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Preface

Preface to the Instructor

This is a text for a one-quarter or one-semester course in probability, aimed at stu-
dents who have done a year of calculus. The book is organized so a student can learn
the fundamental ideas of probability from the first three chapters without reliance
on calculus, Later chapters develop these ideas further using calculus ols,

The book contains more than the usual number of examples warked out in detail. It
is not possible to go through all these examples in class. Rather, | suggest that you
deal quickly with the main points of theory, then spend class ime on problems from
the exercises, or your own favorite problems. The most valuable thing for students
to learn from a course like this is how to pick up 2 probability problem in a new
setting and relate it to the standard body of theory. The more they see this happen
in class, and the more they do it themselves in exercises, the better.

The style of the text is deliberately informal. My experience is that students learn
more from intuitive explanations, diagrams, and examples than they do from theo-
rems and proofs, S0 the emphasis is on problem solving rather than theory,

Order of Topics. The basic rules of probability all appear in Chapter 1. Intuition
for probabilities is developed using Venn and tree diagrams. Only finite additivity of
probability is treated in this chapter. Discussion of countable additivity is postponed
to Section 3.4. Emphasis in Chapter 1 is on the concept of a probability distribution
and elementary applications of the addition and muitiplication rules, Combinatorics
appear via study of the binomial and hypergeometric distributions in Chapter 2. The




concepts of mean and standard deviation appear in a preliminary form in this chapter,
motivated by the normal approximation, without the notation of random varables.
These concepts are then developed for discrete random variables in Chapter 3. The
main object of the first three chapters is to get to the circle of ideas around the
nomal approximation for sums of independent random variables. This is achieved
by Section 3.3. Sections 3.4 and 3.5 deal with the standard distributions on the non-
negative integers. Conditional distributions and expectations, covariance and corre-
lation for discrete distributions are postponed o Chapter 6, nearby treatment of the
same concepts for continuous distributions. The discrete theory could be done right
after Chapter 3, but it seems best to get as quickly as possible to continuous things.
Chapters 4 and 5 treat continuous distributions assuming a calculus background. The
main emphasis here is on how to do probability calculations rather than rigorous
development of the theory. In particular, differential calculations are used freely from
Section 4.1 on, with only occasional discussion of the limits involved.

Optional Sections. These are more demanding mathematically than the main streamn
of ideas.

Terminology. Notation and terms are standard, except that outeome space is used

throughout instead of sample space. Elements of an outcome space are called pos-
sible outcomes.

Pace, The earlier chapters are easier than later ones. It is important to get quickly
through Chapters 1 and 2 (no more than three weeks). Chapter 3 is more substantial
and deserves more time. The end of Chapter 3 is the natural time for a midterm
examination. This can be as early as the sixth week. Chapters 4, 5, and 6 1ake

time,
much of it spent teaching calculus.

Preface to the Student

Prerequisites. This book assumes some background of mathematics, in particular,
calculus. A summary of what is taken for granted can be found in Appendices 1 to
III. Look at these to see if you need to review this material, or perhaps take another
mathematics course before this one.

How to read this book. To get most benefit from the text, work one section ar
a time. Start reading each section by skimming lightly over it. Pick out the main
ideas, usually boxed, and see how some of the examples involve these ideas. Then
you may already be able to do some of the first exercises at the end of the section,

which you should try as soon as possible. Expect 10 go back and forth between the
exercises and the section several times before mastering the material,

Exercises. Except perhaps for the first few exercises in a section, do not expect to
be able to plug into a formula or follow exactly the same steps as an example in the
text. Rather, expect some variation on the main theme, perhaps a combination with
ideas of a previous section, a rearrangement of the formula, or a new

setting of the
same principles. Through working problems you gain an active und

erstanding of



Preface vii

the concepts. If you find a problem difficult, or can't see how to start, keep in mind
that it will always be related to material of the section. Try re-reading the section
with the problem in mind. Look for some similarity or connection to get started.
Can you express the problem in a different way? Can you identify relevant variables?
Could you draw a diagram? Could you solve a simpler problem? Could you break
up the problem into simpler parts? Most of the problems will yield to this sort of
approach once you have understood the basic ideas of the section. For more on
problem-solving techniques, sec¢ the book How to Solve It by G. Polya (Princeton
University Press).

Solutions. Brief solutions 1o most odd numbered exercises appear at the end of the
book.

