions with mesh tending to
0. Since we can write
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tit1

t;
Auy,, — A= / (Gltisr,s) — Glts,s))dLs + / (Gltis1, s) — G(s, 8))dLs,
0

i

for every € > 0 we get:

E Z (Ati+1 - Ati)z

t;€Dy,
t;
<EY / (Gltisn,5) — Glts,)%d[L, L],
ti€D, V0
tit1
+ 3 [ (Gltins) - Gls.s) L. L,
ti€D, ti
t;
StieDIﬂ§>§<ng|G(ti+1,5)—G(ti75)|E Z/ |G (tit1, 8)=G(ts, s)|d[L, L]s
t,€D,” €
tiNe
+E > / (G(tiy1,s) — G(ti,8))%d[L, L]
t;€D,, 70
T
+E | (G"(s) — G(s,s))*d[L, L],
0
1
< mx,y Gltian,s) = Glts)|E [ 16 (1) 9)d[L. ).

+E /0E VZ(G)((s,T),8)d[L, L], + E/o (G™(s) — G(s,8))%d[L, L],

Using the following properties:

e |G(tit1,8) — G(t;,s)] — 0, when n — oo,

T
B [ (615, 71, 9L, . < o
E | VZG)((s,T],s)d[L,L]s — 0, whene—0
0
and
T
E/ (G™(s) — G(s,s))%d[L,L]s — 0, when n — oo,
0
we deduce that [A4, A] = 0. By the inequality

tr_nz}jx ‘Ati+1 - Ati|2 < Z (AtH—l - Ati)g’
Ze n tlED/n/

we get that A is continuous.

(ii) Taking into account Proposition 2.1 we only have to prove property S
for the process defined by the right hand side of formula (13). Let us notice
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first that formula (13) is well-defined, as we take as integrant of dL in the
last term the predictable projection of the optional process

(/OS[G(.,U),G(.,s)]tdLu)S<t.

See for example Dellacherie-Meyer ([12]), Chap.VI for details.
Taking into account that

T
E/ (G™(s) — G(s,s))?d[L, L]s — 0 when n — oo,
0

we have:

[Av A]f = 117?1 Z (Ati+1 - Ati)z

ti €Dyt <t

= lim > </Oti(G(ti+1,8)—G(tias))dLs>

t;€Dn,t; <t

= lim?2 > /Oti </OS(G(ti+1,u)G(ti,u))dLu)_(G(tiH,s)

ti€Dn,t <t

2

t;
Gty 5)dLy +lm Y / (Gltis,s) — Gk, ))2d[L, L]
" teDniti<t?0
= 2lim I7(¢) + lim I3'(¢).

Then t
BO=3 [ 3 (Glturs) - Gt o) dL L.
k Ylk—1

i>k,t; <t
¢
This sequence converges to / [G(., $)]td|L, L]s by dominated convergence.

0
On the other hand, IT(f) can be written

I'(t) :Z/k (/ > (G(tiﬂ,u)G(ti,u))(G(tiH,s)G(ti,s))dLu> dL,
e Jte_1 0

i>k,t; <t

- /Opnm </OS[G”(.,u),G”(.,s)]tdLu> dLs.

Write Y for the predictable projection of any optional process Y. Then
noticing that

</OS[G"(.,u),G"(.,8)]tdLu> = (/OS[G"(.,u),G”(_’S)hdLu)

and from classical properties of predictable projections, we get for t € D,,

P
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E <I{L(t) - /Ot </OS[G(.,u),G(.,s)]tdLu> dLs)

=F /Ot [</OS([G“(.,u),G"(.,s)]t - [G(.,u),G(.,s)}t)dLu> ] d<L,L >s]

2

<\ [(/ “Gn("“)’G”@S)h—[G<-7u>7G<.,s>mdLu>] d<L,L>s]

=F _/Ot </OS([Gn(.,u)7Gn(.,s)]t - [G(.7u)7G(.,s)]t)dLu) d<L,L >31 .

We show now that for any ¢ € | J,, D,
2

/Ot (/OS([G"(.7u),Gn(.,8)]t - [G(.,u),G(.,s)]t)dLu> Q<> —*0
when n — oo.
Note that

B ([ 6 6ol = (G, G
_E </OS([G”(.,u), G0 8)s — [G(ou), GCos)])2d < L, L >u) .

2

But for every u, s,t, [G™(.,u), G"(.,s)]; — [G(.,u),G(.,$)]s — 0 when n — oo,
and we have the estimation
|[Gn(7 u)v Gn(? 8)]t - [G(7 u)? G(a S)]t|
< 1/2([G™ (L w)le + [G" (0 8)]e + [G(L w)]e + G 8)]e)-

From (Hg) this last term is bounded, hence by dominated convergence
2

E (/Os([G”(.,u)7G"(.,s)]t - [G(.,u),G(.,s)]t)dLu) =0

for every s,t. So, we can get easily (18) by localisation of L.
We are finished as soon as we remark that using the continuity of process

< L,L >, for every ¢

B(Ip(t) — I (0" (1)) — /

t

» </OS[G(.,U)7G(.,5)]dLu> dL,)?

3 </p:<t> (/OS[G("“)’G(-vS)]dL“> dLs>2

E/p:(t) (/OS[G(.,U),G(.,S)]dLu>2 d<L,L >,

converges to 0 when n — oo.
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Example 1: Fractional normal processes of index H > 1/2

We consider the case where L is a normal martingale (i.e. a square inte-
grable martingale with predictable quadratic variation < L,L >;= t), and
G(t, s) given for ¢t > s by:

¢
G(t,s) = 051/271{/ w12 (4 — s)H=32qy (15)

S

with ¢ constant. Of course, when L is a standard Brownian motion, X is the
classical fractional Brownian motion.

We will now check that (Hs),(Hy) and (Hs) are satisfied (in what follows,
¢ is a constant that may change from line to line).

T
|G|((Sv T]v S) = 081/27H / qul/Z(U — S)H73/2du

T
SCSl/z_H/ (u_S)H—S/Qdu

1
— 1/2—-H -~ T — H-1/2
e Ho1p s T

< 1/2—H
~H-1/2

and
c

[ el s < et

hence finally

C

T
|16 T s < s

This means that, for every normal martingale L, the process X defined by
t

X = / G(t,s)dLs is a Dirichlet process. Since G(s,s) = 0, its martingale

0
part is null. In particular X is continuous, even if L is not.

Example 2: Weak Dirichlet process driven by a Brownian motion
For this example we take L = B a standard Brownian motion and G(t,s) =

B(t)f(s) for t > s, where t — ((t) is a fixed Brownian trajectory such that its

quadratic variation is [3(.)]; = t, and f is a real continuous function on [0, 7.
Here we can apply part 2) of Theorem 4.2. Actually:

GGGl =  lim S () - B0 ) )

and this term converges uniformly in w, v to (¢ — max{u,v})f(u)f(v).
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Therefore we get the decomposition X = M + A, with

M, = / B(s)(s)dB, (16)

and the formula (13) gives the quadratic variation of A

A, A, = / (t — ) f(s)ds +2 / /OS(tS)f(U)f(S)dBust, an)

which can be written

[A, Al = /Ot (/05 f(u)dBu>2 ds.

t s
In particular the process (/ / (t—s)f(u) f(s)dBy,dBs): has a finite variation.
0o Jo
t

Since E([A4, A];) = / (t — s)f*(s)ds # 0, X is not a Dirichlet process;

0
however, Theorems 4.1 and 4.2 ensure that X is a weak Dirichlet process
admitting quadratic variation.
Actually, this example 2 is a particular case of the following;:

Example 3
Let us consider G(t, s) of the form

Glt,s) = / £(u, 5)dB,

where for every s < ¢, u — f(u,s) has a bounded variation on (s,t], and
(u,s) — f(u,s) is continuous on {(u,s) : 0 < u < s < T}. We denote by
df.,(u, s) the measure associated to the variation process. We assume also that
B is a deterministic real continuous on [0, 7] function admitting a quadratic
variation along (D,,), and By = 0.

Xy = Ay and we shall prove the Fubini type formula :

A= t ( / tf(u,S)dﬁu) i~ [ t ( / ' f(ws)dLs) e (19)

Indeed, A admits a quadratic variation along (D,,) given by

A= [ ([ f(w)dLu)Q a8, 3.

Actually, taking into account that [3, f(.,s)] = 0, we get

/ P, $)dBy = Buf (t,5) — Buf (5. 5) — / Budfu(u, ).
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Then

A =6, /O f(t.9)dL, /0 (s, 8)dL /0 t ( / t ﬁudfu(U»S)) dL,.

t
From Theorem 4.2 (i) the process Y defined by Y; = / f(t,s)dLs is a
0
Dirichlet process and [3,Y] = 0, then by integration by parts, we get

t t
B,Y; = / Y.dg, + / 8,dY,
0 0

and by using the sequence (D,,)

t
/O BsdY s = th Z Bt (Kfz‘Jrl - Yi)

" €Dyt <t

tit1
= lim Z ﬂti / f(ti—‘rla S)dLs
t.

" t,€Dy <t i

+1im > /3t,~/0i(f(ti+1a3)—f(ti75))dLs

" t;€Dp, 1<t

-/ 8.7 (s, 8)dLs + / t ( / t ﬂudfu(u,s)) dL,,

then we deduce formula (18).

5 Appendix

5.1 A process with finite energy but without quadratic variation
along the dyadics.

Let Dy be the k-th dyadic subdivision of [0, 1], that is t;? = ;—k,O <j <2k

We are willing to build a deterministic function = such that S =1 if k is
even and greater than 2, and S = 2 for k£ odd. Such a funcion has obviously
finite energy along the sequence (Dy)i (and indeed its energy is equal to
2, although is would be equal to 1 along the sequence (Da)x), but has no
quadratic variation since the sequence (Sy) has 2 accumulation points.

Let us begin by defining zo = 1 = 0 and z,/, = 1, so that S; = 2.

At the second step, we define /4 = 23,4 = 1/2, so that Sy = 1

In order to make our construction clear, we go into details for the third
step.

We want to define x;,5 for odd j in order that S3 = 2. The idea is to
compute x5 such that
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2 2 2
(M-xg) +($m—$1) =2x (xm—fﬂg) .
8 8 8 8 8 8

Actually, this amounts to find a solution y to an equation like
(@a=y)?+(b-y)?=2x(a—b> (19)

As equation (19) has two solutions, namely ((1+v/3)a+ (1 —+/3)b)/2 and
((1—+3)a+ (1+V/3)b)/2, we have 2 possible choices for each z;/5 with odd
j in order that S3 = 2.

This process is then iterated as follows :

1. Assume that we have constructed z_; , 0 < j < 22*~1 gsuch that

2T

Sok—1 = 2 for some k. Then we put T2 = (x% + m%)/Q (so that it is
2 2 2

the midpoint of its neighbours). Then it is readily checked that Soj = 1.

2. Now we have to choose the x 241 ’s. We will proceed as was done above

22k+1

for £ = 1. Namely, we can always choose y = x 2741 SO that it solves equation
22k+1

(19) witha=xz_2 andb==x 242, and the result follows the same lines as
22k+1

STRFT
for k =1.

It remains to check that we can build a real continuous function z on [0, 1]
with the specified values on the dyadics.

Let 2™ be the piecewise linear function joining the points constructed
at rank n. We will show that the sequence (z™) satisfies a uniform Cauchy
criterion, which will give the claim.

First note that it is obvious (again from the solution of equation (19)) that
any two neighbours at rank 2k or 2k + 1 have distance from each other at
most (1 ++/3/4)%. In other words, we always have

1 3\ 2
|27, —a” | < ( + \[) ° (20)
- = 4

Now, fix € > 0. For positive n and p and for ¢ € [0,1], let {7 be the point
closest to t in D,,, and t;”p the point closest to ¢t in D, ,. Without loss of

generality we will assume that ¢ < ¢/77 <7, ;. We have then

jaf — 2P| < Jaf - | + ot — ap|
+ + + +
+ ™ =l e — e (21)
J J
From (20) and the definition of ™ it is obvious that the first and last
terms in the right-hand side of (5) can be made as small as wanted (say less
than €/3), uniformly in ¢ and p, for n large enough. Moreover, as D,, C D4y,
the second term is identically zero.

Hence it remains to uniformly estimate |2]."" — xzﬁ’,’, (note that in prin-

: i

ciple, at most 2?7 points of D,,, may lay between ¢7' and t;‘+p , so that such a
sequence has no trivial majorization uniform in p).
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Put !, = k/2"

We assume for instance that [ := xy /90 < h @ Z(j41)/2» and that n is odd.
Then clearly | < T(2k41)/2n+1 < h (since T(2k41)/2n+1 = (I+h)/2), and if we
choose T(4k+1)/2n+2 = ((1 + \/g)l + (1 — \/g)(l + h)/2)/2 and T(4k+3)/2n+2 =
(14 V3)(h+1)/2 + (1 — v/3)h)/2, we can see that both values lay in [l —
(v/3—1)(h —1)/4, h]. Keeping (20) in mind, we conclude that for every point
sin Dyyo N [k/27, (k+1)/2"], and for every p > 2,

- (V3 1)/4(1 +4¢§)% < 2"P < B

If we iterate this procedure, it is straightforward now that for every point
sin Dyyom N[k/2™, (k+1)/2"], and for every p > 2m,
\/§—1(1+\/§);”‘Z‘f(1+¢§

l_4 4 4

i
) §x?+p§h

and eventually, for every point s in |J,, Dntom N [k/2", (k+1)/2"], and for
every p > 0,

. \/§—1(1+\/§>7 4 ooy
4 4 3—v3 7~ % =
Last, il follows that the third term in the right-hand of (5) can be made as
small as wanted, say less than /3, for n big enough,uniformly in ¢ and p, and
finally we checked the uniform Cauchy criterion for the sequence of functions
(z™). Hence this sequence converges to a continuous function z, such that by
construction, for every k

Z (2541 — x;)* = 1,and Z (zip1 — x5)% = 2.

i€Day i€Dapt1

This function has finite energy, but no quadratic variation along the
dyadics.

5.2 A continuous function with discontinuous pre-quadratic
variation

We consider the function introduced in [3], Example 1, that is the piecewise
affine function X such that X, = 0 at each t = 1 — 2'=2 X, = 1/p'/? for
t =1—272P and X is affine between these points. If we define moreover
X1 =0, X is a continuous fonction on [0, 1].

It is clear that X is a fonction of finite variation, hence of zero quadratic
variation on every [0,t] with ¢ < 1.

On the other hand, it was proven in [3] that X has an infinite quadratic
variation on [0,1] along S := {1 — 272% k > 1}.



Natural Decomposition of Processes and Weak Dirichlet Processes 115

For n > 0, we define now a subdivision 7, of [0,1] as follows :

m= J 2o -2

j<22n_1 k>n

It is straightforward that for every n X has an infinite quadratic variation
along m,, although its quadratic variation along m, N [0,t] goes to zero as
n — oo for every t < 1.

Note that if we modify our example in order that X; = 1/p fort = 1-272P,
p > 0, everything else remaining unchanged, the pre-quadratic variation of X
on [0, ] is equal to zero if ¢ < 1, but finite and non zero for ¢t = 1.

5.3 A process continuous in probability may admit no cadlag
modification.

Let X be the piecewise affine function such that X; =0 at each t = 1 —21727,
X;=1fort=1-2"2" and X is affine between these points. If we define
moreover X; = 0 outside [0, 1), we get a discontinuity of the second kind at 1.

Now define the process Y as follows : V; = X;_71¢>7, where T is a random
variable uniformly distributed on [0, 1], then Y is continuous in probability,
but every path of Y has almost surely a discontinuity of the second kind
between times 1 and 2.

Note that this result remains true even if we require our process to have
a quadratic variation along a sequence (m,).
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A Lost Scroll

John B. Walsh

Department of Mathematics, University of British Columbia, Department of
Mathematics, Vancouver, BC V6T 1Z2, Canada
e-mail: walsh@math.ubc.ca

I recently received a package from a French colleague, together
with a note explaining that the contents had been found while excavating
a dolmen near the coast of Brittany, wrapped around a pre-christian
order of fish and chips. {Yet ancther evidence of the venerable
origins of the cultural exchange between France and Britain. ed .}

The contents of the package consisted of a single ancient and flaking
scroll of parchment, crowded with hardly-visible runes which were
often obliterated by oily stains, some of which still smelled faintly
of druidic vinegar. The note went on to say that the scroll seemed
to concern mathematics and, since I was knowledgeable in the subject,
perhaps I could help to decipher it.

Indeed, the scroll did concern mathematics and, after many long
candle-1i% nights of battling with strange ideas and atrocious
handwriting, I was able to aid in some small way with its translation.

Because of the great historical interest of the preseni paper,
I have been so bold as to circulate a copy among certain close friends.
I beg the readers indulgence, and warn him that the notion of a proof
was less rigorous in the pre-Christian era than it became after the
erucifixion, so that the proofs might seem incomplete to the —ndern
eye. But even the gap {which the reader will doubtless remark immediately)
in the proof of Theorem 1 is easily bridged, and the resulting
mathematics has a certain timeless quality. I might hesitently
suggest that, even with its admitted imperfections, it has similarities
with some of the most highly regarded of twéntieth-century mathematics.

/ Y
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A NEW RESULT ON THE USUAL SUBJECTS
By Probabilix

Most of our readers are familiar with the usuval subjects from
articles in previous Seminars, so to keep from boring them with
an overlong introduction, we refer to {1) for the usual notation,
definitions, and the background to the problem.

The usual way of treating the problem is te first solve it under
the usual hypotheses plus hypotheses {(B) and (L), and then to take
a lexicographic limit as L-<Z. However, in this paper we will
assume only th usual hypotheses,

As usual, the first theorem is Theorem one. This is proved as

usual, so we will omit it. We can now state the basic

THEORE}N 2. Under the usual bypotheses, the usual statement holds.

PROOF. Notice that if we first plunge the problem into a Wry
compactification, the fact that chd is dual to lag implies geg.
Dut this is exactly the situation of {1), so the result follows

by the usual methods.

REMARK, Theorem 2 is not new. It was proved in (2), although by
a more complicated argument. Notice, however, that our proof never
used the fact that the functions were bounded! Thus it is valid
uniformly over the political specirum, so that if we use a "3

as usual to denote the usual supremum, we have the following

much stronger result, which is unusual.
THEOREL 3. Under the usual™ hypotheses, the usual® statement holds.

REFERENCES
(1) The usual reference.

(2) 1Ibid., two pages further onm,



Stochastic Integration with Respect
to a Sequence of Semimartingales

Marzia De Donno and Maurizio Pratelli

Dipartimento di Matematica, Universita di Pisa, via Buonarroti 2, 56127 Pisa,
Italy
e-mail: mdedonno@dm.unipi.it, pratelli@dm.unipi.it

1 Introduction

Motivated by a problem in mathematical finance, which, however, will not
be discussed in this note, we propose a theory of stochastic integration with
respect to a sequence of semimartingales. The case of stochastic integration
with respect to a sequence of square integrable martingales, is, in fact, a
special case of a theory of cylindrical stochastic integration, developed by
Mikulevicius and Rozovskii [15, 16]: indeed, a sequence of martingales can
be viewed as a cylindrical martingale with values in the set of all real-valued
sequences.

The approach to the general case essentially relies on a paper by Mémin
[10], which, in turn, is based on some results due to Dellacherie [4]. The basic
idea is the following: by making use of an appropriate change in probability,
it is possible to replace the integral with respect to a semimartingale with
an integral with respect to the sum of a square integrable martingale and a
predictable process with integrable variation; analogously, the integral with
respect to a sequence of semimartingales can be replaced with the sum of an
integral with respect to a sequence of square integrable martingales and an
integral with respect to a sequence of predictable processes with integrable
variation. It should be pointed out that the new probability is not “universal”,
but depends on the particular integral we are calculating.

We show that, with our definition, the stochastic integral keeps some good
properties of the integral with respect to a finite-dimensional semimartingale,
such as invariance with respect to a change in probability and the so-called
“Mémin’s theorem”, which states that the limit of a sequence of stochastic
integrals is still a stochastic integral. Yet, there are also some differences with
the finite-dimensional case, and some “bad properties”, which will be pointed
out by some examples.
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2 Definitions and preliminary results

Let be given a filtered probability space (£2,F, (Ft)icjo,r], P), which fulfills
the usual assumptions, and denote by P the predictable o-field on 2 x [0, T].
Let X = (X™),>1 be a sequence of semimartingales: X can be viewed as a
stochastic process with values in the set of all real sequences RN,

We call simple integrand a finite sequence of predictable bounded processes,
that is, a process H of the form

H=> hle, (1)

i<n

where {e;};>1 is the canonical basis in IR]N, and A’ are predictable bounded
processes. The stochastic integral of a simple integrand with respect to X is
naturally defined: if H has the form (1), then

/HdX:H.X:/ZhidXZ’.

i<n

The purpose of this paper is to extend the stochastic integral to an ap-
propriate class of processes, which will be called generalized integrands. The
construction which we propose keeps some good properties of the classical
stochastic integral for finite-dimensional semimartingales: in particular, the
stochastic integral is isometric in some proper sense and independent of the
probability. For the general theory of stochastic integration, we mainly refer
to [12]; a good description of this theory can be found also in [8], [9].

We denote by E the set RY, provided with the product topology: F is a
locally convex space. The dual set E’ is the space of linear combinations of
Dirac measures.

A simple integrand H can be represented as a process with values in E’
of the form H = Zign h'é;, where, as usual, §; denotes the Dirac delta at
point i (henceforth we will use this notation for H). It is easy to check that a
E’-valued process H is weakly predictable, that is, He; is predictable for all ¢
(or, equivalently, all its components are predictable processes) if and only if
H is strongly predictable, that is, there exists a sequence of simple integrands
(H™)p>1, such that for alle € £

_ 1 n
Hyte= lim H7,e.
n—oo

Métivier [11] constructed an isometric integral for the case of a square
integrable martingale with values in a Hilbert space: he proved that, in this
case, it is necessary to include in the space of integrands some processes with
values in the set of not necessarily bounded (or continuous) operators on E,
provided with a proper measurability condition with respect to the predictable
o-algebra P.



Stochastic Integration with Respect to a Sequence of Semimartingales 121

Following this idea, we denote by U the set of not necessarily bounded
operators on F (U D E’) and, for all h € U, we denote by D(h) the domain
of h (D(h) C E). We say that a sequence (h™) € E’ converges to h € U if
lim,, h"(x) = h(z), for all x € D(h).

Analogously to the notion of predictable E’-valued process, we introduce
the following definition:

Definition 1. A process H with values in U is said to be predictable if there
exists a sequence (H™) of E’-valued predictable processes, such that
H= lim H",
n—oo

in the sense that for all (w,t), and for all x € D(H,, ), the sequence H[ , ()
converges to Hy, ; (x), as n tends to co.

Remark 1. For a given sequence (h™) in E’, it always makes sense to define the
limit operator h = lim,, o k", where D(h) = {x € E : lim,,_.. h"z exists};
possibly, D(h) can be the trivial set {0}. Hence, for any sequence (H™) of
E’-valued processes, there always exists the limit H = lim,, H"™, which is a
process with values in U.

Besides the usual Banach spaces of semimartingales H?(P) (see, for in-
stance, [14]), we will consider the Banach space of special semimartingales
M? @& A(P), introduced by Mémin in [10]: a special semimartingale X be-
longs to M? @ A(P) if its canonical decomposition X = M + B is such that
M € M?(P) and B € A(P). As usual, M?(P) denotes the set of square
integrable martingales, while A(P) denotes the set of predictable processes
B with integrable variation, such that By = 0. The norm on M? @ A(P) is
defined by the formula:

X[ amzga = [IM]| a2 + (| B 4

The importance of this space is evident in the following result, due to
Dellacherie. We state it as formulated by Mémin:

Lemma 1 ([4], Theorem 5; [10], Lemma 1.3). Let be given a sequence

(Xi)i>1 of semimartingales. There exists a probability measure Q, equivalent
to P, with dQ/dP € L*>°(P), such that under Q,

(i) X' is a special semimartingale, with canonical decomposition
X'= M"+ B

(i) M*e M*(Q);

(iii) B’ € A(Q).

In other words: X* € M? & A(Q), for all i.
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The next lemma is an easy consequence of the proof given by Dellacherie
to Lemma 1:

Lemma 2. Let X € M?> @ A(P). If Q is a probability measure equivalent
to P, such that dQ/dP € L>(P), then, X € M? & A(Q) and

[Xlrmzea@) < ClX([Mmzaam): (2)
where C' is a constant which depends on ||dQ/dP|| L.

Proof. Let X = M + B be the canonical decomposition of X under P. Denote
by Z the density of Q with respect to P and by (Z;).<r the right-continuous,
bounded, positive martingale (IEp[Z | F¢])i<r- Then, by the Girsanov theorem
(see, for instance, [9], Theorem I11.3.11), X is still a semimartingale under Q:
the canonical decomposition under the new probability measure is given by
X = N+ D, where

N=M-2Z"'(M,2Z), D=B+2Z"'- (M, 2).

Clearly, both random variables V(B)r (where V(B) denotes the variation of
B) and [M, M|y are in L'(Q): in particular,

Eq[V(B)r] < ||Z||z=Ep[V(B)r] = | Z] L | Bll aP);
Eq[[M, Mly ] < ||Z|l~Ep [[M, Mz ] = | Z| = IM |} @)

As in the proof of Theorem 5 in [4], one can show that:

| - /OT 401, 23]

T Z|4(M, 2),|
= E / ’5]
"1 Zs_

o (- 1. 2)

T

~w [ "l ).

< M| azpy 1Z]| pmzepy-

Then, D is a predictable process such that V(D)7 € L}(Q) and
IDlla@) < Ki(l[M | amze) + 1Bllawp)),

where K is a proper constant. Moreover, IEq [[N, N]r| < KxEq[[M, M]r]
(see, for instance, [10], Lemma I.1). Hence, inequality (2) holds. O

Lemma 1 shows that, possibly by taking an appropriate equivalent proba-
bility, we can always assume that X is a special semimartingale, which is the
sum of a square integrable martingale and a process with integrable variation.
In this case, the following result can be proved:
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Lemma 3. Let (X’)Z>1 be a sequence in M? @ A(P), with canonical decom-

position X' = M" + B*. Then, there exist:

(i) an increasing predictable process A, such that IE[Ar] < oo,

(ii) a family Q = (Q"); j>1 of predictable processes, such that Q is symmetric
and non-negative, in the sense that QY = Q7* and vagd z;QY%x; = 0,
for all d € IN, for all € R?, dPdA a.s.,

(iii) a sequence b= (b');>1 of predictable processes,
such that
M) = [ Q). Biw) = [ B@dde). @
0 0
Proof. Let (¢;)i>1 be a sequence of strictly positive numbers, such that
> aB{M, M)y +V(B')r] < oo,
i>1
and define the process
A,:§:c4uwdﬂﬂﬁ+w4309.
i>1

This process satisfies the condition IE[A7] < oo; moreover, d(M?, M%), and
dV (B?) are absolutely continuous with respect to dA; by definition. Finally,
for i # j, the measure d(M*, M7); is absolutely continuous with respect to
d(M*, M*), and d(M7, M7), by the Kunita—Watanabe inequality (see, e.g.,
[12]). Define (Q;”); j>1 and (b%);>1 as follows

d(M?, M), (w)

J(w) = dAy(w)
0 otherwise.

if dA;(w) # 0

bzlg = dAt (UJ)
0

if dA;(w) # 0 "

otherwise.

The processes Q% and b’ are well-defined: they are predictable and fulfill
condition (3). Jacod and Shiryaev have proved, in the case of a finite number
of martingales, that () can be chosen so that it is symmetric and non-negative
dP dA-a.s. ([9], Theorem I1.2.9): it is rather easy to adapt their proof to the
case of a sequence of martingales. a

Remark 2. The process A is minimal in the following sense: if D is a pre-
dictable process such that both measures dP d(M?, M*); and dP dV (B?); are
absolutely continuous with respect to dP dD;, then the measure dP dA; is
also absolutely continuous with respect to dP dD;y.
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We call negligible a predictable set C' which is dP d A-negligible, that is,

T
][ 10a4] o
0

This notion does not depend on the probability P: indeed, it is not difficult to
prove that C' is dP dA-negligible if and only [hdX*® = 0 for every i and for
every bounded predictable process h, which is zero on the complement of C.

We denote by S(P) the space of real semimartingales, endowed with the
semimartingale topology, which was introduced by Emery [6]. We refer to [6]
for general definition and main properties of this topology: it is important to
recall that S(P) is a complete metric space. But we will mainly use this result,
which is due to Mémin:

Theorem 1 ([10], Theorem I1.3). Let (X%);>1 be a Cauchy sequence in
S(P). Then, there exist a subsequence (which we still denote by X') and a
probability measure Q, equivalent to P, such that dQ/dP € L>*(P) and (X?)
is a Cauchy sequence in M? ® A(Q).

Remark 3. Lemma 1 and Theorem 1 hold only when the time set is a compact
interval [0,7]: this explains why we work in this framework. However if the
stochastic integral can be defined on a finite interval, then it can be defined
on the whole set [0, +o0[ by localization.

Finally, we introduce our definition of integrable process:

Definition 2. Let H be a predictable U-valued process. We say that H is in-
tegrable with respect to X if there exists a sequence (H™) of simple integrands
such that:

(i) H™ converges to H, a.s.;

(if) (H™ - X) converges to a semimartingale Y in S(P).
We call H a generalized integrand and define [HdAX =H-X =Y.
We denote by L(X,U) the set of generalized integrands.

Remark 4. Of course, Definition 2 makes sense if we prove that Y is uniquely
defined, in the sense that H - X is independent of the sequence H™ which
approximates H. This result, with all its consequences and applications, will
be the object of section 5.

We wish also to point out that our definition of integrable process is very
similar to the notion of integrable function with respect to a vector-valued
measure ([5], section IV.10.7).
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3 Stochastic integration with respect to a sequence
of square integrable martingales

For the case of a sequence of square integrable martingales, we refer to the
theory on cylindrical integration recently developed by Mikulevicius and Ro-
zovskii [15], [16]: indeed, a sequence of martingales can be viewed as a cylindri-
cal martingale with values in E. In this section, we briefly recall Mikulevicius
and Rozovskii’s main results, adapted to our setting.

We assume that X¢ = M? € M?(P) for all i and denote by M the sequence
(M?%);>1. The aim in this section is to define the stochastic integral [ H dM
on a proper class of processes, so that the integral is a square integrable
martingale. We recall that, even in the one-dimensional case, it may happen
that the integral with respect to a square integrable martingale is not even a
local martingale (see, for instance, [7]).

For a simple integrand H; =3, hé;, the Tto isometry holds:

IEK/OTHSdMs)Z] ]EUOT > hghgd<Mi,Mj>s]

5,J<n

= IE{ /0 > hhiQy dAs] (5)

B,J<n

where () and A are defined as in Lemma 3. The question is how to complete
the set of integrands with respect to the norm induced by the Ito isome-
try. Intuition may suggest that, to this aim, it is sufficient to consider, as
value set of the integrands, the space of the sequences (h');>; such that
IEU Z” hihi Qw4 dA] < 00. In fact, this is not sufficient, as we will show
in Example 1 below.

Consider @ for fixed (w,t) (which we omit, for simplicity). We can define
on E’ a linear mapping with values in E, which we still denote by @, in the
following way: for h = Zign hié; € E', we define Qh as the sequence whose
i-th component is (Qh); = >, Qh7. Tt is easy to check that Q is symmetric
and non-negative, namely (h, Qk)p g = (k,Qh)p g and (h, Qh)g g > 0 for
all h, k € E’, where (, )g g denotes the duality. The mapping @ induces a
seminorm on E’, by the formula:

h|g = (h,Qh)prp =Y h'QN. (6)
i,j>1

Thus, the main problem is to find a completion of E’ with respect to this
seminorm. Following the approach by Mikulevicius and Rozovskii [15, 16], we
consider on the set QFE’ the scalar product:

(Qh,Qk)gr = (h,Qk)p . = (k, Qh)E E.
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This scalar product induces a norm, with respect to which QE" is a pre-Hilbert
space. Its completion K is a Hilbert space and can be continuously embedded
in E. Denote by K’ the topological dual of K: the set K’ contains E’ and
coincides with the completion of E’/ker @, with respect to the norm induced
by (6). Thus, if h € E’, then |h|%, = (h,Qh) g . We recall that K and K’
depend on (w,t): so we have defined a family of Hilbert spaces, depending
on Q. Note that, if H is a simple integrand, the isometry (5) can be rewritten

in the form:
T 2 T
IEK/ HSdMS)] :IEU |H,|%, dAS}
0 0 °

Now, it seems natural to take as generalized integrand a predictable process
H with values in U, such that for all (w,t), the domain of H,, ; contains K,, ;,
the restriction of Hy, ¢ to Ky, is an element of K/, ,, and IE[ [ [H|%, dA] < oc.
We observe that if H is predictable, then |H|§<, is also predictable: this is a
consequence of the argument below.

Consider now the canonical basis in £’ and take the sequence 1, = Q4,.
By a standard orthogonalization procedure, we can construct an orthonormal
basis {k'};>1 in K (once again, for simplicity of notations, we omit (w,t)):
every k' is an element of span{ny,...,n;}. Hence, k' = Qh?, where h' is an
element of K’, such that h' € span(dy,...,d;) and {h'};>1 is an orthonormal
basis in K’ (see [15] pag. 141 for details). N

If we consider h* as a function of (w,t), it follows that hi = 37, ; o’ 9;
where a;’ are real predictable. If H is predictable, in the sense of Definition
1, H,(Q.0,) is predictable and so is H(k]).

Every process H, such that H,, ; € KL’t, can be written in the form:

H, =) Ahi,
i>1
where A} = (Hy, h)x; = Hy(k{); then \Htﬁq = >, (\))? is predictable. Fur-
thermore, the process H can be approximated by the sequence

H =) Nhi=) > Nod;j =) 1’5 (7)

i<n i<n j<i j<n

(a proof of this fact can be found in [16], Corollaries 2.2 and 2.3).

The following theorem is essentially due to Mikulevicius and Rozovskii: we
give a formulation which is slightly different from the original one, but better
fits into our context. We also recall the main steps of their proof.

Theorem 2. Let H be a U-valued process such that:
(i) DMHy) D Ky for all (w,t);
(i) Holk,, € K4
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(iii) H¢(Q10r) is predictable for all n;
(iv) B[y [H[%, dA,] < oo.

Then, there exists a sequence (H™) of simple integrands, such that Hg  con-
verges to Hy,; in K[, for all (w,t) and (H" - M) is a Cauchy sequence
in M?(P).

As a consequence, we can define the stochastic integral H-M as the limit
of the sequence (H™ - M).

Proof. 1t is easy to check that the approximating sequence H™ defined by (7)
converges to H in K’ and it is such that (H™ - M) is a Cauchy sequence in
M?(P). However, every H™ may not be a simple integrand. Fix n: as we have
already observed, the process H" is of the form Eign r™§;, where ™ are
predictable. We define the sequence

n,m __ nis. )
Ht - Z Tt 61 1{maxi<” [rpt|<m}s

i<n

for every m € IN. Then, (H™"™),>1 is a sequence of simple integrands, which
converges to H" in K’ (as m — 00), and it is such that (H™™ - M),,>1 is a
Cauchy sequence in M?(P) (see, for instance, [15], Proposition 9). Thus, by
a standard diagonalization procedure, we can build a sequence H" = Hmvmn
of simple integrands, which satisfies the required properties. a

Remark 5. It may seem sufficient, in order to define the integral H - M, to
know the restriction of H,, ; to K, ;. In fact, this is not exactly true: indeed,
let H be a process which fulfills conditions (i)—(iv), and (H™) be the sequence
defined as in the theorem. If we set J = lim,, H", we can say that J, but
not H, is M-integrable, according to Definition 2. This will be evident in
Example 1. However, an immediate consequence of Theorem 2 is the following;:
assume that (H™) and (J™) are two sequences of simple integrands, such that
both sequences (H™ - M), (J™ - M) are Cauchy sequences in M?(P). Define
H = lim, A" and J = lim,, J". If H|x = J|k a.s., then lim,(H™ - M) =
lim,, (J™ - M); hence, H-M =J - M.

Remark 6. The condition of measurability given by Mikulevicius and Ro-
zovskii (condition (iii) in Theorem 2) is strictly related to the probability
measure P: under an equivalent measure Q, the processes M’ may not be
martingales and, in any case, the process d(M?, M7) is no longer the same.
For this reason, we have decided to give a different notion of predictable
process, which does not depend on the probability.

Remark 7. Consider the stable subspace generated by the sequence M =
(M%);>1 of square integrable martingales (for the definition of stable sub-
space, we refer to [12]). It is natural to expect that a characterization of this
space holds in terms of the stochastic integral with respect to M. Indeed,
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the following result holds: the set of all the stochastic integrals H - M, with
H fulfilling conditions (i)-(iv) of Theorem 2, is a closed set in M?(P) and
coincides with the stable subspace generated by M in M?(P). A proof of this
can be found in [16]; it is, in fact, a simple extension of the analogous result
in the finite-dimensional case.

Remark 8. One could think that the above mentioned construction can be
adapted to the case of a sequence of local martingales, just replacing the
predictable quadratic covariation (M? M7), with the quadratic covariation
[M? M7]. In fact, this does not work. The reason is that the process [M¢, M7]
is optional, not predictable: a factorization as in Lemma 3 can still be found,
but Q and A are optional. So, it is not possible to repeat the construction of
the approximating sequence and the proof of Theorem 2.

4 Stochastic integration with respect to a sequence
of predictable processes with finite variation

In this section we assume that X* = B € A(P) for all i and denote by B the
sequence (B*);>1. The property of finite variation is invariant with respect to
a change in probability. However, if Q is an equivalent probability measure,
it may occur that the variation of B is in L!(P) but not in L}(Q).

Assume that B* has integrable variation for all 4. Then, as we have proved
in Lemma 3, there exists a factorization dB} = b dA; where A is an increasing
predictable process and (b%);>1 is a sequence of predictable processes. In this
case, the construction of the stochastic integral H - B is easier than in the
previous case, since the set of predictable processes with finite variation is
closed in S(P) (see, for instance, [10], Theorem IV.7).

So, if H is a U-valued process such that H = lim,, H", where H" are
simple integrands, then it is easy to verify that H is B-integrable if and only
if b, belongs to the domain of H,, ; for all (w,?) and the random variable

T
/ |H, b, | dA, (8)
0

is finite P-a.s. Note that Hb = lim,, H"b is a predictable process. Moreover,

assume that the random varable defined in (9) belongs to L'(P), and H" is

a sequence of simple integrands which converges to H; then, the sequence
J" = H L rmp|<afm))

is such that (J™ - B) converges to H - B in A(P).
For this case, the result corresponding to Theorem 2 is much simpler:
assume that H is a U-valued process such that:

(i) bwt € D(H, ) for all (w,t);
(ii) the process Hb is predictable;



Stochastic Integration with Respect to a Sequence of Semimartingales 129

(iii) E[ [ [Hibe|dA,] < oc.

Then, there exists a sequence (H™) of simple integrands such that H™b con-
verges to Hb and (H™ - B) is a Cauchy sequence in A(P).

As a consequence, we can define the stochastic integral H - B as the limit
of the sequence (H™ - B).

In fact, it is sufficient to find an E’-valued process H such that Hb = Hb:
assume, for simplicity that bij’t # 0 for all (w,t); then, we can define H, ; =
H,, ;01 /bl ,. If the predictable set {b' = 0} is not negligible, it is clear how
to modify such a construction. Finally, H can be easily approximated by a
sequence of simple integrands.

5 The general case

The construction of a stochastic integral with respect to a sequence of semi-
martingales relies on the two previous cases: an appropriate change of prob-
ability allows us to reduce to the case of a stochastic integral with respect
to the sum of a sequence of square integrable martingales and a sequence of
predictable processes with finite variation.

Let H be a U-valued process and assume, as in Definition 2, that there
exists a sequence (H™) of simple integrands, such that H = lim,, H™ and
(H™ - X) is a Cauchy sequence in S(P).

By Lemma 1, there exists a probability measure Q1, equivalent to P, with
dQ;/dP € L>*(P) and such that X € M?® A(Q,), that is, every X* belongs
to M? @ A(Q). Furthermore, by Theorem 1, we can find a subsequence,
which we still denote by (H™), and a probability measure Q2, equivalent to
Q1, such that dQ2/dQ; € L*(Q;) and (H™ - X) is a Cauchy sequence in
M? @ A(Qz). Lemma 2 makes sure that X belongs also to M? & A(Qy): if
X = M + B is the canonical decomposition of X under Qs, then, for all n,
H™-M+ H"-B is the canonical decomposition of H™-X. Moreover, (H™ - M)
is a Cauchy sequence in M?(Q,), whereas (H" - B) is a Cauchy sequence
in A(Qz). Then H- M and H - B exist, in the sense shown respectively in
sections 3 and 4. The integral H - X, which is defined as the limit in S(P) of
the sequence (H™ - X), coincides with H- M + H - B.

We are now able to prove what we claimed in Remark 4, namely, that
Definition 2 is a good definition:

Proposition 1. Let (H™) and (J™) be two sequences of simple integrands
such that:

(i) there exists a U-valued process H such that H = lim,, H™ = lim,, J";

(i) if Y™ = H* - X and Z" = J" - X, then (Y™) and (Z™) are Cauchy
sequences in S(P).

Then lim,, Y" = lim,, Z™.
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Hence, the process H-X = lim,, Y™ = lim,, Z™ is well-defined. In other
words, the definition of the integral does not depend on the approximating
sequence.

Proof. If we apply twice Lemma 1 and Theorem 1, we can find a probability
measure Q, equivalent to P and such that dQ/dP € L*(P) and a subse-
quence (which we still denote by n) such that X € M2®A(Q) and (Y™), (Z")
are both Cauchy sequences in M? & A(Q). This means that, if X = M + B is
the canonical decomposition under Q, then, (H™ - M) and (J" - M) are both
Cauchy sequences in M?(Q), whereas (H" - B) and (J" - B) are both Cauchy
sequences in A(Q). From hypothesis (i) and from the results of the previous
sections, it follows immediately that it must be

lim H” - M = lim J"-M, lim H"-B = lim J"-B.
n—oo n—oo n—oo n—oo
So, the claim follows. m]

Remark 9. We have just proved that, when the stochastic integral exists, then,
by an appropriate change of probability, it can be represented as the sum of
an integral with respect to a sequence of square integrable martingales and
an integral with respect to a sequence of processes with bounded variation.

The converse does not hold true: it may happen that the two above-
mentioned integrals exist, but the process is not integrable in the sense of
Definition 2. Let be given a probability measure Q such that X € M?® A(Q),
with canonical decomposition X = M + B, and a process H which is sepa-
rately integrable with respect to M and B in the sense of section 3 and 4;
namely, H fulfills the conditions of Theorem 2 and condition (i), (ii), (iii) of
section 4. Then, Theorem 2 suggests the construction of an approximating
sequence H™ such that H"|x converges to H|x and (H™ - M) is a Cauchy
sequence in M?(Q). Yet, this does not imply that H"b converges to Hb. So,
condition (i) of Definition 2 is not satisfied. However, if (H™) can be chosen
so that H™b converges to Hb, then the stochastic integral does exist in the
sense of Definition 2.

The following result is the extension to the infinite-dimensional case of
Mémin’s theorem ([10], Theorem III.4), which states that the set of stochastic
integrals with respect to a semimartingale is closed in S(P).

Theorem 3. Let be given a sequence of semimartingales X = (X*);>1 and a
sequence (H™) of generalized integrands: assume that (H™ - X) is a Cauchy
sequence in S(P). Then, there exists a generalized integrand H such that
lim, ..o H" - X =H - X.

Proof. Without loss of generality, we can assume that H" = H™ are simple
integrands. We can choose an equivalent probability measure Q and a subse-
quence, which we still denote by H", such that X* € M?®A(Q) and (H"-X)
is a Cauchy sequence in M? @ A(Q). Define H = lim,, H". Since



Stochastic Integration with Respect to a Sequence of Semimartingales 131
T
IE[/ |Ht"—Htm|§<£dAt} —0 as n, m — 0o,
0
it is clear that the domain of H, ,, must contain K, ; for all (w,t) and

T
]E{/ |Ht"—Ht§<,dAt} —0  asn — oo.
0 ¢

Analogously, since
T
IE{/ |Ht”thtmbt|dAt] —0 as n, m — oo,
0

it is clear that the domain of H, ,, must contain b, ; for all (w,t) and
T
IE[/ |Ht”bt—tht|dAt] — 0 as n — 00.
0

So the claimed result is proved. a

6 Examples

In this section, we show some examples to point out the main differences be-
tween the stochastic integral with respect to a finite-dimensional semimartin-
gale and with respect to a sequence of semimartingales. In the examples we
will consider, the spaces K, ; do not depend on (w,t) and the integrands
are constants. Nonetheless, even in these simple cases, some differences are
evident.

The first example is taken from [3] (Example 2.1): there it is shown that,
even in the case of a sequence of square integrable martingales, the set of
FE-valued processes is not large enough as set of integrands.

Ezample 1. Consider the sequence of martingales M = (M?);>1 defined by:
M'=W + N*,

where W is a Wiener process, (N%) is a sequence of independent compen-
sated Poisson processes all with the same intensity A = 1, such that N°? is
independent of W, for all .

According to Lemma 3, we find a factorization of the quadratic variation
of M, by setting A; = t, Q¥ = 1+ §;;. In [3], it has been proved that K is
the subset of E of all sequences of the form (o + y1,a+ yo,...), with « € R
and (y;)iz1 € I?, and the norm of such a sequence in K is o® + 37,5, 47; the
dual set K’ is isomorphic to IR @ 2.
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Consider the sequence of simple integrands H" = n~! Zign &;. It is clear
that H™ converges to the constant /-valued process H, defined by

H(z) — lim 220 T
n— oo n
Notice that H™ does not converge componentwise to H: indeed, lim,, H = 0,
for all i. Moreover,

Nl4+...4+ N

)

H" M=W +
n
which converges to W in M?(P). Therefore, we have that H- M = W.
Consider now the operator J(z) = lim,, ,; it is not difficult to check that
H coincides with J on K. However, we observe that there does not exist
lim,, M™ = lim,, (W + N™). This proves what we have claimed in Remark 5.
The sequence H™ converges to H and not to J on E: the sequence (H™-M) =
(H™(M)) converges in M?(P) to H-M = H(M), while J(M) is not defined,
although H|x = J|k. So, we can say that H is M-integrable, whereas J is
not M- integrable.

The following example is obtained by a modification of an example due to
Emery [6].

Ezample 2. Let (T},)n>1 be a sequence of independent random variables, such
that T}, is exponentially distributed with IE[T,,] = n?. We take as filtration
the smallest filtration which satisfies the usual conditions and such that T,
are stopping times. We define a sequence of martingales M"™ as follows:

L AT, t T,
My = 7 lysr,y = ﬁl{t<Tn} + <n2 - 1) losm,y 9)

Consider the simple integrand H" = n~! Zign i28;. Then, with the usual
notation M = (Mz)i21,

MY+ 22M?2 + ... 4 n2M" _N1—|—~--+N"
n n

H" M=

)

where N* =t AT; — i*1(;>1,3. The sequence (H™) converges (as n — 00) to
the operator H on E, defined by:

1
H(z) = lim — > it (10)

i<n

for all x € E such that this limit does exist, while the sequence (H™ - M)
converges to the increasing process A; = t. Consider the stopping times
Sp = inf,,>p Ty, Using Borel-Cantelli lemma, it can be proved that S, tends
to infinity (as m — oo). In particular, the sequence S, AT converges to T
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stationarily, namely, S, = T definitely, P-a.s. So, for fixed &, there exists
some n such that P(S,, < T) < e. On the stochastic interval [0, S, A T], the
martingale N™ coincides with the process A, for m > n. Then, if we stop the
processes H¥ - M at time S™, we have that, for k > n

(N' 4 4+ N")S  (k—n)

Hk.MS”:
( ) ’ +

(t A Sn).

It is not difficult to check that the sequence (H* - M)“» converges to t A S,
as n tends to co: as a consequence, (H* - M) converges to A; in S(P) (see [6]
for further details).

In the finite-dimensional case, it is well-known that, if X € M?®A(P) with
canonical decomposition X = M + B, and H - X also belongs to M? @& A(P),
then, necessarily, the canonical decomposition of the stochastic integral is
H-X =H-M+ H - B. This is no longer the case, when X is a sequence
of semimartingales, as the previous example shows: indeed, X € M? & A(P)
and X = M + 0, the process H is X-integrable, the integral H - X belongs to
M? @ A(P), but the canonical decomposition is H - X = 0 + A. The reason
for this different behaviour will be explained in Remark 10.

Ansel and Stricker [1] have proved that if M is a finite-dimensional local
martingale and H an integrable process, such that H - M is bounded from
below, then H - M is a local martingale (hence it is a supermartingale). Ex-
ample 2 shows that, as opposed to the finite-dimensional case, this does not
necessarily occur when M is a sequence of local martingales. Indeed, in the
mentioned example, H is a M-integrable process, such that H-M is bounded
from below, but the stochastic integral H - M is not a local martingale.

However if, for a generalized integrand H, an approximating sequence
(H™) of simple integrands can be found, such that H™ -M converges to H-M
and there also exists a random variable W € L!(P) such that, for all t,
fg H?dM, > W, then it can be proved, using Fatou’s lemma, that H - M is
a supermartingale.

Moreover, we observe that, if every X* is continuous, the result by Ansel
and Stricker still holds even in the case of a sequence of martingales; indeed,
the set of continuous local martingales is closed in S(P) (see [10], Theorem
IV.5). This is also a consequence of the following remark: assume that X is
continuous and H is an X-integrable process such that H- X > —C, where
C is a positive constant. Then, for all € > 0, there exists a sequence of simple
integrands (H™) such that H" - X > —C — e: indeed, given an approximating
sequence H™ such that H™ - X converges to H- X, we can define the stopping
time

t
T, = inf{t : / H'dX, < —C—s}.
0

Since lim,, P(T,, < T) = 0, we can find a subsequence (which we still denote
by T),) such that >~ P(T, < T) < co. We set S, = infy,>p, T}, and H" =
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10,5, H". Then, clearly H"-X > —C —¢e. Moreover H" -X = H™ - X on the
set [0,S,] and S,, converges to T, P-a.s.; hence H" . X converges to H - X.

Remark 10. When X is a IR*-valued semimartingale, a predictable process H,
with values in le, is X-integrable if the sequence H™ = H1y g <n} is such
that (H" - X) is a Cauchy sequence in S(P) (see [2]). Moreover, if S is a
stopping time, and denoting, as usual, by A;X the jump X, — X, | we have
that Ag(H - X) = HsAgX; for fixed t, the sequence > , As(H™ - X)? is
increasing and converges to > ., Ag(H - X)2. Hence,

s<t

IE[Z AS(H.X)Q] = lim E

s<t

whether the expectation is finite or not.

Given a sequence of semimartingales X, a generalized integrand H and an
approximating sequence H™, for all stopping times S, one still has Ag(H™ -
X) = HZ - (AsX); this sequence converges in probability to Ag(H - X): thus,
AsX belongs to D(Hg) and it is equal to Hg - (AgX). However, in this
case, (11) does not hold. The sequence >, As(H" -X)? does not necessarily
converge: we can only say that

IE[ZAS(H-XF] < min lim IE

n—oo
s<t

D> A (H" X)ﬂ.

s<t

In particular, in the finite-dimensional case, if M is a purely discontinuous
local martingale such that IE[ES@ H2Z(A M)?] < oo, then H - M is a square
integrable martingale. This is no longer true for the case of a sequence of local
martingales, as we have seen in Example 2.
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On Almost Sure Convergence Results
in Stochastic Calculus

Rajeeva L. Karandikar

Indian Statistical Institut, 7 SJS Sansanwal Marg, New Delhi 110016, India
e-mail: rlk@isid.ac.in

Professor P. A. Meyer was a source of inspiration for me. I have learnt a lot
from him, via correspondence (in the pre-email era) during the days that I was
a doctoral student and subsequently from discussions on the three occasions
that T met him in the eighties. I would like to pay my respects to him by
dedicating this survey article to his memory.

As I learnt later, Professor Meyer was a referee for my first published
paper and also was a referee for my doctoral thesis submitted to the Indian
Statistical Institute. I sent my second paper to him and he wrote that it has
nice ideas, but I had not written it well. Then he rewrote the paper himself
telling me that instead of writing 10 pages of comments on how to write the
paper, he is rewriting it! It is this version that appeared in Strasbourg seminar
(Karandikar [4]). The same is the story with another paper (Karandikar [5]).
I wish Professor Meyer had put his name as a co-author on both these papers.
Then I would have had the honour of having joint papers with him.

1 Almost sure Convergence of Stochastic integrals

Throughout this article, (£2,F, P) will denote a complete probability space
with a filtration (F;). We will assume that (F:) is right continuous and Fy
contains all P null sets in F. The terms adaped, predictable, semimartingale,
martingale will all be with reference to this filtration. For a function p from
[0, 00) into IR,
|pls == sup|p|.
t<s

Usually, convergence results on stochastic integrals are given in terms of
convergence in probability or convergence in L2. Here is a result on almost
sure convergence from Bichteler [1]

Theorem 1. Let X be a semimartingale and let f™, f be locally bounded
predictable processes such that

"= fl < e (1)
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where €, is a sequence of numbers such that

Z €2 < o0. (2)
n=1

Let Zp = [} f*dX and Z, = [ fdX. Then
’Z"—Z‘:—>O a.s. for all t < co. (3)

Bichteler’s proof used his development of stochastic integral as an integral
with respect to a vector valued measure along with a deep result in functional
analysis on factorisation of operators. It is easy to see that the result is true
when the semimartingale X is indeed a Wiener Process. Then the inequality

t 2 T
E<sup ‘/ ng‘)éél]E(/ det> (4)
0<t<TJ o 0

(valid since X is now a Wiener process) implies that
E (\Z” - Z|;2) <ATE (5)

and hence (2) implies that

E (Z = Z|*T2> < o0, (6)
n=0

Now (3) follows from (6). The same argument is valid if X is any semimartin-

gale for which
t 2 T
E<sup /ng )gCJE(/ g2dt> (7)
0<i<T |Jo 0

for all predictable processes g, where C' is a finite constant. Bichteler showed
that given any semimartingale X, one can make a change of measure (to an
equivalent probability measure, say @) in such a way that the given semi-
martingale X satisfies (7) with respect to the measure @, thus proving the
almost sure convergence result.

In Karandikar [3, 4] it was observed that given any continuous semimartin-
gale Y, we can get a (strict) random time change (o) such that X defined by
X: =Y,, satisfies (7) (with respect to the filtration (Gs), where G5 = F,_).
For example, we can take By = ¢t + (M, M), + |A|; where Y = M + A is
the canonical decomposition of the semimartingale Y with M being the local
martingale part and A being the part with bounded variation paths, (M, M),
being the quadratic vartiation of M on [0,¢] and | A|; being the total variation
of A on [0,t]. Now oy defined by
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oy =inf{s >0 : Bs; >t}
satisfies the requirement: namely the time changed semimartingale
sz = XO‘S

satisfies (7). It is clear that given finitely many semimartingales, we can choose
one time change o such that all the semimartingales in the changed time
scale satisfy (7). Thus it follows that the Theorem 1 is true if X is a vector
or matrix valued continuous semimartingale and f™, f are vector or matrix
valued predictable processes with compatible dimensions.

It was observed in Karandikar [3, 4] that the techniques of changing the
time scale (for continuous semimartingales) has an added advantage over
changing the measure-namely existence and uniqueness of diffusion type Sto-
chastic differential equations driven by a continuous semimartingale can be
proven by first changing the time scale so that the driving semimartingale in
the changed time scale Y satisfies (7) and then using the classical arguments-
successive approximation and Gronwall’s lemma-as in the case of SDE’s driven
by a Wiener process. As Meyer [10] has noted (see p. 110), this time change
technique was used by Schwartz [11] subsequently. Using the time change
technique, an almost sure convergence result for solutions of stochastic differ-
ential equations was proved in Karandikar [3, 4]. Also, almost sure versions
of some results in Emery [2] for continuous semimartingales were proven in
Karandikar [7] leading to almost sure convergence results on Multiplicative
Stochastic Integrals.

It may be noted that the theory of stochastic integrals with respect to
continuous semimartingales can be developed without any reference to pre-
dictable o-field, predictable processes and other notions from the general the-
ory of processes. Just following Ito, one can define stochastic integrals for
integrands that are progressively measurable-using the time change technique
(see Karandikar [5]).

I would like to quote what Professor Meyer wrote (in a letter to me) about
this attempt-to develop stochastic calculus for continuous semimartingales
without bringing in predictability and other notions from general theory of
processes:

Your proofs teach us how to prove partial results without the
modern notions. Now when I was a child ( of course I wasn’t
doing probability theory then !) probabilists were trying to
do probability theory <<without measure theory>>. When

I was a student, they tried to do stochastic processes
<<without sample functions>> . My claim is that the same
thing is happening now: you are trying to avoid predictable
fields,projections, decomposition of supermartingales,
because these results are now considered abstract, heavy,
complicated... but really they are just TRIVIAL, and the
future generation will consider them so.
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Meyer drew our attention to the stopped Doob’s inequality and the no-
tion of control process of a semimartingale introduced by Métivier-Pellaumail
and its connection with the time change technique in our work. The stopped
Doob’s inequality is (see Métivier [10]): Let M be a locally square integrable
martingale and 7 be a stop time. Then

E\M[Y < AB{M,M),_+ < M,M >,_}. (8)

If X is a semimartingale with X = M + A, with M a locally square
integrable martingale, A being a process with bounded variation paths and f
is a predictable process such that

/t f2d(M, M), < oo
0

then for all stopping times o, one has (using (8))

(s | [ rau’) <am( [ r2aonn) o

AR (/OU 72 dia, M)

and also - 2
B( 5w / radl) < ([ 1n1aa) (10)

The point in using the Métivier-Pellaumail inequality is that one has integral
over [0, o) instead of [0, o] and given any M, A as above, one can get a sequence
of stopping times o,, such that for bounded functions f, the right hand sides
of (9) and (10) are finite for o = oy,.

Meétivier-Pellaumail combined the two estimates as follows: defining V; =
8(14+ (M, M), + [M, M]; + |Al;), one has

/ de‘ 1 (v, (/OU_|f|2dV)). (11)

The process V defined above is called a control process of the semimartin-
gale X. The factorisation theorem used by Bichteler, the time change tech-
nique used by Karandikar and the control process used by Métivier-Pellaumail
all have one thing in common-they make every semimartingale amenable to
L? theory.

One disadvantage of working with control process is that even if X is small,
say in the Emery topology, V is not small. With this in mind, Karandikar [7]
introduced the following:

An (adapted) increasing process U is said to be a dominating process for
a semimartingale X if there exists a decomposition X = M + A, with M

sup
O<t<U
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a locally square integrable martingale, A a process with bounded variation
paths such that

By = U; — 2(< M, M >, +[M, M],)"/? — | A, (12)

is an increasing process. It is easy to see (using (8)) that if U dominates a
semimartingale X, then one has

E|X|5 <2EU?. (13)

and for a locally bounded predictable process f,

t
E ( sup / fdX
o<t<o |Jo

folﬂzzv5<(4”fﬁﬂﬂ>é41£HfMU>. (15)

It was shown in [7] that

) <E(02_(£,0)) (14)

where

(i) Let X,Y be semimartingales with dominating processes U, V' respectively.
Let Z =X +Y. Then Z admits a dominating process W such that

Wy <Ug+V, Vit (16)

(ii) Let X be a semimartingale with a dominating process U and let f be a
locally bounded predictable process. Let Z; = fot fdX. Then Z admits a
dominating process D such that

Dy < O,(f,U) ¥t (17)

(iii) Let X™ n > 1 and X be semimartingales. Then X™ converges to X
in the Emery topology if and only if the semimartingale Y = X" — X
admits a dominating process U” such that

|[U"|; — 0 in probability Vt. (18)

For the purpose of proving almost sure convergence results, the following
notions play an important role: for locally bounded processes f™, f we say
that f* > f if

Z\f" —f|2k2 <oo Vit as. (19)
n=1

and for semimartingales X™, X, we say that X" = X if for n > 1 the
semimartingale X" — X admits a dominating process V" such that V" 2 0.
Clearly,

X" % X implies X" — X almost surely (20)
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As a consequence of (13), it follows that
X" 5 X implies X" 2 X (21)

and hence
X" 5 X implies X™ — X almost surely (22)

It is shown in Karandikar [7] that
3 £, X" 5 X implies / fraxn = / fdx.

This result can be restated (without the notation %, ) as follows:

Theorem 2. Let {X"™ :n > 1} and X be semimartingales admitting decom-
positions X = M + A, X™ =M™+ A™ with M, M™ locally square integrable
martingales, A, A™ processes with bounded variation paths such that

f:<M"—M,M"—M>t < oo Vt< oo, (23)
n=1
3 [M" =M, M" —M]; <oo Vi<oo (24)
n=1
and -
Sjar -4l <o Vi<oo (25)
n=1
Let f™, f be locally bounded predictable processes such that
i "= £l <oo V< oo (26)
n=1

Let Zp = [} frdX and Z, = [ fdX. Then
’Z"fZ‘:HO a.s. for all t < oco. (27)

Indeed, the assumptions on X", X above are exactly the requirement that
X" 5 X. The conclusion can also be strengthened to : Z" =5 Z.

2 Almost sure convergence of solutions to SDE

We will consider the SDE

t
Zi=Yi+ [ G(2)ax. (28)
0
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where X is an IR%valued semimartingale, Y is an JR™-valued r.c.L1l. process
and where G maps D(m) (= the class of IR™-valued adapted r.c.l.l. process)
into Z(m,d) (= the class of IR™ ® IR? valued locally bounded predictable
processes). We assume that G satisfies the following Lipschitz type condition:
there exists an adapted increasing r.c.l.l. process A such that

G(ZY)e = G(Z%)e] < A |2 = 275 (29)

for all r.c.l.l. adapted processes Z', Z% and for all ¢t. Here | - | denotes the
Euclidean norm (on IR™ or IR™ ® IR%).

Existence and uniqueness of solutions to (28) under the condition (29)
are well known (see Métivier [10]). We will now state a result on stability of
solutions to (28) in the almost sure sense.

Theorem 3. Let {X" : n > 1} and X be IR*—valued semimartingales such
that X™ 5 X. Let {Y™ : n > 1} and Y be R™—valued r.c.l.l. processes such

that Y™ % Y. Let G™, G be functionals from D(m) into I(m,d) such that for
an r.c.l.l. adapted process A, and for all r.c.ll. adapted processes Z', 72,

G(Z") — G(Z°)| < Av-|Z' = 27, (30)
|G™(ZY) — G™(Z?)¢| < Ae_|ZY = Z%;_ n> 1. (31)

Let Z and Z™ be solutions to

t
7z =Y, +/ G™(Z")ydXT
0

t
0

Suppose that
G"(Z2) 2% G(2). (32)

o
Then Z™ — Z and as a consequence

sup |Z7 — Zs| — 0 a.s.
0<s<t

*

If further, Y™ 5 Y, then Z" 5 Z.

It should be noted that the assumption (32) involves only Z and does not
involve Z™. Alternatively, the assumption (32) can be replaced by

G"(Z™) - G(Z™) > 0. (33)

This result is given in Karandikar [7]. The convergence in probability ver-
sion of this result appears in Emery [2].
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Let us now suppose that the functional G is given by
G(Z)1(w) = b(t—,U(w), Z(w))

where b : [0, 00) x D([0,00), IR¥) x D([0,00), R™) — IR™ ® IR? is a functional
assumed to satisfy for p, p1, p2 € D([0,0), R™), ¢, ¢*, ¢* € D(]0, <), IR¥),

b(s, ¢, p) = b(s, ¢?, p) if ¢! — ¢*|% =0, (34)

and
b(s, @, p1) — b(s, &, p2)| < As(@)|p1 — p2l}, (35)

where again A(¢!) = Ag(¢?) if |¢' — ¢2|% = 0 and for each ¢, As(¢) is an
increasing function of s. In this case one can construct an approximation of
the solution to the SDE

t
Z =Y, + / b(s—, U, Z)dX, (36)
0

that converges almost surely. (Here X is a IR? valued semimartingale and Y, U
are adapted IR™, IR* valued r.c.l.l. processes respectively.) This is achieved
by appropriately modifying the Eular-Peano approximation scheme as given
below:

Let stop times 7/ and processes W™ be defined inductively by:

70 =0and W° = H (37)
and having defined 77", Wi for § < i, let
oy =inf{t > Y = Yo + (7 U W) (X — Xon)| 2277
or |b(t,U,W™") —b(r]", U W™")| >27"}
and W, =W for t < 7/, and for t > 7%,

th’ile = W:ﬁz + YTin+1 - YT[‘ + b(Tinv U, Wn’i)(XT" - XT")

i+1 i

Thus, W™+ is a process that has jumps at 77, ..., 741 and is constant on the
intervals [0,7]"), - - ) [T7 T a)s e [T Tl 1)s [T 1, 00). Let us piece together
these processes W™*, i = 1,2, ... to define a step process H" as follows.

H = W24 for 7 <t <715,
Now define Z™ by Z§ =Y, and
Z5' = H 4 Yy = Yon + b(r] U, W) (Xy — Xpn) for 7 < t <7/

The following result is proven in Karandikar [8].
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Theorem 4. The approrimations constructed above, Z™ as well as H" con-
verge to the solution Z of (36) almost surely, i.e.

sup |Z7 — Zs| — 0 a.s.
0<s<t

sup |HY —Zs| — 0 a.s.

0<s<t

Moreover, Z" — Z = 0.

Pathwise formulae

The almost sure convergence results given above can be used to deduce path-
wise formulae for stochastic integral and for solution to a stochastic differen-
tial equation (see Karandikar [9]). We first give a pathwise formula for the
stochastic integral.

Let mappings Z,, and Z from D([0, oo, IR))x D([0, 00, IR)) into D([0, 00, IR))
be defined as follows: Fix a sequence ¢, such that Y €2 < oo. Fix p,n €
D([0,00,IR)). For n > 1, let {a? : i > 1} and Z,,(p,n) be defined by, aff =0
and for i > 0

Qg = int{t > al ¢ |p(t) - plai)] > en}

I (p,m)(t) = p(0)n(0) + Z pla) (n(af,y At) —nlal At)).

(Note that the sum above is a finite sum for fixed p,n and ¢ < oco.) Then
define 7 as

Z(p,n) = limZ,(p,n)

if the limit exists in the topology of uniform convergence on compact subsets
of [0, 00), otherwise define Z(p,n) = 0. Z gives a pathwise integration formula
in the following sense:

Theorem 5. Let X be a semimartingale on a complete probability space
(Y, FY PY), with respect to a filtration (G¢) satisfying the usual conditions.
Let Y be an (G:) adapted r.c.l.l. process. Then

is a version of the stochastic integral fot Ys_dXs.

This pathwise integration formula shows that when Y is r.c.l.l., the sto-
chastic integral fg Y;_dXs does not depend upon the underlying filtration nor
upon the underlying probability measure P.

The modified Euler-Peano scheme given above can be recast to yield
a pathwise formula for solution to the SDE (36). Let b be a functional
satisfying (34) and (35). Functionals J" and J from D([0,00), R™) X
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D([0,00), IRF) x D([0, 00), IR?) into D([0, o), IR™) are defined as follows. Fix
Y € D([0,00), R™), ¢ € D(]0,0), IR*) and n € D([0,00), IR?). Let a? and
6™ are defined by

a? =0 and 670 = ¢ (38)

and having defined a7, o™ for j <1, let

a?+1 = inf{t > a? : W}t - %g + b(a?v ¢7 gmi)(Xt - Xaf)‘ > 27"
or |b(t,¢,0™") —b(al, ¢,0™")| = 27"}

0" =67 for t <al,
= Gsif + Yar , — Yar + b(al, ¢,97AL’14)(17,1?+1 —nay) fort > a4
Thus, §™*+1 is a function that has jumps at a7, .,aiy; and is constant on

the intervals [0,af), -, [a},a%, ), - [a},a}y,), [a}y,,00). Now define p™ by
po = %o and

Py = O+ U — Car +b(a}, 6,0™) (0 — nay) for aff <t <afy.  (39)
Now define J™ (¢, ¢,m) = p™ and

T, ¢,m) =lm JT" (Y, ¢, n)

if 7™(¢, ¢,m) converges uniformly on compacts, and equal to zero otherwise.
As a consequence of Theorem 4, we get the following pathwise formula for
solutions to the SDE (36).

Theorem 6. Let X be a semimartingale on a complete probability space
(Y, FY PY), with respect to a filtration (Gy) satisfying the usual conditions.
Let Y,U be (G:) adapted r.c.l.l. processes. Let b satisfy (34) and (35). Then

Z=JY,U,X)

is the unique solution to the SDE

t
7, =Y, +/ b(s—, U, Z)dX,.
0
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1 Introduction

It is surprising that there are examples of local martingales {X;} which are
not martingales in spite of the existence of all moments ([6]). Recently there
have been several works linking the tail probability of the quadratic variation
{{X),} to that of the maximum process {sup,c, X} ([2], [3], [7]). In this
note we give a necessary and sufficient condition for one-dimensional diffusion
processes to be martingales.

On an interval (I_,l;) with —oo < I < I1 < 400, let m(dz) be a
non-negative measure satisfying m(Il) > 0 for any non-empty open interval
I c (I-,11). Denote the minimal diffusion process with speed measure m(dz)
and scale function s(z) = = by

{{Xt}t>0 ) {Pw}xe(l,,u)} :

Let
T =inf{t > 0,X; =a}, foraec (I_,l}),
and define
7+ = lim 7, 7— = lim 7.
ally all_

The equivalences

Py =) =1« m([r,z))dz = o0,

[T’l+) (1)
P (- =) =1<= m((z,r])dx = 00

(-]

are known ([5]). Now our problem is to find a condition under which the
continuous local martingale {XMT SAT_ } 150 becomes a martingale.
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For convenience, we cite an instructive calculation which was employed
in [4]. Suppose (I—,1;) = R and m(R) = 1. Then the diffusion process {X;}
starting with the initial distribution m(dz) becomes a stationary process.
However if

B1X| = [ fo] mids) < oo,
R

then {X;} cannot be a martingale, for, otherwise, X; — X € R as t — oo,
which contradicts the stationarity. This example shows that for any increasing
function ¢ we can create a strict local martingale satisfying E ¢(X;) < oo.

For a probability measure p on (I_,1), set P, = f(L ) wu(dz) P,. Now
our theorem is
Theorem 1. Suppose f(l,u) |z| p(dz) < oo. Then E, |Xipnronr | < oo for
anyt >0, and {Xt/\T+AT_} is a martingale under P, if and only if one of the
following conditions holds.
(i) Both 1, and l_ are finite.
(i) If —oo < I_ <l = o0, then

/ zm(de) =0 .
[r,00)

(111) If —co =1_ <4 < o0, then

/ |z| m(dz) = oo .
(_Ooar}

() If Iy =00 and l_ = —oc0, then

/ zm(dx) =00 and / |z] m(dz) = o0 .
[r,00) (—o0,7]

Conversely, if one of these conditions holds, then for any probability measure
woon (I-,14) satisfying f(l, 1) |z] p(dz) < oo, {X:} becomes a martingale
under P,,.

Ezxample 1. We can apply this theorem to check the martingale property of
Bessel processes. The Bessel process with index d € R is defined through the
SDE

dry = dB; + rotdt, 1o >0.
For d # 2, set a = u Then X; = 77%2 satisfies
d—2 (a=1)%t
dX, = X*dB, ,
with another Brownian motion B;. In this case | = 0, I, = co and m(dz) =

2272% dx, therefore condition (ii) is satisfied if @ < 1 and P,(m9 < o) = 1.
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Hence { X¢ar, } is a martingale iff & < 1, namely 2 > d. If d = 2, set X; = log r;.
Then
dXt = €_Xt dBt 5

hence [ = —o0, I = oo and m(dz) = 2¢** dz. In this case, condition (1) is
satisfied; however condition (iv) is not, therefore {X;} cannot be a martingale.

2 Proof

If —oo < I_ <y < 400, then {Xt/\T+AT_ }t>0 is bounded, hence it is trivially
a martingale. Therefore we assume that one of [_, 1l is infinite, for instance [
is +00. Then from (1) we see that P, (74 = oc0) = 1 for any x € (I_, +00). We
prepare two lemmas originating from [1]. Denote the generator of the process
by L, that is, ,
d7f

Lftw) = m(dx)dz
Lemma 1. There exist positive constants c; and co such that for any = €
(I_,400) and t > 0,

E, |Xm¢_| <1+ x|+ et .
Proof. Let f(x) be a continuous function satisfying
Lf(z) < cand f(x) = |x| for |x| sufficiently large,

with some constant ¢. Then

f(Xonr) = f() + / T Lf(X.)ds + M,
< (@) + et Ar_) + My

with a local martingale M;. Let [a, b] be an interval containing a and 7 be the
first exiting time from [a,b] of the process. Then we have

Eef(Xinr) < f(@) + cEe(EAT)
Letting a — [_ and b — oo, we see from Fatou’s lemma that
Eof(Xenr_) < flx) +ct |
which concludes the lemma. O

Lemma 2. If {XMT_} is a martingale with respect to P, for a probability
measure j on (I_,+00), then for everyt > 0 and x € (I_,4+00) we have

]Eth/\T_ =x. (2)

Conversely, if (2) is valid, then {Xt/\t} is a martingale with respect to P,
for any probability measure p on (I_,+00) satisfying fio || p(dx) < oc.
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Proof. Let 7 be the first hitting time of a € (I_, +00). Suppose {me,} is a
martingale with respect to IP,. Then for n =1,2,---, we have

E,u (X(t+7—/\n)/\7—, ‘f‘r/\n) = X pnar_ -

On the other hand, from the strong Markov property it follows that
Eu (X(t+'r/\n)/\‘r_ |‘7:T/\’I’L) = EX.,,\,L,\.L (Xt/\r,) .
On the event A = {7 < 7_}, as n — o0,

Xonnnr. — Xonr. = a,

Ex, . (Kine ) = Exor (Xins ) = Eo (Xonr )

therefore, if P, (A) > 0, then we have E, (XML) = a. However, since

for every x € (I_,4+00), it follows that P,(A) > 0. The rest of the proof is
clear from the Markov property. 0O

The following lemmas are crucial in the proof of the theorem.

Lemma 3. For A\ > 0, there exists a positive solution fi of Lf = Af which
is monotonically decreasing on (I_,4+00). Let oy = lim fi (). Then

o0

ar =0 [ ymiay) = oo =2 [Ty —a) foy) mldy) = [ (o).

On the other hand, suppose |_ > —oo. Then there exists a positive solution
f= of Lf = \f which is increasing on (I_,+00) and satisfies f_(I_) = 0. Any

other such solution is a constant multiple of f_.

Proof. The existence of a positive monotonically decreasing or increasing so-
lution of Lf = Af is known. Let f, be a positive monotonically decreasing
solution. Since f! () < 0 and f’, is nondecreasing, we have

ﬁmrnu—/wﬁ@m%

which, in particular, implies that f’ (x) is integrable on [a, 00). This combined
with the fact that f’ is nondecreasing shows lim f! (x) = 0, hence, recalling
that df’, (x) = Afy(z) m(dx), we see e
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fil@) = ays - / £i(y) dy
—ay+N [ d f d
oy / y/y L (2)m(dz)
—astA [ -0 f@midy) 3)

However, noting that fy(z) > ay for every z > q, if ay > 0, from (3) we
must have faoo ym(dy) < co. On the other hand, suppose faooym(dy) < 00.
Construct a solution by solving the integral equation

oo

o) =1+ A / (v — =) oly) m(dy)

x

This equation is solvable by iteration because faooym(dy) < 0. Clearly ¢
is positive, decreasing and the derivative goes to 0, therefore the Wronskian
vanishes:

¢ (x) f+(z) = (@) fi(x) =0,

which implies that there exists a positive constant ¢ such that f(x) = cp(x).
Since p(00) = 1, we see that ay > 0.

On the other hand, let f_ be any positive increasing solution of Lf = Af.
Suppose [_ > —oo. Since we have

Fo@) = 1) + £ = 1) 42 [ @) - @ymiay).

if f_(I_) > 0, then

m(dy) < oo
i

holds. However in this case we can redefine f_ by solving

f@) =z 1 +A/m(w—y)ff(y)m(dy)~

The argument using the Wronskian shows that any other such solution is a
constant multiple of f or f_. O

Let 7, be the first hitting time of a € (I_, 400). Using the same notations
as in Lemma 3, we have

f+(z)
f+(a)

Lemma 4. E e e = forx>a and Ey(e ™™, 17, <7_) =

b>x>1_ > —oc0.
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Proof. Let T = 7, A7p. Since f1 (X;)e ™ — fy(x) — fot e (L—N) fr(Xs)ds
is a local martingale, the optional stopping theorem shows

fi(z) =E; {f+ e 7T}
=E, {e »Ta <Tb} fr(a) +E; {e ATo 7 <Ta} f+(b

However, (1) implies 7, — o0, as b — o0; hence, observing that fy(b) —
f+(l4) < oo, we easily get

fr(@) = fr(a)Bge T
The equality for f_ can be derived in the same manner. O

Proof of the theorem. Let —oo < I < a < Iy = oo. First we assume
that {XML} is a martingale with respect to P,,. Then Lemma 2 implies that
{XML} is a martingale with respect to P, for every z € (I_,+0o0). Hence
the optional stopping theorem shows

E.Xinr_ar, =2 forany t > 0 and z € (I_,+00) .

Thus -
/ e M (EaXinr_nr,) dt=A""z.
0

To compute the left hand side, we introduce the other positive solution 1 of
Lf =M\f on (a,00) such that ¢'(a) = 1, ¢(a) = 0. Then it is known that for
T =a

/ e ME, f (Xonr, ) dt
0

~E, (/ e (X,) d )+ (@B e
fi(@ f+(@)
=2 [ rw sy mian + £ ot s man + SE 7 f @)

Set f(x) = z — a. Observing that 7— > 7, if x > a, dividing both sides by
(x — a), and letting x | a, we see that

v " Fe) (v — a)ymldy) = fo(a) -

From Lemma 3 we conclude f;o ym(dy) = co. If - = —o0, then similarly we
have [*_|y| m(dy) = occ.
Conversely suppose |_ = —oo and [~ ym(dy) = oo, f_ ly| m = 0.

To compute fooo e~ (E,X:) dt, we introduce the positive increasing solution
f-of Lf =\f. Then
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/O - e M (B X,) dt
=p! {f (z) /:O f+(y) ym(dy) + f+(x) /_; f-(y) ym(dy)} ;

where h is the Wronskian of { f, f_}. However, in this case, Lemma 3 implies

x

hence

/0C>O e M (B, X,)dt = (/\h)_1 {—x (@) fi(z) + afr(z) fL (x)}

for all A > 0 and = € R. By uniqueness of the Laplace transform, E, X; = =z,
from which Lemma 2 implies the theorem in the case when [, = +o0o. Now
suppose [_ > —oo. Then

/ we*”Exf (Xinr ) dt
0
— () / () Fly) mdy) + b () / £+ () F(y) m(dy)

if f(I-) =0, where h is the Wronskian of {f, f_}. Setting f(x) = —1_, we
see

I_ T —1_
At
EXTdt—f— s
/0 € TAENT_ 2\ A\

which completes the proof. 0O
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Abstract: For F : R — R a C? function, and more generally a difference of convex
functions, (S¢,t > 0) a continuous strict local martingale taking values in Ry, we
investigate under which condition the stochastic integral appearing in 1t6’s formula
applied to F(St),t > 0, is a true martingale and, if not, how it may be corrected to
become one.

1 Introduction

Throughout this paper, we consider S = (S, ¢ > 0) an Ry — valued continu-
ous local martingale, which is strict, i.e. it is not a martingale. We assume S,
is a fixed positive real. Since (S, t > 0) is a strict local martingale, some care
is needed when applying to it, or to martingale functionals of S, the optional
stopping theorem. This needed care is illustrated by the “correct” form of the
It6-Tanaka formula which we state now and which will play a central part in
this paper.

Theorem 1. If 7 is a (F;) stopping time which is a.s. finite, and K > 0 there
is the identity:

E[(S, — K)*] = (So— K)* + %E [£5] — es(r) (1)
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where (LX) denotes the local time of (S;) at level K and time T and

cs(t) = nler;O nP <ilig Sy = n> (2)
= Jim [ (nr (VES1e > )
=E[Sy— S;].

Note that the penalty cs(7) which turns out to be equal, in particular to:
E[Sy — S;], measures the lack of martingality of (Siar,t = 0). The identity
between the three quantities in equation (2) was already obtained in Theorem
1 of Elworthy, Li and Yor (1999) completing the results in Elworthy, Li and
Yor (1997) and Azema, Gundy and Yor (1980).

As a consequence of formula (1), we obtain a further complement to the
different expressions of cg(7), namely

1 K
cs(T) = Klgnoo §E [,CT } (3)
which follows upon letting K — oo on both sides of (1).

We now explain the “financial motivation” which led us to the identity (1)
above and its financial meaning. In applications within mathematical finance
the process S could represent a discounted price process or the process for a
forward or futures price. It is problematic, as noted in Heston, Loewenstein,
and Willard (2004) to take for the price of a European option written on S
with maturity 7" and strike K the value

Ck, )Y E [(ST - K)ﬂ (4)

which is finite; in fact, assuming that E[St| < Sy (which happens if (Siar) is
a strict local martingale), then we still get:

E [(ST - K)ﬂ < (So—K)* (5)

for K small enough. Moreover, the inequality (5) cannot hold for all K’s since
the right hand side is zero for K > Sy, and in general the left hand side will
never be zero.

In financial analysis the option to buy is generally viewed as more valuable
than the value of a forward contract that represents the obligation to buy at T'
for K dollars. The obligation to buy is a simple portfolio that is long the stock
and short K dollars at T. The current value of the stock being Sy leads to the
value of the forward as Sy less the present value of the strike and hence market
call prices are larger than (Sg — K)T. Hence the problem with modeling the
call price using (4) when we have a strict local martingale for the stock price
process.
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In terms of hedging principles we note that one may replicate the forward
stock at the cost of Sy, by buying and holding the stock to the forward date.
However, this is not the most efficient way to replicate the forward stock at
the precise forward date, in this model. Here there is a cheaper strategy that
involves an initial cost of E[St] < Sy coupled with a dynamic trading strategy
accomplishing this objective. This latter hedge for the forward stock is tailored
to the forward date and is not robust to early liquidation considerations. In
fact it is exposed to unbounded exposure on a marked to market basis if
the short forward stock is marked as a liability with the value of S;. The
valuation we propose considers the limit of values taken at a reducing sequence
of stopping times and is thereby robust to random early liquidations.®

More precisely, we propose instead as a pricing model, the limiting value
attained in a sequence of approximating martingale models. Let (T,,n > 1)
be any sequence of stopping times, increasing to 4oo, and reducing S, i.e.
S = (Sar,,t > 0) is a uniformly integrable martingale. As an example
for the reducing times one may take the first time the process crosses the
level n. Such a choice forces the price process, in the continuous case for
example, to live in the rectangle ([0,n] x [0,T]) for the practical purpose of
price determination. Hence, we propose as the price of the European option
written on S :

n—oo

Cstrict (). T) “ fm E [(ST/\Tn - K)—q : ©)

We shall show, however, that the proposed limit is independent of the selection
of the reducing stopping times.

First, we note that the sequence {E {(STAT” — K)ﬂ n=12--- } is in-
creasing and bounded above by Sp; hence it converges and the RHS of (6) is
well defined. It is also easily shown that this sequence is bounded below by
(So — K)* and hence the intrinsic value remains a lower bound. The same
argument holds if we replace T' by any stopping time 7 (with respect to the
filtration (F;)). Thus, instead of (6) we shall consider more generally

cotriet (K, ) % lim B [(STATW —K)* (7)
n—oo
where 7 always denotes an a.s. finite stopping time. The supremum over all
stopping times of (7) would be our candidate for the American option price
with respect to a strict local martingale for the underlying asset price.

In order that this definition be sensible, we need to show that the RHS of
(7) does not depend on the reducing sequence (7},). In the next proposition
we give two intrinsic expressions of C*"¢*( K 7), which proves a fortiori that
the definition (7) does not depend on the reducing sequence (T5,).

We in fact have that

Ot (K, 1) = sup E | (Sonr — K) | . (8)

! We are indebted to Freddy Delbaen for discussions on this point.
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Proposition 2. The value of C*'" (K, 7) is equal to:

CStriCt(K,T) — (So*K)++%E [‘Cf} (9)
= B[(S, = K)*] + lim (nP (M; > n)) (10)

where on the RHS, (L',f(,t > O) denotes the local time at level K of S, as
defined in Meyer (1976) and discussed further in, e.g. Yor (1994), and My =

sup,< (Ss) -

We observe that the correction term of lim,, o (nP (M, > n)) in equation
(10) for the value C*!"?t (K, T) relative to the direct expectation E {(ST —K)+]

is independent of the strike and hence is absent from all call spreads or other
bounded claims. Hence, the computations of put option prices, in for example
Emmanuel and MacBeth (1982), is in accord with our computation of

petrict (i 1) “f im E [(K - ST/\TH)JF} .

n—oo

It follows from the martingale property for the stopped processes that the
Emmanuel and Macbeth (1982) call price is in accord with C*"!( K, 1) and

above the value for E [(ST -K )+] by the shortfall of the correction term

lim,, oo (nP (M, = n)) or cs(7).2

Much in the same way as Ito’s formula may be recovered from Tanaka’s
formula, we shall deduce from (6) an integrated and corrected form of Ito’s
formula. For this purpose, let us associate with any f € L*(R, dK) its second
antiderivative:

Fyla) = [ AR A - K
and more generally, if u(dK) is any finite measure on R, we define
Fule) = [ wlare - K)*.
We also define by
7= [ s = [ i),

Then we present the following form of Ito’s formula.

Proposition 3. With the previous notation and assumptions, we obtain

BIFy (S, = Fy(S0)+ 37 | [ d(S)uf(50)] = Fesr).

2 We are indebted to Peter Carr for discussions on this point.
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More generally there is the formula

BIR(S.)] = Fulso) + 3| [ utar)z¥] ~pesto)

As a noteworthy consequence of Proposition 3, we get the following

Corollary 4. The processes

Fy($0) = Fy(S0) = 5 | d(S)0(5.) = T(5i = 50). 20

and
1 o0
Fu(S) = FulS0) — 5 [ nldK)CE ~ (S, - S), ¢ 0
0

are martingales.

The rest of the paper is organized as follows. In section 2 we give a proof of
Theorem 1, as the identity (1), which differs from that of Proposition 2, as the
latter relies upon the two expressions of C*'"“!( K, 1) given by equations (9)
and (10). The proof of Proposition 2 is also provided in section 2. The other
results follow easily. Section 3 presents an explicit computation of all the terms
E {(ST - K)q , E[£%], and lim, . (nP (Mg >n)) for the archetypical

strict local martingale:
1

"R
where (R, t > 0) denotes a BES(3) process, starting from r > 0.

With the help of the h—process relationship between the BES(3) process,
and the Brownian motion process, which we write as

3 XiaT
P:\J):t = <t,,/4\0> ’ Wr|ft, (11)

St

where P{®) denotes the law of the BES(3) process starting from r, and W,
denotes the Wiener measure such that W, (Xo=r) = 1. We are able to
express the identity (1) in terms of a martingale property involving Brownian
motion and its local time at a given level.

The financial relevance of strict local martingales and the “so called” CEV
(constant elasticity of variance) processes with diffusions coefficients given by
a power of the stock price, with a power greater than one, as studied for exam-
ple in Heston, Loewenstein and Willard (2004) or Delbaen and Schachermayer
(1995) may well arise in the context of modeling defaults. In the current liter-
ature (Jarrow and Turnbull (1995), Duffie and Singleton (1999)) the default
is modeled by a sudden jump to a default state and the drift in the stock is
adjusted upward by the hazard rate exposure to the default event to recover a
local martingale by compensating for this sudden loss in value. Alternatively,
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the strict local martingales offer the possibility of diffusing to default with the
compensation arising in terms of a substantial probability of spending time
at high levels of the stock price as described by equation (3). Interestingly,
one could employ a knowledge of supermartingale exit times as described in
Follmer (1972) to help calibrate the implied default time density to the credit
default swap markets. Of course, in this case, we advocate pricing European
call options in accordance with equation (6).

2 Proofs of Theorem 1 and Propositions 2, 3 and
Corollary 4

We present in this section the proof of Theorem 1 and the Propositions stated
in the Introduction.

Proof. of Theorem 1.

a) It is well known that if an (F;) adapted process (M;) satisfies: E (|M.|) <
oo and E [M,] = 0, for every bounded stopping time 7, then it is a (F;) mar-
tingale, (and the converse is also true).

Thus, to prove (1), using the expression cs(7) = E[Sy — S;], we need to
show:

1
NE = ((st_Kﬁ_st) - ((SO—K)+—SO—2L{<>, t>0

is a martingale.

Remarking that: ((St —K)t - St) =— (St ANK), we get,

—Nf{:(St/\K)—(SO/\K)-i-%CtK7 t=0.

It follows from Tanaka’s formula that (— N5, ¢ > 0) is a local martingale, but,
in fact, much more is true: indeed, it is uniformly integrable, and in fact, it is
BMO, as we shall now show.

b) Since (S; — K)* — $L{,t >0, is a local martingale, we deduce easily

1
S [LE] < S
and hence : )
~E[£E] < So.
2 [ 00] 0
Hence (—M,) is a uniformly integrable martingale. We deduce therefrom that

SE (LK~ £EIF) = (5.0 K) ~ B[(Sw AK) IR < K

which proves the desired result.
¢) The preceding implies that, not only is formula (1) true for bounded
stopping times; it is in fact true for every stopping time, bounded or not. O
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Proof. of Proposition 2.
We first write Tanaka’s formula

t
1
<&—Kﬁ:w%—Kﬁ+/1&Mmz+yf
0

We remark that .
sk / 1s,>xdS,
0

is also a local martingale.

We now consider R a stopping time which reduces (S,,u > 0), and
(Rff ,p = 1,2,---) a sequence of stopping times increasing to +oo which
reduces (StK, t> O) . Thus we can write

+ v 1 K
E | (Sramams) — K) | = (S0 - K)* + 5F {ﬁ('r/\R/\Rff)} - (1)
We then let p increase to +o0o and we get, on the left hand side, the convergence
in £ of
{S(TAR/\R{f)’p - OO}
towards S;ar; On the right hand side, it suffices to use Beppo-Levi; thus we
deduce from equation (12) that

B[(S,n ~ K] = (8~ K) + 28 €5z (13)

for every reducing stopping time of (S, t > 0).
Finally, using (13), we get (9) by invoking again Beppo-Levi, when using
the sequence (R,,n — o).
We now assume that (S, ¢ > 0) is continuous, and we take for R,, the
times
Ry, =inf{t: S, >n}.

Next we write:
E|(Srnr, = K)'| = B[(S: = K) lecr, | + (0= K)* P (R, < 7)) (14)
The first expression in (14) converges as n — oo towards
E [(ST - K)*} .
Hence the second also converges, and is equal to

lim (n — K)*P(n < M,) (15)
n— o0

where M; = sup,<,(Ss). It is now immediate that the limit in (15) is that of

nP (n < M;)

and hence it does not depend on K. O
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Proof. of Equation (8).

In order to prove the result (8) we replace the local submartingale
(S; — K )+ ,t > 0, by a general continuous Rt —valued local submartingale
X, t > 0,with canonical Doob-Meyer decomposition:

Xy =Xg+ N+ A, t >0

where (N¢,t > 0) is a local martingale, (A;,t > 0) is a continuous increasing
process, Ny = Ag = 0. Then, we shall show:

sup EX,) =X+ E[A;]. (16)

o<T,0 stopping time

We consider (R,,n — 00) a sequence of stopping times increasing to +oo
which reduce the local martingale (Mia,t > 0). Then if o < 7, 0 a stopping
time, we obtain

E[Y,] <lim, ,E [Y,nr,)| , (from Fatou’s Lemma)

<
< lim F [20 + AUARH]
=Xy + E[A,]

From Beppo-Levi (16) follows by taking finally, o = 7.
The same kind of argument shows that if T' is any stopping time which
reduces (Siar,t > 0) then:

E((Sr— K)*] = (S0~ K)" 4+ 3B [2f]

Thus for any reducing sequence (T,,,n — 00) of (Siar,t > 0) we obtain

tim B [(Sr, — K)*] = (S~ K)" + B [£F]

n—00 2

thus proving (9).
In order to prove (10) we take

Ty =inf{t: S, >n}

Then

n—oo

Cotrict(r K) = lim E [(SMT; - K)*} (17)
+
T

n—oo

It is now easily shown, using expressions for ¢s(7) (see Theorem 1 above) that
(10) follows from (17). O
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As noted the equality between (9) and (10) also follows from Theorem 1
but here we gave a direct proof. Conversely, a second proof of Theorem 1 is
provided by the equality of the right hand side of (9) and (10).