Chapter Summaries. These are at the end of every chapter.

Review Exercises, These come after the summaries at the end of every chapter.
Try these exercises when reviewing for an examination. Many of these exercises
combine material from previous chapters.

Distribution Summaries. These set out the properties of the most important distri-

butions. Familiarity with these properties reduces the amount of calculation required
in many exercises.

Examinations. Some midterm and final examinations from courses taught from this
text are provided, with solutions a few pages later,
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Introduction

This chapter introduces the basic concepts of probability theory. These are the no-
tions of:

- an ovutcome space, or set of all possible outcomes of some kind,
- events represented mathematically as subsets of an outcome space; and

~ probabdity as a function of these events or subsets,

The word “event” is used here for the kind of thing that has a probability, like
getting a six when you roll a die, or getting five heads in a row when you toss a
coin five times. The probability of an event is a measure of the likelthood or chance
that the event occurs, on a scale from 0 to 1. Section 1.1 introduces these ideas
in the simplest setting of equally likely outcomes. Section 1.2 treats two important
interpretations of probability: approximation of long-run frequencies and subjective
judgment of uncertainty. However probabilitics are understood or interpreted, it is
generally agreed that they must satisfy certain rules, in particular the basic addition
rule. 'This rule is built in o the idea of a probability distribution, introduced in
Section 1.3. The concepts of conditional probability, and independence appear in
Section 1.4, These concepts are further developed in Section 1.5 on Bayes’ rule and
Section 1.6 on sequences of events.



ction

Equally Likely Outcomes

Probability is an extension of the idea of a proportion, or ratio of a part 10 a2 whole;
If there are 300 men and 700 women in a group, the proportion of men in the group
is

300

300 + 760 ~ 03 = 30%

Suppose now that someone is picked at random from this population of men and:
women. For example, the choice could be made by drawing at random from a box:
of 1000 tickets, with different tickets corresponding to different people. It would .
then be said that

~ the probability of choosing 2 woman is 70%;
— the odds in favor of choosing 2 woman are 710 3 (or 7/3 10 1); and
— the odds against choosing a woman are 310 7 (or 3/Two ).
So in thinking about someone picked at random from a population, a proportion i

the population becomes a probability, and something like a sex ratio becomes an -
odds ratio. :

There is an implicit assumption here: “picked at random™ means everyone has the:
same chance of being chosen. In practice, for a draw at random from a box, thjg'
means the tickets are similar, and well mixed up before the draw. Intuitively, we sﬂy
different tickets are equally likely, or that they have the same chance. In other words,”
the draw is honest, fair, or unbiased. In more mathematical language, the pmbabilityf'
of each ticket is the same, namely, 1/1000 for an assumed total of 1000 tickets,

For the moment, ke for granted this intitive idea of equally likely outcomes..
Represent the set of all possible outcomes of some situation or experiment by €
(capital omega, the last letter in the Greek alphabet). For instance, @ would be the
set of 1000 people (or the 1000 corresponding tickets) in the previous example. Oy
{2 = {head, tail} for the result of tossing a coin, or = {1,2, 3, 4, 5,6} for rolling agy
ordinary six-sided die. The set Q is called the outeome space. Something that migh-f
or might not happen, depending on the outcome, is called an event. Examples of
events are “person chosen at random is a woman”, “coin lands heads™, “die shows ar
even number”. An event A is represented mathematically by a subset of the Out(:omé
space §). For the examples above, 4 would be the set of women in the populatiogp
the set comprising the single outcome {head}, and the set of even numbers {2, 4, ﬁ},

Let #(A} be the number of outcomes in A. Informally, this is the number of chanceg/
for A to occur, or the number of different ways A can happen. Assuming equally\
likely outcomes, the probability of A4, denoted P(A), is defined 10 be the corre~5“

sponding proportion of outcomes. This would be 700/1000, 1/2, and 3/6 in thég?
three examples. ‘.

i




Section 1.1. Equally Likely Outcomes 3

Equally Likely Outcomes

If all outcomes in a finite set Q are equally likely, the probability of 4 is the
number of outcomes in A divided by the total number of outcomes:
#(A)

Probabilities defined by this formula for equally likely outcomes are fractions be-
tween 0 and 1. The number 1 represents certainty: P(§2) = 1. The number 0 rep-
resents impossibility: P(A) = @ if there is no way that A could happen, Then A
corresponds to the empty set, or set with no elements, denoted . So P(#) = 0.
Intermediate probabilities may be understood as various degrees of certainty.

Example 1. Picking a number between 1 and 100.
Suppose there is a box of 100 tickets marked 1,2,3,...,100. A ticket is drawn at
random from the box. Here are some events, with their descriptions as subsets and
their probabilities obtained by counting. All possible numbers are assumesl equally
likely.
Event Subset of {1,2,...,100} Probability
the number drawn has one digit {1,2,...,9} 9o
the number drawn has two digits {10,11,...,99} 90%
the number drawn is less than or equal 10 the number & 11,2,... Kk} k%
the number drawn is strictly greater than k {k+1,...,100} (100 — &)%
the sum of the digits in the number drawn is equal to 3 {3,12,21,30} 4%
Example 2. Rolling two dice.
A fair die is rolled and the number on the top face is noted. Then another fair die is
rolled, and the number on its top face is noted.
Problem 1. What is the probability that the sum of the two numbers showing is 57
Solution.

Think of each possible outcome as a pair of numbers. The first element of the pair
is the first number rolled, and the second element is the second number rolled. The
first number can be any integer between 1 and 6, and so can the second number,
Here are all the possible ways the dice could roll:
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Problem 2.

Solution.

Problem 3.

Solution,

Problem 4.

Solution.

Example 3,

Problem 1.

(LL 1.2y 14,3 4,9 (4,5 1,6
2D 2,2 2,3 2,0 2.5 (2,6
3,1 B2 G, 3,4 (3,5 3.6
4,1 4,2) 4,3 G 4.5 o6
G, D 6,2 5,3 (5,49 5.5 (5,6
(6,1 (6,2 (6,3) (6,9 (6,5 (6,6

The collection of these 36 pairs forms the outcome space €. Assume these 36 O
comes are equally likely. The event “the sum of the two numbers showing is F®

is represented by the subset {(1,4),(4,1),(2,3),(3,2)}. Since this subset has 4 e @.
ments,

P(sum of two numbers showing is 5) = §- = é
What is the probability that one of the dice shows 2, and the other shows 47

The subset corresponding 1o this event is {(2,4), (4,2)}. So the required probability-
is 2/36 = 1/18.

3

What is the probability that the second number rolled is greater than the first sumbsegz

Look at the pairs in the outcome space  ahove, 10 see that this event m:‘respo'xi 35
1o the subset

e
o

(L, (4,3 4D 45 (1.6
2,3 (2D 25 (2,6
3.4 3.5 3,6

(4,5) (4,6

(5,6)

These are the pairs above the diagonal in €. There are 15 such pairs, s0 the pralige.,
bility that the second number rolled is greater than the first is 15/36.

What is the probability that the second number rolled is less than the first numbeg A
rolled?

The subset of £ corresponding (o this event is the set of pairs below
There are just as many pairs below the diagonal as above. So the
the second number rolled is less than the first number is also 15/36

the diagoryy;
probability thig

Rolling two n-sided dice,

Repeat the above example for two rolls of a die with n faces numbered 1,2, .., .
assuming n > 4. _

Find the chance that the sum is 5.
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Now there are n? possible pairs instead of 6% = 36. But there are still just 4 possible
pairs with sum 5. Hence

P(sum is 5) = 4/n?
Find the chance that one roll is a 2, the other is a 4.
By the same argument P(a 2 and a 4) = 2/n?.
Find the chance that the second number is greater than the first.

Now all pairs above the diagonal must be counted in an n X n matrix of pairs. There
are no such pairs in the bottom row, 1 in the next, 2 in the next, and 50 on up to
(n — 1) pairs in the top row, so the number of pairs above the diagonal is

#(above) = 1+2+3+---+(n~1) = }z—n(nwl)

pairs altogether (see Appendix 2 on sums. ) This gives

p 1 -1
P{second number is greater) = #(above) _ gnin —1) . (1 - l)

#(toal) — nz T 2 n

Here is another way to find #(above), which gives the formula for the sum of the
first n — 1 integers (used above) as a conseguence. Since

#(below) + #{above) + #(diagonal) = #(total) = n?

and #(below) = #(above} by symmetry, and #{diagonal) = n,
#(above) = (n? —n)/2 = %n(n - 1)