Proof. Second proof of Theorem 1.
It follows immediately from the equality of the right hand side of (9) and
(10).

Proof. of Proposition 3.
It suffices to integrate both sides of (1) with respect to f(K)dK, respec-
tively u(dK) and use Fubini’s theorem, as well as

[ asrss = [arsors,

Proof. of Corollary 4.
Write

1

N = Fy (50 = Fy(S0) = 5 [ (@81 (5 = (5= )

and similarly (N},t > 0).
Then:
E[Nf] =0and E[N¥] =0
for every bounded stopping time. As recalled at the beginning of the proof
of Theorem 1, it is well known that this is equivalent to (Ntf ) , respectively

(N}') being a martingale. O

3 The BES(3) example, and its translation in terms
of Brownian motion

We now consider the particular case of the identity (1) when S; = R%,t >0,

under P,G) .As we have seen in the proof of (1) given in section 2, it is equivalent

to the property that
1 1 1
— )JAK+-cE(=]),t=0 18
() 5+ 545 (%) (18)

is a (uniformly integrable) martingale. We would like to translate the property
in (18) in terms of Brownian motion, thanks to the absolute continuity relation
(11). Thus we deduce from (18) that under W, :

(G

is a W, martingale.
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It is easily seen that,

1 1
et () = ek o)

therefore we can write (19) as:
1 1
(LA (KXiam,)) + §K2‘Ctk (X) Xenz, (20)
is a local martingale under W,, and it is easily shown in fact that it is a

martingale. Equivalently:

1 1 L
() A Xewm) + 3KEF (X) Xio, (21)
is a W, martingale.

We now check this property: We use the notation U ~ V if U — V is a
local martingale; then (21) translates as

1 1 L
(K) A (Xenr,) ~ —iKﬁtK (X) Xinr, (22)
whereas
K L 1.1
?Et (X) Xenry ~ §‘Ct/\TO (X). (23)

Thus we see that by adding (22) and (23) term by term, we get that the
expression (21), hence that in (20) is a martingale under W,..

A similar discussion may be undertaken for any Bessel process (R;,t > 0),
with dimension § > 2, starting with the strict local martingale

()7}

The following relation holds

PO _ Riny, 5_2.P(475)
r|Fe r | Fe

(See for example Revuz-Yor (1999)).
The role played by the pair:

1
{R,under PT(3)} and {X¢nr,, under W,.}
t

is now played by

1 _
{(R),s_L under P}‘”} and {(RMTO)‘S % under PT(‘*—‘S)}.
t
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We note that the strict local martingale (that is the CEV process studied
in Heston, Loewenstein and Willard (2004)) :

(0) def 1
St - (Rt)672’t 2 0

satisfies:

s = 7"5%2 +(6-2) /Ot (855))(%) df(u)

for a Brownian motion 3 ( (—(,) is the martingale part in the semimartingale
decomposition of R,, under Pr(é)).

4 A Further Discussion of the Correction Term

We start again from formula (1) and (2), which yield:
1
B[(S: = K)*] = (S0~ K)* + 3B [£X] - B[S - S.].
since we have

S,ANK =8, (S, —K)*

it follows that 1
E[(S: NK)] = (SoANK) — 5P [£X]

which, since this is true for all stopping times is equivalent to
1
{(St/\K) — (So AK) + §Lf,t > 0}

is a true uniformly integrable martingale.
The correction is therefore equivalent to

1
((St/\K)+2£f<,t>O)_(NtK7t>O) (24)

is a positive martingale. These martingales are in fact in BMO. To observe
this we note first that
(Nt >0)
is uniformly integrable as
1
Hence we have that
E[LE] <
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But from (24) we have
1
SE LK — LFIF] = (S A K) — B[(Se A K) | (25)

then: £LX | as a random variable, or E [£§O|ft] as a process is in BMO. This
fact will be vastly generalized in the next section.

Given the previous discussion, the following remark is immediate, but,
nonetheless quite noteworthy.

Proposition 5. For any K > 0, and every stopping time T, one has:

%E[,Cf]:So/\K—E[ST/\K] (26)

In particular, if S; = 0, then one has:
1
§E[£f] =SoANK (27)

We illustrate the identity (27) by taking, for (Siar), Brownian motion
starting from Sy > 0, and considered up to 7 = inf {¢,.S; = 0} . Then, the
Ray-Knight theorem which describes the law of {Ef K > O} (see e.g. Revuz
and Yor (1999)) asserts that (LK, K < Sy) is the square of a 2—dimensional
BES process, whereas for K > S, it is the square of a 0—dimensional BES
process. This implies a fortiori the identity (27).

5 Universal Reducing Processes

In this section we shall exhibit some classes of deterministic functions f and ¢
such that, for any continuous local martingale (S, ¢t > 0) taking values in R,

[ rsias,
/0 " 6(5.) dS.

are uniformly integrable martingales.

We call such functions, universal reducing functions. In the following
Proposition, we exhibit such functions, whose reducing properties are par-
ticularly strong.

Proposition 6. (i) If f belongs to L? (R, ,dx), then

o= ([ rushaas.t > o)
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belongs to H*, i.e. its bracket is uniformly bounded (by: fooo f2(x)d;v); a
fortiori, (Utf, t> 0) belongs to BMO.
(ii) If ¢ belongs to L? (Ry,dK), then

Ve = (/t $(S,)dS,,t > o)
0

is a square integrable martingale;

(iii) If furthermore, [;° dK¢*(K)K < oo then
)

belongs to BMO.

Proof. (i) This property follows immediately from :

- t
([ us)ase = [ Fus)s),
()t

= / f2(z)dx
0

< / f2(z)dx.
0

(ii) We may write

/0 TS0y, = [ PK)CKdK

0

and we use the inequality
E K] <258,

which we have already noted.
(iii) The result follows from:

E Utoo ¢2(Su)d<5>u|ft] = /Oo dK¢*(K)E [L5, — L |F]

0

> 2
< /0 dK¢* (K)2K,

from (25). O
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Summary. We investigate a class of Hilbert space valued martingale-valued mea-
sures whose covariance structure is determined by a trace class positive operator
valued measure. The paradigm example is the martingale part of a Lévy process. We
develop both weak and strong stochastic integration with respect to such martingale-
valued measures. As an application, we investigate the stochastic convolution of a
Co-semigroup with a Lévy process and the associated Ornstein-Uhlenbeck process.
We give an infinite dimensional generalisation of the concept of operator self-
decomposability and find conditions for random variables of this type to be em-
bedded into a stationary Ornstein-Uhlenbeck process.
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1 Introduction

The aim of this paper is to introduce some new concepts into stochastic analy-
sis of Hilbert space valued processes with a view to gaining deeper insights
into the structure of Lévy processes and other processes which can be built
from these.

We begin with an investigation of Hilbert space valued martingale-valued
measures. Finite dimensional versions of these (called “martingale measures”

** Work carried out at The Nottingham Trent University
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therein) were first introduced by Walsh [38] to formulate stochastic partial
differential equations (SPDEs) driven by a continuous space-time white noise.
They were further developed in [23] and in [3] they were generalised to deal
with SPDEs with jumps. In [2], the author found them a convenient tool for si-
multaneously dealing with stochastic integration with respect to the Brownian
and the compensated small jumps part of a Lévy process, when the integrands
depend both on time and the jump-space variable. Here we extend this latter
construction to the infinite dimensional context. In particular, we investigate
a class of martingale-valued measures whose covariance structure is deter-
mined by a trace class positive operator valued measure. This is precisely the
covariance structure found in the martingale part of a Lévy process- indeed it
is well known that the covariance operator of Brownian motion is trace class
(see e.g. [11], proposition 2.15, p.55). Here we show that the covariance of the
compensated small jumps is also determined by such operators, which in this
case are a continuous superposition of finite rank operators. Our approach
exploits the Lévy-Ito decomposition of a Lévy process into drift, Brownian,
small jump and large jump parts which has recently been extended to type 2
Banach spaces by Albeverio and Riidiger [1].

Having established a natural class of martingale-valued measures M, we
develop both weak and strong stochastic integrals of suitable predictable
processes. In the first of these the integrand (F'(¢,z),t > 0,2 € E) (where E is
a Lusin space) is vector valued and we generalise the approach of Kunita [24],
who dealt with the case where M is a martingale, to construct the scalar val-
ued process fot Jp(F(s,x), M(ds,dx)) g, where (-,-)g is the inner product in
the Hilbert space H. In the second of these, (G(t,x),t > 0,2 € E) is operator-
valued and we generalise the stochastic integral of Métivier [28] who dealt with
the case where M is a martingale (see also [29], [11] for the case of Brownian
motion), to construct the Hilbert space valued object fot J G(s,z)M(ds, dx).

As an application of these techniques, we first study the stochastic con-
volution fot S(r)dX(r), of a Cy-semigroup (S(r),r > 0) with infinitesimal
generator J with a Lévy process X = (X(¢),t > 0). We then apply this to
investigate the generalised Langevin equation

Ay (t) = JY () + dX (1), 1)

whose unique weak solution is the Ornstein-Uhlenbeck process. Equations of
this type driven by general Lévy processes, were first considered by S.J. Wolfe
[39] in the scalar case where J is a negative constant. Sato and Yamazato [36],
[37] generalised this to the multi-dimensional case wherein —J is a matrix all
of whose eigenvalues have positive real parts. The generalisation to infinite
dimensions was first carried out by A. Chojnowska-Michalik [9], [8] (see also
[11], [6] for the Brownian motion case). Using our stochastic integration theory
we are able to give an alternative construction of the solution in which the
Lévy-It6 decomposition is preserved within its structure. This is useful for
later analysis as we see below.
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We remark that, in the finite dimensional case, Ornstein-Uhlenbeck pro-
cesses driven by non-Gaussian Lévy processes have recently been applied to
the construction of self-similar processes via the Lamperti transform ([5]) and
to models of stochastic volatility in the theory of option pricing [5], [31]. In
the latter case, it may be that the infinite dimensional model as considered
here, is more appropriate, as it can approximate the very large number of
incremental market activities which lead to volatility change.

Finally, we consider an infinite-dimensional generalisation of self-
decomposability. We recall that a real-valued random variable X is self-
decomposable if for any 0 < ¢ < 1, there exists a random variable Y., which
is independent of X such that

X2LcX+Y, (2)

Such random variables were first studied by Paul Lévy and they arise natu-
rally as weak limits of normalised sums of independent (but not necessarily
identically distributed) random variables (see e.g. [35], section 3.15). The de-
finition was extended to Banach space valued random variables by Jurek and
Vervaat [22] (with ¢ still a scalar) while Jurek and Mason [21] considered the
finite-dimensional case of “operator self-decomposability” where c is replaced
by a semigroup (e!/,t > 0), with J an invertible matrix. Jurek [19] also
investigated the case where J is a bounded operator in a Banach space. It is
a consequence of results found in [39], [21], [22] and [37] that X is (operator)
self-decomposable if and only if it can be embedded as X (0) in a stationary
Ornstein-Uhlenbeck process. Furthermore a necessary and sufficient condition
for the required stationarity is that the Lévy measure v of X has a certain
logarithmic moment, more precisely f\w|>1 log(1 + |z|)v(dz) < oo, so we see
that this is a condition on the large jumps of X (see also [16]).

Here we generalise operator self-decomposability by taking (e=*/,¢ > 0)
to be a contraction semigroup acting in a Hilbert space H (see [20] for the
case where it is a group acting in a Banach space). We emphasise that, in
contrast to the cases discussed in the previous paragraph, J is typically an
unbounded operator. We are able to obtain a partial generalisation of the
circle of ideas described above which relates self-decomposability, stationary
Ornstein-Uhlenbeck processes and logarithmic moments of the Lévy measure.
The failure to obtain a full generalisation arises from dropping the condition
that J is invertible, which appears to be unnatural in this setting and also
from the fact that the operators e */ are no longer invertible. We note that the
link between stationarity and logarithmic moments has also been established
in [9] using different methods, and by a more indirect route than that given
here (see also [15]).

The stochastic integration theory developed herein will have extensive fur-
ther applications. In particular, it can be used to construct solutions to sto-
chastic differential equations driven by Hilbert space valued processes with
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jumps, generalising the Brownian motion case ([11], [25]). The details will
appear elsewhere (see [27] for work in a similar direction).

Notation. RT = [0,00). If X is a topological space, then B(X) denotes
its Borel o-algebra. If H is a real separable Hilbert space, b(H) is the space
of bounded Borel measurable real-valued functions on H and L(H) is the *-
algebra of all bounded linear operators on H. The domain of a linear operator
T acting in H is denoted as Dom(T").

Acknowledgement. I am grateful to Zbigniew Jurek for some useful com-
ments and the referee for a number of useful observations. Thanks are also
due to Fangjun Xu for valuable suggestions for improvements.

2 Martingale-Valued Measures With Values
in a Hilbert Space

2.1 Hilbert Space Valued Martingales

Let (2, F, (F:,t = 0), P) be a stochastic base wherein the filtration (F,t > 0)
satisfies the usual hypotheses of completeness and right continuity. Let H be
a real separable Hilbert space with inner product (-,-)y and associated norm
[|-]|- Throughout this article, unless contra-indicated, all random variables and
processes are understood to be H-valued. To any such random variable X, we
associate the real-valued random variable || X||, where || X||(w) = || X (w)]|, for
each w € 2.

The predictable o-algebra P is the smallest sub-o-algebra of B(RT) @ F
with respect to which all mappings ' : R* x {2 — H are measurable, wherein
(F(t),t > 0) is adapted and ¢t — F(t,w) is strongly left continuous for each
w € £

If G is a sub-o-algebra of 7 and X is a random variable such that
E(]|X]]) < oo, the conditional expectation of X given G is the unique G-
measurable random variable Eg(X) for which

E(14X) = E(14Eg(X)),

for all A € G (see e.g. [11], section 1.3). Many familiar properties of conditional
expectation from the case H = R carry over to the general case, in particular

Eg((X,Y)n) = (X,Eg(Y))u, as.

it E(]|X]|| V]|Y]]) < co and X is G-measurable.

An adapted process X = (X(t),t > 0) is a martingale if E(]| X (t)]]) < o0
and E(X (¢)|Fs) = X(s) (a.s.), for all 0 < s < t < oo. A martingale is said
to be square-integrable if E(|| X (¢)||?) < oo, for all t > 0. By proposition 3 of
[24], any square-integrable martingale has a strongly cadlag modification.

If X is a square-integrable martingale, then (||X(¢)||?,¢# > 0) is a non-
negative uniformly integrable submartingale, hence by the Doob-Meyer de-
composition, there is a unique increasing, predictable integrable process
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((X)(t),t = 0) such that (||X(2)||*> —(X)(¢),t > 0) is a real-valued martingale
(see e.g. [24]). T Y = (Y'(¢),t > 0) is another square-integrable martingale,
we may, for each ¢t > 0, define (X,Y)(¢) in the usual way by polarisation, i.e.
1
4

Note that for all 0 < s <t < o0,

(X,Y)(t) = (X +Y)(t) = (X = Y)(8)].

E((X () = X(s),Y(t) = Y(s)u|Fs) = E((X, Y)(t) = (X, Y)(s)| F(5))-

Two square-integrable martingales X and Y are said to be orthogonal if
(X, Y)(t) = 0, for all ¢ > 0 (or equivalently, if ((X(¢),Y (¢))g,t > 0) is a
real-valued martingale).

Note. A different definition of (-) for Hilbert space valued martingales is
given in [11], section 3.4. We prefer to use that of [24] as it appears to be
more general.

2.2 Martingale-Valued Measures

Let (S, X)) be a Lusin space, so that S is a Hausdorff space which is the image
of a Polish space under a continuous bijection and X is a Borel subalgebra of
B(S) (see e.g. Chapter 8 of [10]). We assume that there is a ring A C X~ and
an increasing sequence (S,,n € N) in X such that

e S= UnENS"
o X, :=2X|s, CA forallneN.

A martingale-valued measure is a set function M : Rt x A x 2 — H which
satisfies the following (c.f [38], [23]):

1. M(0,A) = M(t,2) =0 (as.), for all A€ At >0.

2. M(t,AUB) = M(t,A) + M(t,B) (as.), for all t > 0 and all disjoint
A Be A

3. (M(t,A),t > 0) is a square-integrable martingale for each A € A and is
orthogonal to (M (t, B),t > 0), whenever A, B € A are disjoint.

4. sup{E(||M(t, A)||?),A € X,} < oo, for all n € N, > 0.

Note. In Walsh’s terminology [38], M is a “o-finite L?-valued orthogonal
martingale measure”.

Whenever 0 < s < t < oo, M((s,t],-) == M(t,-) — M(s,-). M is said
to have independent increments if M((s,t],A) is independent of F, for all
Aec A 0<s<t < oo

Given a martingale valued measure M, for each t > 0, we can define a
(random) real-valued set function (M)(¢,-) on A and (3) ensures that

(M)(t, AU B) = (M)(t, A) + (M)(t, B) a.s.
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for all ¢ > 0 and all disjoint A,B € A. A theorem of Walsh ([38], theorem
2.7, p.299) enables us to “regularise” (M) to obtain a (random) predictable
o-finite measure on B(R™) ® X, which coincides with (M) (a.s.) on sets of the
form [0,¢] x A, where t > 0, A € A. In the sequel, we will abuse notation to
the extent of also denoting this measure by (M).

A positive-operator valued measure or (POV measure for short) on (S, X)
is a family (T4, A € A) of bounded positive self-adjoint operators in H for
which

[ ] Tg :O7
o Taup =Ta+ Tg, for all disjoint A, B € A.

Note. This is a slightly different use of the term POV measure than that
employed in the theory of measurement in quantum mechanics (see e.g. [13],
section 3.1).

We say that a POV measure is decomposable if there exists a strongly
measurable family of bounded positive self-adjoint operators in H, {T,.,z € S}
and a o-finite measure A on (S, X) such that

TA¢:/ATIT/’)\(d$),

for each A € A, € H, where the integral is understood in the Bochner sense.

We recall that a bounded linear operator Z on H is trace class if
tr(|Z|) < oo, where |Z| = (ZZ*)%. Let £1(H) denote the space of all trace
class operators on H, then £;(H) is a real Banach space with respect to the
norm ||Z||; = tr(|Z]) (see e.g. [34], section VI.6). A POV measure is said to
be trace class if each of its constituent operators is.

Now let M be a martingale-valued measure on R™ x S. We say that it is
nuclear if there exists a pair (T, p) where

o T =(Ty,Ac A)is a trace class POV measure in H,
e pis a o-finite measure on RT,

such that for all 0 < s <t < o0, A€ Ay € H,

E(I(M((s,1], A), ¥)u[*) = (¥, Tav)p((s, ). 3)

A nuclear martingale-valued measure is decomposable if (T4, A € A) is
decomposable.

Proposition 2.1 If M is a nuclear martingale-valued measure, then for all
t>0,A€ A,
E((M)(t, A)) = [|Tall1p((0,2]).
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Proof. Let (en,n € N) be a maximal orthonormal set in H. We have
E((M)(t, A)) = E(||M(t, 4)|*)

= S E(|(en, M(t, A)utl?)

p(( ) ])Z(enaTAen)
n=1
tr(T

= p((0,¢
= p((0,1])tx(T). o

2.3 Lévy Processes

Let X be a Lévy process taking values in H, so that X has stationary and
independent increments, is stochastically continuous and satisfies X (0) = 0
(a.s.). If p; is the law of X (¢) for each ¢t > 0, then (p:,t > 0) is a weakly
continuous convolution semigroup of probability measures on H. We have the
Lévy-Khinchine formula (see e.g. [32]) which yields for all ¢ > 0,4 € H,

E(exp(i(¢, X (t)) ) = "),

where
a(¥) = i(G V) — 5 (6, Qv)

+ / (@98 1 i, ) gL <y ) (), (4)
H—{0}

where ( € H, (@ is a positive, self-adjoint trace class operator on H and v is
a Lévy measure on H — {0}, i.e. fH_{O}(HxH2 A 1v(dz) < oo. We call the
triple (¢, Q,v) the characteristics of the process X and the mapping a, the
characteristic exponent of X.

Example 1 (Q-Brownian motion)

Q-Brownian motion Bg = (Bg(t),t > 0) has characteristics (0,Q,0). It is
a Gaussian process with continuous sample paths and covariance operator
Q (see e.g. [11], section 4.1) so that E((v, Bo(t))%) = t(v,Q), for each
Y e H,t 2 0. If (\,,n € N) are the eigenvalues of Q and (e,,n € N) are the
corresponding normalised eigenvectors, we have the useful representation of
Bg as an L?-convergent series:

Bo(t) =Y VAuBn(t)en, (5)

for each t > 0, where (8,,,n € N) are independent standard real-valued Brown-
ian motions.
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In the sequel, a Lévy process with characteristics (¢, @,0) will be called
a @Q-Brownian motion with drift, while a Lévy process with characteristics
(¢,0,v) will be said to be non-Gaussian.

Example 2 (a-Stable Lévy Processes)

A Lévy process is said to be stable if p; is a stable law for each ¢ > 0, i.e. for
all a,b > 0, there exists ¢ € H and ¢ > 0 such that

(Tapt) * (Topt) = 6 * (Tept)s

where for any measure ¢ on H, (1,q)(E) = q(a™'E), for all E € B(H).

By a theorem of Jajte [17], a Lévy process X is stable iff it is a Q-Brownian
motion with drift or it is non-Gaussian and there exists 0 < a < 2 such that
T.v = c®v, for all ¢ > 0. We call this latter case an «a-stable Lévy process. An
extensive account of stable distributions in Hilbert and Banach spaces can be
found in Chapters 6 and 7 of [26].

From now on we will always assume that Lévy processes have strongly
cadlag paths. We also strengthen the independent increments requirement on
X by assuming that X (¢t) — X (s) is independent of F, for all 0 < s < t < o0.

If X is a Lévy process, we write AX () = X(t) — X(t—), for all ¢t > 0. We
obtain a Poisson random measure N on R™ x (H — {0}) by the prescription:

Nt E) =#{0< s <t; AX(s) € E},

for each t > 0, £ € B(H — {0}). The associated compensated Poisson random
measure N is defined by

N(dt,dz) = N(dt,dz) — dtv(dzx).

Let A € B(H — {0}) with 0 ¢ A. If f : A — H is measurable, we may
define

/Af(x) (t.dz) = Y f(AX(s))1a(AX(s))

0<s<t

as a random finite sum. Let v4 denote the restriction of the measure v to A,
so that v4 is finite. If f € L?(A,va; H), we define

/f N(t,dz) /f N(t dx)—t/Af(x)V(da:)

then by standard arguments (see e.g. [2], Chapter 2) we see that ([, f(z
N(t,dz),t > 0) is a centred square-integrable martingale with

( )—t/lf )[2v(d), ©)

for each t > 0 (see also theorem 3.2.5 in

tda:
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The Lévy-Ito decomposition for a cadlag Lévy process taking values in a
separable type 2 Banach space is established in [1]. We only need the Hilbert
space version here:

Theorem 1. [1] If H is a separable Hilbert space and X = (X (t),t > 0) is a
cadlag H-valued Lévy process with characteristic exponent given by (4), then
for each t > 0,

X (t) =t¢+ Bg(t) +/

[l=l[<1

xN(t,dz) +/ xN(t,dx), (7)

[lzl/>1
where Bg is a Brownian motion which is independent of N.

In (7),

/ N(t,dz) = lim xN(t,dz),
[lzll<1 e L <lell<1

where the limit is taken in the L?-sense, and it is a square-integrable
martingale.

Let S = {z € H;||z|| < 1} and take X to be its Borel o-algebra, then it is
easy to check that M is a martingale valued measure on R x S, where

M(t, A) = Bq(t)d(A) + /A i, eN(t, dz), 8)

for each t > 0, A € A. We call M a Lévy martingale-valued measure.

Here we take A = Ay U {0}, where Ay = {A € X;0 ¢ A} and each
Sp={zes: <z <1}.

We now aim to show that M is nuclear. To this end, we introduce the
family of linear operators (Fa, A € Ag) on H given by

FAy:/A(:U,y)Ha:u(dx),

so that each Fj4 is a continuous superposition of finite-rank operators
(using the Dirac notation employed in physics, we would write “Fq =
Ja(|2) (z])v(dz)").

It is casy to see that each [|Fal| < [,||z]|*v(dx) < oo, hence Fu is
bounded. Straightforward manipulations show that F4 is positive, self-adjoint.
F4 is also trace class. To see this, let (e,,n € N) be a maximal orthonormal
set in H, then

o0
tr(FA) = Z(em FAen)H

n=1

T;/A(a:,en)Hu(dx)
:/ ||| [2v(dx) < oo.
A
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Theorem 2. If M is a Lévy martingale-valued measure of the form (8), then
M is nuclear with p being Lebesque measure on RT and

Ta = Qdo(A) + Fa_qoy, 9)
for all A € A.

The proof follows easily from the above calculations and (6).
It is straightforward to deduce that (T4, A € A) is decomposable, wherein
A=v+ 9y and
Q ifx=0
T(w) = { (z,)gx ifz #0.

3 Stochastic Integration

3.1 Weak Stochastic Integration

Let M be a martingale-valued measure. Fix T > 0. We denote by HY(T’; )
the space of all P ® Y-measurable mappings F': [0,T] x S x 2 — H for which

T 2
E (/0 /SHF(s,x)H (M)(ds,d:c)) < 0.

Then HY(T;S) is a real Hilbert space. S(T;S) is the subspace of all
F € HY(T; S) for which

N1 Ns

F = Z Z Fijl(ti,ti,-{-l]]'Aj’

i=0 j=0

where N1, No € N0 =ty < t; < -+ < tny41 = T, Ao, ..., An, are disjoint
sets in A and each Fj; is a bounded F,-measurable random variable. S(T; .5)
is dense in H3Y(T; S) (see e.g. [2], section 4.1). We generalise the construction
of stochastic integrals with respect to martingales as developed in [24]. For
each F' € §(T;5),0 <t < T, define

N; N»
L(F) =Y > (Fijy M((EAti,t Atiga], A
i=0 j=0
Then
E(|L:(F)[*)

N1 N2 Ni N2

=Y N S OS EIF, M((EA At A

=0 j=0 k=0 1=0
(Fpts M((t A tgyt Atgga), Ar)) m]
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N1 N2

= E[[(Fy, M((t Aty t Atia], Ay))al’]
i=0 j=0
N1 N2

<D0 D ENEGIPNM((EAtiyt Atina], A7)

i=0 j=0
N1 N

=E | > > NEG P A tist Atira], 4))

i=0 j=0

—E [/Ot/s||F<s,x>||2<M><ds,dx>

Hence I, extends to a contraction from H3! (T S) to L*(£2, F, P). For each
0<t<T,FeHY(T;5),

/Ot/S(F(SaSU),M(ds,dm))H — I(F).

By standard arguments, we see that (It(7);0 < t < T') is a centred square-
integrable real-valued martingale with

t
E(M(F)F@[ / /S 1F (s, 2)|[2 (M) (ds, dz) | |
for all 0 < s < T, F € HY(T; S).

3.2 Strong Stochastic Integration

In the section we will take the martingale-valued measure M to be nuclear
and decomposable. Let (R(t,x),¢t € [0,T],2 € S) be a family of bounded
linear operators on H. We say that they are predictable if the mappings
[0,T] x S — H, given by (t,2) — R(t,z)1 are P ® XY-measurable, for each
v € H. Our aim is to define fg Js R(s,z)M (ds,dx) as random vectors, for
each t > 0. We follow the approach given in section 4.2 of [11] for the case
of Brownian motion (see also [28], section 4.22). Let Hz(T; A, p) be the real
Hilbert space of all predictable R for which

E </0 /Str(R(t,x)TxR(t,x)*))\(dx)p(dt)> < 0. (10)

We denote by S(T; A, p) the dense linear space of all R € Hy(T'; A, p), which

take the form
Ni N

R = Z Z Rijlis; 10114,

i=0 j=0
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where N1, No € N0 =ty < t; < -+ < tny41 = T, Ao, ..., An, are disjoint
sets in A and each R;; is a bounded operator valued F;,-measurable random
variable. For each R € S(T; A\, p),0 <t < T, define

N1 N

=N Ry M((tAtiyt Atiga], Aj).

=0 j=0
Let (en,n € N) be a maximal orthonormal set in H. We compute

o N; Ns

=Y D> E((Ryjen, M((t Atist Atia], Aj))a)en
n=1i=0 j=0
o oo Ni No

Z ZZ]E €n,6m (em,M((t/\ti,t/\tiJrl],Aj))H)en

1m=11i=0 j=0

0.

Similar arguments yield

N1 Ny

E(|IT:(R)IF) =Y > B([RigM((t A tist Atiga], A7)[7)
=0 j=0
oo N; No

= YD E((Ri M((EAtit Atigal, Aj),en)ul?)

n=11:=0 5=0

o0 N1 2

=Y > > E((Ryjen, Ta, Rijen)u)p((ti Aty tis At))

n=1 i=0 j=0
Ny N»

= > > E(tr(RijTa, R)p((t: At,tis At])

i=0 j:O

_ ZZE (/ (R, ToR: )A(dm)) (s Aty tiar A ).

1=0 j=0

Hence each J; extends to an isometry from Ho(T; A, p) into L2(£2, F, P; H)
and we write fg Js R(s,z)M (ds,dx) = Jy(R), for each 0 < t < T,R €
Ho(T; A, p). The process (J¢,t > 0) is a square-integrable centred martingale.
Henceforth we will always take a strongly cadlag version.

Notes 1). The condition (10) can be rewritten as

T 1
E ( / /S |R<t,x>Tﬁ|2A<dx>p<dt>> < o0,

where || - ||2 is the Hilbert-Schmidt norm, i.e. ||C||z = tr(CC*) for C € L(H).
The set of all C € L(H) for which ||C||2 < oo is a Hilbert space with respect



Martingale-Valued Measures in Hilbert Space 183

to the inner product (C, D)s = tr(C'D*), which we denote as Lo(H), (see e.g.
[34], section V1.6 for further details).

2) Lo(H) is a two-sided L(H)-ideal with ||C1DCs||2 < ||C1|]-[|C2]|-||D]]2,
for all Cy,Cy € L(H),D € L2(H). From this we easily deduce that

T
/O /S E(||R(t, )| [2)tr(T)A(dx)p(d) < oo (1)

is a sufficient condition for (10).

3) The construction of this section is easily extended to the conceptually
simpler case of deterministic operator-valued families (R(t,x),t € [0,T],x €
S) satisfying fOT Jstr(R(t, )T R(t, z)*)A(dx)p(dt) < oo.

If C € L(H) and R = (R(t,z),t € [0,T],x € S), we define CR =
(CR(t,z),t € [0,T],z € S). We will need the following result in section 4.3
below.

Theorem 3. If C € B(H) and R € Ha(T; A, p) then CR € Ha(T; A, p) and

C/Ot/SR(s,x)M(ds,dw) :/Ot[SCR(s,x)M(ds,dx),

for allt > 0.

Proof. CR € Ha(T; A, p) follows easily from Note 2 above. The identity is
immediate if R € S(T; A, p). More generally, let (R,,,n € N) be a sequence in
S(T; A, p) converging to R € Ho(T; A\, p), then for all ¢ > 0,

. ( [ [ enoananas - [ [ ors s )

-E (/Of/str(c[R(s,x) — Ru(s,2)|Fu[R(s,z)" — Rn(svx)*c*})/\(d:p)p(dt)>

/Ot/SC[R(S,:v) — Ru(s, )| M (ds, dz)

< llclPE ( / / (r([R(s,) — Ru(s,2)]Fa[R(s.2)" — Rn(s,ac)*])A(dx)p(dt))
0 S

— 0asn — oo,

and the result follows. O

3.3 Weak-Strong Compatibility

In this subsection we will assume that the operator-valued family (R(t, x), ¢
[0,T],2z € S) is such that the mappings [0,7] x S — H, given by (¢,x)
R(t,x)*1) are P ® Y-measurable, for each ¢ € H.

S
N
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Theorem 4. If M is a decomposable nuclear martingale-valued measure with
independent increments and the operator-valued family (R(t,z),t € [0,T],z €
S) satisfies (11) then for all0 <t < T,vp € H

(w,/ot/SR(s,x)M(ds,dx))H :/Ot/S(R(s,@*w,M(ds,dx))H. (12)

Proof. First note that since (11) holds, the strong integral appearing on
the left hand side of (12) exists. The weak integral on the right hand side also
exists, since by the independent increments property of M, proposition 2.1

and (11),

E (/0 /SHR(S,JJ) ¢|| )(ds, dx) / / (I|1R (s, z) ¢|| YE((M)(ds, dx))
</ /]E(IIR(&fL’)I\Q)tr(Tz)/\(da:)p(ds)\|¢||2
0o Js
< 0.

To establish the result, first let R € S(T; A, p), then

N; N3

(1/),/0t/SR(s,x)M(ds,da:> =3 (W, RiyM((ti, tiga], Aj))

=0 j=0
N1 No

=3 D (R, M((tis i), Aj))

1=0 j=0

:/Ot/S(R(&m)*zb,M(dS,dx))H

The general result follows by a straightforward limiting argument. a

3.4 A Stochastic Fubini Theorem

The result to be established is in some respects quite simple, however it is
adequate for our later needs. Let IV be a Poisson random measure defined on
RT x (H — {0}) as in section 1.3 and let v be its intensity measure, which we
will assume to be a Lévy measure. Let E € B(H — {0}). If F: Rt x H - R
is P ® E-measurable and fo fE (|F(s,z)?)v(dz)ds < oo, we can construct

the stochastic integral fo S5 F(s, )N (ds,dx). It is a centred square-integrable

martingale with
t
~ [ [ Br ) Pivtdois,
0 E

(L

see e.g. Chapter 4 of [2].

(s, ) ds dzx)
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Now let (W, W, 1) be a finite measure space and let Ho(T, E, W) be the
real Hilbert space of all P ® B(E) ® W-measurable functions G from [0, 7] x

ExW — R for which [, fot S5 E(G(s, ,w)|*)v(dz)dsp(dw) < oo. The space
S(T, E,W) is dense in Ho(T, E, W), where G € S(T, E, W) if

N1 N2 Ns

G = Z Z Z Gijkl(ti,twﬂ lAj Ly,

i=0 j=0 k=0

where N1, No, N3 € NJO = tg < t1 < - < InNy+1 = T,Ao,...,AN2 are
disjoint sets in A, By, ..., By, is a partition of W, wherein each B, € W and
each Gjji is a bounded F,-measurable random variable.

Theorem 5. If G € Ho(T, E, W), then for each 0 <t < T,

/W (/ot /E G(s,z,w)N (ds, dx)) w(dy)
— /Ot/E </W G(S,x,w)u(dy)> N(ds,dz) a.e. (13)

Proof. First note that both integrals in (13) are easily seen to exist in
L2(0,F,P). If G € S(T,E,W), then the result holds with both sides of
(13) equal to

N, N» N

S OSSN ((tis tira], Au(B):

i=0 j=0 k=0

Now suppose that (G,,n € N) is a sequence of mappings in S(T, E, W) con-
verging to G € Ha(T, E, W), then
2)

E ( /Ot/E (/W[G(s,x,w) Gn(s,x,w)]u(dw)> N(ds, dx)
:/ot/EE< 2) v(da)ds

t — S, r,w 2 w \)viax S
< (W) / /E /WE<|G<s,w,w> Go(s, ) [2)u(duw)(d)d

— 0 asn — oco.

/ [G(s,z,w) — Gp(s, z,w)]|pu(dw)
w

A similar argument shows that

Jim B (\ L ([ [i6nts.m0) = 6o, ) ) -0,

and the result follows. O
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4 Ornstein-Uhlenbeck Processes

4.1 Stochastic Convolution

Let X be a strongly cadlag Lévy process and let (S(t),t > 0) be a Cy-
semigroup (i.e. a strongly continuous one-parameter semigroup of linear op-
erators ) acting in H. Basic facts about such semigroups can be found in e.g.
Chapter 1 of [14]. We note in particular that there exists M > 0,8 € R such
that

ISl < Me™, (14)

for all ¢ > 0. J will denote the infinitesimal generator of (S(t),t > 0). It is a
closed, densely defined linear operator in H and hence its adjoint J* is also
densely defined.

Let C € B(H). Our aim in this subsection is to define the stochastic
convolution

Xsolt / S(t — s)CdX(s), (15)

for all t > 0. We do this by employing the Lévy-1t6 decomposition (7) to write
each

X0t /St—s)OCds—i—/ S(t — 5)CdBo(s)

/ / S(t — s)CzN(ds, dzx)
||z]|<1

+/O Axl?lS(t—s)CxN(ds,dx). (16)

We need to establish condition under which the process (X c(t),t > 0)

exists. To do this we consider each term in (16) in turn. We define fo (t—s)
C(ds as a standard Bochner integral. Indeed using (14) we obtain

< ([ st - optas) e

MB=H (P = 1)[|CC|| if 5 #0
Mt||C¢]] if 3 = 0.

(t—s)C(ds

X

The terms fot S(t — s)CdBg(s) and fotszHd S(t — s)CxzN(ds,dx)
are dealt with using the (deterministic version) of strong stochastic
integration as described in section 3.2. In fact the first of these terms
was discussed in [11], section 5.1.2. (see also [7]). Using the estimate (11) we
find that fot S(t — s)CdBg(s) exists as a strong integral provided

(f(f [|S(t — s)||2ds) tr(Q) < oo, which by (14) is always satisfied.
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Note. [11] impose the weaker condition (10) as they want to explore the
degenerate case where Q = I. This falls outside the context of the current
work as B is not then a Lévy process when H is infinite dimensional.

Again using (11) for the compensated Poisson integral, we must estimate

t S(t— s)||%ds r(T,)v(dz) = t S(t— s)||%ds z||Pv(dx
/OII (t - 9)| /EHQ“'” ) /0|| (t— )| /|Z|I<1| 20 (dz)

< 0.

Hence we see that fof fllw\|<1 S(t — s)CxN(ds,dz) also always exists.
Finally, we may define the final Poisson integral as a finite (random) sum:

/0/|>1S(tS)CxN(ds,d$) Z S(tfs)CAX(S)l{\\AX(S)||>1}(AX(S)).

0<s<t
In conclusion, we have established the following:

Theorem 6. If X is a cadlag Lévy process, C € L(H) and (S(t),t > 0)
is a Co-semigroup with generator J, the stochastic convolution Xjco(t) =
fot S(t—s)CdX (s) exists in H for all t > 0.

We note that the process Xjc = (Xjc(t),t > 0) inherits strongly
cadlag paths from X.

Note. An alternative approach to defining the stochastic convolution is to
employ (weak) integration by parts to write, for each ¢ € Dom(J*),

(, Xs.c®)m = (4, [S(O)CX(t)*S(t)CX(U)])HJr/ (C™T", S(t = 8) X (s—))mds.

Another approach, using convergence in probability rather than L2-
convergence can be found in [9].

4.2 Existence and Uniqueness for Ornstein-Uhlenbeck Processes

The development of this section closely parallels that of [11], section 5.2. We
consider the generalised Langevin equation in Hilbert space, i.e.

dY (t) = JY (t)dt + CdX(t), (17)
with the initial condition Y (0) = Yj (a.s.), where Y} is a given Fp-measurable
random variable. We consider (17) as a weak sense stochastic differential equa-
tion. By this we mean that Y = (Y (¢),¢ > 0) is a solution to (17) if for all
t > 0,9 € Dom(J*),

t
0

(6, Y (£) = Yo)u = (C, X (1)) + / (T Y()ads.  (18)
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Our candidate solution to (17) is given by the usual stochastic version of
the variation of constants formula

Z(t) = S(t)Yy + /O "S(t - )CdX(s), (19)

for each t > 0. It follows from Theorem 6 that Z(t) exists for all ¢ > 0.

Note. Da Prato and Zabczyk [11] consider (18) in the case where X is a
Brownian motion. In their formalism, the operators J and the process X are
associated to different Hilbert spaces H; and Hs, respectively and C' maps
H, to Hy. Our approach herein is easily extended to this level of generality
(in fact one can just take H = H; @ Hj).

Theorem 7. (19) is the unique weak solution to (18).

Proof. We extend the argument used to prove theorem 5.4 in [11]. See [9] for
an alternative approach.

Ezistence. First note that if X ;o solves (18) with the initial condition
Yy = 0 (a.s.), then it is clear that Z, as given by (19) solves (18) with the
arbitrary initial condition. Hence we may restrict ourselves to the former

problem.
For each t > 0,4 € Dom(J*), using (12) we obtain

(¥, X5c®)u — (C™¢, X (1) u) = (dJ/ [S(t—s) - I}CdX(8)>
0

H

:/(C*[S(t—s)*fI]MdX(S))H

_ /Ot (/t Lo (5)C™S(r — 8)° J*dre, dX(s))H )

We now need to change the order of integration. Using (16), we employ
(13) for the compensated Poisson integral, the stochastic Fubini theorem of
[11] (theorem 4.18) for the Brownian integral and the usual Fubini theorem
for the Lebesgue integral to deduce that

(0 Xac O — (€ X(0)n) = | (J*w, / 1[o,r><s>5<r—s>0dX<s>)H

¢
= /0 (J*, Xjc(r))mdr,

as was required.
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Uniqueness. This is established in exactly the same way as in [11]
(pp. 122-3). |

It follows immediately from (19) that Y has strongly cadlag paths.

Example Let H = L?(U) where U is a regular domain in R?. If A denotes
the usual (Dirichlet) Laplacian acting in H then for each 0 < a < 2, we can
define the fractional power —(—A%) by e.g. spectral theory, or as a pseudo-
differential operator. Indeed when U = R?, —(—A%) is a positive self-adjoint

operator on the domain H,(RY) = {f € L2(RY); fpu 02| f (v)[dv < oo},

where f denotes the Fourier transform of f, and —(—A%) generates a self-
adjoint contraction semigroup on H (see e.g. [2], Chapter 3). By the results
of this section we know there is a unique weak solution to the equation

dY (t) = —(—A2)Y (t)dt + CdX (t),

for any C' € B(H) and any Lévy process X. In particular, one can take X to
be a-stable (c.f. [30]).

4.3 Flow and Markov Properties

For each 0 < s < ¢t < 00, define a two-parameter family of mappings @, ; :
H x 2 — H by

D (y) =St —s)y+ / St —r)CdX(r).

The following establishes that {®@;;;0 < s < ¢ < 0o} is a stochastic flow.

Proposition 4.1 For all 0 <r < s <t < o0,
¢s,t o ér,s = ér,t-
Using the semigroup property and Theorem 3, for each y € H, we obtain
t
Boolrol)) = S sl + [ 8- w)CaX ()
=8{t—s5)S(s—r)y+St—-s) / S(s —u)CdX (u)
. T
+/ St —u)CdX (u)

=S{t—r)y+ /S St —u)CdX (u) + /t St —u)CdX (u)
= @T’t<y). |:|

By the construction of stochastic integrals, we deduce that each @, .(y)
is G, ;-measurable where G, ; = o{X(u) — X(v);s < u < v < t}, and hence
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by the independent increment property of X, it follows that @, .(y) is inde-
pendent of Fj.

From this fact and Proposition 4.1, we can apply standard arguments (see
e.g [2], section 6.4 or [33], section 5.6) to establish the strong Markov property
for the solution to (18), i.e. if 7 is a stopping time with P(r < oco) =1 then
for each f € b(H),t >0

E(f(Y (7 +0))F7) = E(f (Y (7 + )Y (7)),

where F; is the usual stopped o-algebra.

By the stationary increments of X it follows that Y is a time-homogeneous
Markov process and hence we obtain a contraction semigroup of linear oper-
ators (7;,t > 0) on b(H) via the prescription

(Tef)(y) = E(f(Y (£))[Y(0) = ),

for each t > 0,f € b(H),y € H. We easily verify that T; : Cy,(H) C Cy(H)
for each t > 0, by a routine application of dominated convergence. In fact
(T,t > 0) is a generalised Mehler semigroup in the sense of [6], [15].

5 Operator Self-decomposability

Generalising ideas developed in [21], we say that a random variable Z is
operator self-decomposable with respect to a Cy-semigroup (S(t),t > 0) if
for all t > 0, there exists a random variable Z; which is independent of Z,
such that

ZL 807 + Z,. (20)

We aim to show that random variables of the form Z = [~ S(r)dX (r), where
X is a Lévy process are operator self-decomposable, when the limit makes
sense. For each t > 0, we define fg S(r)dX (r) by employing the Lévy-It6 de-
composition, as in (16). We assume throughout this section that the semigroup
(S(t),t = 0) is exponentially stable, i.e. (14) holds with 8 < 0, e.g. all self-
adjoint semigroups whose generator has a spectrum which is bounded away
from zero are exponentially stable. In [12], it is shown that a Cp-semigroup
(S(t),t > 0) is exponentially stable if and only if [ ||S(t)z|[*dt < oo, for all
r e H.

Under this assumption, given any sequence (t,,n € N) in [0,00) with
lim,, .~ t, = 00, we can assert the existence of the following limits:

n—00 0

o tn
/ S(r)¢dr = lim S(r)¢dr
0
00 tn

/0 S(r)dBg(r) = lim S(r)dBg(r)

n—oo

0
(o) tn ~
/ / S(r)zN(dr,dz) = lim / / S(r)xN(dr,dx),
0 Jllzll<1 oo Jlell<t
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where the first limit is taken in H and the other two in L?(§2, F, P; H). We
need to work harder to consider the limiting behaviour as t — oo of IIg y(t) :=

fot f\le?l S(r)xN(dr,dx).

Lemma 1. Let A € L(H) with ||A]] < 1 and (§n,n € N) be a sequence of iid
random variables. If E(log(1 4+ ||&1]])) < oo, then >0 | A", converges a.s.

The proof is exactly as in [21], lemma 3.6.5 (p. 121). Note that these
authors are able to prove ‘if and only if’ by assuming that A is invertible.
That assumption would be unnatural in our context.

This next result is related to Proposition 1.8.13 in [21], p. 36, although the
proof is quite different.

Lemma 2. Let f : H — Rt be measurable and subadditive. If
fot f\|z||>1 f(S(r)z)v(dr)dr < oo then E(f(Ils,n(t))) < oo, for each t = 0.

Proof. By subadditivity of f, for each ¢t > 0 we have

FIsn@)=f | D SMAX()1gaxs)=1(AX(r))

0<r<t

< D FSMAX (M) 1gax(s) =13 (AX (1))

o<r<t

_ /Ot /w||>1 F(S(r)z) N (dr, dz).

Hence

E(f(IIs,n(t)) <E (/0 / ”>1f(S(r)9c)N(dr,dx)>

:/Ot AI>1f(S(r)as)u(dx)dr<oo. O

Theorem 8. (c.f. [39], [22], [21]) Let (S(t),t > 0) be an exponentially sta-
ble contraction semigroup in H. If [~ log(1 + ||z[|)v(dz) < oo then

lim; oo fg Jijzij<1 S(r)aN(dr, dz) exists in distribution.