Find the chance that the first number is bigger.
Same as above, by the symmetry used already.
Asn — 00,

P(two numbers are equal) = #diagonal) _ n _ 1 -0

#oal) nZ n

hence

P(second bigger) = Pffirst bigger) = % (1 - «l») .
n

B =



» Introduclion

Odds

In a setting of equally likely outcomes, odds in favor of A give the ratio of the
pumber of ways that 4 happens to the number of ways that A does not happen
The same ratio is obtained using probabilities instead of numbers of ways. Od

against A give the inverse ratio. More generally. just about any ratio of chances m
probabilities can be called an odds ratio. o

Gamblers are concerned with another sort of odds, which must be distinguished
from odds defined as a ratio of chances. These are the odds offered by a casing
or bookmaker in a betting contract, called here payoff odds to make the distinctics
clear. If you place a §1 bet on an event A, and the payoff odds against A are 10 16

you stand to win $10 if A occurs, and lose your $1 if A does not occur. In a casin
you first pay your $1. If A occurs you get back a total of $11. This is your winnings
of 810 plus your $1 back. If A does not occur, the casino keeps your $1. The pnm
of $1 is your stake, the $10 is the casino’s stake, and the $11 is the total stake.

The connection between payoff odds and chance odds is an ancient principle.
gambling, understood long before mathematicians decided that probabilities we
best represented as numbers between 0 and 1. Around 1584, a colorful gamb
and scholar of the talian Renaissance, named Cardano, wrote a book on games:
chance. Considering the roll of a die, Cardano said,

I'am as able to throw a 1, 3 or 5 as 2, 4 or 6. The wagers are therefore
laid in accordonce with this equality of the die is honest, and if not, they
are made so much the larger or smaller in proportion to the departure
from true equality.

First there is the idea of equally likely outcomes, then a heuristic connecting payoif
odds and chance odds: T

The Fair Odds Rule

In a fair bet, the payoff odds equal the chance odds.

That is to say, in a fair bet on an event A, where you win if 4 occurs and the cash
wins otherwise, the ratio of your stake to the casino's stake should be the rati

probabilities P(A) to 1 — P(A). Put another way, your stake should be ¥
P(A) of the total stake. Proportis,
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House percentage at roulette.

A Nevada rouletie wheel has equally spaced pockets around its circumference. The
pockets are numbered 1 through 36, 0 and 00. The wheel is spun, a ball inside the
wheel is released, and by the time the motion stops the ball has been caught in one
of the pockets. A play is a bet that the ball will fall in one of a certain set of pockets,
with the payoff odds as shown below in Figure 1.

FIGURE 1. Layout of a Nevada roulette table. Key 1o colors: 0 and 00 = Green, unshoded
numbers = Red. shaded numbers = Black.

10 | oe ‘ 4‘2:0;
2nd 12 |

1512

1i018 EVEN RED:;{\. BLACK ODD 18t0o38

Each letter inside a circle, @ . ® ) @ , etc., indicates a typical play.

Play Set of winning numbers Payoff odds
A. Even money play | Group of 18 numbers as marked ol
in the box
B. Dozen play 12 numbers marked in the box 2w 1
C. Column play 12 numbers in column 201
{shown here as a row)
D. Line play Six numbers above Sl
E. House special 0,00,1,2 3 6wl
F. Quarter play Four numbers in square Btol
G. Street play Three numbers above ilwol
H. Split play Two adjoining numbers 17wl
1, Straight play Single number 310l

Over the long run, each number comes up about equally often. The obvious prob-
abilistic assumption is that all 38 possible numbers are equaliy likely. To find the
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chance odds against a play, just take the ratio of losing numbers 10 winning num-.
bers for that play. For example, the 38 numbers are divided into 18 numbers which’
are red, 18 numbers which are black, and two numbers are green (0 and 00). So.
the chance odds against red are 20 to 18, 4s are the chance odds against black, Put’
another way,

P(red) = P(black) = 18/38

The house offers bets on red at even odds, that is to say, payoff odds of 1 10 1.
You can think about this in the following way. Suppose you stake 31 on red. The
casino then has a stake of §1 on not red. The total stake in the game is 81 +§1 = $27;
According to the fair odds rule, the fair price to pay would be proportion P(red) of

the total stake, that is, eighteen thirty-eighths of $2. The $1 you pay exceeds the fajr
price by