Proof. We follow the approach of [21], theorem 3.6.6 (p.123). By stationary
increments of X and the semigroup property, for each n € N,

' S(r)aN (dr, dz) nzl - S(r)zN (dr, dz)
0 Jije1 ko iz

= O

1
/ / S(r+ k)zN(dr + k,dz)
0 Jl=|[>1

n—
k=0
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= S(1 / / r N (dr + k, dz)
w\|>1

L Z S(1 / r)aN (dr, dx)
:c\|>1

k=0

where each M), := :H fl\r\l>1 S(r—k)xN(dr,dz). The M}’s are independent

by the independent increment property of N. Moreover by the stationary
increment property of N, each

Mk_/ol/llm>1S(r)xN(dr+k,dx)i/01/Hm>1S(r)xN(dr,dx).

We deduce the convergence in distribution as n — oo of [ S(r)aN (dr, dx)
by lemmas 1 and 2 together with the estimate

lo 1—|— S(r)x dm lo 1—|— z|)v(dx)d
=t log(1 z|v(dx).
/III>1 g( Jr|| ||) ( )

Now let (sn,n € N) be an arbitrary sequence in [0, 1]. By stationary in-
crements of N, for each n € N|

n+sn
/ / r)aN (dr,dz) / / r)xN(dr,dz).
Im\|>1 |m||>1

Since t — fo r)eN (dr,dz) is a.s. cadlag, we deduce that

HS(n) /0 /” ) SO)Nar a2
/075 S(r) /1H>1 xN(dr, dz)

— 0 asn — oo a.s.

< [[S(n)I| sup

t€[0,1]

Hence, given any sequence (t,,n € N) diverging to oo, we can deduce the
convergence in distribution as ¢, — oo of

tn [tn]
/ S(T‘)/ N (dr, dz) :/ / S(r)xN(dr, dz)
0 llall>1 0 Jyal>1
tW,
—I—/ / S(r)xN(dr,dz). ]
[tn] S|zl 21
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Note. In [9] it is shown that the following conditions are necessary and suf-

ficient for the existence (in distribution) of lim;_, fo r)dK (r) where K is
the jump part of X, i.e. K(t) = X(t) —t¢ — Bg(t), for eacht > 0:

/OO/ (1S(Mz|? A Dv(de)dr < oo
H-{0}

Jim / /H 1 SR, (SO)@) — Lo, @dds exiss . (21

t—oo

These may be difficult to verify in practice.

The main result of this section is the following:

Theorem 9. If (S(t),t > 0) is an exponentially stable contraction semi-
group in H and X is a Lévy process with Levy measure v for which
flleNlog(l + ||z|v(dx) < oo, then limy_ fo r)dX (r) exists in distri-

bution and is operator self-decomposable with respect to (S(t),t > 0).

Proof. Tt follows from the Lévy-Itd decomposition that fo r)dX (r)—IIg n(t)
and IIg y(t) are independent. Since each of these terms converges in distribu-

tion ast — o0, it follows that their sum also does. For the self-decomposability,
we define Z = [;° S(r)dX (r), then

/SdX /SdX

and these terms are independent, by the independent increment property of
X. Now

/S )X (r /Sr+t)er+ti /5 )X (r

by the stationary increment property of X. Hence we have (20) with Z; =
[3S(r)dX (r). -

Finally, there is an interesting link between self-decomposability and
Ornstein-Uhlenbeck processes (c.f. [39], [4] for the finite-dimensional case).

Suppose that X is a Lévy process with characteristics (¢, @, v), and define
the process X = (—X(t),t > 0), then X is a Lévy process with characteristics
(—¢,Q, V), where 7(A) = v(—A), for all A € B(H —{0}). In the following, we
define (X (t),t < 0) to be an independent copy of X.

We recall the Ornstein-Uhlenbeck process (19)

Y(t) = S(t)Y + /Ot S(t — )dX (s),

for each ¢t > 0, where we have taken C' = I.
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Theorem 10. If the Ornstein-Uhlenbeck process (Y (t),t > 0) is stationary,
then Yy is self-decomposable. Conversely, if (S(t),t > 0) is an exponentially
stable contraction semigroup in H and sz||>110g( + ||z|))v(dx) < oo, then

there exists a self-decomposable Yy such that Y = (Y (¢t),t > 0) is stationary.

Proof. Suppose that Y = (Y (¢),t > 0) is stationary, then for each ¢ > 0,

4

Yo Y(t):S(t)Y0+/O S(t — r)dX (),

s0 Y is self-decomposable. Conversely, define Yy := f_ooo S(=r)dX(r), then Yy
is self-decomposable by theorem 9. By theorem 3 and the semigroup property,
for each ¢t > 0, we have

/ St —r)dX(r /St—rdX()

Clearly Y (t + h) 4 Y (t), for each h > 0. More generally, by stationary
increments of Z we can easily deduce (as in [2], theorem 4.3.16) that

(uj, Y () ¢ |

>l

exp Zu], (tj+h)u =FE|exp1
i=1 1

J

foreachn € Nyuy,...,u, € H,t1,...,t, €RT O.

Note. In [9], it is shown that the conditions (21) are necessary and
sufficient for Y to have a stationary solution and the condition
foH>1 log(1 + ||z|])v(dz) < oo is demonstrated to be sufficient for these to

hold. In [8] an example is constructed which demonstrates that this condition
is not necessary when H is infinite dimensional.
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Les processus a accroissements indépendants,
stationnaires et positifs (appelés ci-dessous, pour
abréger, processus de LEVY, bien que LEVY ait
inventé quantité d’autres processus!) sont des
processus extraordinaires.

P. A. MEYER. Séminaire de Probabilités III.

Summary. A simple example, namely the filtrations of two Lévy processes, shows
that a filtration sandwiched (in the sense of immersions) between two filtrations
isomorphic to each other, need not be isomorphic to them.

1 Isomorphic probability spaces

This section fixes the vocabulary and contains nothing new, on the contrary:
it recalls a few of the classical facts established, at the dawn of abstract
measure theory, by such pioneers as Carathéodory, Halmos, Kolmogorov,
von Neumann, Maharam, Rohlin, etc.

A.s. equality is an equivalence relation between events; to any probability
space ({2, A,P) one can associate the quotient o-field A4/P, whose elements
are the classes of a.s. equal events. It is an abstract o-field endowed with a
probability (‘abstract’ meaning that it is not a o-field of subsets of some set).

Definition 1. Two probability spaces (2, A',P") and (2", A", P") will be
called isomorphic if there exists a bijection between AY/P' and A"JP" which
preserves the abstract o-field structure and the probability.

We choose this definition, instead of the existence of a measure-preserving
bijection between full subsets of £’ and 2", because our interest will focus on
filtrations. There is not much difference, though, between both definitions: as
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early as 1932, von Neumann showed in [7] that for Polish spaces with their
Borel o-fields, isomorphism implies the existence of a bimeasurable, measure-
preserving bijection between subsets of full measure. But if F is a filtration
on (2, A,P), quotienting {2 so that F; separates points would lead to a whole
family (£2;) of different quotient spaces; we prefer keeping (2 fixed at the cost
of loosening the isomorphisms.

With definition 1, a probability space (£2,.4,P) is always isomorphic to
its own completion (2, 4,P). An isomorphism ¥ between (§2', A’,P') and
(2", A" P") easily extends to random variables: it yields a bijection (also
denoted by ¥) from L°(£2', A’,P’) to LY(2", A”,P") which preserves all Borel
relations between countably many random variables and also preserves the
laws of all random variables. If B’ is a sub-o-field of A’, there exists a sub-o-
field B’ of A", unique if we require it to contain all negligible events in A",
that corresponds to B’ by the isomorphism; if furthermore X’ is any r.v. in
LY(2', A", "), then E'[WX'|WB'] = ¥(E'[X'|B']). This property and similar
ones are trivial and will be admitted without further ado in the sequel.

Recall that a probability space (£2,.4,P) is called essentially separable if A
is generated by its null sets and countably many events, or equivalently by its
null sets and some real r.v., or its null sets and countably many r.v. This is also
equivalent to the Banach space L!(£2, A, P) (or L2(£2, A, P)) being separable;
consequently, if (£2, 4, P) is essentially separable, so is also (2, B,P) for any
sub-o-field B of A.

The classification of essentially separable probability spaces up to isomor-
phism involves only the masses of their atoms. Recall that an atom of (£2, A, P)
is an event A € A (more precisely, A € A/P) such that P[A] > 0 and all r.v.
are a.s. constant on A; equivalently, P[A] > 0 and every measurable subset
of A has probability 0 or P[A]. To each probability space one can associate
the list of measures of its atoms, in decreasing order (the list may be empty,
finite or infinite; it contains k times the number p iff there are k atoms with
probability p).

Theorem 1. Let (2, A", P') and (2", A”,P") be two essentially separable
probability spaces.

They are isomorphic if and only if their lists £’ and £" of masses of atoms
are the same. (In particular, all essentially separable, diffuse probability spaces
are isomorphic to each other.)

The following three conditions are equivalent:

(1) there exists a sub-o-field B' of A’ such that (£2',B', ) is isomorphic to
(Q// A// ]P)//) .
(ii) there erxists a measurable, measure-preserving map from (', A", ') to
(Q// A// ]P)//) .
(i11) there exists a map f : € — £ such that
Vp” c E” p// > Z p/ )
p/ cv
f@)=p"
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Since essentially separable spaces are generated by real-valued random
variables, the first half of the theorem is classically obtained by working with
probabilities on the real line; the second half follows from the first one.

Corollary 1 (sandwiched probability spaces). Let ({2, A,P) be essen-
tially separable and C C B be two sub-o-fields of A. If (£2,C,P) is isomorphic
to (2, A,P), then (§2,B,P) is isomorphic to both of them.

Proof. As A and C have the same list £ = (p1 > p2 > ...) of probabilities
of atoms, the probability of the heaviest atom of B must be at least p; since
B C A and at most p; since C C B, so it must be py; then similarly the second
heaviest atom of B must have mass po, etc. a

Remark. Essential separability can be dispensed of in this corollary: the
same conclusion holds when A is not essentially separable. The proof is similar,
but uses the Kolmogorov-Maharam classification of probability spaces instead
of Theorem 1.

The question we shall be interested in is, do filtrations verify a sandwich
property similar to Corollary 1?7 Before addressing this question, we recall the
analogue of Theorem 1 for o-finite measures, which will be needed later; its
proof is similar to that of Theorem 1.

If (2, A, ) is a measure space, with p positive and o-finite, one can
consider the masses of its atoms, which form a countable! collection c(1u)
of strictly positive numbers, with finite or infinite repetitions allowed. One
also considers the total mass d(u) < oo of the diffuse part of u; naturally,

S(p)+ > m=p(2) < occ.
mee(u)

Theorem 2. Let (2, A’ ') and (2", A", 1) be two separable measurable

spaces endowed with positive, o-finite measures.
They are isomorphic if and only if c¢(u') = (i) and §(p') = 6(u”).
The following three conditions are equivalent:

(i) there exists a sub-o-field B' of A’ such that (£2',B', ') is isomorphic to

(Q// A// ’LL//),

(ii) there exists a measurable, measure-preserving map from (', A, ') to
(Q// A// MH)'

(i) there exist two maps f:c(p') — (1) and w: c(p”) — [0, 00] such that

Sy =0o(")+ > u@’) and Vp'ec”) p=u@®@")+ > P
p"ec(p’) p'ec(n’)
f@)=p"
The following two conditions are equivalent:

(iv) there exist an A" € A" and a measurable, measure-preserving map from
(‘le A/a 1A":u/) to (‘Q”7 AHa :UH);

! Empty, finite, or countably infinite.
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(v) there exist a sub-collection ¢’ C c(p'), a map f:c — c(p') and a map
w:e(u”) — [0,00] such that

Sy = o)+ > u@”) and Vp'ec(u’) pl=u®")+ Y 1.
p'ec(u') p'ec
f)=p"

In conditions (iii) and (v), f(p”) indicates which atoms of £’ (or A’) coalesce
to form an atom of 2”; u(p”) is the amount of diffuse mass from g’ (or 14/-p)
which contributes to that atom.

2 Filtrations: inclusions

Given (£2,A,P), an increasing, right-continuous family F = (F),5, of
sub-o-fields of A is called a filtration, and (2, A,P, F) is called a filtered

probability space. The o-field \/F; is denoted by Feo.
=0

Definition 2. Given two filtered probability spaces (2, A", P F") and
(2", A" P F"), one says that the filtrations F' and F' are isomorphic, and
one writes F' ~ F", if there exists an isomorphism ¥ between (§2', F. ,P")
and (2", FL,P") such that WF, = F|' for each t > 0.

This definition is an abuse of language, for such an isomorphism involves not
only the filtrations F’ and F”, but also the probabilities P’ and P".

Definition 3. Let F and G be two filtrations on the same probability space.
We say that F is included in G (and we write F C G) if Fy C Gy for all t.
(One also says that F is a sub-filtration of G, or that G is an enlargement
of F.)

Let (2, A',P', F') and (2", A”,P", F") be two filtered probability spaces.

We say that F' is includable into F" (and we write 7' C F") if there ex-
ists a probability space (£2,A,P) endowed with two filtrations F* and F**,
respectively isomorphic to ' and F”, and such that F* C F**.
Observe that in the definition of ‘includable’ it is always possible to choose
(2, A, P, F**) equal to (2", A", P / F"). But one cannot always take 2 = ('
and F* = F', for there may not be enough room inside .4’ (or even inside £2’)
to accommodate an enlargement of F’ isomorphic to F”.

The transitivity property 7' C F" C F"" = F' C F" is readily verified.

In view of Corollary 1, one may be tempted to ask: If three filtrations
F, G and H verify F C G C ‘H and if F and 'H are isomorphic, is G isomorphic
to them? Inclusion of filtrations is so loose a property that this is very far from
being true; we shall see it by simply putting together two known facts.

Call B “the” filtration of a one-dimensional Brownian motion started at
the origin (this filtration is unique up to isomorphisms).
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The first known fact coming into play says that B is includable into many
filtrations:

Proposition 1 (Jeulin [6]). Let F be some filtration. One has B C F if
and only if, for each t > 0, F; has no atom.

Saying that B is includable into F amounts to saying that there exists an
F-adapted Brownian motion (which may be an F-Brownian motion or not!);
saying that F; has no atom is equivalent to saying that there exists an F;-
measurable r.v. with diffuse law.

The second fact is that many filtrations are includable into B:

Proposition 2 (Vershik). Let F be some filtration. One has F C B if and
only if Fo is degenerate and F, is essentially separable.

This statement has been know to Vershik for many years; it is a straight-
forward corollary, in continuous time, of his lacunary isomorphism theorem
concerning decreasing sequences of o-fields (see [9]). This theorem is a deep
and powerful result, and apparently the proof of Proposition 2 does not use
its full power; so maybe Proposition 2 admits a more elementary proof.

Proof. ‘Only if’ is trivial. Conversely, suppose Fy to be degenerate and Fo,
essentially separable. On some auxiliary sample space 2, let (Uy) k>0 Pe an
independent sequence of uniform random variables, and call § = (Sk) k>0
the reverse filtration in discrete time defined by Sy = o(Uk, Ugt1,...). Ex-
tract from F a reverse filtration G = (Gn),, 5, by setting G, = Fi/. As
N, Gn = Fo is degenerate and Gy = F is essentially separable, Vershik’s
lacunary isomorphism theorem gives the existence of a strictly increasing se-
quence (ny) k>0 With ng = 0, such that the reverse filtration G’ defined by
Gi. = Gy, is includable? into S. So, putting 7, = 1/ny, there exists on {2/
a filtration F’ isomorphic to F and such that F C o(Ug,Uky1,...), with
7o = oo and 7 | 0. One obtains a Brownian motion B stopped at 7, and
whose natural filtration contains F’, by defining B in such a way that, for
each k > 0, the process (B; — B, ,,, t € [Tkt2,Tkt1]) generates the same o-
field as the r.v. Uy. It follows that F C B!, where B! denotes the Brownian
filtration stopped at 71; and a fortiori, 7 C B. a

Corollary 2. A filtration F wverifies B C F C B if and only if Fo is degen-
erate, Foo 15 essentially separable, and, for each t >0, F; has no atom.

Proof. Trivial from Propositions 1 and 2.

This corollary applies, for instance, if F is the natural filtration of a Lévy
process with infinite Lévy measure. But such a filtration is very far from
being isomorphic to B, because it has many purely discontinuous martingales,
whereas all B-martingales are continuous.

2 Vershik’s theorem actually yields a G’ immersible into S. Immersibility is much
stronger than mere includability, and will be defined in the next section.
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Corollary 3. Let F be a filtration such that Fo is degenerate and Fyo is
essentially separable; let G be a filtration such that, for each t > 0, G has no
atom. Then F is includable into G.

Proof. Propositions 1 and 2 give F C B C G, and the result follows by
transitivity. O

Remarks. 1) A particular instance of Corollary 3 was established in 1977
by Dudley and Gutmann [2]: given G as in Corollary 3 and a probability law u
on |0, o0], there exists a G-stopping time with law u. (Consider a r.v. T with
law p, and call F the smallest filtration making T a stopping time.)

2) Let F and G be two filtrations. If Fu is essentially separable and
Go has no atom, F is includable into G. This statement looks similar to
Corollary 3, but it is much simpler: it can be proved by simply observing that
FCF CG cg, where 7' and G’ are constant filtrations, the former being
constantly equal to F, and the latter to Gy.

3) Applying twice the preceding remark yields the following statement.
Let F and G be any two filtrations such that Fo and Gy have no atom, and
Foo and G are essentially separable. Then F C G C F.

4) If F” is includable into F’', for each fixed ¢ the probability space
(2", F/,P") is includable into (£2/, F/,P’) in the sense of conditions (i), (ii)
and (iii) of Theorem 1. But the converse does not hold: even if for each ¢
(2", F[,P') and (2", F],P") are isomorphic probability spaces, it may hap-
pen that neither filtration is includable into the other.

The simplest examples of such situations involve a time-axis consisting of
two instants only, 0 and 1. Suppose that F; is made of two atoms with masses
% and %, and JF of four atoms with masses %, %, %, % There are two different
filtrations with these properties (the %—atom of 1 may be the %—atom of Fo
or a part of the g—atom of Fp), and neither one is includable into the other.

Corollary 2 and Remark 3) yield a wealth of examples where 7 C G C F
but F #% G; this indicates that includability is not a proper tool for comparing
filtrations.

3 Filtrations: immersions

Definition 4. Let F and G be two filtrations on trirLle same probability space.
We say that F is immersed in G, and we write F C G, if F is included in G
and every F-martingale is a G-martingale.?

Let (2", A, P/, F') and (2", A", P", F") be two filtered probability spaces.
We say that F' is immersible into F”, and we write F' C F", if there
exists a probability space (12, A,P) endowed with two ﬁltmzrfrz;ons F* and F**,
respectively isomorphic to F' and F", and such that F* C F**.

3 The requirement that F be included in G is redundant and can be dropped.
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This is again an abuse of language: immersibility is not a property of
F' and F”, but of (', F. , P, F') and (2", FL P F").

Immersion of filtrations is much stronger than mere inclusion; it is also
much more significant for stochastic calculus. See [1] page 241 and [4] page 268
for a few references concerning this notion.

As was already the case with includability, it is always possible to choose
(2, A,P, F**) equal to (Q”,fé’o,IP’r’I’l,f”)min Definition 4.

Immersibility is transitive: 7' C F" C F" = F' C F".

In the case when F is the natural filtration of a Markov (resp. Lévy,
Poisson, Wiener) process X, F is immersed in G if and only X is a Markov
(resp. Lévy, Poisson, Wiener) process for the filtration G; but F is included
in G if and only if X is adapted to G.

Immersibility is also much stronger than includability. For instance, if a
filtration is immersible into a Brownian filtration, it inherits the property
that all martingales are continuous, with absolutely continuous brackets; on
the other hand, by Proposition 2, includability into a Brownian filtration is
much less stringent.

A natural question is:

(Q) . GCFCG = F=~G 7

It would be interesting to answer (Q) when G is the filtration B(>) of
infinite-dimensional Brownian motion. If B(°) which is stable under inde-
pendent products, is also the only filtration F verifying B(>) &Nl F &Nl B>,
then it can play in continuous time a role similar to that played in Vershik’s
theory by the standard, non-atomic filtration in discrete, negative time. This is
an open problem, closely linked to the question raised p. 219 of Revuz-Yor [8];
a small step in that direction is made in [3].

But it is easy to exhibit examples showing that the answer to (Q) is some-
times negative, as we shall now see with Lévy processes.

Proposition 3 (Jacod). Let X' and X" be two Lévy processes (not neces-
sarily on the same probability space); call d' and d” the dimensions of their
Gaussian components and ' and p' their Lévy measures (defined on the
state spaces R™ and R™ where X' and X" live). Denote by F' and F" the
filtrations generated by X' and X".

The following three conditions are equivalent:

(i) F' and F" are isomorphic filtrations;
(i) d =d", and (R™, ') and (R™, ") are isomorphic measure spaces;
(i) d'=d", c(p') = c(p”) and o(p') = 6(1").
The following three conditions are equivalent:

(i1i) F' is immersible into F';
(iv) d’ < d', and there exist a Borel subset B’ of R™ and a measurable map
from B’ to R™ transforming ,u? 5 into uw’;
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(') d" < d, and there exist a sub-collection ¢ C c(p') and two maps
ficd —=e(p”) and u:c(p”) — [0,00] such that

Sy = o)+ > u@’) and Vp'ec(u’) pl=u®")+ Y 1.
p€c(u’) p'ec
f")=p"

Proof. Both equivalences (ii) <= (ii’) and (iv) <= (iv’) are copied from
Theorem 2. The real content of the proposition is implications (i) = (ii)
and (iii) = (iv), which are due to Jacod: implication (i) = (ii) is Jacod’s
Theorem (13.8) of [5]; and (iii) = (iv), although not explicitly stated by
him, is implicitly established in his proof of (13.8), on page 411 of [5].

The converse statements (ii) = (i) and (iv) = (iii) are straightforward.
Assuming for instance (iv), call f : B" — R™" a map carrying /QLTB/ onto u”,
U” the unit ball in R”", G’ (resp. G”) the Gaussian part of X' (resp. X"),
~" (resp. 4") the covariance matrix of G’ (resp. G”), A'(dt,dz’) the F'-
optional measure counting the jumps of X', and A'(dt,dz’) = dt w'(da’) its
F'-predictable compensator. As the ranks d’ and d” of 4" and 4" verify d” < d',
there exists at least one (n” x n')-matrix ¢ such that v = ¢+ t¢. By defin-
ition of f, one has on the one hand p/(B'N f~1(U")) = p"(U") < o0, and
on the other hand

FEP ) = [ (e <.

/B’ﬁf—l(U”\{O}) U\{o}

So it is possible to define an R™ -valued F'-Lévy process Y’ by

t
Y, =G, AX! ) (A = A)(ds, da) ;
J=oG+ S S S>+/0/,ﬂf_1w”\{o})f<x>< )(ds, da)

s<t
AX‘;EB/\fil(U”)

its Gaussian part ¢ G’ has covariance ¢’ ‘¢ = ~", and its Lévy measure is
f(1p-p') = p". This implies the existence of a vector a” € R™" such that the
processes Y/ and X" + a”t have the same law. Consequently, the filtration G
generated by Y is isomorphic to 7", and G C F' implies 7" C F".

The proof of (ii) = (i) is similar: observe first that, according to von
Neumann [7], there exist two Borel subsets in R” and R™", with full Lévy
measures, and a bimeasurable bijection between them, exchanging the Lévy
measures; then proceed as above to exhibit a process Y’ having the same
filtration as X’ and the same law as X' + a”t for some a”. O

Corollary 4. Let F' and F" denote the filtrations generated by two Lévy
processes X' and X" with no Gaussian component. If the Lévy measure of X'
has an infinite diffuse part, F" is immersible into F'.

Proof. As §(p') = o0, take ¢/ = @ and u(p”’) = p” in Proposition 3 (iv'). O
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Corollary 5. The filtration of any Lévy process is always immersible into
the filtration generated by an infinite-dimensional Brownian motion and an
independent Cauchy process.

Proof. The Gaussian part has a Brownian filtration, immersible into B(°°);
and the jump part is immersible into the Cauchy filtration by Corollary 4. 0O

By Corollary 4, the filtrations of any two Lévy processes with no Gaussian
component and whose Lévy measures have infinite diffuse parts are always
immersible into each other. But, by Proposition 3, they are isomorphic to
each other only if their Lévy measures also have the same list of masses of
atoms. Thus the answer to (Q) is negative. For instance, if S is a 3-stable
subordinator and NV an independent standard Poisson process, the filtrations
of S and S 4+ N are immersible into each other; but they are not isomorphic,
because the Lévy measure of S is infinite and diffuse, and that of S + N has
an infinite diffuse part and an atom with mass 1.

The reason why these two filtrations are not isomorphic is hidden inside
Jacod’s proof of (i) = (ii) in Proposition 3. It is possible to extract it from
that proof and to state it as an independent proposition, which explicitly
describes how the invariants of the Lévy measure can be seen in the filtration
of a Lévy process. This will be done below: Proposition 4 directly deduces (ii’)
from (i), without going through (ii), by looking at the structure of Poisson
counters in the filtration. All the arguments in the proof are copied, almost
verbatim, from page 411 of Jacod [5].

Definition 5. Fiz a filtered probability space (2, A,P,F).

A counter is an increasing, adapted, right-continuous process N, having
integer values and unit jumps, such that Ng = 0.

A counter N 1is indivisible if, for every decomposition N = N’ + N"
of N as the sum of two counters, there exists a predictable set A such that
N} = [;14(s)dN, and N{' = [; 14c(s)dN,.

A Poisson counter is a counter N such that Ny — at is a martingale for a
deterministic number a > 0, called the intensity of this Poisson counter.

A Poisson counter with intensity a is infinitely divisible if, for every
k > 1, it is the sum of k independent® Poisson counters with intensity a/k.

For instance, a Poisson counter is always indivisible relative to its own
filtration (this is a particular instance of Proposition 4 (i) below); but in
a larger filtration it can be divisible, or infinitely divisible, or even no longer
Poisson.

Proposition 4. Let X be a Lévy process, with Lévy measure . Fiz a > 0
and call M, the (at most countable) set of all atoms of p having mass a. The
ambient filtration will be the natural filtration of X.

4 This is redundant: as their sum is a counter, they have no common jumps, and
Poisson counters with no common jumps are always independent.
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(i) If & is an atom of p, the Poisson counter Ny = Y liax,—¢y 145
indivisible. st

(ii) Conversely, if N is an indivisible Poisson counter with intensity a,
there exists a predictable, Mq-valued process H such that Ny = ) 1iax,—m,}-

s<t

(iii) If two indivisible Poisson counters N' and N? with intensity a are
independent, the predictable processes H' and H? associated to N' and N?
by (i) verify H} (w) # HZ(w) for almost all (t,w).

(iv) The set M, has at least k elements if and only if there exist k inde-
pendent, indivisible Poisson counters with intensity a.

(v) The mass of the diffuse part of u is at least a if and only if there exists
an infinitely divisible Poisson counter with intensity a.

So, in the previous example, the filtrations generated by S and S + N
are not isomorphic because, by (i), N is an indivisible Poisson counter in the
filtration of S + N, whereas, by (iv), the filtration of S admits no indivisible
Poisson counter.

Proof. Recall that, in the filtration of our Lévy process X, every martingale
with finite variation can be written as a compensated sum

(%) Z K(s,w, AX;) —/O ds/n\{o}u(dm)K(s,w,x),

0<s<t

where K (t,w,z) is predictable in (¢,w) and null for z = 0.
(i) Consider two counters Ny and N;" with sum N; = > 1rax,—¢}. Their
s<t

jump times are totally inaccessible, hence their compensators are continuous,

and applying (x) gives N] = > K(s,w, AX,). Since the jumps of N’ are
s<t

equal to 1 and are also jumps of IV, it suffices to introduce the predictable set

A={(t,w): K(t,w,&)#0}, and one has AN/ = 14(t) dN,.

(ii) If N is a Poisson counter with intensity a, the martingale N; — at
has the form (x). Identifying the jumps shows that K may be chosen with
values in {0,1}; we shall call J(¢,w) the Borel subset of R™ \ {0} such that
K(t,w,z) = 1;4.)(x). Identifying the compensators now gives the mass of
J(t,w):

N; = Z Liax.esswy 3 w(J(tw)) = a for almost all (t,w) .
s<t

On the predictable set I' = {(t,w) : J(t,w) meets M,}, the set J(t,w) must
contain exactly one atom with mass a. Calling Hy(w) this atom, H is a pre-
dictable process with values in M,, defined (almost everywhere) on I', and
such that the difference J(¢,w) \ {H¢(w)} is p-negligible. Thus

t
/ 10dN, = er(s) liax,=H.)

0 s<t



Sandwiched Filtrations 207

and to establish (ii) it suffices to check that, if furthermore N is indivisible,
the predictable set I'® = {(t,w) : J(t,w) N M, = @} is negligible.

For (t,w) € I'°, the set J(t,w) has mass a but contains no atom with
mass a. So it may be decomposed as the disjoint union of two non-negligible
subsets J'(t,w) and J”(t,w), which depend predictably® upon (¢,w). Now
observe that the counters

N = Z 1re(s) liax,cr (sw)}
0<s<t

Z [1Fc(8) liax,er(sw) +1r(s) 1{AXs€J(s,w)}]

0<s<t

"
AQ

verify N + N” = N. So if N is supposed to be 1nd1v181ble there exists a
predictable set A such that N/ can also be written fo 14(s) dNy; expressing
the compensator of N’ in two dlﬁerent ways gives

[ 1r@urw)yas=a [ as

But we know that, for (s,w) € I'°, the mass M(J’(s,w)) lies strictly between
0 and a; so I"® must be negligible for dt x P(dw), and (ii) is established.

(iii) More generally, let H! and H? be any two R"-valued predictable
processes such that

N/ = > lax—my and N = > liax -uz)

0<s<t 0<s<t

are independent Poisson counters, N! having intensity a! > 0. The counter
fo ligi—pzy dN! of the common jumps of N and N2 must vanish identically;
its compensator a fo 1¢g1-p2y ds vanishes too, giving H}(w) # H}(w) for
almost all (¢,w).

(iv) Given k elements of M,, (i) yields k independent, indivisible Poisson
counters with intensity a.

Conversely, if the filtration contains k independent, indivisible Poisson
counters with intensity a, by (ii) and (iii) there exist k processes having values
in M, and almost always avoiding each other; therefore M, must contain at
least k points.

(v) If there exists a Borel subset B of R\ {0} such that u(B) = a and j
is diffuse, B can be partitioned into k subsets with mass a/k; consequently

the Poisson counter 1;ax,ep) is infinitely divisible.
s<t

5 For instance, choose a numbering of the atoms of p and a bi-Borel bijection
1 between R™ \ {0} and R4, which transforms the diffuse part of p into the
Lebesgue measure on the interval [0,6(p)[. Then take J'(¢,w) equal to the first
(numbering order) atom included in J(¢,w) if there is such an atom, and else put
J'(t,w) = J(t,w)N 1/)71([0,1;[), where u is such that M(J’(t,w)) =a/2.
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Conversely, if N is an infinitely divisible Poisson counter with intensity a,
let M' + ...+ MF* be a decomposition of N into k Poisson counters with
common intensity a/k. The same argument as in the beginning of (ii) gives

Ny = Z liax.ei(sw)} M(J(t,w)) = a for almost all (t,w) ;

s<t

M} = Zl{AXSeRi(&w)} ;o op(R(tw)) = % for almost all (¢,w) .

s<t

For ¢ # j, one has

E[/Ooou(Ri(t,w)ﬂRj(t,w)) dt] - E[Z 1{Axtem(t,w)w(nw>}} —0

t>0

because M? + M7 can have no jumps of amplitude 2; so, for almost all (,w),
Ri(t,w)NR’ (t,w) is p-negligible, showing that J(t,w) can be partitioned into
k subsets with measure a/k. This holds for all k; therefore almost every J(t,w)
is a set with measure a and containing no atom. a
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Summary. We extend the classical no-arbitrage criteria to the case of a model
where the investor’s decisions are based on a partial information (e.g., because of
delay or round-off errors), that is the portfolio strategies are predictable with respect
to a subfiltration. Our main result is a ramification of the famous Dalang—Morton—
Willinger theorem: the model is arbitrage-free if and only if there exists an equivalent
probability measure P such that the optional projection of the price process with
respect to Pisa ﬁ-martingale,
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1. Introduction. The Dalang—Morton—Willinger theorem asserts, for the
standard discrete-time finite horizon model of security market, that there is
no arbitrage if and only if the price process is a martingale with respect to an
equivalent probability measure. This remarkable result sometimes is referred
to as the Fundamental Theorem of Arbitrage (or Asset) Pricing (FTAP) or
simply the First Fundamental Theorem, [5]. Its various aspects have been thor-
oughly investigated, the theorem has been augmented by additional equivalent
conditions and extended in many directions, see, e.g. [2].

In this note we deal with the same model modified in only one aspect:
the agent’s decision are based on a restricted information flow described by
a filtration which can be smaller than a filtration generated by the price
process. Apparently, such situations may arise if the information arrives with
a delay or based on quantified prices and so on. We show that there is no-
arbitrage under partial information iff there exists an equivalent probability
P such that the optional projection with respect to Pis a I:’—martingale.
Surprisingly, this natural generalization was not studied previously and there
is a certain explanation for this. Almost all available proofs use a reduction
to the one-period model. This reduction is possible because in the standard
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setting, as was observed already in [1], the NA property is equivalent to the
absence of arbitrage on each step. Due to this, all efforts are concentrated to
construct a martingale density for the one-step model; proofs are accomplished
by assembling the required density process from the one-step densities using
the procedure suggested in [1]. Unfortunately, attempts to follow the same
strategy of proof for the partial information case cannot be fruitful: as we
show below, the equivalence between the “global” NA and the collection of
one-step NA properties fails in general. However, the proof of NA criteria given
in [3] and reproduced in [2] (to our knowledge, the unique one which does not
rely upon the reduction to the one-step model) works well and requires only
minor changes.

2. No-arbitrage criteria under delayed information. Let (£2,G, P) be
a probability space equipped with a filtration F = (%), t =0,1,...,T, with
Fr C G. We are given a d-dimensional process S = (S;) which is not neces-
sarily adapted. Let

Rr:={¢: ¢£&=H-Sr, HeP}

where P is the set of all predictable d-dimensional processes with respect to
F (i.e. H; is F;_1-measurable) and

T
H- Sy = ZHtASt, AS, =S, — Si_1.

t=1

Put Ay := Ry — Lg_; Ar is the closure of A in probability, Lg_ is the set
of non-negative random variables. In the context of mathematical finance the
process S describes the discounted price process of d assets. The assumption
that the strategy H is predictable with respect to a filtration F to which S
may not be adapted, covers, in particular, the situation where the investor has
no access to the full information contained in the price process (for instance,
he may observe the price process after some delay).
We formulate our main result in the same manner as in [3].

Theorem 1. The following conditions are equivalent:

(a) Arn Lg = {0};

(b) AT N Lg_ = {O} and AT = AT,‘

(c) Apn LY = {0};

(d) there is a probability P ~ P with dP/dP € L such that all S; are
P-integrable and E(Si;1|F;) = E(Si|F) for t =0,...,T —1.

The last condition means that the (F,P)-optional projection S is an
(F, P)-martingale (in discrete time S,, = E(S,|F,) by definition).

Condition (a) is interpreted as the absence of arbitrage; it can be written
in the obviously equivalent form Ry N LY = {0} (or H-St > 0= H-Sr =0).
When S is adapted to F, (a) is equivalent to condition:

(a’) H,AS; > 0= H;AS; =0 forallt= 1,...,T.
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This is no longer true when S is not adapted. Consider the following simple
example where T = 2, Fy = F; = {@, 2} but there is A € G such that
0< P(A) < 1. Put

1 1
A51:=IA—§IAC, ASQ::_§IA+IAC.

There is no arbitrage on each of two steps but the constant process with
H; = Hy; =1 is an arbitrage strategy for the two-step model.

3. Proof of Theorem 1. (a) = (b) For the sake of completeness and the
reader’s convenience we repeat the arguments from [3] which are based on the
following observation due to H.-J. Engelbert and H. von Weizsécker (see [3]
for a proof).

Lemma 1. Let n* € L°(R%) be such that liminf |n"| < co. Then there are
i* € LO(RY) such that for all w the sequence of ij*(w) is a convergent subse-
quence of the sequence of n™(w).

To show that Ar is closed we proceed by induction. Let T' = 1. Suppose
that HPAS; —r™ — ( a.s. where H] is Fo-measurable and r™ € L. It is

sufficient to find Fy-measurable random variables H¥ which are a.s. convergent
and 7 € LY such that HFAS, — 7 — ¢ as.

Suppose that certain sets {2; € Fy form a finite partition of {2. Obviously,
we may argue on each (2; separately as on an autonomous measure space
(considering the restrictions of random variables and traces of o-algebras).

Let H, := liminf [H{'|. On the set 2, := {H; < oo} we can take, using
Lemma 1, Fp-measurable H k¥ such that H F(w) is a convergent subsequence
of HP'(w) for every w; #* are defined correspondingly. Thus, if §2; is of full
measure, the goal is achieved.

On (2 := {H; = o} we put G} := H{/|H}| and A} := r"/|H}| and
observe that GTAS; — h — 0 a.s. By Lemma 1 we find Fp-measurable G’C
such that Gk( ) is a convergent subsequence of G (w) for every w. Denoting
the limit by G, we obtain that G1AS; = hy where h; is non-negative, hence,
in virtue of (a), G1AS; = 0.

As G (w) # 0, there exists a partition of 2, into d dlbjOlnt subbetb 125 € Fo
such that the ith coordinate G% # 0 on £2i. Define H} := — B8"G where
B" = HP'/GY on 5. Then HI'AS, = HI'AS) on 2. As it was mentioned
above we may consider as isolated the set 2§ € Fy. The replacement of
the sequence (HJ') by the (HT') does not change the limits. Represent these
sequences as infinite matrices with infinitely many columns, H? and HY,
respectively. The difference is that in the second matrix the ith row is zero
and if the first matrix already has null rows, they remain null in the second
one. We restart the entire procedure on (2% with the sequence H}* such that
H}" = 0 for all n. Since at each step the number of zero lines increases, the
process stops after a finite number of steps. The induction step from T — 1
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to T' can be done exactly in the same way, considering always the sequence
of (Hf') to construct a partition of {2 and making the needed operations also
with (H{*) for t > 2: this is legitimate since they do not destroy measurability.

(b) = (c) Trivial.

(¢) = (d) Notice that for any random variable 1 there is an equivalent
probability P’ with bounded density such that n € L'(P’) (e.g., one can
take P’ = CE~I"IP). Property (c) (as well as (a) and (b)) is invariant under
equivalent change of probability. This consideration allows us to assume from
the very beginning that all S; are integrable. The convex set A} := AN L
is closed in L' and hence satisfies the hypotheses of the well-known result due
to Kreps and Yan, [4], [6] (its proof can also be found in [3] or [2]).

Lemma 2. Let K D —LY be a closed convex cone in L* with K N LY = {0}.

Then there is a probability P ~ P with d]5/dP € L such that E§ < 0 for
all € € K.

This lemma ensures the existence of P ~ P with bounded density and
such that £ & < 0 for all £ € AL, in particular, for € = +H,AS; where H, is
bounded and F;_;-measurable. Thus, E(ASt\ft,l) =0.

(d) = (a) Let £ € Ar N LY, ie. 0< &< H-Sp. As E(H,AS|Fi—1) = 0,
we obtain by conditioning that E H-Sp = 0. Thus, &E=0.

4. Optional projection. It may happen that the (F, P)-optional projection
of S does not satisfy our NA condition although S does. Indeed, consider
again the two-step model with Fy = F; = {9, 2}. Let AS;, ASs be indepen-
dent random variables uniformly distributed on [—1,3]. Then E(AS;|F;) =1
for i = 1,2 but for any point (Hy, Hs) € R? different from the origin the
distribution of the random variable H1AS; + H3ASy charges both |—oo, 0]
and ]0, oo and, therefore, S has the NA property with restricted information.

5. Comment on continuous-time models. The following example illus-
trates that in the continuous-time setting where ¢ € R, the question of
absence of arbitrage under partial information can be posed even if the price
process is not a semimartingale.

Let B = (Bs) be a standard Brownian motion with respect to a filtration
(H:) satisfying the usual conditions. Let F be the trivial filtration formed by
the o-algebras F; generated by the null sets from Ho.

Put ¢(z) := m+arctanx, 0(t) := Et, and S; := fot o(Bs) dBS—|—f0t By(s) ds.
Let G be any filtration satisfying the usual conditions for which the process S
is G-adapted. If the diameters of the partitions 7, := {0 =1ty < ... < t, =t}
converge to zero, Y (Sy,,, — S¢,)? — [S,5]; in probability. So the process
[S,S]: = fg #?(Bs) ds is G-adapted. It follows that (B;) is G-adapted and
hence also (By()). Therefore, (B;) cannot be a G-semimartingale. Thus, (S;)
is not a G-semimartingale. Nevertheless, we can define the stochastic integral
h-Sy for any bounded Borel function and, moreover, for this integral E h-S; = 0
and, hence, the F-optional projection of S is a martingale.
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Abstract. The study of dynamic coherent risk measures and risk adjusted
values as introduced by Artzner, Delbaen, Eber, Heath and Ku, leads to a
property called fork convexity, rectangularity or m—stability. We give neces-
sary and sufficient conditions for a closed convex set of measures to be fork
convex. Since the set of martingale measures for price processes is m—stable,
this leads to a characterisation of closed convex sets that can be obtained
as the set of risk neutral measures in an arbitrage free model of security
prices. We also relate the property of m—stability with the validity of Bell-
man’s principle. It turns out that the stability property investigated in this
paper is equivalent to properties known as time-consistency and rectangular-
ity as used in multiprior Bayesian decision theory. Finally we characterise the
set of risk neutral measures for continuous price processes.

Keywords: arbitrage theory, capital requirement, coherent risk measure, co-
herent utility functions, capacity theory, dynamic risk measures, martingale
measures, multiple priors, rectangularity, risk neutral measures, Snell enve-
lope, shortfall, submartingale method, time consistency, risk neutral measures.

1 Introduction and Notation

The concept of coherent risk measures together with its axiomatic charac-
terization was introduced in the paper [2] and further developed in [3] and
[10]. The idea of dynamic coherent risk measures or parallel to it, dynamic
risk adjusted values was introduced in [4]. A characterisation of the risk mea-
sures defined on the space of bounded cadlag processes is given by Cheridito-
Delbaen-Kupper [7]. The relation between their theory and the present paper
is the subject of ongoing research, [22]. Some of the examples given in [4]
require the use of sets satisfying a property that is called multiplicative sta-
bility. The name is given since it is the multiplicative equivalent of a stability
property introduced in stochastic integration, see [12], page 370. After taking
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the stochastic logarithm, the property becomes equivalent to the property
“stable par bifurcation” of stochastic control theory (definition 1.6 in the
Saint-Flour lecture notes of El Karoui, [13]). This property already plays a
role in non-stochastic control theory. Another name for this concept is fork
convexity (a good translation of “stable par bifurcation”), a terminology that
was introduced by Zitkovic [29]. Earlier the same concept was introduced
under the name “predictably convex set” by Kramkov, [19] and by Follmer
and Kramkov, [17]. These authors showed that in the case of financial mar-
kets “predictably convex sets” play a fundamental role. In decision theory
the property of multiplicative stability is known as rectangularity, see Epstein
and Schneider, Wang ([16], [28]). These papers deal with the case of finite (2.
It turns out that there are natural examples of multiplicatively stable convex
sets. One of these examples is the set of absolutely continuous risk neutral
measures for an arbitrage free (or better NFLVR) price process, see below
for precise statements. In this paper we give necessary and sufficient condi-
tions for a closed convex set of measures to satisfy this stability property.
The conditions are related to concepts such as “price of risk” and fit well in
economic theory. Applying this characterisation to the situation of arbitrage
free price processes, we will give a characterisation of those sets that can arise
as sets of risk neutral measures. Especially in the case of filtrations where all
martingales are continuous, we will solve the problem completely.

There is also a relation with g—expectations introduced via Backward
Stochastic Differential Equations. These were introduced by Peng, [14]. Basic
papers explaining the relation with time consistent risk measures are [6], [8].
For an introduction to BSDE as well as their use in mathematical finance we
refer to [14] as well as [15]. The relation between these approaches and the
concept of m—stable sets is not the topic of this presentation. We refer the
reader to the already cited literature as well as to [26] and the overview of
the literature given there. Throughout the paper, we will work with a fixed,

filtered probability space, denoted as (Q, Foos (ft)tgo ,P). The filtration F is

supposed to satisfy the usual assumptions, i.e. the filtration is right continuous
and Fy contains all the null sets of the complete o—algebra F,,. The time
set is supposed to be R, . The reader can check that this is the most general
case. By using suitable imbeddings it covers the case of discrete, finite as
well as infinite time sets. With L>*(£2, F,P) (or L*°(P) or even L™ if no
confusion is possible), we mean the space of all equivalence classes of bounded
real valued random variables. The space L°(£2, F,P) (or L°(P) or simply L)
denotes the space of all equivalence classes of real valued random variables.
The space L is equipped with the topology of convergence in probability.
The space L*>°(P), equipped with the usual L* norm, is the dual space of
the space of integrable (equivalence classes of ) random variables, L!(£2, F,P)
(also denoted by L*(P) or L' if no confusion is possible). The spaces L? for
0 < p < oo are defined in the usual way. A useful result in integration theory is
the so-called Scheffé’s lemma. It says that if a sequence of nonnegative random
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variables f, tends in probability to a random variable f, if moreover E[f,]
tends to E[f] < oo, then necessarily the convergence takes place in L' and
the sequence is therefore uniformly integrable. For notions from the general
theory of stochastic processes, we refer the reader to Dellacherie-Meyer [12].
In particular, if X is a stochastic process and T is a stopping time, the process
XT is defined through X/ = X7,;. Since stochastic intervals play a special
role, let us recall from [12] some of these notions. If T < S are two stopping
times, then the stochastic intervals are defined as follows

IT,5] ={(t,w) |t e Ry and T(w) <t < S(w)}.