$1 - (ﬁl-g x $2) = $-1-1§ = 5.26% of $1 = 5.26 cents

So this is not a fair bet. The figure of 5.26% is called the house percentage for bets an
red at roulette. Assuming red comes up about 18/38 of the time over the long run
(something which casinos take great care to ensure), this means that if you repeatediiy-
bet a dollar on red, the house would be taking money from you at an average rate
of 5.26 cents a game. If you bet a dollar 100 times in a TOW, yOu can expect 1o
lose §5.26. Of course you might lose more or less than this amount, depending on
your luck. For example, there is a 26.5% chance that you will be ahead after 100
single-dollar bets on red. This chance is figured by assuming that every possible:
string of 100 numbers is equally likely to appear on your 100 plays, and finding the
proportion of these strings with more than 50 reds. That is quite a hefty CaiCu!ati()ﬁ_,
not to be undertaken until Chapter 2. But it gives you an idea of how far the method
of equally likely outcomes can be pushed. '

The argument just used to calculate the house percentage on red can be generalized:
to calculare the house percentage on any bet whatever. Consider a bet on A at pPayoff
0dds of rp,y 10 1 against. If you stake $1 on 4, the house stakes 87y, 50 the total 4;
stake is §(rpay + 1). According 1o the fair odds rule, the fair price to pay would be
proportion P(A) of the total stake, that is,

SP(A)(rpay + 1)

So out of your §1 bet, the fraction taken by the house is 1 —

P(A)(Tmy + 1}. Thar is
to say

House Percentage = {1 - P{A){(rpay + 1)] x 100%

r
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For example, in a straight play at roulette, that is, a bet on a single number, the
chance odds are 37 to 1 against, corresponding to a probability of 1 in 38. But the
payoff odds are only 35 to 1 against. So for a straight play, the house percentage is

[0~ 5535+ 1)] x 100% = 5.26%

the same as for bets on red or black. For single numbers there is a neat way of
checking this house percentage. Imagine there are 38 gamblers, each of whom bets
on a different number. Then the house collects $38 from each spin of the wheel.
But one and only one of the gamblers wins each time. After each spin, the house
pays off exactly 8§36, the winning gambler’s payoff of $35 plus $1 back. So the house
collects $38 — §36 = $2 for sure from every spin. If this cost of $2 is thought of as
shared equally among the 38 gamblers, the result is a cost of $2/38 = 5.26 cents
per gambler. This is the house percentage. Over the long run, the different numbers
come up about equally often. So each player would end up paying about that amount
per game.

Exercises 1.1

1. In a certain population of adults there are twice as many men as women. What is the
proportion of men in the population:

a) as a fraction;
b) as a percent;
¢} as a decimal?
Repeat for 2 population in which there are four men 1o every three women.
2, Suppose a word is picked at random from this sentence. Find;
a) the chance that the word has at least 4 letters,
b) the chance that the word contains at least 2 vowels (a, e, i, o, u):
©) the chance that the word contains at least 4 letters and at least 2 vowels.
3. Sampling with and without replacement.
Sempling with replacement:
A box contains tickets marked 1,2, ... n. A ticket is drawn at random from the box.

Then this ticket is replaced in the box and a second ticket is drawn at random. Find the
prohabilities of the following events:

a} the first ticket drawn is number 1 and the second ticket is nuraber 2

b} the numbers on the two tickets are consecutive integers, meaning the first number
drawn is one less than the second number drawn,

¢) the second number drawn is bigger than the first number drawn.

Sempling uithout replacernent;

d) Repeat a) through ¢) assuming instead that the first ticket drawn is not replaced,
$0 the second ticket drawn must be different from the first,
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4.

10.

11.

- Repeat Exercise b, supposing instead that after the first card is dealt. it is re

TR
Suppose I bet on red at roulette and you bet on black, both bets on the same spin.Gf
the wheel.

a} What is the probability that we both lose?

b} What is the probability that at feast one of us wins?

¢) What is the probability that at least one of us loses?