The other intervals are defined in a similar way. In case T' = S we simply write
[T,5] = [T] = {(t,w) | T(w) < oo}. If T is a stopping time and if A € Fr,
then T4 denotes the stopping time defined as T4 = T on the set A and
T4 = oo on the set A° = 2\ A. In particular for t € Ry and A € F; we have
[ta] = {t} x A. With the given filtration we will construct the o—algebras
of predictable and optional sets. The predictable o—algebra, denoted by P,
is the smallest o—algebra on Ry x {2 that contains sets of the form [04] =
{0} x A with A € Fy, as well as for each stopping time T, the stochastic
interval
[0,T] = {(t,w) | t < T'(w) and ¢ < oco}.

The optional o—algebra, denoted by O, is the smallest c—algebra on R, x {2
that contains sets of the form {0} x A with A € Fy, as well as for each stopping
time T, the stochastic interval

[0, T[={(t,w) [t <T(w)}.

We remark that the indicator functions of elements of the generating set of
P are left continuous adapted processes and that the indicator functions of
elements of the generating sets of O are right continuous adapted processes.
It can easily be checked that P C O. Let us recall that the class of predictable
sets

{[04] | A € Fo} U {]T,S] | T < S stopping times},

forms a semi-algebra that generates P. The Boolean algebra generated by
this class is simply

A= {[[OA]]U]TO,Tl]] U7, To] ... UlTur, T] | > 1, A € Fy and
0< Ty <T1 £...T,, < 400 are all stopping times}.
The importance of this class lies in the following density result from gen-

eral measure theory. The proof of the lemma is included in the proof of the
Carathéodory extension theorem.
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Lemma 1. Let 1 be a nonnegative finite o—additive measure on P, then
for each ¢ > 0 and for each set B € P, there is a set A € A such that
w(AAB) < e.

If Q is a probability defined on the o—algebra F.,, we will use the notation
Eq or Q, to denote the expected value operator defined by the probability Q.
So we will write Eg[f] or Q[f] to denote the expected value of f. Since the
filtration satisfies the usual assumptions, we will suppose that all the (sub—,
super—) martingales are cadlag, meaning they are right continuous and have
left limits. When we deal with the construction of the Snell envelope, we will
pay attention to this continuity property and the reader will notice similar
difficulties as in the work of Mertens see [23] and [12], appendix, see also [13].
Although we treat the case of supermartingales with respect to a family of
measures, there is no essential difference with the case of a fixed probability
measure. The proof we present here is standard and is only added for com-
pleteness to make the text more self contained. We will identify, through the
Radon—Nikodym theorem, finite measures v on F,, that are absolutely con-
tinuous with respect to P, with their densities %,, i.e. with functions in L!.
Furthermore we will sometimes identify this measure with the cadlag mar-
tingale Z; = Ep [% | .7-}]. We hope that these identifications will not cause
too many problems. We can now state the definition of multiplicatively sta-
ble sets. The definition is related to the concept of stable sets as in [12]. To
simplify the writing of the definition we suppose that S is a set of probability
measures, all elements of which are absolutely continuous with respect to P.
The elements Q of the set S will (as already said above) be identified with
their Radon—Nikodym derivative % and therefore we see S as a subset of L!
Most of the time, the set S will be supposed to be convex, also we will always
have that P € S. In that case we have for all 1 > ¢ > 0 and all Q € S that
(1-¢)Q+eP € S. This means that every element in S can be approximated
(in L'-norm) by elements in S that are also equivalent to P. The set of ele-
ments in S that are also equivalent to IP is denoted by S¢. If Q € §¢ then the
martingale Z; = E [% | .7-}] has the property inf;er, Z; > 0, P a.s. (see [12]
page 85). If Q ~ P, Bayes’ rule implies that Eg[f | Fr| = Ep[f % | Fr], here
T denotes a stopping time.

Remark 1. Standing assumption and notation We will always assume
that P € S and if Z is a nonnegative (local) martingale, the expression that Z
is positive (we will rather say strictly positive to avoid linguistic difficulties)
means that Z,, > 0 a.s. . As a consequence we have that if Z is strictly
positive then we have that a.s. : inf; Z; > 0. The latter is of course stronger
than Z; > 0 a.s. for every t > 0.

Definition 1 We say that a set of probability measures S C L', is multiplica-
tively stable, (m—stable for short) if for elements Q° € S,Q € 8¢ with associate

martingales Z) = E [% | ft} and Z; = E [% | ]—'t], and for each stopping
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time T, the element L defined as Ly = Z? fort < T and Ly = Z%Zt/ZT
fort > T is a martingale that defines an element in S. We also assume that
every Fo—measurable nonnegative function Zy such that Ep|Zy) = 1, defines
an element dQ = Zy dP that is in S.

Remark 2. The reader can check that indeed E[L] = 1.

Remark 3. The second part of the definition is required to be sure that when
Fo is not trivial, the set S is big enough. That part of the definition does not
follow from the concatenation property. In most of the cases the oc—algebra
Fo will be trivial and then the assumption only implies that P € S.

Remark 4. If the set S is m-stable and closed in L', it also satisfies the
property: for elements Q° € S,Q € S° with associated martingales Z =

E|9 | 7| and Z, = E[9Q : ing ti
s +| and Z; = [ iz \]—"t], and for each predictable stopping time

T, the element L defined as L; = Z? fort < T and L; = Z%_Zt/ZT_ for
t > T, is a martingale that defines an element in S. On the set {T' = 0},
Zp_ is, as usual, taken to be equal to Zy. The proof that L € § is quite
straightforward. If T, is a sequence that announces T then L} = Z? for
t < T, and L} = Z) Z,/Zr, for t > T, defines elements in S. Because
T is predictable, we have that on the set {T" > 0}, Zy, = Ep[Zo | Fr,]
tends to Ep[Zo | Fr—| = Zp_, whereas on the set {T' = 0}, we al-
ways have that Zy, = Zy = Zr_. It is now clear that L7 tends to Lo
a.s. and therefore also in L' by Scheffé’s lemma. Since S is closed this implies
LesS.

Remark 5. The reader familiar with the concept of stable sets of martin-
gales, can see the resemblance between the concept of being m-stable and
the usual concept of stable spaces. As already mentioned in the introduction
the definition of m—stable sets is the multiplicative version of the stability
property, encountered in stochastic analysis. Here a set (most of the time
a subspace) E of processes is called stable if for each stopping time T and
each pair of processes X,Y € E, the process X + (Y — Yr) 11 40] € E.
The references given in the introduction, [13], [19], [17], [29], [16], [28] in-
troduced in some way the concept of stability (called rectangularity) but
there was no separate study or the probability space was supposed to be
finite.

Remark 6. Let us now analyse how to concatenate two elements in Q°,Q € S
that are only absolutely continuous (and not necessarily equivalent) to P. We
suppose that the set S is convex. For each 1 > ¢ > 0, let us define the
probability Q¢ = eP + (1 — ¢)Q € S. The associated martingales are denoted
by Z° Z and Z°. If T is a stopping time we define L as above, namely
for t < T we put L = Z? and for t > T we put L = Z%Z5/Z5. On the
set {Zr > 0} we have that LS, tends to Lo, = Z%Z../Z7 and on the set
{Zr = 0}, we must have that Z; = 0 for all ¢ > T and hence we have that
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L%, tends to Lo, = Z%. We still have that Ep[Lo] = 1. Indeed
Ep[Loo] = B[22 Zoo /211 5:50)] + Ep[Z91 (7,0}
=Ep [Z91(2;>0}Ep[Zoc/Z1 | Fr]] + Ep[Z01(2,—0}]
= Ep[Z71(zr>03] + Ep[Z31(zr=0)]
= Ep[Z7] = 1.

It seems that the calculations are done as in the case where Q € S°¢ but
with the extra notation that on the set {Zr = 0} we put, in a naive way,

Zoo/Zr = 1.
We will frequently use stochastic exponentials. For strictly positive martin-
gales Z, with Zy = 1 — such as density processes of measures Q that are

equivalent to P — we can take the stochastic logarithm defined as N = % -Z.

This stochastic integral is always defined and we have that Z = £(N) where
& is the stochastic exponential or Doléans-Dade exponential (see [25] for pre-
cise definitions). The main theorem of this paper deals with the structure of
m-stable convex closed sets S C L! of probability measures. Before we state
the theorem, let us give an example of such a set (the proof that such sets
are indeed m—stable is deferred). First let us recall what is usually called a
multivalued mapping. For each (¢, w) € Ry x {2 we give a nonempty closed con-
vex set O(t,w) of RY. The graph of C is then the set {(t,w, ) | z € C(t,w)}.
Set-theoretically we can identify the graph of C' with C itself. In case the sets
C(t,w) are one—point sets, the object C simply defines a mapping from R x 2
into R?. In our, more general, case we say that C is a multivalued mapping
from Ry x (2 into RY. We realise that from the set-theoretic viewpoint this
terminology is horrible. However it is quite standard and it is widely used in
the literature. Other names are multi-function, in French “multi-application”
and set-valued function. We will make use of the integration theory for multi-
valued mappings later on. The multivalued mapping C' is called predictable if
the graph of C belongs to the product c—algebra P @ B(R?), where B(R?) is
the Borel o—algebra of R?. The following result gives a method to construct
m-stable sets. The statement uses the technical assumption of what we call
the predictable range of a o —martingale. This concept is explained in the ap-
pendix. The concept is needed to deal with predictable processes ¢ that are
not identically zero but are such that the stochastic integral q- M is zero. The
reader can now see that the concept of m—stable set is indeed closely related
to the property “stable par bifurcation” introduced in [13].

Theorem 1 Let C be a predictable convex closed multivalued mapping from
R, x 2 into RY. Let an R%—valued martingale M be given. Suppose that for
each (t,w), 0 € C(t,w) and suppose that the projection of C' on the predictable
range of the process M is closed. Then the L' —closure S of the set
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q 1s predictable
S=1E(qg- M) | q(t,w) € Ct,w)

E(q- M) is a positive uniformly integrable martingale

is an m~—stable convex closed set such that P € S. Furthermore the set {Q €
S | Q ~ P} is precisely the set 8¢ defined above.

Remark 7. There are two extreme cases that deserve attention. The first case
is when C(t,w) = {0} in which case we have that S = {P}. The second case
is when C(t,w) = R? in which case we have that S is the set of all absolutely
continuous probability measures QQ, whose density process Z; = E [% | ft},
is a stochastic integral with respect to the martingale M.

In case the m—stable set S has only elements of the form £(q - M), where
M is a continuous martingale, we can also prove a converse to the preceding
result.

Theorem 2 Let S C L' be an m-stable convex closed set of probability mea-
sures such that P € S. Suppose that there is an RY—valued continuous mar-
tingale M such that for each Q € S¢ there is a predictable, R*—valued process
q such that E [% | }}] =E&(q-M);. Then there is a predictable, convex closed
multivalued mapping C from Ry x 2 into R? such that 0 € C(t,w) and such
that

q 18 predictable
S = 5<q ' M)oo q(taw) € O(t7w)

E(q- M) is a positive uniformly integrable martingale

Of course the latter theorem is more difficult since we have to find the mul-
tivalued mapping C. This will be done through the theory of multivalued
measures and their corresponding Radon-Nikodym theorems. This theory was
developed during the end of the sixties and is fundamental in control theory
and in mathematical economics. Let us briefly describe what we will need
from this theory. Let us suppose that (G,G, u) is a probability space. For a
multivalued measurable mapping, C' from G into R¢, we define the integral of
C as follows

/O@mwm={/ﬂmmw>
G G

It turns out that if y is atomless, then, by the Lyapunov theorem, the integral
is automatically a convex set. The existence of elements ¢ that are measurable
follows from the measurable selections theorems, see [5] for the integration
theory of set—valued mappings. The completeness of the probability space is
not really needed. However in case the measure space is not complete, there
are not necessarily measurable selections. The best one can obtain is an almost

q is integrable

qw)GCWLu&e}.
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everywhere selection that is measurable. The existence of integrable selections
has to be dealt with through boundedness conditions on the sets C(g). A
mapping @ that assigns with each element A from G, a set #(A) C RY, is
called a set—valued measure if whenever A = U, A,, is a union of pairwise
disjoint sets in G, we can write that

B(A) = P(A,)

= {Z T | Tn € P(Ay) the sum being absolutely convergent} .

The set-valued measure @ is called p absolutely continuous if u(A) = 0 im-
plies that ¢(A) = {0}. We say that C is the Radon-Nikodym derivative of ¢
if for each A we have [, C(g)p(dg) = $(A). In case the set—valued measure is
bounded, convex and closed valued, the absolute continuity of ¢ with respect
to u guarantees the existence of a Radon-Nikodym derivative. This is a con-
sequence of the theorem of Debreu—Schmeidler ([9]). In case the set—valued
measure is not convex compact valued, the situation is different. The reader
can consult Debreu-Schmeidler ([9]) and Artstein’s paper ([4]) to have an idea
of the difficulties that arise.

2 Elementary Stability Properties of m—Stable Sets

The definition of m—stable sets allows for immediate extensions. More precisely
we have the following property, that may explain why m-stable sets are also
called fork convex.

Proposition 1. Let S C L! be an m-stable set. Let Z°, Z,... Z" be density
processes that are elements of S¢. Suppose that T is a stopping time and
suppose that Ay, ..., A, are elements of Fr that form a partition of (2. The

element
Ly=2° if t<T

=Y 1z if t>T,
— 27
k=1
defines an element of S.

Proof The proof is by induction on n. Let us put L° = Z% and for k > 1 let
us define LF = Z? if t <T and if t > T let us put

k k—1 k 1ZZ€
L; :lAELti +1AkLT7 5
ZT
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From the definition of m—stable sets, applied to the stopping time
TAk = T]-Ak —|—OO].A2,

it follows that if L¥~! € S, then also L* € S. An induction argument now
shows that L = L™ € S. a

Corollary 1 Let S C L' be an (L'—)closed m—stable set. Let Z° € S and
let Z™,m > 1 be density processes that are elements of S¢. Suppose that T is
a stopping time and suppose that A,,n > 1 are elements of Fr that form a
partition of 2. The element

L=27° if t<T

Zk

=3 14,2955 if t>T,
z¥

k>1

defines an element of S.

Proof This is easily seen. We define exactly as in the proof of the proposition,
the sequence L*. It is clear that E[L*] = 1 and by conditioning on the
o—algebra Fr it also follows that E[L.| = E[E[Ls | Fr]] = E[L}] = 1
Furthermore we have that L* — L., a.s. . From this and Scheffé’s lemma it
follows that L% — L., in the L'—norm, implying that L € S. O

We will now prove the

Theorem 3 Suppose that Fy is trivial. Let C' be a predictable convex closed
multivalued mapping from Ry x 2 into R?. Let an R?—valued martingale M be
given. Suppose that for each (t,w), 0 € C(t,w) and suppose that the projection
of C on the predictable range of the process M is closed. Then the L' closure
S of the set

q s predictable
S¢=1(8(q M) |q(t,w) € C(t,w)

E(q- M) a positive uniformly integrable martingale

is an m—stable convex closed set such that P € S. Moreover {Q € S | Q ~
P} = S° (as the notation suggests).

Proof The concatenation property is trivial. The proof of the convexity
mainly follows from Ité’s lemma. First of all it is trivial that P € S. Let
Z' = &(q'-M) and Z? = E(¢g?-M) be two strictly positive uniformly integrable
martingales coming from elements in S¢. Let 0 < a < 1 be fixed. Put Z =
aZl'+ (1 —«a)Z?, which is a strictly positive uniformly integrable martingale.
We have to show that Z., € §¢. It0’s lemma gives

dZ, = oZ} gt dM, + (1 — o) Z2 ¢2 dM,
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We can proceed as follows

aZl (1—a)z2
dZy = Z;_ b= gt =2 ) dM,
t t ( 7 g + 7 4z t
= Zy_qi dM;,
where L )
¢ oszq1 1-w)Zzi
g Z,_ 't Z,_

is in the set C since it is a convex combination of two elements in C. This
proves convexity. Since 0 € C' we have that P € §¢. We still have to show
that elements of the closure of S¢ and that are equivalent to P are of the form
stated in the description of §¢. To do this, consider a sequence Z™ € S and
suppose that Z™ converges to the strictly positive martingale Z. Each Z™ can
be written as

Zn = (g" M),

where ¢™ € C. The sequence ¢" does not have to converge but its projection
onto the predictable range of M does. Indeed we have that a.s. the brackets

(" =q™)-M,(¢" —q™) - M]

tend to zero in the space of nonnegative definite matrices. It follows that there
is a vector valued predictable process ¢’ such that ¢" - M tends to ¢’ - M in the
space of local martingales. But the hypothesis that the projection of C' onto
the predictable range of M is closed, implies (together with the measurable
selection theorem) that ¢’ is the projection of a predictable selection g of the
set valued mapping C'. This implies that Z = £(q- M) as desired. a

Remark 8. In case Fy is not trivial, we have to include the factors of the
form exp(Zy) where Zj is Fy measurable. The author thanks the referee for
pointing out this and other imprecisions.

3 The Characterisation of m-Stable Sets
in the Continuous Case

In this section we suppose that the set S is a closed convex m—stable set.
Furthermore we suppose that there is a continuous R*—valued martingale M
so that each element QQ of S can be written as

aQ _

dP —S(Q'M),

where ¢ is an R?—valued predictable process. Such a situation occurs when
there is a finite dimensional martingale that has the predictable representation
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property. But for the moment we do not need this more restrictive assumption.
The main object of this section is to prove theorem 2 of the introduction. As
the reader can verify, it does not harm to suppose that the bracket of the
martingale M is bounded by 1, i.e. Trace(M, M), < 1. If this is not the
case we may replace M by the martingale defined by the stochastic integral

1
M.
/ 1+ exp (200 Trace(M, M)) d

This assumption simplifies the notation of the proof considerably. Before we
prove the theorem let us make the precise statement (including the simplifi-
cations we introduced).

Theorem 4 Let S C L' be an m-stable convez closed set of probability
measures. Suppose that there is an R%—wvalued continuous martingale M,
verifying My = 0 and such that for each Q € S¢ there is a predictable,
RY—valued process q such that E [% | ft} = E&(q- M):. Suppose further that
Trace(M,M)s < 1. Then there is a predictable, convex closed set-valued
mapping C from Ry x 2 into R? such that 0 € C(t,w) and such that

q s predictable
S=¢&(q- M) | q(t,w) € C(t,w)

E(q- M) is a positive uniformly integrable martingale

The proof is divided into several steps. Because of this we will introduce an
extra notation. The finite measure p on P is defined through the formula

w(A)=E l/R 14d Trace(M,M)]| .

This measure will serve as a control measure. The first step of the proof is to
generalise the stability property.

Lemma 2. Let Q € S8¢, suppose that dQ/dP = E(q- M) and let A € P be
such that E[€ (q1a - M)_ ]| =1, then we have that

£(qla- M) € S°.

Proof The proof follows from Proposition 1 as soon as the predictable set
A € A. For the general case we take a sequence of predictable sets A,, € A so
that p(A,AA) — 0. Of course we have that each element £(qla, - M) € S°.
The sequence £(qla, - M)o tends in probability to the element £(qla - M)
and Scheffé’s lemma implies that the convergence takes place in L!. Since S is
closed we have that £(q14-M) € S. But {(qla-M,qla- M) < {(gM,q-M)oo <
oo a.s. and therefore £(qls - M)oo > 0 a.s. . Therefore £(qla - M) € §¢. The
proof of the lemma is complete. a
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Remark 9. It is not true that the stochastic exponential £(q14 - M) is uni-
formly integrable as soon as the stochastic exponential (g - M) is uniformly
integrable. The assumption E [€ (¢g14 - M)_] = 1 cannot be omitted.

Lemma 3. Let Q', Q? € 8¢, suppose that dQ'/dP = E(q* - M) and let A € P
be such that B [€ ((¢*14 + ¢*14e) - M)oo] =1, then we have

E((q"1a+¢*1ac) - M) € S°.

Proof We omit the proof since it is almost a copy of the proof of the previous
lemma. In fact we could have proved this lemma first. The previous lemma is
then a special case. O

The next step is to reduce our attention to elements of S that come from
bounded integrands. More precisely, for each A > 0 we introduce

s = {oes| B et a0 md jal <2} = ()"

The previous lemma allows us to prove the following density result

Lemma 4. The sets S* are m—stable, form an increasing family and the union
UxsoS? is L'—dense in S.

Proof The stability of the sets S* is obvious from the definition of m—sta-
bility. That they are increasing in A is also obvious. That the sets are subsets of
S follows from the previous lemma. Indeed if £(q- M) € S then necessarily we
must have that £(q1j4i<) - M) € S. Indeed by Novikov’s criterion (see [21]),
the stochastic exponential £(q1)q<x - M) is uniformly integrable (remember
that Trace(M, M) < 1). For A — oo we also have that £(q1jq < - M) con-
verges in probability to £(q- M) . Scheffé’s lemma transforms the convergence
into L!—convergence, proving the density. m|

Lemma 5. The sets S* are convez and closed.
Proof The convexity will be checked using It6’s formula. So let us take
Z'=E(¢" - M) € SM|l¢"|| < X and
Z2=E( M) e S|P <A
Take 0 < a < 1. Itd’s formula now gives
d(aZ' + (1 - a)Z%),
= aZlq; dM; + (1 — a)Z{ q; dM;

Zlql (1 _ a)quZ
= (aZ! + (1 —a)Z} %% Gt t 1t dM.
(a2t +(1-a) t)(azg+(1a)zf+azg+(1a)zf '

= q; dM; where

_ aZiq} (1-a)Ziq
=zl T -2 ezl r -2 )
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Obviously [lg:|| < X since both ||¢}|| < A and |¢Z|| < X\. Because S is convex
we have that £(q - M) is already in . The boundedness on ¢ then implies
E(q- M) € S*. We still have to show that the set S* is closed. Let us take a
sequence £(q"- M) € S* that converges in L' to a martingale Z. Of course we
suppose that ||¢"]] < X for all n. First observe that by taking the stochastic
logarithm, we can easily see that the sequence ¢" - M converges in the semi-
martingale topology to a martingale N and that Z = £(N). But by the
uniform boundedness of the sequence ¢", we must then also have that the
convergence takes place in all spaces LP. The sequence ¢" forms a bounded
sequence in the space L (u) and therefore there is a sequence of convex
combinations
kn € conv{q",q" ", ...},

so that k,, — k in y—measure. Of course k is predictable and ||k|| < X. We also
have that k,, - M converges in probability to k- M (even in all L?). Therefore
we also have that N = k- M. This shows that Z is of the form Z = £(k - M)
where k remains bounded by A. This completes the proof of the lemma. O

We now introduce the set
C*={q: Ry x 2 —R%||q|| <\ predictable and (g - M) € S*}.

The following lemma seems an obvious consequence of the closedness of the
sets S*, so we omit the proof.

Lemma 6. C* C L*>(u) is closed for the topology of convergence in -
measure.

The difficult part of the proof of the main result is to show that the sets C*
are convex. The rather technical proof of this convexity result is based on the
following BMO-style inequality.

Lemma 7. Let (Gi): be a filtration satisfying the usual assumptions. Suppose
that V is a continuous martingale adapted to G and such that Vy = 0. Suppose
that (V, V) < K for some constant K. Then a.s.

(E(V)Oo +25(—V)00>2

E

Qol < cosh(K).

Proof The proof uses the DDS-time change theorem, see [21]. This theorem
allows us to reduce the problem to the Brownian Motion case. Here are the
details. First of all, remark that the martingale V' converges at co and therefore
we can close the interval Ry by adding the point +0o0. We then transform the
interval [0, 4o0c] to the interval [0,1]. After time one we continue the process
by adding an independent Brownian Motion. The new process is still denoted
by V and the filtration is still denoted by G, no confusion is possible. For this
new process we define the finite stopping time

T=inf{t | (V,V); > K}.
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By the assumption on the bracket of V, 7 > 1. From the DDS theorem it
follows that V, is a random variable that has a gaussian distribution with
mean 0 and variance K. However this random variable is independent of G.
By Jensen’s inequality for conditional expectations, applied to the martingale
w, we get that

. '(5(1/)1 +5(—V)1)2

2

. (E(V)T + S(V)T)2

2

5 (S(V)T +25(V)T)2

The latter quantity can easily be calculated and gives

= 1e_KI[-E [exp(2V;) + exp(—2V;) + 2]

(80 + V)
2 4
1
= ZefK (€2K + 2K 4 2)
1
= i(eK + e %) = cosh(K).
O
Lemma 8. Let the sequence of stopping times (Tff)0<k<2n be defined as fol-
lows. For each n and 0 < k < 27, we define:
k_ - k
Ty =inf<t | (M, M), > on (-

Obviously TY = 0 and T2" = oo since (M, M)o, < 1. Let ¢* and ¢* be
predictable RY valued processes bounded by X. For each n we define

2m—1
fo=11 (;5 (Vrgarsenat M)+ 58 (s rsone M)oo> '
k=0

Let

1 2
fzg(q ;rq .M>

Then f, tends to f in L'(P).

Proof Clearly f > 0 and Ep[f] = 1. Define the measure Q as dQ = f dP. We
will show that

fn
Il frn = fllLrey = H7 — 1Ly
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tends to zero. Obviously Eq [fT"} = 1. The statement therefore follows as soon

2
as we can prove that Eqg {(ff) } — 1. Indeed this convergence immediately

implies that ||f7" - 1\\%2(@ — 0.

Under the measure QQ, the martingale M can be decomposed into a mar-
tingale N and a process of finite variation. The continuous martingale N has
the same bracket as M. Moreover a straightforward calculation shows that
each factor, say gF in the expression of % can be written as

1

1 q — ¢ 1 ¢ —q
k
gn - 58 <1]]T7]1‘?,T,If+1]] 72 M N)OO + 58 (1]]T57T.,If+1]] 2 — N . .

We now repeatedly will use the lemma 8. The bracket we must control is

1 2 1 2

q —q q —q
Mre ppoy =5 N Ly iy =5

cN)oo < AN2277,
2 2 )

By telescoping and repeated application of lemma 8, we now find

2m 1 n_ o
s [T b < o [T e ()" 172
k=0 k=0
P
< Eg H (gF)? cosh()\22")]
k=0
<.,

< (cosh(A*27™)) >

Since for small 2 we have cosh(z) ~ 1 + 22/2, we get that (cosh()\22_”))2n
tends to 1 as n tends to infinity. m|

Lemma 9. The set C* is convet.

Proof We use the notation of the previous lemma. Obviously we have that

fn € S, therefore also f € S* and therefore qlqu € C*. Since C* is already

closed for convergence in probability, we get that convex combinations with
other coefficients than 1/2 remain in C* as well. |

The next step in the proof is to analyse the structure of the set C*. The
following lemma is obvious in the sense that either the statements were proved
before or are trivial

Lemma 10. The set C* satisfies the following properties

1.C* C L*™®(P, ;s RY)
2. C* is contained in the ball of radius \
3. C* is closed for ju convergence
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4. C* is conver, therefore it is also weak*, i.e. o(L>(P, u; RY), LY(P, u; R?))
compact.
5.0f ¢t q2 € C, if A€ P, then ¢'14 + ¢*1 4. € C

The following lemma can be seen as an extension of the convexity property.
This property is sometimes called “predictably convex”.

Lemma 11. If ¢!, ¢%> € C*, if h is a real valued predictable process such that
0< h <1, then also hq* + (1 — h) ¢* € C*.

Proof If h = 2?21 a;14, where A; € P and where the nonnegative num-
bers «; sum up to 1, the property follows from convexity. However the set of
such convex combinations is dense (for the topology in y—convergence) in the
set of all functions between 0 and 1. The closedness property completes the
argument. g
We are now ready to prove the theorem for the set S*.

Theorem 5 With the notation above, there exists a compact convex set-
valued function & : Ry x 2 — R? so that

1. The graph of ®* is in P @ B(R?)
2. 0 € P (t,w) for each (t,w).
3. Cr={q: Ry x 2 —R? | ¢ is predictable and p a.s. q(t,w) € P*(t,w)}

Proof For each A € P we define the set C(A) as follows

C(A)Z{/Aqdu | qGCk}-

The set-valued mapping C : P — R? satisfies

0 € C(A) since 0 € C*.

If 2 € C(A) then [|z| < Au(A). Indeed || [, gdp| < [, llqll di < Au(A).
C(A) is convex since C* is convex.

C(A) is compact since C* is weak* compact.

If (A,,), is a sequence of pairwise disjoint predictable sets with A = U, 4,,,
if z, = fA" q"dp € C(A,) then the sum x = ), converges and
x € C(A). Indeed the convergence follows from the bound under item 2
and z = fA qdp where g =) 14, ¢". The latter follows from Lebesgue’s
dominated convergence theorem and the closedness of C*.

CU o=

The theorem of Debreu-Schmeidler, [9] now gives the existence of a compact
convex set-valued, P ® B(RY) measurable mapping ®* so that for all A we

have
C(A):{/qd,u | qe@’\,ua.s.}.
A

We still have to show that this allows to find the set C*. Let us first suppose
that ¢ € C*. We have to show that p a.s. we have that ¢ € ®*. In case this
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were false let us look at the set

A={(tw)]q(t,w) & P (t,w)}.

This set is measurable and it has a positive measure u(A) > 0. Because of the
density of the points with rational coordinates and the convexity of the sets
@*, this means that there is a vector p € R? (with rational coordinates) such
that the set

Ap = {(t,w) | (p,q(t,w)) > sup(p, &*(t,w))}

also has a positive measure p(A,) > 0. Indeed by the separation theorem we
can write that

A= UPERd,p rationalAp-
But then we must have that [, ¢du ¢ C(A,), since obviously we have that
P

P, [a, adp) = [ (p.a)dp > [, suplp, @ (t,w)) dp > supgeqn [y (P g) du =
sup(p, C(Ap)). The converse is proved in a similar way. So let gy be a pre-
dictable selector of #*, we have to show that gy € C*. If this is not the case,
we separate the point gy from the compact convex set C*. This we can do by
the Hahn-Banach theorem. We obtain a function f € L'(1;R?) so that

/<f7 qo) dpp > sup /(f, q) dp.

gecr

The sup is actually attained because of compactness of C*. Let a maximising
element be ¢;. Necessarily we then must have that for every ¢ € C* the
inequality (f,q1) > (f,q) holds u a.s. This follows from the property 5 of
lemma 10. Indeed if there would be an element g € C* so that the set B =
{{f,q1) < {f,q)} is not negligible, we could replace ¢1 by ¢115-+¢lp yielding
a greater expression than the one for ¢;. The set {(f, qo) > ([, ¢1)} must have
a strictly positive ¢ measure. Since the simple functions are dense in L' we
can find a vector p € R? as well as an € > 0 so that the set A, = {(f,qo) >
e+ (f,q)} N{llf — pllre < f5} has a nonzero measure p(A,) > 0. But this
inequality and the fact that all the functions in C* are pointwise bounded by
A, implies that

o [ wdw> [ (7o) du- (Pl

Ap Ap

> [ (o) dut SRLA

P

3e
> sup/ (f.@) du+z1P’[Ap]
geCr J A,

€
> sup/ (prq) dp+ SPIA,].
geCcr J A,
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And therefore we must have that pr godp ¢ C(A,). But this is a contra-

diction to gy € ®* and the definition of the Radon-Nikodym derivative for
set-valued measures. O

Remark 10. The proof was based on the Radon-Nikodym theorem for set-
valued measures. However the proof of the version we need can be given using
the support functionals. Since we also needed the support functionals in a
later stage of the proof there is a shortcut in the sense of merging the proof
of the RN-theorem together with the arguments on the support functionals.
However this would have obscured the idea of the proof.

The next step consists in getting rid of the truncation.

Lemma 12. If A < v then & = & N By, where By denotes the ball of radius
X in the Euclidean space R%. As a consequence we have & C &V  a.s.

Proof If this is not the case we will make a measurable selection, say ¢, of the
set-valued function @* \ (#” N By), at least on the predictable set A, where
the set &* \ (#” N By) is nonempty. Let us put g equal to 0 where the set is
empty. Since ¢ is in C* it has to be in C¥ as well. Since obviously the element
q = ql,4 is also in C¥ it has to be a selector of ¢”. But this is a contradiction
to the construction of q. The converse inclusion is proved in the same way. O

For each (t,w) we now define
B(t,w) = UrsoP(t,w) = Ups18™(t,w).

Because @ is the union of an increasing sequence of convex sets, it is convex.
The closedness of @ is something that needs a proof, since the countable
union of closed sets does not have to be closed. But since we have the equality
¢ = d¥ N B, for A < v, the union is indeed closed. The last part consists in
showing that we get the m—stable set S back.

Lemma 13. Let g € @, p1 a.s. . Suppose that E[(E(q- M)), ] = 1, meaning
that E(q - M) is a uniformly integrable martingale. Then E(q- M) € S

Proof By construction we have that ¢, = q1)4<n is a selector of &". There-

fore it is in C™. But then we have that £(g, - M) is in S. Since E(g,, - M) tends

to E(q- M) in L' (by Scheffé’s lemma), we must have that £(¢- M) € S. O
The following statement concludes the proof of theorem 4 or 2.

Theorem 6 We have the following equality
S={&(q-M) | qe @ and E[(E(q- M)) ] =1}

Proof One inclusion is in the previous lemma. The other inclusion is quite
obvious. Take ¢ so that £(¢ - M) is in S. Obviously lemma 2 implies that for
each n we have that q1)4<, is in C". Therefore we have that ¢1,<, € ?" C
&, 1 a.s. . This of course implies that g € @, p a.s. .
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Remark 11. Kabanov pointed out that the proof of the above theorem can
be simplified when the following special case of his result on extreme points
is used, see [18].

Theorem 7 We use the notation of theorem 3 and we suppose that for each
(t,w) the set C(t,w) is closed, conver and bounded by a constant independent

of (t,w). If O denotes the operator that associates with a set S the set of its
extreme points 05, we have that

0S8 ={€(q- M) | q predictable,q € OC and Ep [E(q- M)oo] = 1}.

Remark 12. In case the set S is weakly compact, the m—stability implies
extra properties.

Lemma 14. If Z is a continuous, nonnegative martingale with Zy = 1, if
P[Zy = 0] > 0, if 7. denotes the stopping time 1. = inf{t | Z; < €}, then the
family {Z/Z:. | 1 > € > 0} is not relatively weakly compact.

Proof Let A, = {7. < oo}. Clearly P[A] > P[Z = 0] and for € — 0 we get

P[A] — P[Zs = 0]. By the stopping time theorem we get [, Z,, = eP[A].
Hence we get

[ 2e/z. <AL

€

Since 14.Zo/Z;. — 0 when € — 0, we get a contradiction with uniform
integrability. m|

Theorem 8 If S is m—stable and weakly compact, then all continuous ele-
ments in S are strictly positive (i.e. satisfy Zoo >0 a.s. ).

Proof This immediately follows from the previous lemma and from the fact
that the elements Z,/Z,, € S by m-stability. O

4 The m-stable hull and the relation with some
risk measures

In this section we will investigate if the classical examples of risk measures
([10]) come from m-stable sets. We start with the obvious

Lemma 15. IfS is a set of probability measures S C L', then the intersection
of all m—stable, convex, closed sets containing S is still an m—stable, closed,
convex set. It is the smallest closed, convex, m—stable set containing S and it
1s called the m—stable hull of S.

Proof This follows immediately from the definition of m—stable sets. O

The following theorem deals with the case of Tailvar or CV@R. For the
definition see [10]. Just for the information of the reader, let us recall that the
o—algebra Fy is trivial and therefore every element Z € S satisfies Zy = 1.
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Theorem 9 Suppose that all martingales for the filtration F are continuous
(as well known, this is equivalent to the property that all stopping times are
predictable). Suppose that K > 1 and let

SK:{Q | Z%gK}.

Then the m—stable hull of Sk is the set of all probability measures absolutely
continuous with respect to P.

Proof We will show that every probability measure Q can be approximated
by probability measures that are concatenations of elements of Sk . Since the
measures Q with densities that are bounded away from zero form a dense set,
it does not harm to suppose that Q has a density process

Zt:E[ﬁ | ft}

satisfying 0 < € < Z. By hypothesis the martingale Z is continuous. Let us
now define a sequence of stopping times starting with Ty = 0 and inductively
defined as

Zy
Tk:inf{u|u>Tkland >K}.
ZTk—l

Because of the continuity we have that the random variables

Z

_ k
Zkal

Jr

are bounded by K and are therefore densities of elements in Sk . Furthermore,
because the intervals |Tj_1, Tx] are disjoint, the products Zr, = H,ivzl fi are
concatenations of elements of Sk and therefore they are densities of proba-
bility measures which, by Proposition 1, are necessarily in the m—stable hull
of Sk. Because the martingale Z is continuous and converges at t = oo (at
this point we only need that it has left limits for each t < 00), we must have
that P[Tv = oo] tends to 1. Since Z is a uniformly integrable martingale, the
convergence of Zr, to Zo is both a.s. and in L'. This shows that Q is in the
m-stable hull of Sk. O

The case of law invariant risk measures deserves special attention. We
refer to Kusuoka’s paper, [20] for details and for a nice characterisation of law
invariant risk measures. For our purposes it suffices to recall that the set S is
called law invariant if Z,, € S and if the distribution of Z and Z, are the
same, then also Z/ € S. For law-invariant risk measures we can prove the
following

Theorem 10 Suppose that the filtration F is generated by a d—dimensional
Brownian Motion W. If S is an m-stable convex closed set, if S is law-
invariant, then either S = {P} or S equals the set of all probability measures
that are absolutely continuous with respect to P.



The Structure of m—Stable Sets 235

Proof The proof is based on the following

Lemma 16. (Skorohod embedding theorem) If B is a Brownian Motion (with
respect to a filtration G ). If v is a probability on R such that fR+ zv(de)=1,
then there is a (G )-stopping time 7 such that £(B)™ is uniformly integrable
and E(B), has the probability v as its law.

Proof of the lemma The proof is almost identical to the proof of the usual
stopping time problem, see [21] and the references given there. For complete-
ness we present an easy proof. Let R™ be an increasing sequence of finite
o—algebras on R, chosen such that they generate the Borel o—algebra and
such that each atom of R™ is split into exactly two atoms of R™*!. For conve-
nience we take R? = {&, R }. Define the R™ measurable, conditional expec-
tation y, = E, [idg, | R"]. Inductively we define an increasing sequence of
stopping times o, so that £(B),, has the same law as y,,. For n = 0 we take
0o = 0 and yo = 1. Then y; takes two values (at most) and we take oy as the
first time that £(B); takes one of these values. Clearly £(B),, takes the same
two values (at most). On each of the atoms, generated by the random variable
E(B)s,, we define oy as the first time after o1, where £(B) takes one of the
(at most two) corresponding values of y,. We continue this procedure and we
obtain a martingale (not only a local martingale) (£(B)s, ),,- The sequence
oy, can clearly be defined since the only difficulty is when o, = co with some
probability, in which case we have £(B),,, takes the value zero. When this is
the case, the martingale y,, = 0 on the corresponding set and consequently the
further values of y; are all zero as well. From the construction it follows that
for each n, £(B),, has the same law as y,,. Indeed since there are at most two
values, the probabilities of these values are determined by the fact that their
average is the preceding value of the martingale. These are the same for the
sequence (yn)n as for the sequence (£(B),,,),,- Let us now define 7 = lim o,.
Since the law of £(B), is the limit of the laws of £(B),,, , this law is precisely
the limit law of y,, hence equal to v. This implies that the process £(B)"
is a uniformly integrable martingale since obviously it is a nonnegative local
martingale, starting at 0 and E[E(B),] = fR+ z v(de) =1. O

We can now continue the proof of the theorem. We suppose that S contains
an element f > 0, a.s. , that is different from 1. The law of f will be denoted
by v. We have to show that S equals the set of all probability measures that
are absolutely continuous with respect to P. What we will show is that the set
C, from the representation theorem 4, is equal to R%. Take a vector z € R¢
of unit length. Let us consider the process B = z.W. This process is clearly a
1—dimensional Brownian Motion for the filtration F. Let 7 be a stopping time
such that £(B), has the law v. By Skorohod’s theorem (see the lemma above),
this is possible. Since f > 0 a.s. , we must have that 7, < +o00. The stopping
time 7y can be taken to be a stopping time with respect to the filtration gener-
ated by B. Because of Blumenthal’s zero-one law (see [21]) we must have that
71 > 0 a.s. . The process ¢ = x1jg 5] is therefore a selector of the set C. If we
restart the Brownian Motion B at time 71, i.e. if we look at the process B, = 0
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for s < 7 and B, = B; — B, we can again apply Skorohod’s theorem and we
get a second stopping time 75 > 71 such that £(B’),, has the same law v. More-
over the random variable £(B’),, is independent of £(B),,. This means that
also the process ¢ = z1),, -, is a selector of C. If we continue in the same way,
we get a strictly increasing sequence of stopping times 7, such that for each k
we have that x1y,, | 7, is a selector of C' and such that the random variables
fr = Eyry_y 7] - B)7, are iid with law v. Since as is easily seen, the product
1I§° fi, diverges to zero a.s. , we must have that the sequence 75, tends to co. It
follows that x € C on R x £2. We now apply the same reasoning to the process
B” =nB = nz.W. Since B” is, up to scaling by /n, a Brownian Motion we
can find a stopping time 77 such that £(B”),» has the law v and 0 < 7”7 <
+00. This means that ¢ = nx1[0, 77] is a selector of C'. But the same reason-
ing as above, meaning that we restart at time 77, then gives that the constant
process nx is a selector of C'. Since C' is convex and since for each vector z € R?
we now have that z € C a.s. on Ry x (2, we must have that C = R?, a.s. O

Remark 13. The proof can easily be adapted to the case where M is a
d—dimensional continuous local martingale with the predictable representa-
tion property and with the condition that for each coordinate k we have that
(M*, M*), = +00. Although we have some generalisations of this situation,
we do not know whether the theorem holds in the general case of a filtration
where all martingales are continuous.

Remark 14. The previous theorem is not the end of law invariant dynamic
coherent risk measures. There is a way out as shown in [21].

5 The construction of the Snell envelope

In this section we will assume without further notice that the set S is m—
stable. The properties of m—stable sets allow us to define a risk adjusted value
as a process. The construction goes as follows. For an m—stable set of proba-
bility measures & and for a bounded random variable f € L°*° and under the
assumption that Fy is degenerate, we define the risk adjusted value at time
zero, $o(X) as

Bo(f) = inf {Eqlf] | Q €S}

At intermediate times 0 < t < 0o, we could try to define the random variable

D(f) = ess.inf {Eg[f | F¢] | Q€ S}.

For ¢t = 0 there is no ambiguity in the definitions since the o—algebra Fy is
trivial. The infimum is an infimum of random variables and therefore it has to
be seen as an essential infimum. But the measures Q € S are not all equivalent
to P and hence the conditional expectations are not defined P a.s. . However
the random variable @;(f) can also be defined in another way, thereby avoid-
ing this difficulty. One way is to observe that the set S¢ of the measures in S,
equivalent to P, are dense in S. Therefore we can define

D, (f) = ess.inf {Eg[f | ]| Q € S°}.
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By the density argument we have that for every Qg € S:

ess.inf {Eq[f | Fi] | Q € 8¢} < Eg, [f | Fi Qo a.s. .

Another solution is to take

Py(f) = esssup{g | VQ € S: g < Eglf | 7], Qas. }.

The following theorem deals with risk adjusted values of a stochastic
process. We will use a different but similar notation as the one introduced
in the beginning of this section.

Theorem 11 If S is an m—stable set and if X is a bounded cadlag adapted
stochastic process, then there is a cadlag process, denoted by W:(X), so that
for every stopping time 0 < T < oo we have

Urp(X) = ess.inf {Eg[X; | Fr|| 7> T is a stopping time and Q € S°}.

We call the process Wy (X), the risk adjusted process corresponding to the
process X. The process ¥(X) is a Q—submartingale for every Q € S.

Remark 15. The proof follows the same lines as the proof of the existence of
the Snell envelope, see [12] pages 431 up to 436 or [13] pages 110-113. Since
we have the “extra” difficulty that we have to deal with all the measures in
S, we prefer to give the details. The reader can skip the proof.

Remark 16. That the process ¥(X) is a submartingale for every “test-
probability” has a direct interpretation. It shows that as time evolves, the
uncertainty on the remaining part decreases. The risk adjusted value there-
fore increases in expected value.

Proof We start with the definition of a family of random variables, indexed
by the set of all stopping times 0 < T < oo:

Yr = ess.inf {Eg[X, | Fr]| 7 > T is a stopping time and Q € §°}.

We emphasize that this is only a family of random variables and that for
the moment there is no process Y that gives the values Y at times T'. The
construction of such a process involves the selection of representatives of the
a.s. equivalence classes Y.

Lemma 17. For a fized stopping time T, the set
{Eo[X; | Fr]| 72T is a stopping time and Q € S}
s a lattice.

Proof Indeed for 71,7 > T and Q!,Q? € S¢, (with density processes Z!, Z?
resp), we have that

min (EQl [Xﬁ | FT]a]EQ2[XT2 ‘ FT]) = ]EQ[XT | fT]a
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where the measure Q is defined as

dQ  Z1,
T =7 on the set {Eq1 [ X, | Fr] < Eg:[X,, | Frl}
T
Z2
= 702; on the set {Eg:[X,, | Fr] > Eg2[X,, | Fr]}.

That the measure Q is still in S follows from the m-stability of the set S.
In the same way we define

7 =1 on the set {Eq:[X;, | Fr| < Eg2[X-, | Fr]}

= T2 OI the set {EQl [Xﬁ ‘ fT} 2 EQQ [X-,—2 | fT]}
O

Corollary 2 Because of this lattice property we also have that for every stop-
ping time 0 < T < oo and for every probability measure p < P (not necessarily

inS):
E,[Yr] = inf {E, [Eg[X, | Fr]] | Q € 8% T < 7 stopping time} .
Proof Obvious. a

Lemma 18. The m-stability of the set S implies the equality of the following
two sets: (here co > v > o are two stopping times)

(22)mes){(E 2 zcsres)
Proof Obvious since it follows from the definition of m—stability. O
Lemma 19. For every pair of stopping times 0 < 7 < 0 < 00, we have

Y; <ess.inf {EglY, | 7] | Q € S§¢}.

Proof From the lattice property and the previous lemma, we can easily
justify the following calculations

g
Y. <E XVZ]-"T] all Ze S, ally>1

r Z, Z,
<E E[XVfU]L?:T} all Zec S¢ allv >0

1z, Z,

[ Z,/j o ,
<EIEX,,7\]:U Z—|.7:T all Ze 8% all Z/ €S, allv >0

7
<E YUZ]-'T] all Z € 8¢ allv > 0.

Taking the ess.inf over all Z € §¢ implies the desired inequality. O
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Lemma 20. The family Yr constructed above satisfies the following sub-
martingale property: for every pair of stopping times 0 < 7 < 0 < o0 and
every Q € S we have

Y, < EqlYs, | .

In particular it satisfies this property for P.
Proof Follows directly from the previous lemma. O

Lemma 21. The family Yr constructed above satisfies the following right con-
tinuity property: if oo > T, is a monincreasing sequence of stopping times
converging to T, then lim, E[Yr, | = E[Y7]; consequently Yr, tends to Yr
in L.

Proof Because of the corollary 2, we have for each € > 0 the existence of a
stopping time ¢ > T and Z € §¢, so that E [Xag—;} < E[Y7] + €. Because of
the right continuity of the process X we can also suppose that ¢ > T". Indeed
on the set {o = T} we can replace o by o + ¢ where ¢ is small enough. This
not only uses the right continuity of the process X, it also uses that for § — 0,
we have that Z;—;‘s — 1 in L'. So we may and do suppose that ¢ > T. The
following sequence of inequalities is now clear

[ Z
¢ +E[Y7] > E XUU]
Zr

v Zo Zgy
=K X6102T7L:| +E |:XU]-<7<T7L:|

ZT ZT
[ Z, Zr Zs
=F |X,——==1, E|Xe—1,
| 21, Zr >T"} " { Zr <T"}
[ Za- ZT Za'
=E|E |X,—1, n E|X,—1,
i { Zr, 77T |fT"] ZT] - { Zr <T"}

I Zr Z,
2 E |Y; 10- * E Xai]-a'
|t ZT} * { Zr <Tn]

Z ZO'
> E [YTJ +E |:YT,L (1U>Tn T 1>:| +E |:X010<Tn] :
ZT ZT

The third term tends to zero since the set {o < T,,} decreases to the empty
set. Now the second term tends to zero as n — oo. Indeed 1,>7, ZZLT" — 1lin
L' and the variables (Y7, ), are uniformly bounded by the bound on X. As a
result we get that for all € > 0:

€+ E[YT] 2 lim E[YT”]~
n

The last statement is easy since the sequence Yr, (Y1, ),, forms a submartingale
that has a right continuous modification (see [12]). This completes the proof
of the lemma. O
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Lemma 22. There is a cadlag process V' so that for all stopping times T' < oo
we have that Vir = Yr a.s. .

Proof This follows from the modification theorem for submartingales. For the
appropriate version (stated for supermartingales) see [12] page 73, Théoréme
1. O

The proof of the theorem is now complete. It is sufficient to take the
process V constructed above as a version for the “process” ¥(X) and to apply
the lemma 20. O

Remark 17. The notation ¥ is reserved for processes, whereas the notation
@ was reserved for random variables. The construction is also different in
the sense that in the construction of ¥, we use an infimum over stopping
times as well as an infimum over all elements of S. If with a random variable
f € L, we associate the cadlag process X; = Ep[f | F;], we could associate
with any random variable a process W;(f) (defined as ¥(f) = ¥(X)). In the
next section, we will give conditions under which, for random variables, both
families @7 (f) and ¥p(X) are the same. For the moment let us show the
following property

Lemma 23. Let S be m—stable. With the notation introduced above, i.e. X; =
Ep(f | F:], we have for every bounded random variable f

(X)) = Pu(f).
Proof We obviously have

!pJ(X) = eSS.inf0<T7Q65e EQ []E]p[f | .7:7—] | fg] < eSS.ianesc ]EQ[f | .7:0}
= Qsa(f)'

Indeed take T = oo as a special case in the left hand side.
Conversely, we have that

¥, (X) = ess.info<rgese Eq [Eplf | Fr] | Fol
> ess.inf; >, ess.infoese Eg [ess.infoes Eg [f | Fr] | Fol

> ess.inf, >, ess.infgese Eg [Eg[f | Fr] | Fo
> ess.inf; >, ess.infgese Eg [f | Fol
> ess.infgese Eg [f | Fol = @0 (P (f)).
The third line follows from the m—stability of the set S. a

Example 1 If S = {P} the process ¥(X) coincides with the Snell envelope
(up to sign changes, since we take a lower envelope and not an upper envelope).
As well known this “upside down” Snell envelope can be calculated as Wy (X) =
ess.inf, oo Ep[X,]. The other extreme example is when S is the set of all prob-
ability measures, absolutely continuous with respect to P. In this case we have

(X)) = ess.inf (%r>1(f) X4),
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the worst possible loss over time and over all “states of nature”. This requires
some extra proof, since the time where a process attains its minimum (if the
minimum is attained) is not a stopping time. (In finance this would have
spectacular consequences as we would be able to buy at the lowest price and
sell at the highest price, a strategy opening a lot of perspectives). The proof
goes as follows. We suppose that the cadlag process X is bounded by 1. Let
a = ess.inf (inf;>0 X¢). The set, defined for € > 0:

m(A) = {w | there is t such that X;(w) < a + ¢}
is the projection of the optional set
A={(t,w) | X¢(w) <a+e}.
It is therefore measurable, i.e in F,. Moreover the stopping time
T(w) =inf{t| (t,w) € A},

is well defined and satisfies {T' < oo} = w(A). Moreover on {T' < oo} we
have that X7 < a + ¢, since the process X is cadlag. We now take n so
that P[T < n] > P[r(A)](1 — ) > 0. The probability measure Q is defined
as the conditional probability measure with respect to {T' < n}, i.e. it has
density Zoo = lyr<n}/P[T" < n]. As easily seen Eq[X7an] < a4+ . Since €
was arbitrary we have Wy(X) = a. The identification of ¥, (X) is more or less
the same. Roughly speaking we can say that ¥, (X) is, given the information
Fr, the infimum of {X; | 7 < ¢ < oo}. This requires the use of conditional
distributions but it can also be defined as
ess.inf ( inf X;) =

TLE<00

ess.sup {h | h is F, measurable and h < X; for all t > 7}

As we will show, this random variable is equal to the random variable ¥, (X).
Since obviously ess.inf (inf;¢icoo X¢) < ¥ (X), it is sufficient to prove that
for every stopping time co > o > 7 we have that ¥, (X) < X, a.s. If this
would not be true then the set C' = {¥,(X) > X,} would not be negligible
and we could then take the probability measure Q with density 1¢/P[C]. For
this probability we would get

Eq[Xo | Fr] < Eg[¥:(X) | F7] = ¥-(X),
a contradiction to the definition of ¥ (X).
Remark 18. (on the motivation) The reader could ask why we took the in-
fimum over all probabilities in S and over all stopping times. It can be argued

that if the economic agent can choose the stopping time, e.g. to stop a project,
it would be more realistic to take the supremum over all stopping times. This
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gives a mathematical problem that is related to a maximin/minimax strat-
egy. The mathematics involved are more complicated as the outcome is not
the result of a concave problem but rather of a concave-convex optimisation
problem. This approach clearly makes sense if the economic agent can choose
the stopping time. If however the economic agent cannot choose the stopping
time or if the stopping time is selected by the “enemy”, then the infimum
makes more sense. In case the economic agent can choose the stopping time,
it becomes interesting to have a look at the following generalisation. For con-
venience and to facilitate the mathematics, let us suppose that we are working
on a finite horizon interval [0,T]. The stopping time 7 < T can be identified
with the nondecreasing process A; = 1,<; and has the property that Ar = 1.
The convex closed envelope of these processes brings us to the set of all
cadlag, adapted, nondecreasing processes such that Ar = 1. The value A;
could describe the amount of the process that is already stopped — or closed
down — at time t. If the set S is weakly compact in L!, we can apply the
minimax theorem and we get that
T
[ xoaa,
0

We do not develop this theory any further as it does not fit in the approach
we present here.

T
inf supE X, dA,| =sup inf E
Qes Ap Q [/0 Ap@es Q

6 The Equivalence between the m-stability property,
recursivity and time-consistency

The setup of this section is a little bit more general as we will deal with
random variables instead of dealing with stochastic processes. Let us first
recall some notations. Let S be a closed convex set of probability measures S C
L!(£2, F,P). No stability on S is assumed. If f is a bounded random variable
then for each stopping time T' < oo we denote by @1 (f) the random variable

&r(f) = ess.infges Eq [f | Fr]-

The nonlinear functional @1 satisfies the following coherence properties. We
omit the straightforward proofs.

1. if f > g are bounded random variables then &1 (f) > @1 (g)

2. for A > 0 and f € L*°, we have that 7 (Af) = APr(f), (the same holds

for A a nonnegative bounded Fp measurable random variable)

for f, g bounded random variables we have @7(f + g) = @7 (f) + Pr(9)

4. if g is a bounded Fr measurable random variable, then for any bounded
random variable f we have &1 (f +g) = &7 (f) +g

5. if f, is a sequence of random variables 1 > f,, > —1 then ®&¢(limsup,, f,)
> limsup,, &7(f,).

@
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Definition 2 The set S is called time consistent if the following holds. For
any pair of stopping times o < T and any pair of random variables f,g € L*>°,
we have that ,(f) < P(g) implies that P, (f) < Py (g).

The following theorem characterises the convex closed sets S that are also
m-stable. This theorem is related to decision theory with multipriors, where
the m-stability is referred to as rectangularity. However the technicalities are
different from the ones addressed here. See [16], [28]. The first paper uses
as basic concepts, the so called lotteries on a set of actions. Some of the
problems here can be translated into the language of [16]. How the paper
[16] fits in our approach is not yet clear and subject of ongoing research. The
paper [28] is difficult to read since it does not use the structures introduced
in general stochastic process theory. Both cited papers only deal with discrete
time or/and discrete event spaces.

Theorem 12 The following are equivalent

1. The set S is m—stable.

2. For every bounded random variable f, the family &1 (f) satisfies: for every
two stopping times o < T we have P, (f) = Do (P (f)).

8. For every bounded random variable f, for every stopping time o we have
Bo(f) < Bo(@, (/).

4. The set S is time consistent.

5. The family o7 (f) satisfies the submartingale property: for all Q € S and
all pairs of stopping times o < T we have that P (f) < Eg|P-(f) | Fol.

Proof First of all let us show that 1) implies 2). So let o < 7 be two stopping
times and let f be a bounded random variable. By lemma 18 and the lattice
property of lemma 17, we have that

ess.infg Eq[f | Fo| = ess.infg Eg [Eglf | Fr] | Fol
= ess.infg ess.infg1 Eq [Equ[f | F7] | o]
= ess.infg Eq [ess.infgr Equ[f | F7] | Fo]
= ess.infg Eq [, (f) | Fol
= P,(f).

Let us now show the equivalence between 2 and 4. Suppose that for two
bounded random variables f, g and two stopping times o < 7, we have @, (f) <
@, (g). Then we have, because of 4, D, (f) = P, (P, (f)) < Po (D (9)) = Ps(f).
Conversely to prove 4 out of 2, we take for the two random variables, the
functions f and g = &, (f). We have equality &, (P (f)) = - (f) and therefore
(applying item 2 twice) that &, (P, (f)) = P, (f).

Obviously we have that 2 implies 3.

We now come to the proof that 3 implies 1, this is the most serious part.
So let us suppose that Z' and Z? are two elements in S — coming from the
measures Q', Q2 — and let o be a stopping time. Also suppose that the element



244 Freddy Delbaen

2
Z ;ZZ—°§ is not in the closed convex set S. By the Hahn-Banach theorem, there

is a random variable f € L°°, so that

2R
Ep [ZUZOQ_ ] < Inf Eg[f].
We can write the left hand side as Eq: [Eq2 [f | F5]]. This is clearly at least
equal to Eg: [P, (f)], a quantity at least equal to $o[P,(f)], hence by property
3, at least equal to @o(f). This is a contradiction since the right hand side is
precisely @o(f).

We still have to show the equivalence with property 5. That 1 implies 5
follows from Theorem 11 (see lemma 20) of the previous section and lemma
23. Suppose now that 5 holds. We have to show property 2. This means for
every f € L* and every stopping time o, we have the inequality ®o(f) <
@o (D5(f)). Now this inequality follows from the submartingale property for
the family &1 (f), T a stopping time. Indeed, for every Q € S we have, by the
submartingale property, that $o(f) < Eg[®,(f)]. Taking the infimum over all
elements Q € S¢ then gives ®o(f) < Py (P, (f)), as desired. This completes
the proof. O

Again, we can give a version of the above theorem when risk adjusted processes
are used. Before we can give the precise statement, we need the following
proposition.

Proposition 2. Let § be a convex closed set of probability measures, all of
them absolutely continuous with respect to P, i.e. S C L'. Let X be a bounded
optional, cadlag process. Then there is a cadlag process Y < X that is a
Q—submartingale for each Q € S and such that every other cadlag process
V < X, that is a Q—submartingale for each Q € S, is necessarily smaller
than Y, i.e. satisfies V <Y.

Proof The proof being a standard construction we only give a sketch. We
look at the set

Y ={V | V is a cadlag submartingale for each Q € S,V < X}.

This set is nonempty since the process X is bounded from below by a constant.
If V! and V2 are both elements in V, then V! v V2 is still in V. It follows
that there is a sequence V" € V such that for each rational ¢ we have that
Ep[V;"] tends to sup{Ep[V;] | V € V}. Let for ¢ rational: Y/ = sup,, V;*. The
family (Y/),; ,ationa; 1S still a Q— submartingale for each Q € S. For every t we
now define the a.s. limit ¥; = limg); s, Y,. The process Y is right continuous
and is a Q submartingale for each Q € S. It is therefore cadlag . The process
Y is smaller than the process X and every cadlag process V € V necessarily
satisfies V < Y. O

Remark 19. In the same way as in the proposition, we can construct a small-
est process, that is bigger than X and that is a Q—supermartingale for each
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Q € S. In particular we can make the following construction. For f € L> we
define M to be the cadlag version of the P—martingale My = Ep[f | F;]. Then
we construct a cadlag process F' such that for each Q € S, the process F is
a Q—supermartingale, F' > M and F' is minimal for these properties. The
reader can check that the construction yields that F, = f, but it might hap-
pen that the process F' has a jump at time co. The reader can also check that
F is the smallest process such that F' is a Q—supermartingale for each Q € S
and F, > f. We will make use of this construction in the next theorem.

Theorem 13 The following are equivalent

1. The set S is m—stable.
2. The family of random wvariables indexed by the family of stopping times
and defined as

Ur(X) =ess.inf {Eg[X, | Fr]| 7> T is a stopping time and Q € S}

satisfies Ur(X) = Y, where Y is the process introduced in the previous
proposition, i.e. Y is the biggest cadlag process, smaller than X, that is a
Q—submartingale for each Q € S.

Proof We first prove that 1 implies 2. Since by construction we always have
that ¥ (X) > Yp, it suffices to observe that by theorem 11, ¥(X) defines a
cadlag process that is a Q—submartingale for each Q € S.

The converse implication goes as follows. We take a bounded random vari-
able f and define F as in the preceding remark. This means that F is a
Q-—supermartingale for each Q € S, F., > f and F' is minimal for these prop-
erties. We now construct the process ¥(F') and observe that by hypothesis,
U(F) is a Q—submartingale for each Q € S. However we have that for each
stopping time o:

U, (F) = ess.infoese.r>o Eg[Fr | Fo| = ess.infoese Eglf | Fo] = @0 (f),

where 7 is a stopping time and where the second inequality follows from the
fact that for each Q € S, the process F' is a Q—supermartingale. This means
that the family @, (f), where o runs through the set of stopping times, satisfies
the submartingale inequality and hence by theorem 12, the set S is m—stable. O

In case the set S is weakly compact we can be more precise. For a random
variable f € L® we saw that there is a cadlag process @.(f) which for each
Q € S is a submartingale.

Theorem 14 If S is weakly compact and m—stable, if f € L*>, then there
is a Qo € S so that the process D(f) is a Qo—martingale. Consequently we
have for each stopping time 7, @ (f) = Eq,[f | Fr], Qo a.s. . If moreover all
elements of S are continuous, we can say that ¢.(f) = Eq,[f | F+], P a.s. .

Proof Let us suppose for simplicity that Fy is trivial, leaving the more
general case to the reader. Since S is weakly compact we can find an element
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Qo € S so that Eg,[f] = inf{Eg[f] | Q@ € §}. For an arbitrary stopping time
we then have

QSO(J[) = ]EQo[f] = Eq, [EQO [f | -7:7'“ = ]EQO[@T(]C)] > QSO(@T(f)) = @O(f)'

Consequently all inequalities are equalities and we must have that Qy—a.s.
D, (f) = Eq,[f | F+]. If all elements of S are continuous we can apply Theo-
rem 8 to get that Qg ~ P. O

Remark 20. The measure Qg can be chosen to be an extremal point of S.
In case the elements of S are all continuous, the extremal points of S are
characterised by Kabanov’s theorem (see the remarks in section 3 and see
[18]). From there we get a better description of the measure Qy and in the
case of Brownian Motion we can make a link to the so-called g—expectations
as mentioned in the introduction. We do not give details since this is beyond
the scope of this paper.

Remark 21. In case S is not weakly compact there is (by James’ theorem on
weak compactness) f € Lo so that inf{Eq[f] | Q € S} is an infimum which
is not attained. So the existence of Qy can be seen as a necessary condition
for weak compactness.

7 The Characterisation using the cone
of Acceptable Elements

From [10] we recall that there is a one to one correspondence between risk
measures and weak” closed cones of L>°, A such that A D LY. The question
arises how we can characterise m—stable sets using the cone of acceptable
elements. This question was addressed in [4] for the discrete time case. The
proofs can be copied without big changes. Let us start with some definitions
and notations.

Definition 3 If S C LY(P) is a closed, conver set of probability measures,
P e S, then with A we denote the set of acceptable elements:
A={f]feL>®, foralQeS:Eg[f]>0}.

Remark 22. Of course, in the case where F is trivial, we could also have
required that @o(f) > 0.

As observed in [10] we have that A is weak* closed in L* and we can recover
S as

S ={Q| Q< P; Q is a probability measure and for all f € A:Eg[f] > 0}.
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Definition 4 and Notation Let T be a stopping time. A random variable f €
A; =L*®°(F;)N A is called T—acceptable. The set A, is defined as

A ={f+glfeAigeLP(Fx)}.

Definition 5 Let 7 be a stopping time. An element f € L™ (Fy) is called
acceptable at time T if for every event A € F, we have that f14 € A. By A"
we denote the set of all elements that are acceptable at time 7:

A" ={f| forall Ac F., f1, € A}.

The interpretation of both definitions is straightforward. An element f is
acceptable at time 7 if given the information at time 7, the element f is still
acceptable. It could happen that an element f is acceptable at time 0, i.e.
f € A, but as uncertainty is revealed and A € F, is realised, we see that the
“bad” part of f is realised and hence at time 7 the random variable f or better
f14, should be considered as unacceptable. The following characterisation is
straightforward

Proposition 3. Let 7 be a stopping time. We have that

AT ={f12-(f) = 0}.

Proof If &.(f) > 0, then we have for all Q € S and every event A € F;
that Eg[®,(f)14] > 0. By the definition of ¢ this implies that for all Q € S
and all events A € F; we have Eg[Eqg[f | F-]14] > 0. This implies that for
all Q € S we have Eg[f14] > 0. Conversely if f € A7, we must have that
for each Q € S° that Eg[f14] > 0 and this for each A € F.. This implies
that P a.s we have that Eg[f | -] > 0. The definition of ¢ then implies that
D.(f) =0. O

Corollary 3 Let 7 be a stopping time. For f € L™ we have f —®,(f) € A".

Definition 6 We say that the cone A of acceptable elements satisfies the
decomposition property if for every stopping time T we have A C A, + A™.

The interpretation is clear. Every acceptable element can, for every stopping
time 7, be decomposed into two elements. The first element is acceptable when
the observation period is stopped at 7. The second element is acceptable
when the observation starts at time 7. Of course, since A", A, C A, the
definition is equivalent to the statement that A = A” + A, for every stopping
time 7. Since trivially LY (Fo) C A7 we have that A” + A, = A + Al =
AT+ Ar + LY (Fuo)-

Theorem 15 Let 7 be a stopping time, then f € A, + A" if and only if
8,(f) € A,.
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Proof One direction of the proof follows from Corollary 3. Indeed if ¢, (f) €
A, the equality f = & (f)+(f — @,(f)) implies that f € A, +A". The other
direction is proved as follows. Let f = g+h where g € A, and h € A". Because
of the superadditivity of the functions @ we have &, (f) > &.(g) + @-(h) >
g, since @,(g) = g and &,(h) > 0. Because g € A, and because @,(f) is
F,—measurable we get @.(f) € A,. O

Corollary 4 The cone A, + A7 is always weak* closed.

Proof We apply the criterion of Krein-Smulian (exactly as in [10]). So let
fn € Ar+ A7, || frlloo < 1, be a sequence of functions, tending a.s to a function
f. Since limsup @, (fn) < D-(f) we deduce from |, (frn)]|oo < || flloc <1 and
D, (fn) € A; that also @.(f) € A,. m]

Theorem 16 The set S is m—stable if and only if for each stopping time
T we have A = A, + A”. Or in other words, if and only if A satisfies the
decomposition property.

Proof Let 7 be a stopping time. We will use the equivalence (1) and (3) of
theorem 12. If § is m—stable we have for each f € L that @o(2,(f)) = Po(f).
Consequently we have that f € A implies that @,(f) € A and hence @, (f) €
A.. Conversely we deduce from the decomposition property that ®q(f) = 0
implies that @¢(P,(f)) > 0. But the translation property then implies that
Po(f) < Po(P-(f)) for every f € Le°. O

Remark 23. In [10] the theory of general risk measures was developed using
finitely additive measures instead of using c—additive probability measures.
It is not clear how to develop a theory of stable sets in this context. The
equivalence of the decomposition property with the m—stability gives us an
answer. Since the definitions of A™ and A, are purely algebraic, they apply to
every cone. So these concepts could be used in Definition 6 and Theorem 16 to
give an alternative definition of m—stability in the case of risk measures that
do not necessarily satisfy the Fatou property. We do not pursue this analysis
further.

8 The Relation with Bellman’s Principle

In this paragraph we prove that the m—stability is equivalent to the validity
of Bellman’s principle. The proof is the same as in [4]. Especially in the case
of Markov processes such a result can be of great importance. In order not to
overload the notation we systematically suppose that S is a closed convex set
of probability measures, S C L' and (as always) P € S. We also suppose that
Fo is trivial. For a bounded process X and a stopping time o we defined

U, (X) = ess.infgese;r >0 Eg[Xr | Fol.

We also recall that if ¢ is a stopping time, the process X is defined as °X; =0
if s<oand °X; = Xs — X, if s > 0. The process X7 is defined as X7 = X,
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if s <o and X? = X, if s > 0. The proof requires the time interval to be
closed from the right, i.e. of the form [0, ¢] where 0 < t < +o0.

Theorem 17 In case the time interval is closed from the right, say [0,t], with
0 <t < 400, the following two properties are equivalent

1. S is m—stable
2. (Bellman’s principle) For every bounded cadlag adapted process X and
every finite stopping time T < t, we have that

!po(X> = Q/O(XT + Q/T(TX)l[[T’t]]).

Proof We first show that Bellman’s principle implies stability. For f €
Lo°(F;) we introduce the process X defined as X, = |||l for u < ¢ and
X, = f for u > t. The value ¥, (X) then coincides with the value @, (f) and
the Bellman principle gives the recursivity for @. According to theorem 12
this implies that S is m—stable.

Conversely let us suppose that S is m—stable and let us show the Bellman
principle. To simplify the notation we will suppose that the measures Q, Q’, Q"
are taken in §¢, 0 < 7 < t are given stopping times and v runs through the
set of all stopping times o < v < ¢.

Uy (X) = ess.infg >0 Eg[ Xy | Fol
= ess.infg ,>0 Eg[Eq[Xy | Fr] | Fol
= ess.infq e Bo[Xy1ugr + Eo[Xo1usr [ Fr] | Fol
= ess.infouzo Eo[Xolugr + 1usr (X7 + Eq[Xy — X5 [ F7]) | Fol
= ess.infg >0 Eo[Xuar + 1us-Eo[ X, — X | Fr] | Fo

The Lemma 18 allows us to rewrite the result of the simple ess.inf as a com-
pounded expression:

U, (X) = ess.info >0 Eg [ Xoar

+ 1,5 essinfor sy Lo Eor [ Xy — X | Fr] | Fo
essinfy v>o Egr [Xoloar + Lo (X + (T X) | Fol
=ess.info v>e Eo (X7 + % ("X)). | F5)

0, (X7 4 0,(7X))

O

Remark 24. (and Counter-example) An analysis of the proof shows that
if the time interval is not closed on the right, the Bellman principle still
follows from the fact that the set S is stable. Whether the Bellman principle
implies the stability property is a much more delicate problem. We will give
two answers. In case the set S is weakly compact in L', the answer is yes.
Afterwards we will give a counter-example in the case where S is not weakly
compact.
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Proposition 4. Suppose that the time interval is Ry, suppose that the Bell-
man principle holds and suppose that the set S is weakly compact in L', then
the set S is m—stable.

Proof We will adapt the proof of theorem 17 above. The idea is to show that
Do(f) = Po(P-(f)) for every finite stopping time 7 and for every bounded
function f that is Fo,—measurable. Since S is weakly compact the set

{Z, | o a finite stopping time, Z € S}

is still relatively weakly compact. If we replace f by the sequence f, =
Ep[f | Fn] then weak-compactness implies that uniformly for Q € S, f,
approximates f in L'(Q). It follows that ®o(f,), P, (fn), Po(®-(f.)) tend to
Do(1),2-(f), Po(P-(f)). Tt is therefore sufficient to prove the statement for
functions that are F,, —measurable. This is done exactly in the same way as
in the proof of the theorem. a

It is clear that a counter-example will have to use the fact that the set
S is big. For notational ease we will work on the time interval [0, 1[. This is
equivalent to the time interval Ry (simply use a time transform u = ¢/(t+1)).
The use of the time interval [0,1] allows us to use a Brownian Motion W
defined for all times t < oo even if we only need the part before time 1. Finite
stopping times will now be replaced by stopping times v < 1. The filtration
we will use is the usual filtration coming from the process W. The set S we
will use, is defined as

{Zy | Ep[Z1] = 1,Z1 > 0,Ep[Z; sign(W7)] = 0}.

It is clear that this set is not m—stable. It can be seen using the definition
of m—stability but it will also follow from the results below. We first give the
sequence of lemma’s used to prove the Bellman principle and then we will give
the details of the proofs of these lemma’s. Since the Bellman principle will be
valid, ¥y will in fact be equivalent to the risk adjusted value

Up(X) = ess.mf{oggngt}.

Hence we cannot have m-stability. Indeed @o(f) = 0 for f = sign(Wh).
Lemma 24. Let v < 1 be a stopping time, then the set
{Z,|Z € S}

is dense in the set of all F,, measurable densities of probabilities absolutely
continuous with respect to P.

Lemma 25. Bellman’s principle is valid.

Lemma 26. Let Q be the set of all density processes Z such that

1. 7, = g(q W)1 >0, E]}»[Zﬂ =1
2. fol gudu=0 a.s.
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We then have that Q C S. For 7 < 1 a stopping time, the set
(Z.| Z€Q}
is dense in the set of all probability densities on the o—algebra F.

Lemma 27. Let v < 1 be a stopping time and let q be a predictable process,
defined on [0,1] x §2 so that

1., =0 foru<v

2. q is measurable for the o—algebra R X F,, where R is the Borel c—algebra
on [0,1],

3. a.s. f: q2 du < oo,

then Ep [E(q- W)1] = 1 and therefore E(q- W)y is the density of a probability
measure, equivalent to P. Moreover we have

Ep[E(g- W) | Fu] =1.

Proof of Lemma 27 This is almost trivial. Seen from time v the process ¢
is deterministic. Here are the details. For each n we put

1
An:{/ qidugn}.

Clearly A,, € F, and the stochastic exponential £(1 4, q-W) satisfies Novikov’s
condition. Therefore we have

]E]p [1An€(q . W)l] = E[p [1Ang(1Anq . W)l] = P[An].

We now apply Beppo Levi’s theorem to conclude that Ep[E(q-W)1] = 1
as desired. The statement on the conditional expectation follows from the
fact that since Ep [E(q- W)1] = 1, E(¢ - W) must be a uniformly integrable
martingale. O

Proof of Lemma 26 and 24 Let Z, be the density of a probability measure
equivalent to P on F,.. The process Z is supposed to be defined up to time
7. We will now extend it in such a way that it defines an element Z € Q.
The process Z is a stochastic exponential and therefore Z,. can be written
as Zr = E(q - W),. The predictable process ¢ is defined up to time 7. Since
Zr > 0 we must have that fOT q2 du < oo and therefore we also have that
r= fOT ¢ du is defined. If we now put for u > 7

-

Tu = 1—-7
we have that g1y, | satisfies the assumptions of lemma 27. We therefore have
that

Ep[£(q-W)i] =Ep [Ep[E(g- W) | Fr]] = Ep[1] = 1.
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Moreover fol qudu = [} qudu+ f: qudu =1+ (—r) = 0. Also, we have that
f01 Gidu= [] ¢2du+ le qidu= [] ¢2du+r*/(1—-7) < co. Therefore Z; > 0
and Z € Q. This proves the density part of the lemma. We now prove that
Q C S. For an element Q € O we have that W is a Brownian motion with drift
qu du. Therefore the variable W; is, under the measure Q, equal to a gaussian
random variable + fot Gy du. For t = 1 this simply means that under Q, the
random variable W1 is still a symmetric gaussian random variable with L?(Q)
norm 1. In particular we have that Eq [sign(W7)] = 0, i.e. Q € S. Lemma 24
immediately follows from Lemma 26. a

Proof of lemma 25 Let us suppose that X is cadlag , bounded adapted.
Furthermore let us fix a stopping time v < 1. It is clear that

U, (X) =X, +%,("X).
So we have to calculate ¥, (*X). By definition we have
U, ("X) = ess.inf, <, <1 ess.infgese {Eg["Xs | Ful}-
Because of lemma 24 this can also be written as
U, ("X) = ess.inf, <1 ess.infop {Eg["Xs | Ful}-

Indeed the set
{Z, | Z € 8}

is dense in the set
{Zs | Z a nonnegative uniformly integrable martingale with Ep[Z;] = 1}.

This means that the ¥—operator is the same when calculated with the
set S as with the set of all probability measures that are absolutely continu-
ous with respect to P. The latter set is stable and therefore the ¥ —operator
satisfies Bellman’s inequality. |

We end this analysis with the following

Corollary 5 The m—stable hull of the set Q is the set of all probability mea-
sures that are absolutely continuous with respect to P.

Remark 25. That the set S is not m—stable can also be seen from the criteria
in section 7. The calculations are of course similar to the ones above but
it might be of pedagogical interest to give the details. Let us have a look
at the variable f = sign(W7). Because of the definition of S, we have that
f € A. Let 7 be a stopping time 0 < 7 < 1. We will show that &.(f) ¢ A,.
According to theorem 16, this is a contradiction to the m—stability of S. The
set A, is the set of all F.—measurable elements g such that for all Z € S
we have Ep[fZ] = Ep[fZ,] > 0. But lemma 24 then implies that necessarily
g = 0. Hence A, = L°(F;). Now let us calculate @,(f). To do so let us
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define the function p : R — [—1, +1] by the relation p(W,) = Ep[f | F;]. Take
now % =71 =E(q-W); € S, implying that W has the same distribution
under P as under Q. Clearly we have that W, — fg Gy du is a Q—Brownian
motion and therefore Eqg[f | -] = p (Wr — [y qudu). Therefore @,(f) <
inf, p (W; — [; ndu) = inf, p(W, — n7) = —1. This is sufficient to guarantee
that &.(f) ¢ A,.

9 The Set of Local Martingale Measures for a finite
dimensional locally bounded Price Process

In this section we will prove that for locally bounded processes, the set of mar-
tingale measures forms an m-stable set. This allows us to apply our previous
results to situations occurring in finance. We will also see which m-stable
sets can occur as sets of martingale measures for finite dimensional processes.
The latter characterisation is not fully complete since it will only be done in
the context of continuous filtrations. Throughout this section we will use the
following notation, see [11] for more information.

On the filtered probability space (_(27 Foor (Ft)i>0 ,IE”), let S: Ry x 2 — R?

be an adapted cadlag process that takes values in the d—dimensional space
R?. We suppose that the process is locally bounded and that the original
measure is a local martingale measure for the process S. This is a simplification
when compared to the situation in finance, but it simplifies notation without
destroying its generality. Since the process S is locally bounded, the set

S ={Q < P| the process S is a local martingale for Q}

is a closed convex set. As the following shows, it is also m—stable..
Proposition 5. The set S is m—stable.

Proof We can suppose that the process S is bounded (in the same way as
in [11]). That the set S is convex and closed is then obvious. The m-stability
is also quite obvious. Let us take Q',Q? € 8. Let Z', Z2 be the associated
density processes. If o is a stopping time, we have to show that the density

2
process defined as Z; = Z} fort > o and Z; = Z(}%, is still in S. To show this,

it is sufficient to show that the process ZS5 is a IEg—martingale. This is easy.
Indeed first observe that the process Z'S is a P—martingale (since Q! € S).
The same applies to Z? and hence the process 1,5, (Z7S; — Z25,) is also a
P—martingale. It follows that the process:

1

Z
281 = Z} 5o Stno + 7;1t20 (Z,?St — nga)

g

is also a P—martingale. O
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To avoid complicated notation we first introduce some extra notions. We
restrict ourselves to the case of a continuous price process S. As above we may
and do suppose that S is bounded. If X is a local martingale then there is a
decomposition of X with respect to S. This decomposition, called the Kunita-
Watanabe-Galtchouk decomposition, allows to write X as a sum of two local
martingales. One is a stochastic integral with respect to S, the other part
M is strongly orthogonal to S. So let us write X = H - S 4+ M. Saying that
X is strongly orthogonal to S means that H - .S is strongly orthogonal to S.
This means that the vector H is orthogonal to the predictable range of S. In
other words it means that the measure H' d(S,S)H = 0 and this implies that
H-S = 0. This can only happen when the price process has some redundance.

Theorem 18 With the notation of the preceding paragraphs and under the
assumption that S is continuous we have that

8¢ = {5(}() 5()9“ =0 N }
X is strongly orthogonal to S, £(X) is unif. integrable
Proof The proof is very easy. If £(X) is a uniformly integrable, nonnegative
martingale, where X = H - S+ M is the Kunita-Watanabe-Galtchouk decom-
position, then £(X)S is a martingale if and only if X is strongly orthogonal
to S. This is equivalent to H - S being strongly orthogonal to S. The latter
is equivalent to the fact that every coordinate of S is strongly orthogonal to

H - S and hence to the fact that H' d(S, S)H = 0. This in turn is equivalent
to the property PH = H. O

There is also a converse to this theorem. The interpretation of such a
converse theorem is the following. Given a convex closed set of probabilities,
when does there exist a finite dimensional process, say S, such that the given
set is the set of absolutely continuous martingale measures for the process S?
A necessary condition is certainly that the set is m—stable. In the continuous
case the answer is given by the following theorem.

Theorem 19 Let S be a stable set of probability measures. Let the filtration
be so that every local martingale is the stochastic integral with respect to the
d—dimensional local martingale M. Let S be given by the closure of

S ={E(q- M) | q€® and E[(£(q- M), = 1},

where the set-valued predictable process @ is convexr and closed valued. Then
the set S is a set of equivalent local martingale measures for a price process
if and only if each ®(t,w) is a subspace. If the predictable projection valued
process P is the orthogonal projection on the space P(t,w), then the price
process S can be chosen as S = (Idga — P) - M.

Proof The proof is a reformulation of the above theorem 17 and theorem 4.
The details are left to the reader. a

Remark 26. The situation can be generalised to the setting of theorem 18,
in the sense that we may suppose that M only generates the continuous local
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martingales. This means that every local martingale is given by a decompo-
sition of the form H - M + N, where N is purely discontinuous. In that case
we get the following theorem

Theorem 20 With the above notation we have that the closure S of the set

qed
se=de M+ E(q M + N) ‘um'formly integrable and ,
strictly positive

N is purely discontinuous

is a set of risk neutral measures if and only if each P(t,w) is a subspace. If
the predictable projection valued process P is the orthogonal projection on the
space D(t,w), then the price process S can be chosen as S = (Idga — P) - M.

10 Appendix on the predictable range

If M is a d—dimensional martingale then it may happen that on some time
intervals — or on some predictable sets — coordinates are linearly dependent.
To avoid difficulties coming from this redundancy we will introduce the pre-
dictable range of M. We will only need the concept for continuous martingales.
We will not give full details of the proofs, most of them being straightforward.
Readers familiar with the theory of stochastic processes can skip this section
that indeed does not contain anything new. Only the presentation is (maybe)
of some interest.

Lemma 28. The set

K ={q | q predictable d — dimensional and q - [M, M] = 0}
1s a vector space of predictable processes satisfying

if g € KC, if h is predictable and real-valued, then hq € K.
Lemma 29. The space
K+ = {q| q predictable d — dimensional and for all k € K : ¢.k = 0}

is a vector space of predictable processes satisfying

if g € K, if h is predictable and real-valued, then hq € K*+.

Lemma 30. and Definition There exist predictable processes ej : Ry x {2 —
R?, j=1,...,d such that i almost everywhere

1. for j < d—1 we have {e;+1 # 0} C {e; # 0}.
2. Either |le;(w)|| =1 or ej(w) = 0.
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3. For j # k we have ej.e, = 0.

4. q € K+ if and only if there are real-valued predictable processes hi, ..., hq
such that g =3, hje;.

5. The orthogonal projection (depending ont andw), P =3, e;®e; satisfies
q € K+ if and only if on Ry x £2 we have Pq = q.

6. We call the range of P the predictable range for the process M.

7. P satisfies: q - [M, M] =0 if and only if Pq= 0.

Proof We will not prove all the statements, the reader can easily fill in the
details. The only tricky point is how to get the predictable processes e;. We
start by introducing a measure p defined on the predictable sets. The measure
is defined as follows

w(A) =E [/ e~ TracelM:Mle (1 4, d(Trace[M, M]);| .
0

This measure is easily seen to be finite. Furthermore if ¢ = 0, © almost every-
where, we have g - M = 0. This will allow us to replace predictable processes
q by processes that are equal to ¢, y a.e. We now put £; = Kt and we look
at the class

C={{g#0} |qgeki}.

It is easily seen that this class of predictable sets is stable for countable unions.
Indeed let ¢™ be a sequence in K. Without loss of generality we may suppose
that each ¢” has a norm equal to either 0 or 37", eventually we replace ¢"
by #’;ﬂ'“l{qn7§0}. We can now verify that ¢ = ) ¢" satisfies {¢ # 0} =
Un{q™ # 0}. Since the class C is stable for countable unions, it has up to
p—negligible sets a biggest element, coming from say an element g. Of course
we may and do suppose that ||g|| is either 0 or 1. Let us put e; = ¢q. Now we
look at the class
Ko = {q e K, | qg.e1 = 0},

and we continue with C; replaced by Ko. We again find an element ey with
maximal support. Of course the maximality of the support of e; implies that
{ea # 0} C {e1 # ea}. At least u a.e., but it is easy to adapt the processes
in such a way that the inclusion holds as sets. We continue by induction and
observe that the procedure stops after d steps, i.e. K41 = {0}. We now prove
item 4. Let the space obtained using the procedure of item 4 be £. We claim
that £ = K1, up to equality p a.e.. If not then we take an element ¢ € £\ K+,
g not equal to zero y a.e.. Replacing g by ¢ — Pq then gives an element ¢ € -
such that g.e; = 0 for all j < d. This, by induction, implies that ¢ € KC; for
each j < d. Consequently we must have {g # 0} C {e; # 0} for each j. In the
points where ¢(t,w) is not zero this means that the vectors e;(t,w),j =1...d
are all nonzero and orthogonal. But then ¢(t,w) is perpendicular to a basis of
R?, a contradiction to ¢ not equal to zero u a.e. O
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A Path Transformation of Brownian Motion
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Abstract: In this article we consider a transformation on the paths of Brownian
motion induced by a random closed (time) set and prove the Markov property of
the resulting process.

1 Introduction and statement of results

In this article we consider a transformation on the paths of a Brownian motion
induced by a random closed set H, and discuss the Markov property of the
resulting process.

Let 2 = C[0,00) and F its Borel o-field. Let for all ¢ > 0, and w €
2, Xt (w) = w(t). Let Py be the Weiner measure on (§2, F) and for each z € IR,
P, be the measure on (£2,F) defined by P,(A) = Py(A —x),A € F. Let
0 : £2 — {2 be shift operator i.e. 0;(w)(s) = w(t+s) for all t > 0,s > 0. Let
Fi be the o-field generated by (Xs)s>0 up to time ¢.

The transformation that we consider is the following: Let a < b and H =
{t : Xt < aor X; > b}. Define o, = sup{s < t : s € H}(supp = 0).
Define the (discontinuous), F-adapted, IR*-valued process (Z;);>0 as follows:
Zy =: (X4 — X5,,X5,). The component processes (X; — X,,) and (X,,) are
known to be ((Fi)i>0, Py) semi-martingales ([5]) for each x € IR. Using the
strong Markov property of (X;) we prove in Theorem 1 the strong Markov
property of (Z;);>o under the measures {P,,z € IR}, with respect to the
filtration (F3,t > 0). Note that P,{Zy = (0,z)} = 1 and that {(0,z),z € IR}
is a proper subset of the state space S of (Z;) (see below). We define (below)
‘transition functions’ P(t, z, G) with respect to which the Markov property in
Theorem 1 is proved. In Theorem 2, we prove the semigroup property of these
transition functions (the Chapman-Kolmogorov equations).

The techniques we use suggest that our results are true for more general
sets H and for more general processes (X;). We plan to make a more detailed
study later. For a general Markov process (X;), and H a random closed homo-
geneous set, it is known that (under suitable assumptions) (¢t — o4, X,,) is a
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strong Markov process (see [1], [2]). The random times (o;) are so called
‘co-terminal’ times and have been long known in the Markov process lit-
erature (see [3], [4]). Our results are also related to P. Lévy’s classic re-

sults on (M; — X, M;) where M; = sup X, (see remarks after statement of
s<t

Theorem 1.2).
To state the main results, we need to describe the state space and transition
function of (Z;). The state space S of the process can be described as follows:

S=5US5US;3
where S1 = {(0,y) :y < aory>b}
SQ = SQ(G,) U Sb(b)
where Sy(a) = {(z,a): 0 <z <b—a}
Sa(b) = {(z,b) : =(b—a) < x < 0}.
Finally, S3 = |J S3(y) where S3(y) = {(z,y):a—y <z <b—y}.
a<y<b
Clearly S is a Borel subset of IR?. The transition function P(t,z,G) of
(Z:) can be described as follows: Let G be a Borel set, G C S. Let ¢t > 0 and
z = (z,y) € S. Define
P(t,z,G) =: Is, (2) Py+y{Z; € G}
+IS'2U5'3 (z){Pw+y{Ut = 07 (Xt - yay) € G}
+Pm+y{0t > 07Zt S G}} (1)

We now state the main results.

Proposition 1.1 Let 7 be an (Fi,t > 0) stopping time such that a.s.
P, 7(w) € Hw) ={t: Xt(w) < a or Xy(w) = b}. Then a.s. Py,

Px{Zt+7— S G‘f7—+} = PXT{Zt € G} (2)
for all Borel sets G C S.

Remark Proposition 2 is also a consequence of the fact that (2, F, Fy, (X}),
0, Py, R) is a regenerative system where

R=inf{t>0:te H}.

See [1]. We have stated it in a form for which Theorem 1.2 below is a gener-
alisation.

Theorem 1.2 Let 7 be an (F;) stopping time. Let t > 0. Then a.s. P,
P{Ziyr € G|Fri} = P(t, Z;,G) (3)

on the set {T < oo}, for all G € B(S).
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Remark Let My = sup X;. Let H ={t: M; = X;}. Let oy =sup{s <t:s¢€
s<t
H}. Then it is easy to see that X,;, = M; and hence (M; — X3, My) = (—(X; —

Xs,)s X5,)- The (strong) Markov property of the process (M; — Xz, My) is well
known from a result due to P. Lévy (see [6], Chap. VI).

Remark We note that P,{Zy = (0,y)} = 1, for all y € IR. In other words, the
Markov property (3) is proved only for ‘initial conditions’ corresponding to
Zy = (0,y),y € IR. However for each y € IR, we have the following ‘entrance
laws’ for the process (Z;) : Define \{(G) =: P,{Z; € G},G € B(S). Taking
expected values in eqn. (3) we get with 7 = s > 0,

(G = / P(t, 2/, G)N!(d2) (4)
S

From Theorem 1.2, eqn (4) and the Markov property of Brownian motion
killed on exiting (a,b), we will deduce the ‘Chapman-Kolmogorov’ equations
or the semi-group property of P(t,z,G). Note that P(0,z,G) = §.(G),0.
being the Dirac mass at z € S.

Theorem 1.3 Vt,s >0,z €S, we have
P(t+s,2,G) = /P(s,z’,G) P(t,z,dz") (5)
s

for all G € B(S5).

2 The Proofs
Proof of Proposition 1.1 Since 7(w) € H(w), Py a.s., we have a.s. Py,

Tt (W) = 7(w) + 04(67(w))-

Hence,
Zt+T = Zt o 07—.