Suppose a deck of 52 cards is shuffled and the top two cards are deals.

a) How many ordered pairs of cards could possibly result as outcomes?
Assuming each of these pairs has the same chance, calculate:

b) the chance that the firgt card is an ace;

) the chance that the second card is an ace (explain your answer by a symmetry;
argument as well as by counting); o

d) the chance that both cards are aces;
e} the chance of af keast one ace among the two cards.

placed, and
shuffied into the deck before the second card is dealt. '

Suppose two dice are rolled. Find the probabilities of the foliowing events.
a) the maximum of the two numbers rolled is less than or cqual 16 2;
b) the maximum of the 1wo numbers rolled is less than or equal 1o 3;
¢) the maximum of the two numbess rolled is exactly equal 10 3.
&> Repeat b) and c) for z instead of 3, for each & from 1 10 6,

) Denate by P(x} the probability that the maximum number is exactly . Whg
should P(1) + P(2) + P(3) + P(4) + P(5) + P(6) equal® Check this for yous
answers to d). LR

Repeat Exercise T for two rolls of a fair n-sided die for an arbitrary n instead of 6.

The chance odds against an event occurring are 10 w 1. What is the chance of the.
event? What if the odds were 5 to 1 against? R
Calculate the chance of a win and the house percentage for each of the bets ar rouleny
described below the layout in Figure 1.

Show that if the fair (chance) odds against an event are ry,y, 10 1. then in a bet at payof-
odds of rpay o 1 the house percentage is ST

Tfaic ™ Tpay
il x 100%
Thair + 1
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Interpretations

James Bernoulli (1654 — 1705), one of the founders of probability theory, put it like
this:

Probability is the degree of certainty, which is to the certainty as a part
is to a whole.

This conveys the right intuitive idea. And it points correctly to the rules of proportion
as the mathematical basis for a theory of probability. But it leaves open the question
of just how probabilities should be interpreted in applications.

This section considers two important interpretations of probability. First, the fre-
quency interpretation in which probabilities are understood as mathematically con-
venient approximations to long-run refative frequencies. Second, the subjective inter-
pretation in which a probability statement expresses the epinion of some individual
regarding how certain an event is to oceur. Which (if either) of these interpretations
is “right” is something which philosophers, scientists, and statisticians have argued
bitterly for centuries, And very intelligent people still disagree. So don’t expect this
to be resolved by the present discussion.

Frequencies

A relative frequency is a proportion measuring how often, or how frequently, some-
thing or other occurs in a sequence of obscrvations. Think of some
set of circumstances which can be repeated again and again, for exa
coin, rolling a die, the birth of a child. Such a repeatable experimen
a trial Let A be a possible result of such a trial: for example, the
the die shows a six, the child is a girl. If A happens m times
the relative frequency of A in the n trials.

experiment or
mple, tossing a
i may be called
coin lands heads,
in n trials, then m/n is

Coin tossing.

Suppose 2 coin is tossed ten times, and the observed sequence of outcomes is
t1 h't h) t! h? h) h? t! t, h?

where each ¢ indicates a tail and each h a head. The successive refative frequencies
of heads in one toss, two tosses, and so on up to ten 1osses are then

as graphed in Figure 1. Figure 2 shows what usually happens if you plot a similar
graph of relative frequencies for a much longer series of trials.
A general rule, illustrated in Figure

2, is that relative frequencies based on larger
numbers of observations are less lia

ble to fluctuation than those based on smaller



- introduction

FIGURE 1. Relative frequencies in a series of 10 coin fosses.
1.0
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numbers. It is observed that almost regardless of the precise nature of the experinern-
tal trials in question, or what feature A of the trials is recorded, the relative frequency
of A based on n trials tends to stabilize as n gets larger and larger, provided that the
conditions of the trial are kept as constant as possible. This phenomenon is called
the statistical regularity of relative frequencies, or the empirical law of averages.

In coin tossing, heads and tails usually come up about equally often over a long
series of tosses. So the long-run relative frequency of heads is usually close 10 1/2_
This is an empirical fact, closely linked to our intuitive idea that heads and 1ails are
equally likely to come up on any particular toss. Logically, there is nothing to preveng
the relative frequency of heads in a long series of tosses from being closer to, say,
1/4, or 2/3, than to 1/2. The relative frequency could even be 1 if the coin landeq
heads every time, or 0 if it landed tails every time. But while possible, it hardly ever
happens that the relative frequency of heads in a long series of tosses differs greatly
from 1/2. Intuitively, such a large fluctuation is extremely unlikely for a fair coin_

And this is precisely what is predicted by the theory of repeated irials, taken up iy
Chapter 2.

In the frequency interpretation, the probability of an event A is the expected or estj.
mated relative frequency of A in a large number of trials,
of times A occurs in n trials, call it P (A)
theoretical probability P(A) if n is large:

In symbols, the proportion
» I expected 1o be roughly equal to the

Pr{A) = P(A) for large n

Under ideal circumstances, the larger the number of irials n, the more likely it ig
that this approximation will achieve any desired degree of accuracy. This idea is
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FIGURE 2. Relative frequencies of heads in two long series of coin fosses. For o small number
of rricls, the relative frequencies fluctuate quite noficeably os the number of rals varies. But these
fluctuations tend to decrease as the number of frials increases. Initially, the two seguences of relative
kequencies look quite different. But alter o while, both relative equencies sefile down around 1/2.
{The two series were obtained using o computer random number generator to simulate coin tosses |
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made precise in Chapter 2 by a mathematical result called the low of large numbers;
The theoretical probability P(A) may even be conceived theoretically as a limit <
relative frequencies P,,(A) as n — oo. While intuitively appealing, this idea can only
be made precise in a theoretical framework allowing infinitely many trials, s0 it is nog
really praciical. The practical point is that for large but finite values of n,say n = 1000,
or 10,000, a theoretical probability P{A) may provide a useful approximation to. a
reiative frequency P,(A) based on n trials. i

Here are a few simple examples based on long-run frequencies. The first shows

how the frequency interpretation dictates the right level of detail for an assumptioﬁ
of equally likely outcomes. ‘

Tossing two coins.

Suppose a cup containing two similar coins is shaken, then mrned upside down on
a table. What is the chance that the two coins show heads? Con

sider the foElowi;j'g;;‘.
sotutions to this problem. 3

Either they both show heads, or they don't. These are the two possible

outcomes,
Assuming these are equally likely, the chance of both heads is 1 /2.

Regard the number of heads showing on the coins as the outcome. There could be .
heads, 1 head, or 2 heads. Now there are three possible outcomes, Assuming these:
are equally likely, the chance of both heads is 1/3. ‘

Despite the fact that the coins are supposed 1o be similar, imagine that they are:
labeled in some way to distinguish them. Call one of them the first coin and the.
other the second. Now there are four outcomes which might be considered: '

hh: the first coin shows heads and the second coin shows heads;
ht: the first coin shows heads and the second coin shows tails;
th: the first coin shows tails and the second coin shows heads: and

tt: the first coin shows tails and the second coin shows tails.

Assume these four possible outcomes are equally likely. Then the event of both
coins showing heads has a chance of 1/4,

Which of the solutions above is correct?

So far as the formal theory is concerned, they all are! Fach solution Stants frogm
a clearly stated assumption of equally likely outcomes, then correctly determines
the probability based on this assumption. The assumptions are different, and thé"f
conclusions are different. So at most one

of the solutions can be consistent with.
long-run frequencies. Which is the right one? ‘

The assumptions of Solution 1 are easily discredited. By the same reasonin

_ ~ g asin thay.
solution, the probability of two tails must also be 1/2. That leaves zero :

probabiiityi}?
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for the event of a head and a tail, which is clearly ridiculous so far as long-run
frequencies are concerned. Solution 2 looks quite plausible, and is not easy to fault
by armchair reasoning. Solution 3 looks artificial in comparison. Why should it be
necessary to distinguish between two similar coins?

On balance, these arguments seem to point to the 1/3 of Solution 2 as the answer.
But the reality check is the Jong-run frequency. As a matter of practical experiment,
which you can try yourself, the long-run frequency turns out to be around 1/4, no
matter whether you can distinguish between the coins or not. $o Solution 3 is the
one which matches up with long-run frequencies.

There is a physical principle involved here, which is a useful guide for getting
probabhilities to match long-run frequencies. All macroscopic physical objects like
coins, grains of sand, and so on, behave statistically as if they are distinguishable,
So, if you want 1o calculate chances for rolling several dice or tossing several coins,
you should always assume they are distinguishable when setting up the outcome
space. Interestingly, however, physicists have found that atomic particles such as
protons and electrons behave statistically as if they are genuinely indistinguishable,

The moral of the above example is that even if an assumption of equally likely out-
comes is appropriate at some level of description, this level is not something which
can be judged on mathematical grounds alone. It must be judged using some further
interpretation of probability, such as the long-run frequency idea. Furthermore, there
are examples like tossing a biased coin, or recording the sex of a2 newborn child,
where long-run frequencies seem to stabilize around some more or fess

arbitrary
decimal fraction between @ and 1.