Hence if A € F, 4,

/ 16(Ziir)dPy = / 16(Z; 0 0,)dP,
A A

- / Py {Z € G}dP,
A

where the last equality follows from the strong Markov property for (X;). The
result follows. O
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Proof of Theorem 1.2 We prove the theorem first when 7 = s > 0. To apply
the Markov property of (X;,t > 0,F;,t > 0, P,z € IR) we split the sample
space as follows: £2 = £2; U 25 where (25 = {05 = s}, 21 = (211 U $12, 8211 =
{0s < s <0441} and 219 = {05 < 8,054+ = 05}. Note that the sets {o, < s}
and {os = s} belong to Fs. Further w € 4 iff 05(w) < s and oy 0 O5(w) > 0
and w € {5 iff 04(w) < s and o4 0 O5(w) = 0. On the set 25 U 217 we can
write os4¢ = 5+ 04 0 8. Hence
Py{QQ N {Zt+s S G}lj:s+} = Py{gg N {Zt o 95 S G}l]‘-s}
= IQ2PXS{Zt € G}
=1Is,(Zs)P(t, Zs, Q). (6)

Further,

P {211 N {Zys € G} For} = P {{o, < 5}
N{ot060s >0} N{Z00s € GHFs1}
= I{s,<s}Px. {01 > 0,7Z; € G}
= Is,us,(Zs)Px,{or > 0,2, € G}. (7)

If w € §215, then we can no longer write, o445(w) = s+ 0¢ 005(w). In this case
we write

Zt+s = (Xt o 95 - X057X03)~
Hence,

P{12N{Ziys € G}|Fsi} = Py{{os < s} N{or 06, =0}
N {Xt 0l — XUS?XUS) GHI'.S-&-}
= I{Us<s}Py{{Ut 0 fs =0}
N{(Xtobs — Xo,, Xo,) € G}HFor }
= Is,us,(Zs)Px. {0t = 0,(X: — y,y) € Gly=x,,
(8)

where the last equality follows from Proposition 2.1 below. Adding (6), (7)
and (8) we get eqn. (3) and hence Theorem 1 is proved when 7 = s. For 7 an
arbitrary (F;) stopping time, note that the sets {0, < 7} and {0, = 7} are
in F, - this follows from the fact that X ., is F, measurable for all s > 0.
Eqn (3) is obvious on the set 7 = 0. On the set 7 > 0, one can use the strong
Markov property to prove the analogs of eqns (6),(7), and (8) when ‘s’ is
replaced by the random time ‘7’. Adding the three equations, it is easily seen
that eqn (3) holds on the set 7 > 0. O

Proposition 2.1 Let G : 2 x 2 — IR be bounded and F x F, measurable.
Then a.s. Py,

Ey{G(@.,., >|]:T}(w) = EXT(w)[G('7w)]'
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Proof This is immediate from the strong Markov property and the monotone
class theorem. m|

Proof of Theorem 1.3 The proof makes essential use of eqn (4). Since
S = S1US2US3 and the S;’s are mutually disjoint, to prove (5) we can consider
separately the different cases corresponding to the value of the initial variable
z in the different sets S;,7 = 1,2, 3, and corresponding to G in different sets
Siyi = 1,2,3. Since P(0,z,G) = §.(G), we will only consider the case ¢ >
0,s > 0.
Case (i): Let z = (0,y) € S1. Then since P(t,2,G) = M\{(G), eqn (5) follows
from eqn (4).

Before we consider the other cases we introduce some notation. Let z =
(z,y) € So U S3. Define

X TY(G) =t Poyy{or = 0,(X¢ — (x+y),z+y) € G}
A SUG) =t Poyy{or > 0,(Xy — Xo,, X,,) € G}
Pyi(t, 2,G) = w+y{0t =0,(X; —y,y) € G}
Py(t,z,G) = Ppyy{or >0, (X — Xo,, X5,) € G}

Note that A ™Y(G) = )\ij(G)—f—)\f;y(G) and similarly P(t, z,G) = Pi(t,2,G)
+Py(t, 2, G). Clearly, \{3¥(G) = Py(t, z,G). Note that the measure A{1¥(-) is
supported in S3(z+1y) C Ss for z € S3U Sy whereas Pi(t, z,-) is supported in
S3(y) if z = (x,y) € S3; Sa(a) if z = (x,a) € S2(a); and S2(b) if z = (z,b) €
Sa(b).

Case (ii): Let z = (z,y) € S3 and G C S5. Note that P(t,z,G) = Pi(t, z,G)
if G C S5(y). Hence it suffices to show that

Pi(t+s,2,G) = /Plsz G)Pi(t,z,d2").
S3(y)

Let T : S3(y) — (a,b),T(#1,y) = z1 +y. For r € (a,b), A a Borel subset of
(a,b) and 7 = inf{s > 0: X; & (a,b)}, let

P(t,r, A) = P.{t < 1,X; € A}.
Note that

P(t’x + yvA) = Pw+y{0t = 07 (Xt - yay) S T_l(A)}
= Pi(t,z,-) o T (A).

Further, from the Markov property of Brownian motion killed at time 7, we
have

Plt+ 5,7 A) = / P(s,q. A)B(t,r.dg).
(a,b)
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Hence,

Pi(t+s,(z,y),G) = +s,x+y,T(G))

Pt
=/ (5,4, T(G))P(t,x + y,dq)
(a,b)

= [ Plo.a TGP w9).) o T ()
(a,b)
:/p(s,Tz/,TG)Pl(t,z,dz')
S3
= /Pl(sa 2/7 G)Pl(ta Z7dzl)
S3
which proves Case (ii).
Case (iii): Let z = (z,y) € S35 and G C S; U S3. With the notation as in
Case (ii), note that for any ¢t > 0,
P(t,2,G) = Pa(t, 2,G) = \{3¥(G) = AT (@)
P(t+s,2,G) = N{V(G)
:/P(s,z’,G))\ery(dz’)
P(s,2',G)P(t,z,dz")
S1US>

+ / P(s, 2, Q)N (d2"). (9)

Ss(z+y)

We analyse the last integral in the RHS (see Section 1 for the notation S3(x +
y). Let T : S5(y) — Ss(z+y) be T(z1,y) = (21 — x,y + ). Then it is easy to
see that

A TU() =Pi(t,z,-) o T7(:).
Hence

/ P(s, 2 G)/\fJ{y(dz / P(s,2',G)Py(t,2,-) o T~ (d2)

Sz(z+y) Sz(z+y)
= / P(s, T2 ,G)Py(t, z,d2").

S3(y)
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Note that
P(s, T2 ,G) = Py(s, T2, G)
= P2(sa Z/, G)
= P(s,2,G)

because P (t, z, G) does not contribute to transitions from S3 to G C S U S5.
Hence,

/ P(s, 2, G)A\{1Y(d2) = / P(s,2',G)Pi(t,z,d2")

S3(z+y) S3(y)

= /P(s,z’,G)P(t,z,dz')
S3

where the last equality holds because P(t, z, ) is supported in S; U Sy. Sub-
stituting back into (9) proves Case (iii).

Case (iv): Let z = (x,a) € Sa(a) C Sa. Let G C S7. Then it is easy to see
that
P(t,z,G) = Pa(t,2,G) = \[3°(G)
= \T(G).

Therefore P(t + s,2,G) = A} H(G)

= [Pl o)
=/P(S,z’,G)P(t,z,dz’)
S1

+ / P(s, 2, G)ATT9(dz)).  (10)
SaUS3

Note that Afj{“(dz’) is concentrated on S3(x+a) and )\fga(dz’) is concentrated
on S;. Hence

/ P(s,2',G)A{$(d2") :/P(s,z’7G)P2(t,z,dz’)

SaUS3 Sa
= / P(s,2',G)Py(t,z,dz") (11)
SaUS3
since Py(t,z,dz’) is also concentrated on Sp. Consider T : S3(a) —

Ss(x +a),T(z1,a) = (21 —x,a+ z). Easy to see that

M) = Pi(t,z,) o T7H().
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Hence,
/ P(s, 2/, G)NTTo(d) = / Pls, 2, G)Py(t, 2, ) o T~1(d2)
SaUS3 S3(:v+a)

= /P(s,Tz’,G)Pl(t,z,dz’).
SQ(a)

But since G C S; we have
P(s,T2',G) = Py(s,T2',G) = Pa(s,2',G) = P(s,7',G).
Hence,
/ P(s,2/,G)A\{T(d2") = / P(s,2',G)Pi(t,z,dz")
S2US3 SQ(a)

= / P(s,2',G)Pi(t,z,d2"). (12)
SaUS3

The proof when z = (z, a) is completed using (11), (12) in (10). The proof for
z = (x,b) € Sa(b) is similar.

Case (v): Let z = (z,a) € Sa(a) and G C S,. It suffices to show that
Pi(t+s,2G) = /Pl(s,z’,G)Pl(t,z,dz’) (13)
and
Py(t+s,2,G) = /Pg(s,z’,G)Pl(t,z,dz’) +/P(s7z’,G)Pg(t,z,dz').(M)

Eqn (13) follows from the semi-group property for the Brownian motion killed
on exiting (a,b) (see case (ii)). To prove (14), we observe that

Pyt +5,2,G) = A\ {15(G) = N 1(G)
:/P(s,z',G))\f+a(dz’)
- [Pl ot
+/P(s,z’,G)P2(t,z,dz’).

Hence to prove (14), it is enough to show

/P(s,z',G))\f’J{a(dz') = /Pg(s,z',G)Pl(t,z,dz'). (15)
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Let T': Sy(a) — Sa(z+a),T(z1,a) = (21—, 2+a). Then as before, \{1%(-) =
Py(t,z,-) oT71(-). Hence,

/P(s, 2 G)AT(d2) = / P(s,2',G)A{T(d?")

Sa(z+a)

= / P(S7Z/,G)Pl(tazv') OT?l(dZ/)
Sa(z+a)

= / P(s, T2 ,G)Py(t, z,d2").
52((1)

Finally note that since G C So,
P(s,T2',G) = Py(s,T7,G) = Ps(s,2',G)

and eqn (15) follows. The proof for the case z = (z,b) is similar.

Case (vi): Let z = (z,y) € S and G C S3. Then P(t,2,G) =0 for all ¢ and
further

/P(s,z’,G)P(t,z,dz’) = /P(s,z',G)P(t,mdz') =0.

Ss

This completes the proof of Theorem 2. o
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Two Recursive Decompositions of Brownian
Bridge Related to the Asymptotics
of Random Mappings
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Berkeley, CA 94720-3860, Canada
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Summary. Aldous and Pitman (1994) studied asymptotic distributions as n — oo,
of various functionals of a uniform random mapping of the set {1,...,n}, by con-
structing a mapping-walk and showing these random walks converge weakly to a
reflecting Brownian bridge. Two different ways to encode a mapping as a walk lead
to two different decompositions of the Brownian bridge, each defined by cutting the
path of the bridge at an increasing sequence of recursively defined random times in
the zero set of the bridge. The random mapping asymptotics entail some remark-
able identities involving the random occupation measures of the bridge fragments
defined by these decompositions. We derive various extensions of these identities
for Brownian and Bessel bridges, and characterize the distributions of various path
fragments involved, using the Lévy—It6 theory of Poisson processes of excursions for
a self-similar Markov process whose zero set is the range of a stable subordinator of
index a € (0,1).

Key words: Brownian bridge, Brownian excursion, local time, occupation mea-
sure, stable subordinator, self-similar Markov process, Bessel process, path decompo-
sition, Poisson—Dirichlet distribution, pseudo-bridge, random mapping, size-biased
sampling, weak convergence, exchangeable interval partition.

1 Introduction

In a previous paper [1] we showed how features of a uniformly distributed
random mapping M, from [n] := {1,2,...,n} to itself, could be encoded as
functionals of a particular non-Markovian random walk on the non-negative
integers. This mapping-walk, suitably rescaled, converges weakly in C[0, 1] as
n — oo to the distribution of the reflecting Brownian bridge defined by the ab-
solute value of a standard Brownian bridge BP" with B§* = BP™ = 0 obtained
by conditioning a standard Brownian motion B on By = 0. Two important

* Research supported in part by N.S.F. Grants DMS-9970901 and DMS-0071448
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features of a mapping are the vector of sizes of connected components of its di-
graph, and the vector of sizes of cycles in its digraph. Results of [1] imply that
for a uniform random mapping, as n — oo, the component sizes rescaled by n,
jointly with corresponding cycle sizes rescaled by /n, converge in distribution
to a limiting bivariate sequence of random variables (A, ,L(I) )j=1,2,... Where
(I;)j=1,2,... is a random interval partition of [0, 1], with Af, the length of I;
and L0 the increment of local time of BP* at 0 over the mterval I;. With the
convention for ordering connected components of the mapping dlgraph used
in [1], the limiting interval partition is (I;) = (I JD ), according to the following
definition. Here, and throughout the paper, U, Uy, Us, ... denotes a sequence
of independent uniform (0, 1) variables, independent of B®*.

Definition 1 (the D-partition [1]). Let IP := [Dy,_,,Dy,] where Vo =
Dy, = 0 and Vj; is defined inductively along with the Dy, for j > 1 as
follows: given that Dy, and V; have been defined for 0 < i < j, let

Vj = DVj—l + Uj(l - D‘/j—l)’
so V; is uniform on [Dy,_,,1] given B* and (V;, Dy,) for 0 <i < j, and let
Dy, :=inf{t >V, : B)" =0}.

On the other hand, a variation of the main result of [1] shows that with
a different ordering convention, the mapping component sizes rescaled by n,
jointly with their cycle sizes rescaled by y/n, have a limit distribution speci-
fied by the sequence of lengths and Brownian local times (A, ,L? )j=1,2,.. &
differently defined limiting interval partition. This is the partltlon (I )= (I T)
defined as follows using the local time process (LY,0 < u < 1) of BP" at 0:

Definition 2 (the T-partition). Let I]T = [Tj-1,T}] where Ty := 0, Vo =
0, and for j > 1

vV ;:1—ﬁ(1 —Uy), (1)

=1

50 ‘7] is uniform on [YA/j_l,l] given B and (YZ,TZ) for 0<i<j, and
= inf{u : Lg/L(l) > ‘A/J}

For each of these two random interval partitions (I;) we are interested
in the distribution of the bivariate sequence of lengths and local times
(A1, L ) j=1.2,... and the distribution of the associated path fragments B"*[I]
and standardlzed fragments BP*[I;]. Here for a process X := (X;,t € J) pa-
rameterized by an interval J, and I = [G, D] a subinterval of J with length
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Rescaled
fragments

BU[I[]j=123
of T-partition

Valy
VoL, Local
o time
ViLy L0
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0 T, T, T, 1

T
\ L \ I, \ L5 \ The T-partition

The D-partition

Brownian

bridge
B

Rescaled
fragments

B[17],§=12,3
of D-partition

Fig. 1. The two interval partitions.

Ar := Dy — Gy > 0, we denote by X[I] or X[G7, D] the fragment of X on I,
that is the process

X[u = Xg4a  (0<u< ). (2)

We denote by X.[I] or X.[Gy,Dj] the standardized fragment of X on I,

defined by the Brownian scaling operation

X[I}UAI - XGI-HMI
VAI VI

Figure 1 illustrates these definitions for a typical path of X = BP.
Note that the first interval I of the D-partition ends at the time Dy,

Xi[1)y =

O<u<l). 3)
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of the first zero of BP" after a uniform(0,1)-distributed time U, whereas
the first interval I7 of the T-partition ends at the time 7; when the lo-
cal time of B at 0 has reached a uniform(0, 1)-distributed fraction of its
ultimate value. As illustrated in Figure 1, the associated fragments of B’
are qualitatively different: BP*[IP] ends with an excursion while BP*[IT]
does not.

Despite this difference between the fragments of BP" over the D- and T-
partitions, the random mapping asymptotics have the following corollary. Let
(I(7)) and (I(})) denote the length-ranked D-partition and the length-ranked

T-partition respectlvely, meaning I ) is the jth longest interval in the D-

partition, and I, ) is the jth longest interval in the T-partition.

Theorem 3. Considering the four bivariate sequences ()\I].,L% )j=1,2,... of

lengths and bridge local times at 0, for (I;) one of the four random inter-

val partitions of [0,1] defined by (I7), ( (j)) (1) or (I(:’;))

(i) the bivariate sequence has the same distribution for (I, (])) as for (Ia));
(ii) the bivariate sequence for (IP) is the bivariate sequence for (I(’?)) in a
length-biased order;

(ili) the bivariate sequence for (I]) is the bivariate sequence for (Ia)) in an
L%-biased order;

(iv) the sequence of local times (L?j) has the same distribution for (IP) as

for (IT'), whereas the sequence of lengths (\1;) does not.

See [25, 26] for background about size-biased random orderings. To illus-
trate the meaning of (iii) for instance, for each k¥ > 1, conditionally given
the entire bivariate sequence ()‘If) , L(I)T )j=1,2,..., the probability of the event

i )
(It = I(T)) is LOT /L where L§ = . LY
also (I = I(:',;)) for each m > 1 with m # k the probability of the event
(I3 =10, s LOT /(L0 ) and so on. Put another way, parts (i)-(iii) of

almost surely. And given

the corollary State that the blvarlate sequence (A, ,LI )i=1,2.... for (I;) = (I7)
is distributed like a length-biased rearrangement of the blvarlate sequence for
(I;) = (IJT)7 which is in turn distributed like an L%-biased rearrangement of
the bivariate sequence for (I;) = (I jD ). Consequently, the distribution of any
one of the four bivariate sequences determines the distribution of each of the
others.

The rest of this paper is organized as follows. Section 2 explains how we
discovered Theorem 3 by consideration of random mapping asymptotics. We
recall the theorem from [1] which describes the asymptotics of mapping-walks
in terms of the fragments of BP" defined by the D-partition, and present
the companion result, for a different ordering of components, where the limit
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involves the fragments of B"" defined by the T-partition. Section 3 lays out
our results regarding the decomposition of B"" into path fragments associ-
ated with the D- and T-partitions, in a way which does not depend on the
random mapping asymptotics. In particular, we describe the three different
distributions of bivariate sequences featuring in the three parts of Theorem 3.
We formulate and prove these results more generally, for BP* the standardized
bridge of a recurrent self-similar Markov process B whose inverse local time
process at 0 is a stable subordinator of index « for some a € (0,1). So v = 1/2
for B a standard Brownian motion as supposed in previous paragraphs, and
a =1—7§/2 for B a Bessel process of dimension ¢ € (0, 2). Some of the results
in Section 3, like Theorem 3, can be viewed in the Brownian case as asymptotic
counterparts (under weak convergence of mapping-walks) of some combinato-
rial symmetries of random mappings, discussed in Section 2.2. Other results in
the Brownian case, especially those involving the method of Poissonization by
random scaling [34, 35], are not obvious from the combinatorial perspective,
but provide explicit limit distributions for functionals of uniform random map-
pings. See also [3] where we apply this method to characterize the asymptotic
distribution of the diameter of the digraph of a uniform mapping. Sections 4
and 5 provide some proofs and further details of the main results in Section 3,
while Section 6 contains various complements. In particular, we show in Sec-
tion 6.2 that Theorem 3 holds even more generally for interval partitions (I JD )
and (I jT ) defined as before, but with the random zero set of BP" replaced by
the complement of z I$*, where I$* is any exchangeable random partition of
[0,1] into an infinite number of intervals, and (LY, 0 < u < 1) is the associated
local time process, as defined by Kallenberg [16]. This is the limiting case of a
corresponding result for a finite exchangeable interval partition of [0, 1], which
we prove by a combinatorial argument.

In companion papers [2] and [5] we show that Brownian bridge asymptotics
apply for models of random mappings more general than the uniform model, in
particular for the p-mapping model [24, 29], and that proofs can be simplified
by use of Joyal’s bijection between mappings and trees. See also [30] for a
recent review of the applications of Brownian motion and Poisson processes
to the asymptotics of various kinds of large combinatorial objects, including
partitions, trees, graphs, permutations, and mappings.

2 Random Mappings

In this section we explain how study of random mappings led us to consid-
eration of the two interval partitions of Brownian bridge, and show how the
distributions of path fragments of the bridge defined by these partitions en-
code various asymptotic distributions for mappings.
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2.1 Mapping-walks and the two orderings

A mapping M, : [n] — [n] can be identified with its digraph of edges
{(i, M, (7)), i € [n]}. The connection between random mappings and Brown-
ian bridge developed in [1] can be summarized as follows.

e A mapping digraph can be decomposed as a collection of rooted trees to-
gether with extra structure (cycles, basins of attraction).

e A rooted tree can be coded as a discrete tree-walk, a walk excursion starting
and ending at 0.

e Given some ordering of tree-components, one can concatenate walk-excur-
sions to define a discrete mapping-walk which codes M,.

e For a uniform random mapping, the induced distribution on tree-compo-
nents is such that the tree-walks, suitably normalized, converge to Brownian
excursion as the tree size increases to infinity.

e So for a uniform random mapping, we expect the mapping-walks, suitably
normalized, to converge to a limit process defined by some concatenation
of Brownian excursions.

e With appropriate choice of ordering, the limit process is in fact reflecting
Brownian bridge.

We now amplify this summary, emphasizing the only subtle issue — the
choice of ordering. Fix a mapping M,,. It has a set of cyclic points

Cp = {i € [n] : M} (i) =i for some k > 1},

where Mff is the kth iterate of M,,. Let 7, . be the set of vertices of the
(perhaps trivial) tree component of the digraph with root ¢ € C,. The tree
components are bundled by the disjoint cycles C, ; C C,, to form the basins
of attraction (connected components) of the mapping digraph, say

Bnji= |J Tne2Cn; with | JB.;=[n] and Ucn,jzcn (4)

c€Chp,j J J

where all three unions are disjoint unions, and the B,, ; and C,, ; are indexed in
some way by j = 1,..., K, say. The construction in [1] encodes the restriction
of the digraph of M, to each tree component 7, . of size k (that is, with k
vertices) by 2k steps of a tree-walk with increments +1 on the non-negative
integers. The tree-walk proceeds by a suitable search of the set 7,, ., making
an excursion which starts at 0 and returns to 0 for the first time after 2k
steps, after reaching a maximum level 1 + h,(c), where hy,(c) is the maximal
height above c of all vertices of the tree 7,, . with root ¢, that is

hn(c) = max{h : Ji € [n] with M} (i) = c and M} (i) ¢ Cy, for 0 < j < h}.

()
It was shown in [4] that as k& — oo, the distribution of the tree-walk for a
k-vertex random tree, of the kind contained in the digraph of the uniform
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random mapping M,, for k < n, when scaled to have 2k steps of :l:l/\/E per
unit time, converges to the distribution 2B®* for B®* a standard Brownian
excursion. Subsequent work [22] shows that the same result holds for a variety
of codings of trees as walks. Consequently, any of these codings would serve
our purpose in the following definitions.

We now define a mapping-walk (to code M,,) as a concatenation of its tree-
walks, to make a walk of 2n steps starting and ending at 0 with exactly |C,,|
returns to 0, one for each tree component of the mapping digraph. To retain
useful information about M,, in the mapping-walk, we want the definition of
the walk to respect the cycle and basin structure of the mapping. Here are
two orderings that do so.

Definition 4 (cycles-first ordering). Fiz a mapping M, from [n] to [n].
If M, has K, cycles, first put the cycles in increasing order of their least
elements, say cn1 < cpo < ... < cpk,. Let Cpnj be the cycle containing cy, j,
and let B, ; be the basin containing C,_ ;. Within cycles, list the trees around
the cycles, as follows. If the action of M, takes c,j — cpj1 — -+ — Cnj
for each 1 < j < Ky, the tree components T, . are listed with c in the order

Cn11 Cn,2 Cn,Kn

(le’l, ey le, Cn7271, ey Cn,g, ey C7L,Kn,17 ey CTMKn)' (6)

The cycles-first mapping-walk is obtained by concatenating the tree walks de-
rived from M, in this order. The cycles-first search of [n] is the permutation
o : [n] — [n] where o; is the jth vertex of the digraph of M, which is visited
in the corresponding concatenation of tree searches.

Definition 5 (basins-first ordering [1]). If M, has K, cycles, first put
the basins B, ; in increasing order of their least elements, say 1 = by 1 <
bpo < ... <bnx,; let c,; € Cyy be the cyclic point at the root of the tree
component containing by, ;. Now list the trees around the cycles, just as in (6),
but for the newly defined c,, ; and cy ;. Call the corresponding mapping-walk
and search of [n] the basins-first mapping-walk and basins-first search.

Be aware that the meaning of B,, ; and C,, ; now depends on the ordering
convention. Rather than introduce two separate notations for the two order-
ings, we use the same notation for both, and indicate nearby which ordering is
meant. Whichever ordering, the definitions of B,, ; and C,, ; are always linked
by B, ; 2 Cp,j, and (4) holds.

Let us briefly observe some similarities between the two mapping-walks.
For each given basin B of M,, with say b elements, the restriction of M, to
B is encoded in a segment of each walk which equals at 0 at some time, and
returns again to 0 after 2b more steps. If the basin contains exactly ¢ cyclic
points, this walk segment of 2b steps will be a concatenation of ¢ excursions
away from 0. Exactly where this segment of 20 steps appears in the mapping-
walk depends on the ordering convention, as does the ordering of excursions
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away from 0 within the segment of 2b steps. However, many features of the
action of M,, on the basin B are encoded in the same way in the two different
stretches of length 2b in the two walks, despite the permutation of excursions.
One example is the number of elements in the basin whose height above the
cycles is h, which is encoded in either walk as the number of upcrossings from
h to h+ 1 in the stretch of walk of length 2b corresponding to that basin.

2.2 Symmetry properties of random mappings

We now apply the definitions above to a uniform random mapping M,. Of
course, the random partition {8, ;};=1.... k, of [n], and the random partition
{Cn.j}j=1,....K, of C,, are the same no matter which ordering convention is
used. Each random partition is exchangeable, meaning its distribution is in-
variant under the action of a permutation of [n]. Let us spell out some further
symmetry properties, each of which turns out to have some analog in the
limiting Brownian scheme.

(a) The cycles-first ordering has the following very strong symmetry prop-
erty: conditionally given |C,,| = m the tree components in cycles-first ordering
form an exchangeable sequence of m random subsets of [n]; moreover this ex-
changeable sequence is independent of the sequence of cycle sizes |C,, ;| with
> Cn ;| = m. Consequently, given |C,[ = m, the cycles-first mapping-walk is
a concatenation of m exchangeable excursions away from 0, and this mapping-
walk is independent of |Cy, ;|,j =1,2,..., K.

(b) The basins-first ordering does not share the symmetry property above.
But it has a different one: given that the basin B, ; containing 1 has size
|By,1| = b, the action of M,, on [n]—B,, 1 is that of a uniform random mapping
of a set of n — b elements. So given |B,, 1| = b, the basins-first mapping-walk
decomposes after 2b steps into two independent segments: the first 2b steps are
distributed like the basins-first walk for a uniform mapping of [b] conditioned
to have a single basin, and the remaining 2(n — b) steps distributed like the
basins-first walk associated with a uniform mapping of [n — b].

(c) The sequence of basin sizes (|8, ;],1 < j < K,,) does not have the same
distribution for both orderings. For instance, if |B,, 1| = 1 in the basins-first
ordering then |B, 1| = 1 in the cycles-first ordering, but (for n > 3) not
conversely. So the distribution of [B,, 1| must be different in the two orderings.
(d) For a given mapping M,,, the sequence of cycle sizes (|Cp ;|,1 < j < K,)
may be different for the two different orderings. But for M,, with uniform
distribution on [n][™, the two sequences of cycle sizes have the same distri-
bution: given |C,| = m, either sequence is distributed like the sizes of cycles
of a uniform random permutation of [m] in the (size-biased) order of least
elements of the cycles. That is to say, given |C,| = m, the distribution of
|Cpn1| is uniform on [m]; given |C,| = m and |Cy, 1] with |C,| — |Cp 1| = ma,
the distribution of |C, 2| is uniform on [m4], and so on. This is a well known
property of uniform random permutations for the cycles-first ordering, and
was shown for the basins-first ordering in [1, Lemma 22].
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2.3 Brownian asymptotics for the mapping-walks

We now come to the main point of Section 2: the definitions of the interval
partitions of Brownian bridge are motivated by the following theorem.

Theorem 6. The scaled mapping-walk (Ml[tn],O < u < 1), with 2n steps of
+1/y/n per unit time, for either the cycles-first or the basins-first ordering
of excursions corresponding to tree components, converges in distribution to
2|BY*| jointly with

‘Cn‘ d 0

L 7

\/ﬁ — L ( )
where (LY, 0 < u < 1) is the process of local time at 0 of B, normalized so
that P(LY > () = e=%/2. Moreover,
(i) for the cycles-first ordering, with the cycles By j in order of their least
elements, these two limits in distribution hold jointly with

|Bn,'| |Cn| d
(5 ) st ®

as j varies, where the limits are the lengths and increments of local time of
B at 0 associated with the interval partition (I;) := (IJT); whereas

(ii) [1] for the basins-first ordering, with the basins B, ; listed in order of
their least elements, the same is true, provided the limiting interval partition

is defined instead by (I;) := (IjD).

The result for basins-first ordering is part of [1, Theorem 8]. The variant
for cycles-first ordering can be established by a variation of the argument in
[1], exploiting the exchangeability property of the cycles-first ordering (Sec-
tion 2.2(a) instead of Section 2.2 (b)). See also [10] and [5] for alternate ap-
proaches to the basic result of [1].

We now explain how we first discovered some of the facts about Brown-
ian bridge presented in Theorem 3 by consideration of Theorem 6 and the
symmetry properties of Section 2.2. The arguments below are not part of the
formal development in this paper. Indeed we show in Section 6 that the re-
sults of Theorem 3 hold much more generally, so these results do not really
involve much of the rich combinatorial structure of mapping digraphs involved
in Theorem 6.

(a) In the basins-first ordering, the first basin is by definition the basin con-
taining element 1, and its walk-segment ends at the first time that the walk
returns to 0 after the basins-first search has reached element 1. Suppose we
could replace element 1 by a uniform random element, so the walk-segment
corresponds asymptotically to the walk-segment ending at the first time of
reaching 0 after a uniform random time on [0, 2n]. Rescaling, this corresponds
to the time interval [0, Dy,] in Definition 1. Of course it is not obvious, and
indeed is somewhat counter-intuitive, that replacing element 1 by a uniform
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random element will preserve length of walk-segment. But this is what even-
tually will emerge from our calculations.

Now consider the cycles-first ordering. The first basin is by definition the
basin containing the smallest-numbered cyclic element c, 1, and its walk-
segment ends at the first time after reaching element ¢, ; that the walk re-
turns to 0. Suppose as before (and again this is not obvious) one can replace
element ¢, ; by a uniform random cyclic element, so the walk-segment corre-
sponds asymptotically to the walk-segment ending at the first time of reaching
0 after visiting U*|C,,| cyclic vertices, where U* has uniform|0, 1] distribution.
Rescaling, this corresponds to the time interval [0, 7] in Definition 2.

(b) The recursive property of the basins-first ordering in Section 2.2(b) plainly
corresponds, under the asymptotics of Theorem 6, to the recursive decompo-
sition of Brownian bridge at time Dy, described later in Lemma 8.

(c) In Section 2.2(c) we observed that the distribution of B,, 1 was different
in the two orderings. This difference persists in the limit: Theorem 6 and the
calculation below (26) imply

limn 'E|B,1

| E(Dv,) =2/3 (for the basins-first ordering)
T | E(Ty) =1/2 (for the cycles-first ordering).

(d) It is well known [41] that the asymptotic distribution as n — oo of the
fractions of elements in cycles of a random permutation of [n], with the cycles
in order of their least elements, (which amounts to a size-biased random order
by exchangeability), is the uniform stick-breaking sequence U; Hz;ll (1-0;).
So the convergence in distribution (7) of |C,|/v/n to LY, and the “uniform
random permutation” feature of the cyclic decomposition (Section 2.2(d)),
combine to show that with either ordering |C, ;|/v/n < L(}j with the same
joint distribution:

j—1
(L9,j>1) 2 (L?Uj [[a-v), 5> 1) 9)
=1

for both I; = IjD and I; = IjT. This is part (iv) of Theorem 3, which is
generalized later by (27) and Theorem 25.

(e) Let B, (;) be the jth largest basin of M, with some arbitrary convention
for breaking ties, and let C,, ;) be the cycle contained in B, (;. It follows
immediately from the convergence in distribution (8) that

1Bn,ij)l  Cryn\ d 0
<n’ﬁ — (Mg L) (10)

jointly as j varies, where I(; is the length-ranked interval partition derived
from either (I JD ) or (I JT ). This is part (i) of Theorem 3. By exchangeability
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considerations, before passage to the limit the bivariate sequence in (8)
as j varies is that in (10) biased by cycle-size in the cycles-first order
and biased by basin-size in the basins-first ordering. Hence the conclusions
of parts (ii) and (iii) of Theorem 3, by a straightforward passage to the
limit.

(f) Due to Section 2.2(a), it makes no difference to anything if in the cycles-
first ordering we replace the ordering within the jth cycle ¢, j1,¢n 5,2, -1 Cn,j
by the possibly more natural ¢, j,cn j1,¢nj2,--:Cnjc, ,|—1- But in the
basins-first ordering, this innocent looking change would spoil convergence
to 2|BPr|. This is because in the basins-first ordering the tree with root ¢, 1
is the tree containing 1, which is a size-biased choice from the exchangeable
random partition of [n] into tree components. As such, it tends to be a big
tree. In fact, results from [1] imply that, if the mapping-walk is started by
the excursion coding the tree rooted at ¢, 1, the limit process will start with
a zero free interval whose length is distributed as Dy — Gy in Lemma 9 be-
low for o = 1/2. Such a process is obviously not 2| B"| or any other familiar
Brownian process.

(g) The proof of Theorem 6 yields more information about the asymptotic
sizes of tree components than can be deduced from the statement of that
theorem. For instance, if |7, ;)| are the ranked sizes of the tree components
of M, and H, ; are the corresponding maximal tree heights, as in (5), then
(| 70,5l /7, Hy i /v/1)i=1,2,... converges in distribution to the sequence of ranked
lengths and corresponding maximal heights of excursions of 2|B""|, whose
distribution was described in [35, Theorem 1 and Example 8]. If only the
tree components of B, ; were considered, the limit would be derived from
excursions of BP* over the appropriate random interval I ; as in Theorem 6,
with joint convergence as j varies.

3 The bridge decompositions

This section presents our main results for the D- and T-partitions. For ease
of comparison, the results are presented together here, with outlines of the
proofs. Some proofs and further details are deferred to Section 4 for the D-
partition, and to Section 5 for the T-partition. Our primary interest is the
analysis of the D- and T-partitions derived from a standard Brownian bridge,
and the connections between these random partitions and the asymptotics
of random mappings discussed in Section 2. But we find that our analysis
applies just as well to the D- and T-partitions for a standardized bridge
BP" derived from B a recurrent self-similar Markov process whose inverse
local time process at 0 is a stable subordinator of index « for some a €
(0,1). Readers who don’t care about this generalization can assume through-
out this section that B is standard one-dimensional Brownian motion, and
a=0=1/2.
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3.1 General framework

Following Pitman—Yor [35, §2], we make the following basic assumptions:

e B := (B;,t > 0) is a real or vector-valued strong Markov process, started
at By = 0, with state space a cone contained in R? for some d = 1,2,...,
and cadlag paths.

e B is (-self-similar for some real §. That is to say, if B.[0,t] now denotes
the standardized process derived from B on [0, ¢] as in (3), using )\? instead
of /A1 in the denominator, then B.[0, ] < B0, 1] for all ¢ > 0.

e The point 0 is a regular recurrent point for B, meaning that almost surely
both 0 and oo are points of accumulation of the zero set of B.

As a well known consequence of these assumptions [14, 35|, there exists a
continuous local time process for B at 0, say (LY(B),t > 0), whose inverse

process
70 := inf{t : LY(B) > ¢} (£>0)

is a stable subordinator of index « for some « € (0,1). That is

E exp(—£7¢) = exp(—£c€”) (€>=0) (11)
for some ¢ > 0, in which case
10(8) = LU= iy co, () (12)
(& £e—

uniformly for bounded ¢ almost surely, where N; .(B) is the number of excur-
sion intervals of B in [0, ¢] whose length is greater than e. Formula (12) can
be then used with X instead of B to define LY(X) for various other processes
X derived from B by conditioning or scaling, such as the standardized bridge
BP" introduced in the next paragraph. As a consequence of (12) with X in-
stead of B, there is following basic a-scaling rule for such local time processes:
for I =[Gy, D] a random subinterval of length A\; := Dy — G contained in
the time domain of X, and LY(X) := L}, (X) — L%, (X),

LY(X) = A7 LY(X.[1]). (13)

Associated with the self-similar Markov process B are corresponding distribu-
tions of a standard B-bridge B, a standard B-excursion B, and a standard
B-meander B™¢, defined by the following identities in distribution, valid for
all t > O:

B.[0,G] £ B™;  B,[G., D)L B™  B,G.t|LB™ (14)
where Gt := G¢(B), D; := D¢(B), and for any process X we use the notation

Gi(X) :==sup{u < t: X, =0} (15)
Dy(X) :=inf{u>1t: X, =0}. (16)
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See [9] for a review of properties of BP*, B and B™¢ in the Brownian case
when B is Brownian motion with state space R, and § = o = 1/2. See [25, §3]
and [34] for some treatment of BP* and B®* in the Bessel case when B with
state space R is a recurrent Bessel process of dimension § = 2 —2a € (0,2),
and 8 = 1/2. Other examples are provided by recurrent stable Lévy processes
(8], symmetrized or skew Bessel processes [42], and Walsh processes [6, 7).

According to the Lévy—Itod theory of excursions of B, applied to the stan-
dard B-bridge as in [31, 35], if (§*) is the interval partition of [0, 1] defined
by the excursion intervals of BP" in length-ranked order, then the processes
Bbr [I57%] are i.i.d. copies of B*, independent of (I5*), which is an exchange-
able interval partition in the sense of [16] recalled in Section 6.2. Moreover,
the distribution of ranked lengths ()\I;x) depends only on «, as described in

[32, (16)] and [35, Example 8]. This general excursion decomposition of BT
implies that various results known for Bessel bridges hold also in the present
general setting, and we take this for granted without further comment.

3.2 Main Results

All results of this section are presented with the notation and general frame-
work of the previous section: BP" is the standard B-bridge derived from a
self-similar recurrent Markov process B whose continuous local time process
(LY(B),t > 0) is the inverse of a stable subordinator (74, > 0) of index
a € (0,1). The D- and T-partitions are defined in terms of B®* and its local
time process at 0, according to Definitions 1 and 2.

Theorem 3, presented in the introduction in the Brownian case, is true in
the more general framework of this section, as a consequence of the following
theorem:

Theorem 7. For a random interval I C [0,1], let uy denote the random
occupation measure induced by the path of BP*[I], so for each Borel subset A
of the state space of BP*

pr(A) = /11(35r € A)dt.

(i) The sequence of occupation measures (ur;) has the same distribution for
each of the two length-ranked partitions (I;) = (Ig)) and (I;) = (I(z;.)).

(ii) For (I;) = (IP) the sequence of occupation measures (pg,) is in X-biased
order, where )\Ij 1s the total mass of the random measure B, -

(iil) For (I;) = (IJT) the sequence of occupation measures (jug,) is in L°-biased
order, where L?j = L?j (BP).

(iv) For (I;) equal to any one of the four interval partitions (I7), (I(E;)), ()
or (I(j;)), conditionally given A\j; = X; and L(I),- =Vl forall j =1,2,..,
the random occupation measures pr,, j = 1,2,... are independent, with juy,
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distributed like the random occupation measure of a process with the common
conditional distribution of

(B[0.]| B, = 0, L0 = ) £ (B[0, 7] | 7¢ = t) (17)

for t=X\; and € =1{;.

Proof. Propositions 10, 11 and 14 provide more explicit descriptions of the
law of ()\IJ.,L(}j,BEr[Ij})j:Lg,m, for each of the four interval partitions (I;).
The above results for occupation measures are deduced from these proposi-
tions using Lemma 13. The fundamental switching identity (17) is well known
(31, §5]. O

By general theory of local time processes for diffusions or continuous semi-
martingales [15, 39, 38], in the Brownian and Bessel cases for each random
subinterval I of [0,1] the random occupation measure p; derived from B®*
has an almost surely continuous density L7 relative to m at x, where m is a
multiple of the speed measure of the one-dimensional diffusion B. To be precise
about normalization of local times, in the Brownian case with state space R,
we take m(dz) = dz, so that (11) holds with & = 1/2 and ¢ = /2. In the
Bessel(§) case with state space Rsg, we take m(dx) = 22°~! dx, so that (11)
holds with & =1 —§/2 and ¢ = 217*I"(1 — a)/I'(«), by [31, (7.c)]. In either
case, L?j in (iii) and (iv) is recovered like A7, as a measurable function of the
random occupation measure ji7,. The distribution of the local time density of
the conditional occupation measure in (iv) is described by a conditional form
of the Ray—Knight theorem: see [20, 28] for details in the Brownian case.

Our analysis of the D-partition is the following expression of the decom-
position of BP" at the times Dy, implicit in [1] in the Brownian case:

Lemma 8 ([1]). For each j, the pre-Dy, fragment of the bridge B*[0, Dy,]
is independent of the standardized post-Dy, fragment Bbr [Dv;,, 1], which has
the same distribution as B"".

This is easily verified, because the Dy, are stopping times relative to a
filtration with respect to which B" has a strong Markov property.

To describe various distributions, let (I's, s > 0) denote a standard gamma
process, that is the increasing Lévy process with marginal densities

P(I, € dz)/dx = % e ™ (2 >0), (18)

so Iy — I 4 Ii_s for 0 < s < t. Recall that for a,b > 0 the beta(a,b)
distribution is that of

Bap := Lo/l atp, which is independent of I}y, with (19)
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I'(a+b)
I(a)I(b)
It is well known [25, Lemma 3.7] that for Gy = G¢(B),

P(Bap € du) = u (1 - u)b_1 du 0<u<l). (20)

the standard B-bridge B.[0, G¢] is independent of G; with G/t 4 Bai—a-
(21)

Lemma 9 ([1, Prop. 2], [27, Prop. 15]). Let U with uniform|0,1] dis-
tribution be independent of B, and let Gy := Gy(B™), Dy := Dy(BY).
Then

d
(Gu,Dy —Gu,1=Dy) = Lo, It —I'a,Ti4a — 1)/ 1a-

Moreover, the random vector (Guy, Dy — Gu,1— Dy) and the three standard-
ized processes BP'[0, Gy, BX |Gy, Dy) and BP*[Dy, 1] are independent, with

BY0,Gy] £ B™[Dy, 1] £ B™  and  BM[Gu,Dyl < B™.  (22)

Proposition 10. For the D-partition
(i) the sequence of lengths is such that

j—1
Mo =1 [T -w)) (23)
i=1

for a sequence of independent random variables W; with W 4 B1,a-
(ii) The corresponding sequence of local times at O can be expressed as

L?J,D = A?J.DL? (BX[17]) (24)

where the LY(BL*[IP]) are independent random variables, independent also of
the lengths Ao, with
J

LY(BY[1P]) £ L3(B) £ 7 ° (25)

for T with the stable distribution of index « defined by (11).
(iii) The standardized path fragments BY*[IP] are independent and identically

distributed like BP*[0, D], and independent of the sequence of lengths (Arp).
(iv) For the length-ranked D-intervals I(’?) instead of IjD, the lengths ()\JI(J:;))
have the Poisson—Dirichlet(c) distribution defined by ranking (A;p) as in (i),
while parts (ii) and (iii) hold without change. ’

Proof. Parts (i)-(iii) are obtained by repeated application of Lemmas 8 and 9,
using the a-scaling rule (13) for local times and (21), as in [25, Lemma 3.11],
for part (ii). The second identity in (ii) is a well-known consequence of the
inverse relation between (L?(B),t > 0) and (7¢,¢ > 0), as discussed in [31].
Part (iv) follows immediately from (i)-(iii). O
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See [18, 32] and Lemma 15 for background on the Poisson—Dirichlet dis-
tribution appearing in (iv). Lévy [21] showed that in the Brownian case the
common distribution of LY(B) and 7, 1/2 appearing in (25) is simply the dis-

tribution of |By|, with B; standard Gaussian. But this does not generalize to

the Bessel(d) case for general 6 = 2 — 2a.. Then B, 4 \/2I1_, which is a

simple transformation of the stable(a) distribution of 71 only for a = 1/2.
The difficulty involved in Theorem 7 is that Definition 2 of the 7} involves
the local time L{ := L{(B®"), which depends on the path of B"" over the
whole interval [0,1]. While we can describe the finite-dimensional distribu-
tions of the bivariate sequence (A 17 L?_T )jzl,gw by conditioning on L(f (see

Proposition 20), this description is more complicated than our description of
()\If),L(I)D)j:1727... in Proposition 10. In particular,
J

d
A # App. (26)
Indeed, by (23) we have
E(/\Ilp) =EW))=1/1+a)>1/2,

whereas (by symmetry of BP" with respect to time reversal in the Brownian
or Bessel case) the distribution of 77 is symmetric about 1/2, so whatever
a€(0,1)

E(\r) = B(Th) =1/2.

Still, as explained combinatorially in the Brownian case around (9), the two
partitions give rise to the same distribution for the sequence of local times:

(L?jD) 4 (L‘}J_T) = (L? Ujﬁa - UZ-)) (27)

where the second equality by definition is read from (1). The first equality
in distribution of sequences follows from Lemma 8 and the consequence of
Lemma 9, noted in [1, (3)-(4)] in the Brownian case, that

L?lD /LY has uniform distribution on (0, 1), and is independent of LY. (28)

As indicated in Section 6.2, this can also be checked in general using the
exchangeability of the excursion interval partition.

According to Proposition 10, the standardized bridge fragments over in-
tervals of the D-partition are i.i.d. copies of BY*[0, Dy, both for the intervals
in their original order and for the intervals in length-ranked order. A subtle
feature of the T-partition is that the standardized bridge fragments over its
intervals are neither independent nor identically distributed in their original
order, but these fragments become i.i.d. when put into length-ranked order.
This and other parallels between the T- and D-partitions in length-ranked
order are presented in the following Proposition:
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Proposition 11. For the T-partition in length-ranked order
(i) the sequence of lengths O\I(T')) has the same Poisson—Dirichlet(«) distrib-
J

ution as (A;p ).
G

(ii) The corresponding sequence of local times at O can be expressed as
0 [eY 0 br [T
Ly = Apr LY(B[1(;)) (29)

where the L?(Bfr[lg)]) are independent random variables, independent also

of the lengths L?T , with
&)

d o

LB £ (30)

0(Rbr[T
LY(BX[1(;])
Just as in (25).
(iii) The standardized path fragments BP* [I(j;)] are independent and identically
distributed like B,[0,71], and independent of the sequence of lengths (AI?)).
J

The only difference between this description of the law of the sequence
(Az;, L(IJJ, , B [1;])j=12,. for I; = I(:’;.), and the previous description in Propo-
sition 10 for I; = 1 5), is that the common distribution of the standardized T-
fragments is that of BP*[0, Dyy], whereas the common distribution of the stan-
dardized D-fragments is that of B,[0,71]. The standardized process B,[0, 71]
is known as the pseudo-bridge associated with the self-similar Markov process
B. The following Lemma was established by Biane, Le Gall and Yor [11] in
the Brownian case, and extended to the Bessel case in [31, Theorem 5.3].

Lemma 12 ([11, 31]). The law of the pseudo-bridge B.[0,71] is mutually
absolutely continuous with respect to the law of BP*, with density proportional
to 1/LY(B) relative to the law of BY*. That is, for all non-negative measurable
path functionals F

B[F((B.0.7)] = — o E[ fé(é;))].

where ¢ is determined by the normalization of local time via (11).

While the laws of BP*[0, Dyy] and the pseudo-bridge B, [0, 7] are mutually
singular, their random occupation measures have the same distributions. In
fact, the sample path of BPT[0, D] is simply a random rearrangement of the
sample path of B,[0,7]:

Lemma 13. Let U be a uniform (0,1) variable independent of B*, and
independent of X distributed like B.[0,71]. Then a process Y distributed
like BPT[0, Dy is created by the following rearrangement of the path of X,
whereby the random occupation measures of X and Y are pathwise identical:
let (Gy,Dy) be the excursion interval of X straddling time U, and let Y be
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deriwed from X by swapping the order of the path fragments X |Gy, Dy] and
X[Dy, 1], say
YZX[O,GU] : X[DU71] . X[GU,DU] (31)

with an obvious notation for concatenation of path fragments.

Proof. By construction, the path of Y ends with a B-excursion of length
1 - G1(Y) = Dy — Gy. The joint law of Y[0,G1(Y)] and Y[G1(Y),1] :=
X[Gy, Dy] was described in [31, Theorem 1.3] and [25, Theorem 3.1 and
(3.d)], and is identical to the joint law of Z[0,G1(Z)] and Z[G:1(Z),1] for
Z := B[0, Dy(BP")], which can be read from Lemma 9. To be explicit, the
common distribution of Y[0, G1(Y)] and Z[0, G1(Z)] is that of B[0, G1(B)] de-
scribed by (21), while both Y,[G1(Y),1] := X,[Gy, Dy] and Z.[G1(Y),1] :=
BY[Gy(BPT), Dy (BPT)] are standard B-excursions. Since the excursion is in
each case independent of the preceding fragment, it follows that Y 27 o

Proposition 14. Fiz £ > 0. Let G be a random variable independent of BP*,
with G < I, /§. The distributions of the two bivariate sequences, defined by
the lengths and bridge local time measures of intervals of the D-partition and
the T-partition respectively, are determined as follows:
(i) For I; = I the bivariate sequence
(G)‘Ij’GaL]ID;)jzl,z,... (32)
is the sequence of points (X;,Y;), in X-biased random order, of a Poisson
process on R2 ) with intensity measure

v(dt,dl) ;= at " te S At P(t°7; > € dl) = 7 P(mp € dt)e™¢t (33)

for 7 as in (11), which makes

d T a I

Zij = ? and Zj)/j = Cfia.
(ii) If the points (X;,Y;) of a Poisson process with intensity v on R2 are
listed in X -biased order then

(34)

X, Y,
Ao, L05) 4 (25 25 35
( IJD) IjD)]:1’21'.V (ZX ’ 231( >j—112-,... ( )

for Yx =37, X; as in (34).

(i) For I; = IJT the bivariate sequence in (32) is the sequence of points,
say (X},Y]), in Y'-biased random order, of another Poisson process on RZ,
with the same intensity measure v. So if in (ii) the points (X;,Y;) are listed
instead in Y -biased order, then (35) holds with the sequence of T-intervals

instead of the sequence of D-intervals.
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Proof. Part (i) is proved in Section 4. Part (ii) is just a restatement of part (i).
Part (iii) is proved in Section 5. 0

Note that the normalization in (35) involves Xx and its ath power, both
for the D-partition and for the T-partition. Obviously, this is easier to handle
if the sampling is X-biased rather than Y-biased, which is one explanation of
why various distributions associated with (I 71.3 ) are simpler than their coun-
terparts for (I]).

4 Analysis of the D-partition

As a preliminary for the proof of Proposition 14 (i), we recall the following
well known lemma, which characterizes the distribution of a sequence (Q;),
known as the GEM (#) distribution after Griffiths, Engen and McCloskey.
The distribution of (Q;)) obtained by ranking (Q;) is known as the Poisson—
Dirichlet distribution with parameter 0. See [17], [18, §9.6], [32].

Lemma 15 (characterizations of GEM () [23, 25, 26]). Fiz 6 > 0 and
§>0. Let G and Q4,7 = 1,2,... be non-negative random variables. Then the
following are equivalent: .

(1) the sequence (Q;) admits the representation Q; = W, Hz;ll(l —W;) where
the W; are independent beta(1,0) variables, and G is independent of (Q;)
with G L Ty /¢;

(i) >, Q; =1 a.s. and (GQ;) is the sequence of points of a Poisson point
process on Rq with intensity Ot~ 'e~¢t dt, listed in size-biased order.

The next well known result [18, §5.2], [37, Prop. 4.10.1], combined with the
previous lemma, provides an efficient way to identify various Poisson processes.

Lemma 16 (Poisson marking). Let (S,S) and (T,T) be two measurable
spaces. Let (X;) and (Y}) be two sequences of random variables, with values in
S and T respectively, such that the counting process Ej 1(X; € -) is Poisson
with intensity measure 1 on S, and the Y; are conditionally independent given
(Xj), with

P(Y; € '|X17X2,...) :P/(Xj )
for some Markov kernel P’ from (S,S) to (T, T). Then the counting process

> 1((X;.Y;) € ) is a Poisson process on the product space S x T with
intensity measure p(dx)P’(x,dy) on the product o-field.

Proof of Proposition 14 (i). Proposition 10 (i) and Lemma 15 (i) show that
(Ap,j > 1) has GEM («) distribution. By assumption, G is independent of

this sequence with G 4 I, /€. Lemma 15 implies that (GA;p) is the size-biased

ordering of a Poisson point process of intensity at~'e~¢* dt. Proposition 10 (ii)
and Lemma 16 now identify the (G)\I_D,GQL%) as the points of a Poisson
i i
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process with intensity measure v defined by the first expression in (33). To
check the equality of the two expressions in (33), let

fo(t) := P(ry € dt)/dt. (36)
Since 74 < 1/ by (11),
folt) = €7V fa(t/079) (37)
whereas by another change of variables
Pt € df)/dl = a e Vo f (/0 ) = a7 e fo(t) (38)

and the identity follows. By application of (11), the f-marginal of v is
(~le=e€"4d¢. The distribution of >~; Y; is the infinitely divisible law with
this Lévy measure, that is the exponential distribution with rate c£“. a

Implicit in Lemma 12 and (38) is the following formula of [25, (3.u)] for
the density of LY := LY(B")

P(LY € df) = cal (a)lP(1;* € df) = cI'() fo(1) d¢ (39)

for fe(z) as in (36) the stable(«) density of 7y determined by (11). That
is to say, the distribution of L{(BPT) is obtained by size-biasing the com-
mon distribution of 7, * and LY(B). In particular, the general formula (39) is
consistent with Lévy’s well known formulae in the Brownian case [21], with
a=1/2,c= V2

R N Y2 S Y

and
P(LY € do)/de = te= 3", (41)

For general a, a series expression for fy(z) is known [36, 43, 44, 40]. T = 1/n
for some n = 2,3,..., integral expressions for fy(x) can be derived from a
representation of 1/7 as a product of n — 1 independent gamma variables [43,
Theorem 3.4.3]. To conclude this section, we record the following immediate
consequence of Proposition 14 (i):

Corollary 1. Let (0;) be a sequence of i.i.d. copies of 11 with the stable («)
distribution (11), and let (Q;) with GEM («) distribution of Lemma 15 be
independent of (0j). Let L; := (Q;/0;)* and L=}, L;. Then L 4 LY as
n (39), and the sequence (L;/L) has GEM(1) distribution, independently
of L.
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5 Analysis of the T-partition

We start by recalling the structure of a Markov process up to the last time it
visits its initial state before an independent exponential time. This does not
involve the self-similarity assumption.

Lemma 17 ([14]). Let (1¢,¢ > 0) be a drift-free subordinator which is the in-
verse of the continuous local time process (LY(B),t > 0) of a reqular recurrent
point 0, for a strong Markov process B started at 0. Let € be an exponential
variable with rate £, with € independent of B, and let

G:=G.(B) and L:=L%DB)=LYDB). (42)

(i) The local time L has exponential distribution with rate (€), the Laplace
exponent of the subordinator defined by E(e¢™) = e~ ¥,
(ii) For £ > 0, there is the equality in distribution of path fragments

(BI0,G]| L =) £ (B0, 7] | 7 < e). (43)
(iii) The joint distribution of (G, L) is
P(G e dt,L € dl) =(€)dle S P(ry € dt). (44)

which is the distribution of the value at time 1 of a drift free bivariate subor-
dinator with Lévy measure

v(dt,dl) = 71 dle 5 P(ry € dt) (45)

whose (-marginal is the Lévy measure £~ e~V LAl of the exponential distri-
bution of L.

Proof. These results are derived from It0’s theory of excursions of B, by letting
(Ni,t > 0) be a Poisson process with rate £, independent of B, and taking
€ to be the time of the first point of N. To briefly recall the argument, say
that a jump interval (7,_,7,) of the inverse local time process 7 is marked
if N(r,—, 7] > 0 and unmarked otherwise. Then, by basic theory of Poisson
point processes, the sum of unmarked jumps

T = Z (ty = 7y— ) LN (1y—, 7] = 0) (46)

o<y<t

defines a subordinator with distribution
P(r} € dt) = e¥ O p(r, € dt). (47)

The left end G of the first marked interval is G = 77— = 7, and the subordi-
nator 7% summing unmarked jumps of 7 is independent of L, the local time
of the first marked jump. See also [14, 31, 35, 39]. O
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To be more explicit, part (iii) of the Lemma states that
d
(G’ L) = (Eijv EJYJ) (48)

for (X;,Y;) the points of a Poisson point process on R2 ; with intensity mea-
sure v defined by (45). In particular, for a self-similar B as in Section 3, this
measure v is identical to the measure v featured in (33).

In the setting of Lemma 17, even with construction of the Poisson process
of marks of rate £ independent of B, more randomization is required to con-
struct points (X, Y;) such that (48) holds with equality almost surely rather
than just in distribution. But this can be done by the following construction,
which is the basis of our proofs of Proposition 11 and Proposition 14 (iii).

Lemma 18. In the setting of Lemma 17, let I := [Gy, D] be a random subin-
terval of [0,1), where the endpoint 1 is deliberately excluded, to avoid the
Jump of the inverse local time process (1¢) at time £ = L in the following con-
struction. Suppose I is independent of B and €, and define further random
intervals

IL:=[G;L,D;L)] and 7(IL) := [7(GiL), 7(DsL)] (49)

where T(€) := 1 for £ > 0.
(i) For y > 0, there is the equality in distribution of path fragments

(BIr(IL)] | A1z =) £ (B[0,7,] | 7y <€) (50)

where A\rp, := D;L — GL is the increment of local time of B over the time
interval T(IL).

(i) If (I;) is an interval partition of [0,1) which is independent of ¢ and
B, and (11,1) is the corresponding interval partition of [0,G), then given
the sequence of local time increments (Ar;1) the path fragments Blr;1] are
conditionally independent with distributions described by (50) for I; instead
of I.

(iii) If I; := [IA/j,l,V] with IA/] = 1-T[l_,(0 = U) for independent
uniform(0,1) variables U; independent of B and e, then the bivariate se-
quence of local time increments and path fragments

(AIjLaB[T(Ij’L)})jzl,Z,... (51)

is the sequence of points of a Poisson point process on Rsq X §2, in local-time
biased order, for a suitable space of path fragments (2 of arbitrary finite length,
with intensity measure

(7 P(1y < £, B[0, 7] € dw) (52)

whose C-marginal is the Lévy measure £~ e~ & Al of the exponential distri-
bution of L with rate ¥(§).
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(iv) Let X; := 7(Gr,L) — 7(G,L) be the length and Y; := Ap, the local
time increment associated with the random subinterval 7(I;L) of [0,G). Then
the (X;,Y;) are the points of a Poisson point process on R2>0 with intensity
measure v defined by (45), in Y -biased random order, and

(G,L) = (X,X,,%;Y;) almost surely. (53)

Proof. The first two assertions are straightforward consequences of the pre-
vious Lemma. Part (iii) follows from (ii), the Poisson representation of
GEM(1) in Lemma 15, and Poisson marking. Part (iv) follows from (iii) and
Lemma 17 (iii). O

Proof of Proposition 14 (iii). We will exploit the following construction of the
standard bridge B" of the self-similar Markov process B by random scaling,
as in [31] and [35, Lemma 4]. Let

B := B,[0,G.(B)] for £ independent of B with el ¢, (54)

so € is exponential with rate . Then

I, I

G:=G.(B)Z +  ad L= L%(B) = G*LY(B") £ cgila (55)

by (21), (19), and a-scaling of local times, where the exponential distribution
of L is read from Lemma 17. Suppose now that I; := [VJ 1 VJ] for V as in

Lemma 18. The T-sequence is now constructed as a function of these V and
BY* := B,[0,G] as in (54) according to Definition 2, that is

T; == inf{u: L)/LB; > V} (56)
By (56) and (55),
Az = (V= Vis) L= (V; = Vi) GULY(B™) = G L (B™)
Arpn = oL~ T lL—G>\IJT
B.[r,] = BY[1]].
Part (iii) of Proposition 14 can now be read from Lemma 18 (iv). O

Proof of Proposition 11. Parts (i) and (ii) follow immediately from the result
of Proposition 14 (iii) proved above. Turning to consideration of the path
fragments, we observe by switching identity (17) that

(B,[0, 7] | 7 = t) £ (B* | L9 = ot~) (57)

where L{ := LY(BP"") as usual, and a regular conditional distribution for B"*
given LY can be constructed as in [28, Lemma 12]. Hence from (52), if (2
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denotes a suitable space of paths of length 1, the trivariate sequence of local
time increments, lengths of path fragments, and standardized path fragments

()‘1.7’L7>‘TI,-L’B* [TIJ’L])J:LQ,... = (GQL?J.T (Bbr)vG)‘IjT’BEr [IJT])J‘:LL.. (58)
is a Poisson process on R~y x Ry X 21 whose intensity measure is
(1AL P(ry € dt)e S P(BP € dw, | LY = 0t7). (59)

Using the first form of v in (33) to integrate out £ in (59), we see that the
lengths and standardized fragments

br [T
()\TIJLaB*[TI]-LDJ-:LQ’_“ = (G/\IJTaB* [Ij ])j:1,2,‘.. (60)
form a Poisson process on Rs x 21 whose intensity measure is
at~le ¢ dt Q(dw,) (61)

where
Q(dwy) = /Oo P(Bbr € dw; |L(1) =y)P(r; ® € dy) = P(B.[0, 7] € dw) (62)
0

by the switching identity (57). The factorization in (61) shows that the BY[I]]
are 1.i.d. copies of B, [0, 71] when listed in length-ranked order. That is part (iii)
of Proposition 11. O

5.1 Further distributional results

We record in this section a number of further formulae related to the distrib-
ution of the lengths and local times defined by the T-partition.

Proposition 20. For the T-partition the (2n+ 1)-variate joint density of the
total bridge local time LY, the lengths of the first n intervals, and the local
times at 0 on these intervals, is given by the formula

P(L{ € d¢, Ar € daj, L*(1]) € dy;, 1 < j < n)

dz; dy; fy,; (x5)
C—yr— - —yj1

= el (@)l froyy oy, (L =21 = —zn) [|
j=1

for fy(z) := P(ry € do)/dz the stable(cr) density as in (36).

Proof. This follows from the switching identity (17) and the definition of the
T-partition. O
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While the distributions of the cut times T} and interval lengths (T}, —Tj—1)
in principle determined Proposition 20, formulae for these distributions are
more easily obtained as follows. For 0 < u < 1, let

o= inf{t: LY/L9 = u}

where (L?,0 <t < 1) is the local time process at 0 of BP. Then by use of the
switching identity (17) we can write down for 0 < z < 1, 0 < £ < o0,

P( € do| L0 = £)/da = Lul0) at(@) ue(®)fue(@) (63)

fe(1)

where z := 1 — z. Integrating out with respect to the distribution (39) of LY
gives the density

P(ry" € da)/de = cT(a) [ furo) fur(o) (64)
0
which can be simplified using Lévy’s formula (40) in the Brownian case to

give for a« = 1/2

uUu

br _
P(r) € dx)/dx = S 1 22

0 <u,z<1). (65)

In particular, for u = 1/2 we recover the the result of [9, Theorem 3.2] that
TP;Q has uniform distribution on [0, 1] in the Brownian case.

According to Definition 2, T}, := Tg, for ‘7k independent of B with
k

1-V 2V, -V L1,

for IT is a product of k independent uniform(0, 1) variables, with

P(I, € du)  (—logu)k~1 . P(II; edu) 1
= d —_— == 66

du (k—1)! an ; du u (66)
because log Iy, is the k’th point of a rate 1 Poisson process on [0, 00). Since
the process (7P%,0 < u < 1) has exchangeable increments, we find that 1 — T},

and the length of the kth T-interval have the common distribution
1
P(1-T,edx) = P()\Ikr €dzx) = / P(tP" € dx) P(IT}, € du). (67)
0

In particular, in the Brownian case a = 1/2, (67) and (65) yield the curious
formula
P(Ty €dz) h(z)+ h(z)

" = 5 with  h(z) := % + log<\}5 - 1)- (68)
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Corollary 21. The point process of lengths of T-intervals has mean density
1

ZP A € dz) =az ' (1—2)* 'dz = / P(rPr e dz)u=t du (69)
0

for z € (0,1).

Proof. The first equality is read from part (i) of Proposition 11 and the well
known formula for the mean density of points of a Poisson-Dirichlet(«) dis-
tributed sequence [32, (6)], which can be read from Lemma 15. The second
equality is then read from (67) and (66). O

For general «, the second equality in (69) does not seem very obvious
from (63) and (64). However, it can be checked for o = 1/2 using (65), and
it can also be verified by a very general argument, which we indicate in Sec-
tion 6.3.

Path decompositions of BP" at the times T}, are more complicated than the
corresponding decompositions for the times Dy, expressed by Lemma 8. For
the T-partition, the pieces are not pure B-bridges. Rather, when normalized
they have density factors involving their local times at 0. Compare with similar
constructions in [11, 13, 25, 33].

By the Poisson analysis of the previous section, conditionally given (77,
LY., LY) the pieces of BP" before and after time T} are independent, B-bridges
with prescribed lengths and local times at 0. The appearance of h + k in
formula (a) below shows that the right side does not factor into a function of
(2, h) and a function of (z, k). So even in the Brownian case, Lj, and L) — L,
are not conditionally independent given T3, and hence the same can be said
of the fragments of B®" before and after time T}.

Proposition 22. In the Brownian case with o = 1/2, ¢ = /2,
P(Ty € dx, LY, €dh, L — LY, €dk) hk (z7)73/? p< h? k2>

da dh dk T Vo (hik)

2 @
while for

LY.
VT

there is the joint density

P(X € da,Y € db) ab a? b
= I - —
Tadb o (a,b) exp( (70)

o Yo (xm)T1/? 1 (r+a)(r+b)
I(a,b) := /af+bf —rlog<w>
for r:=+/a? + b2.

LY - L7,
VI-T

X = = L?(Bfr[O,Tl}) and Y = = L?(BEI[TM 1]).

where
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Proof. The first formula is an instance of Proposition 20 which we now check.
With notation as in (63),

P(Ty €dz|LY, = h, LY — LY, =k)/dz = f(z|u,?)
for h = wf and k = uf. We also know, by definition of T, that
P(LY, € dh, L — LY, € dk) = dhdke~ 2"

where ¢ = h+k and an £=! has canceled the factor of £ in the density (41) of LY.
Combining these formulae gives the trivariate density of (T, LY, , LY — L, ),
which rescales to give

P(Ty €dz, X €da,Y €db)  ab  (zz)"'/? exp a> b
)

2 2

dz dadb V21 (ay/z + bVZ

and (70) follows by integrating out x. O

6 Complements

6.1 Mappings conditioned to have a single basin

In the Brownian case, a variation of the transformation from X to Y in
Lemma 13, which further swaps the exchangeable pair of fragments X [0, Gy/]
and X[Dy,1], is the continuous analog of the transformation, mentioned in
Fact (2.2)(e) from the stretch of the cycles-first mapping walk for a given
basin to the stretch of the basins-first walk for the same basin. As pointed
out in the last section of [1], if the uniform mapping of [n] is conditioned to
have only one cycle, the scaled basins-first walk converges in distribution to
the process 2| BP0, Dy (BP")]|. The above argument yields:

Corollary 22. For a uniform mapping of [n] conditioned to have only one
cycle, the scaled cycles-first walk converges in distribution to 2|B.[0, 1| where
B.[0,71] is the Brownian pseudo-bridge.

The distributions of several basic functionals of pseudo-bridge B.[0, 7]
are known. In particular, the occupation density of the reflected process is
governed by the same stochastic differential equation governing the occupation
density process of a reflecting Brownian bridge or Brownian excursion [28].
According to Knight [19] (see also [33] and papers cited there), the law of the
maximum of the reflected pseudo-bridge is identical to that of 1/(2+/H;(R3))
where Hq(Rj3) is the hitting time of 1 by the three-dimensional Bessel process,
with transform E(exp(—462Hi(R3))) = 6/ sinh 6 for real . Thus we deduce:

Corollary 23. For a uniform mapping of [n] conditioned to have only one
cycle, the asymptotic distribution of the mazximum height of any tree above the

cycle, normalized by \/n, is the distribution of 1/v/Hi(R3).

See also [12] for a survey of closely related distributions and their
applications.
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6.2 Exchangeable interval partitions

Suppose that (I5*) is an exchangeable interval partition of [0, 1]. That is (as-
suming for simplicity that the lengths A Iex are almost surely all distinct), for
each n = 2,3,... such that Alfif) > 0, where (I(e;‘)) is the associated length-
ranked interval partition, conditionally given A Iex, > 0 the ordering of the
longest n sub-intervals 1 8‘), 1 < j < nis equally likely to be any one of the n!
possible orders, independently of the lengths of these n intervals. Call (Ijx)
infinite if P()\I(o;c) > 0) = 1 for all n. As shown by Kallenberg [16], for an
infinite exchangeable interval partition (I§*), for each u € [0, 1] the fraction
of the longest n intervals that lie to the left of u has an almost sure limit L9,
as n — o00. The process (LY,0 < u < 1) is a continuous increasing process,
the normalized local time process of (I;X). It is easily shown that for BT
as in previous sections, and more generally for B the standard bridge of
any nice recurrent Markov process, constructed as in [13], the interval par-
tition (/5) defined by the excursions of B®" away from 0 is an infinite ex-
changeable interval partition of [0, 1], whose normalized local time process
is LY = LO/LY,0 < u < 1 for any of the usual Markovian definitions of a
bridge local time process LY := L% (B"T). In particular, this remark applies to
a self-similar recurrent process B as considered in previous sections.

Theorem 25. The assertions of Theorem 8 remain valid for the D- and T-
partitions defined by Definitions 1 and 2 for any infinite exchangeable inter-
val partition (I5*) instead of the excursion intervals of a standard Brownian
bridge BY*, with the complement of U; 17 in [0,1] instead of the zero set of
B, and the normalized local time process (L%,0 < u < 1) of (I5%) instead of
(LY/L9,0 < u < 1). Moreover, the sequence of normalized local times (ff}j)
has the same GEM (1) distribution for I; = IP as for I; = IT.

Theorem 25 can be derived from a certain combinatorial analog, stated and
proved as Lemma 26 below. Let us briefly outline the method of derivation,
without details. Consider an infinite exchangeable interval partition (I;). Take
k independent uniform (0, 1) sample points, assign “weight” 1/k to each, and

let (I J(k)) be the intervals containing at least one sample point. Each interval

1 ](-k) is thereby assigned weight 1/kx (number of sample points in interval).
For fixed k we can apply Lemma 26, interpreting “length” as “weight”, and
conditionally on the number of intervals in the partition. The conclusion of
Lemma 26 is a variant of the desired Theorem 3 for (I;), in which “position
x € (0,1)” of interval endpoint is replaced by “1/kx (number of sample points
in (0,2))”, and in which “normalized local time at u € (0,1)” is replaced by
“relative number of sampled intervals in (0,u)”. One can now argue that as
k — oo we have a.s. convergence of these variant quantities to the original
quantities in Theorem 25.
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Lemma 26. Let (If¥)1<;<n be an exchangeable interval partition of [0,1] into
n subintervals of strictly positive length. Define Dy, as in Definition 1 for
1 < j < JP, where J, is the first j such that Dy, = 1, to create a D-
partition (If))lgjgjg of [0,1], and define a T-partition (I]-T)lgjg(]g of [0,1]
similarly using cut points T;,1 < j < JT determined as follows: given that the
random set of endpoints of (Ifx)lgjgn is U := {u;}ogj<n with 0 = uy < uy <

- < un =1, let Th have uniform distribution on U N (0,1], and given also
Ty =t < 1 let Ty have uniform distribution on U N (t1,1], and so on, until
Tyr = 1. For I; an interval of either of the D- or T-partitions so defined, let
Ny, denote the number of intervals of (I$*)1<i<n which are contained in I,
sol< NIJ. < n. Then the assertions of Theorem 8 remain valid provided that

Ni, is substituted everywhere for L(}j.

Proof. We will check that part (i) of Theorem 3 holds in this setup, along
with (72). The remaining claims are straightforward and left to the reader. By
conditioning on the ranked lengths A Ies of the intervals (If*)1<i<n, it suffices
to consider the case when these ranked lengths are distinct constants. Let
ITP denote the random partition of [n] defined by the random equivalence
relation ¢ ~ j iff I(’§ and I(ex) are part of the same component interval of

the D-partition, and define H}; similarly in terms of the T-partition. Since
each unordered collection of lengths and sub-interval counts is a function

of the corresponding partition, it suffices to show that 72 < ITT. Due to
the well known connection between the discrete stick-breaking scheme used
to define the T-partition and the cycle structure of random permutations,
which was recalled in Section 2.2 (d), we can write down the distribution of
IIT without calculation: for each unordered partition of [n] into & non-empty
subsets {A1,..., Ar},

k
P(IIT = {A1,..., A}) :niH (J4;] - 1)! (71)

where |4;| is the number of elements of A;. On the other hand, for the D-
partition, for each ordered partition (Ai,...,Ay) and each choice of a; €
Aj1 < j <k, with Aa) the length of I7) and A(A) := Y acaMa), we can
write down the probability

k
( UI and I¢7 ) has right end Dv> :%H (14— k)\(#')
a€A; Ji=1 Zi:j A(4i)
where the factors of (A, |— )! come from the different possible orderings of all
but the last [ (8’3 to form I . If we now sum over all choices of a; € A;, for each
1 < j <k, we find that /\(aj) is simply replaced by A(4;). If we then replace
(Al,.. Ak) v (As(1),- - A(o(k)) and sum over all permutations o of [k],

to consider all sequences of sets consistent with a given unordered partition
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{Ay,..., A}, we get precisely (71) for ITP instead of IT', due to the identity

Ao () -1
S

This is obvious, because the product is the probability of picking the sequence
of sets (Ag(;),1 < j < k) in a process of A(A;)-biased sampling of blocks of
the partition {A1,..., Ag}. O

We note the consequence of the previous proof that the number of com-
ponents JP of the D-partition and the number of components JI of the
T-partition have the same distribution, which is the same for every exchange-
able interval partition (I$¥);<;<n of [0, 1] into n subintervals of strictly positive
length:

d d d =
JPEITE K, =) e, (72)

where K, is the number of cycles of a uniformly distributed random permuta-
tion of [n], and the C; are independent events with P(C;) = 1/i. The second
two of these equalities in distribution are well known and easily explained
without calculation [26]. But the first is quite surprising, and we do not see
how to explain it any more simply than by the previous proof.

6.3 Intensity measures

In this section we check Corollary 21 by showing it can be generalized and
proved as follows:

Corollary 27. In the setting of Theorem 25, the common intensity measure
of the the point process of lengths of T-intervals and the point process of
lengths of D-intervals is

P(Dy; €dz) _ L P(7, € dx) »
T

P(Ar €de) =) P(\p €dz) =
1 k=1

M8

=
Il

(73)
where 7, := inf{t : LY > u} is the inverse of the normalized local time process
of the exchangeable interval partition.

Proof. The equality of the first three measures displayed in (73) is read from
the conclusion of Theorem 25, using the fact that the D-partition is in length-
biased order. The equality of the first and fourth measures follows from the
definition of the T}, the exchangeable increments of (7,0 < u < 1), and (66),
just as in the proof of (69). O
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As a check on Theorem 25, let us verify the equality of the second and
fourth measures in (73) in the following special case, which includes the setting
of Corollary 21.

Let (74, > 0) be the inverse local time process of B at 0, for B as in
Lemma 17 not necessarily self-similar. Note that we must explicitly assume
(1e,¢ > 0) is drift free for the conclusion of part (iii) of that Lemma to be
true. We assume that now. Assume that the Lévy measure of (74,¢ > 0) has
density p(x). Let (15) be the exchangeable partition of [0, 1] generated by the
excursion intervals of B conditional on B; = 0 and Ly (B) = ¢ for some fixed
¢ > 0, or equivalently by the jumps of (75,0 < s < /) given 7y = 1. Then,
formula (63) generalizes easily to show that the fourth measure in (73) has

density at x )
/ u1 g T @) fae (@) (74)
0 fe(1)
for fe(z) as in (36). On the other hand, abbreviating D := Dy, and G := Gy,
so |G, D] is the interval I$* which covers the independent uniform time V7,
we know from (75) that for 0 < w < 1

Ip(1 — w)(1 — w) fe(w) dw
fe(1)

Also, it is easily seen that conditionally given 1— (D —G) = w, the normalized
local time LY, is uniform on (0, 1) and independent of the pair (G, 1— D), which
is distributed like (7y¢, Ta¢) conditioned on 7, = w. Together with the previous
formula for w = y + 1 — z, this gives the trivariate density

P(E%‘ €du,Gedy,D € dﬂ;‘) _ Lo(x —y) (@ —y) fue(y) fae(T)
dudydx B fe(1)

P(1—(D-G)eduw) =

(0 <y <z <1). Now (75) implies that

/y FueW)p(@ —y)(z —y)dy = xfueg(x)
0 u

so we deduce that
P(I/OG S duaD € dx) _ xfuf(y)fﬁf(j)

dudz ufe(1)
and hence that the density displayed in (74) is indeed z~'P(D € dz)/dz.

6.4 Two orderings of a bivariate Poisson process

According to Proposition 14, for each o € (0, 1) the Poisson point process with
intensity measure v(dz, dy) = p(z,y) de dy displayed in (33) has the following
paradoxical property:

(a) If the points (X;,Y;) are put in X-biased order, then the Y; are in Y-
biased order, whereas
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(b) if the points (X;,Y;) are put in Y-biased order, then the X; are not in
X-biased random order; even the distribution of X7 is wrong.

We first see this for & = 1/2 by passage to the limit of elementary combina-~
torial properties of uniform random mappings. We then see it for general «
from the bridge representations of Proposition 14. Other point processes of
lengths and local times with these properties can be constructed from an ex-
changeable interval partition, as shown by Theorem 25 in the previous section
and Lemma 15. This argument, shows that (a) holds for the bivariate Poisson
process with intensity (45) featured in Lemma 17, for any drift free subordina-
tor (1,,y > 0) with E(e™¢™) = e~¥(©)¥. Then the Y; normalized by their sum
have GEM (1) distribution, both for an X-biased and for a Y-biased ordering.
We offer here a slightly different explanation of (a) in this case. That is, given
some joint density p(x,y), we indicate conditions on p which are necessary
and sufficient for (a) to hold for the bivariate Poisson process with intensity
p, and then check that these conditions are in fact satisfied in the case (45).
Let (X;,Y;) be the points of a Poisson process on R2>0 with intensity
p(z,y)dz dy, in X-biased order. Let ¥x :=3_; X; and Xy := 3, Y. Let

fx(x) == P(Xx edx)/dx;  fy(y) = P(Iy € dy)/dy

px(z) = /Ooo plz,y)dy;  py(y) = /OOO p(r,y)d.

By a basic Palm calculation, as in [25]

T

P(X; edx, Xx — X, edw)sz(x)dxfx(w)dwx+w (75)
and similarly, with
fxy(zy) = P(EZx €dz, Xy € dy)/(dzdy)
P(X; edz, Y1 €dy, Xx — X; € dw, Xy — Y7 € dv)
z
= p(e,y)dzdy fxy (w,v) dwdv T (76)

Now, a necessary condition for the Y; to be in Y-biased order is that Y; should
have the same joint distribution with X'y as if Y7 were a size-biased pick from
the Y;, that is like (75)

P(Y1 edy, Xy —Y: € dv) = py(y)dy fy (v) dv (77)

y+v

Thus a necessary condition on p(x,y) for (a) to hold is that for all y,v >0

|t [T awstanper o) S = prn@ 2 @
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Moreover, by keeping track of the first k£ of the (X;,Y}) jointly with Y¥'x and
Yy it is clear that we can write down a multivariate version of (78) whose
truth for all k£ would be necessary and sufficient for (a).

In the special case (45), with f,(z) := P(1, € dz)/dz, the subordination

argument gives

pla,y) =y ' fy(x)e .

Since the Y-marginal is exponential with rate (&),
Py () = ¥ upy (y) = Y(€)e O
and hence by generalization of (43), using (Xx, Xy) < (G,L),

Fxy (@, y) = () fy(@)e s = p(&yp(z,y).

If these expressions are substituted in (78), and we use the definition of (&)
on the right side, we find that (78) reduces to the identity

E[Tye_f(Ty'i‘Tv)] — L E[e_g(Ty'H'v)]_
Ty + Ty Y+

But this is true by virtue of

Y
Y+

-
E Y =
|:Ty . Ty + Tv:|
which holds by exchangeability of increments of (74,¢ > 0). Moreover, the

multivariate form of (78) mentioned above is easily checked the same way.
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PARTIE 1: QUELQUES PENALISATIONS DU MOUVEMENT BROWN-
IEN FAISANT INTERVENIR, EN PARTICULIER, SON MAXIMUM UNI-
LATERE

PARTIE 2: SUR LE THEOREME DE PITMAN RELATIF A 2S-X ETENDU
A DES COUPLES MARKOVIENS (X ,S. = supX,)
s<.

Ces deux parties ont été rédigées indépendamment ['une de I’autre, un lecteur
pouvant étre intéressé soit par les exemples de pénalisations, soit par les ex-
tensions du Théoreme de Pitman, qui sont présentés ici.

La rédaction que nous avons faite est, dans sa forme, du style de celles des
notes aux C. R. A. S., c’est-a-dire que nous présentons et discutons les résultats
principaux en donnant seulement les clés des démonstrations.

MOTS CLES: Pénalisations, Théoreme de Pitman, Processus de Bessel de
dimension 3, Processus du maximum, minimum et temps local

1 QUELQUES PENALISATIONS DU MOUVEMENT
BROWNIEN FAISANT INTERVENIR, EN
PARTICULIER, SON MAXIMUM UNILATERE

Summary. On the canonical Wiener space 2 = C ([0, co[— R), where (X;,t > 0)
denotes the coordinate process, F; = o(Xs, s < t) its natural filtration and (W, z €
R) the family of Wiener measures, we consider several kinds of adapted, R-valued,
integrable functionals (I%,t > 0), for which we show that, for every fixed s > 0 and
As € Fs, the quantity:
E.(1a,I%)
E. (%)

admits a limit, as ¢ — oo, and that this limit takes the form: E;(14,M%) where
(Mg,s > 0) is a (Fs,s = 0, W,) martingale. This allows us to define, on (2, F), a
probability @, via the formula:

Qz(As) :=Eo(14,M7) (As € Fs).

We then describe precisely the process (X:,t > 0) under the probability Q. In
general, this process is not Markovian on its own filtration, but several path decom-
positions and Markov properties are obtained.

Résumé. Soit (2 =C([0,00[— R), X, Fi,t = 0,Wy,z € R) l'espace de Wiener
canonique. Soit I' : Ry x 2 — R, une fonctionnelle positive et adaptée. Pour
plusieurs classes de fonctionnelles I, nous montrons que, pour tout s fixé et A; € Fs,
la quantité
Ec(1a,1%)
E.(I})
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admet une limite lorsque ¢ — oo et que cette limite est de la forme E;(14,M5) ol
(MZ,s > 0) est une (Fs,s > 0, W,) martingale positive. Ceci permet de définir sur
(£2, Foo) la probabilité Q. par la formule:

Qz(As) = Ec(1a,M7) (As € Fs).

Nous décrivons alors de maniére précise le processus (£2, X, F¢,t > 0) sous la prob-
abilité Q.. En général, ce processus n’est pas markovien.

1.1 Introduction

Soit £2 = C([0,00[— R), (X¢,t > 0) le processus des coordonnées de cet
espace, (Fi,t > 0) la filtration naturelle associée et W, (r € R) la famille

des mesures de Wiener.Nous notons: F, := \/ Fs. Ces notations seront en
s>0

vigueur dans toute cette partie. Soit I' : Ry x 2 — R, une fonctionnelle
adaptée et positive. Notre but est ici de montrer que, pour plusieurs classes
de fonctionnelles I

i) Pour tout s et tout A5 € F,

E.(14,1%)

1(11) (1)

admet une limite quand ¢t — oo.
ii) Cette limite s’écrit: E, (14, MT), ou (MZ,s > 0) est une (Fs, W,) martin-
gale positive telle que M§ = 1.

Définissons alors, sur ({2, F) la probabilité @, (z € R) par:
Qx(As) =E (1, M%) (A € Fy).

Ainsi, la probabilité @, est une sorte de “mesure de Gibbs associée au mou-
vement brownien (X, ¢ > 0) et & la fonctionnelle I'.” Nous allons, dans ce qui
suit, décrire de maniere précise le processus (X, F¢,t > 0) sous Q... Pour des
raisons de simplicité, nous nous limiterons le plus souvent a la description du
processus (X, t > 0) sous Q.

Dans un travail antérieur (cf [17] et [18]) nous avons mené & bien cette

étude lorsque Iy = exp (—% fot u(Xs)ds), on u : R — Ry est une fonction

positive (dans ce cas, le processus (X, t > 0) sous @y est markovien). Nous
allons ici étudier cinq situations:

1. I} est une fonction du maximum unilatére

2. I} est une fonction de X; et du maximum unilatere

3. I} est une fonction de Xt+, X, et du temps local en 0

4. I} est une fonction du maximum unilatére, du minimum unilatere et du
temps local en 0
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5. I} est une fonction du nombre de descentes du processus (X¢, ¢ > 0) sur
un intervalle [a, b].

NOTATIONS: Si (Z,t > 0) est un processus & valeurs réelles, nous notons:

SZ = sup Z, (SZ est le maximum unilatere de Z); (2)
u<t
17 = —irift Z. (—I7 est le minimum unilatere de Z); (3)

LtZ : le temps local en 0 de Z au temps ¢ (Z est supposée

étre une semi-martingale); (4)
Z; = sup |Z,| = S# V1% (5)
u<t
Zf =7,Vv0, Z; =—(Z;NO). (6)

1.2 Pénalisation par une fonction du maximum unilatére
Soit ¢ : Ry — R, une fonction mesurable, bornée et positive. Nous sup-

posons:
/ p(r)dr =1 (7
0
et nous notons
= : dy.
o@) = [ ety ®)

On suppose que, pour tout = > 0, ¢(z) < 1.
Théoreme 1.1 (c¢f [19])
1. Pour tout s > 0 et pour tout A; € Fy, la limite quand t — oo de
Eo (14,9(5{))
Eo (#(S7Y))

existe.
2. Cette limite s’écrit:

o B0 (La.(50)

ML B (o) et "o

ol
ME = (SX — X)p(SX) 41— 6(SY) =1 - / (8., (11)
0

De plus, (M?,s > 0) est une (Fs,s = 0,Wy) martingale. C’est une mar-
tingale d’Azéma-Yor (cf [1]).
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3. Soit la probabilité Qf définie sur (2, Fs) par:
QF (As) == Eg(14,M?) (A5 € F). (12)

Sous Qf , il existe un mouvement brownien (By,t > 0) tel que le processus
(Xt,t = 0) soit solution de:

- t p(SF)ds
Ke=De _/0 (SF = Xo)e(SH) +1-6(8X)’

(13)

4. Sous QF,

a) La variable aléatoire SX est finie p. s. et admet p comme densité.
b) Pour tout x > 0, conditionnellement a SX =z, on a:

T,=sup{t >0, Xy =z2}=inf{t >0, Xy =z} <oo p. s (14)

et:
i) Le processus (Xi,t < T,) est un mouvement brownien arrété
quand il atteint le niveau x.
ii) Le processus (X1, 4+, > 0) satisfait a:

¢ ds
* ! 0 (1‘ - XTers)

ot (Be,t = 0) est un mouvement brownien. Ainsi, (X1, 4+t,t = 0)
est “un processus de Bessel de dimension 3 en dessous de z”.
i11) Ces deux processus sont indépendants.

(15)

Les points 1 et 2 du Théoreme 1.1 reposent sur le:

Lemme 1.2 Soit s >0, x < s. Alors:

2

Eo(ap(s\/(x—i—SuX))) ~ =

U—00 U

{s=a0)+ [ v} a0

Remarques 1.3 1. Sous Qf, le processus (X¢,t = 0) n’est pas markovien.
Cela résulte de la présence du terme SX dans (13). Par contre, le couple
(Xt,Si%,t > 0) est markovien, ce que nous exprimons en disant que le
processus (X, t > 0) est maz-markovien.

2. Le point 2 du Théoréme 1.1 s’étend pour un x quelconque sous la forme:

By (14,0(5)) »
EI(SO(St)) t—oo Eq (lAsMs ) )

avec:

= {(8¥ = X)e(s¥) + 1 - 0(8))}.
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Il est possible de compléter et de préciser le Théoreme 1.1 dans deux directions.
C’est 'objet des deux Théorémes suivants (cf [20]).

Théoréme 1.4 Définissons, pour tout s >0, Ay € Fs ety >0,t>s
(Ay) = P(A]8 = p) (17)
1. Pour tout s >0, Ay € Fs ety > 0:
tlim ng) (As) emiste

2. Cette limite est égale a QW) (A,) avec:

QWA = E\ 2B (Ll XIS, =) + Bl (9

3. La probabilité QF définie par l’égalité (12) du Théoréme 1.1 est un mélange
des probabilités (QY),y > 0). Plus précisement, pour tout A € Fo,:

Qs = [ T QW (A)p(y)dy (19)
0
et :
QSIS = ) = QW (4). (20)

Remarques 1.5 Dans le méme esprit que celui du Théoréme 1.4, on peut
montrer que, pour tout s >0, Ay € Fg ety > ay:

tlim P(As|S: =y, Xy = a) emiste.

La limite précédente définit sur (2, Foo) une probabilité Q¥ telle que:

(2 — a)Q"" = (y — )QW + / )z (21)

En particulier, QY% “dépend trés peu de a”. C’est une combinaison convexe
des probabilités (Q*), 2 € [0,y]) (cf [20]).

Théoréme 1.6 Soit ¢ : Rt — RT mesurable et bornée, telle que [~ o(y)dy

< 0 et soit d(y) := foy p(z)dz, comme dans le Théoréme 1.1. On suppose de
plus qu’il existe un entier n > 0 tel que:

/0 2D () dz < oo. (22)

1. 11 existe, pour tout i < n, une famille de martingales (M%,s > 0) telles
qu’on ait, quand t — oo, le développement suivant:

=0
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2. Les martingales (M%%, s > 0) sont des fonctions de s, S5 et Xs. En
d’autres termes, il existe, pour tout i < n, des fonctions (dépendant de
) F; : RT x RT xR — R telles que:

M?" = Fj(s,Ss, Xs) (24)
MED 1= ME = (8, - X.)p(S.) + 1 - 0(S) 25
et
MET = 1(8.,X.) + (s M,
o
wilo) =o)L+ [T ot o zan) 0
et

k= ¢1(0,0) = /000 o(v)v*dv. (27)

3. En particulier, pour n =0, on a:

E (14,¢(St)) E(14, M)
L B (I ME) ~ A 28
Bl UMD Ty >
si bien que le Théoréme 1.6 permet de préciser la vitesse de convergence
E(14,0(5¢))

de E(p(S:)) vers E(1,,M?) quand t — co.

1.3 Pénalisation liée aux martingales de Kennedy

Soit ¢ : Ry — R, une fonction strictement positive et décroissante telle
que:

/000 Y(x)de < co. (29)

Soit A > 0 et ¢ : [0, 00[— R définie par:

p(0) = 0la) ~ 2 [ T e (). (30)

Il est facile de voir que:
p(xr) >0 pourtoutz >0 et / oly)dy = / e Ma(y)dy.  (31)
0 0

On suppose, sans perte de généralité, que fooo e~ Map(y)dy = 1. Soit, comme
YO xT
précédemment ¢(z) = [, @ (s)ds.
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Théoréme 1.7 1. Pour tout s > 0 et pour tout As € Fy,

Eo (Lo, 9(S2)X S -X0)

lim existe. (32)
T By (w(8F)eX S X0)
2. Cette limite est égale a
Eo(1a, M%) (33)

ou

2

M i o2 { (1 - ¢(SX)) ch (A(SY — X)) + 9(SX)

sh (M(S¥ - X,)) }
——
(34)

De plus, (M}¥#,s > 0) est une (Fs,s = 0,Wy) martingale. Cette mar-
tingale (a4 quelques modifications mineures prés) est la martingale de
Kennedy (cf [8], lorsqu’on choisit o(s) = e H).

On a de plus (cf [20]):

Eo (14,M}?) = By (14,02(X))
ot PV désigne la lot du mouvement brownien avec dérive —\ et ot :

3. Soit la probabilité QS"" définie sur (12, Foo) par:
Qo7 (A) :=Eo (14, MX?) (A, € F). (35)

Alors, sous QS’W, il existe un mouvement brownien (Bi,t > 0) tel que
(Xt,t = 0) soit solution de:

Xy

S [ SOOI X)) RO ),
- 0 A1 —=9(S¥))ch (MSF — X)) + ¢(SF)sh (A(SF — X))
(36)
4. Sous Qé"",
a) La variable aléatoire Sgg est finie p. s. et sa fonction de répartition
Fgx (u) :== 0P (SX < w) est égale a:
Fox (u) = 1— e (1 - g(u)) (u>0). (37)

b) Conditionnellement ¢ S =x >0, on a:
Ty :=sup{t>0, Xy =z} =inf{t >0, Xy =z} <0 p. s,
(38)
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et:

i) Le processus (X¢,t < Ty) est un mouvement brownien avec dérive
A arrété quand il atteint le niveau x.

ii) Le processus (Xr,4¢,t = 0) est un “A-processus de Bessel de di-
mension 3 en dessous de x”. Plus précisément, il existe un mou-
vement brownien (B,t > 0) issu de 0 tel que (X1, 4+¢,t > 0) soit
solution de:

¢
x— X, 4t =0 + )\/ coth (A(x — X1, 44)) du. (39)
0

i11) Ces deux processus sont indépendants, et leurs lois ne dépendent
pas de .

Les points 1 et 2 du Théoreme 1.7 reposent sur le:

Lemme 1.8 Soit A > 0, s > 0, et s > x. Soit ¢ : Ry — R telle que
fooo [1(s)|ds < oco. Définissons:

pa(s, ) = 