Sex of children.

Table 1 shows that the relative frequency of boys among newborn children in the
LL8.A. appears to be stable at around 0.513.

Observation of the sex of a child is comparable to a scheme with equally likely
outcomes obtained by drawing at random with replacement from a box of 1000
tickets, containing 487 tickets marked girl and 513 tickets marked boy. This allows
probabilities for births 0 be calculated as if they were probabilities for random
sampling from a box of tickets. But the analogy is not complete, The individual tickets
have no physical interpretation like the sides of 4 die or the pockets of a roulette
wheel. And there seems to be no way o decide what the composition of the box
should be without counting births. Still, the above data suggest a reasonable modg]
for the outcome of a single birth: the outcome space {girl, boy}, with probabitity
p = 0.513 for boy and 1 — p = 0.487 for gir!.
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TABLE 1. Proportion of boys among live births to residents of the U.S.A_

Year | Number of births™ | Proportion of boys
1974 3,159,958 0.5133340
1975 3,144,198 0.5130513
1976 3,167,788 0.5127982
1977 3,326,632 0.5128058
1978 3,333,279 0.5128266
1979 3,494, 398 (.5126110
1980 3,612,258 0.5128692
1981 3,620,238 0.5125792

"Births to residents of the US.A., based on 100% of births in selected states, and a 5004
samnple in all others. Source: Information Please Almanac, Atlas end Yearbook, 1985.

Opinions

The notion of probabilities as an approximation o long-run frequencies makes good.
sense in a context of repeated trials. But it does not always make sense to thmkm
terms of repeated trials. Consider, for example: o

the probability of a particular patient surviving an operation;

the probability that a particular motorist is involved in an accident next year;

)

the probability that a particular interest rate will be below 5% in a year's tii’nef-

the probability of a major earthquake in Berkeley before the year 2000.

If you are the patient considering an operation, you want the doctor to tel] you whp
he thinks your chances are. The notion of your undergoing repeated operations. is
absurd. Even if it is known that in similar operations in the past there was, say, 3
10% fatality rate, this figure is irrelevant if the doctor knows that your state of he‘ﬂﬁ3
is much better, or you are much younger, or are different in some other respeds
from the population of patients on which the 10% figure is based, Rarely would it 15
possible for the doctor to know survival percentages for patients just like you. Th
more factors that are taken into account, the more difficult it is to obtain relevg‘;
data, the smaller the number of cases on which figures could be based, If enox g
factors were taken into account, your case would be unique. What then are you 'y,
make of it if the doctor says you have a 5% chance of surviving? Essentially, thig-
4 matter of opinion. In the doctor’s opinion, your chance of survival is 950, Anothe
doctor might have another opinion, say 98%. You might ask several opinions, th,

somehow form your own opinion as to your chances.

g
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Similar considerations apply 1o the other examples above. In none of these examples
does the relative frequency idea make much sense. Ultimately, probability statements
of this kind come down to some kind of intuitive judgment of the uncertainties in-
volved. Such judgments lead to the notion of subjective probabilities, which may also
be called probabilistic opinions, or degrees of belief This conception of probability
corresponds well 1o everyday language, such as the following;

It is unlikely that there will be an earthquake in Berkeley next vear.
If 1085 a coin once, the probability that it will land heads s 1 /2.

The chance of rain tomaorrow is 300,

Such statements have a superficial objective quality, since they make no reference
1o the person who is making them. But viewed as ohjective statements they are at
best very hard o interpret, and at worst cither meaningless or unverifiable, To give
such statements meaning, it is simplest just 1o interpret them as expressions of prob-
abilistic opinion. Intuitive comparison of probabilities can he helpful in formulating
a probabilistic opinion. Comparisons can be made within a particular context, for
example, by deciding that two or more events are equally fikely, or that an event is
twice as likely as another. Or comparisons can be made between different contexts.
Comparison with a standard experiment like drawing tickets from a box can be a
useful device. Which do you think is more likely 7 Event A4, or getting a marked ricket
on a draw at random from a box containing 20% mucked tickets? If you think A is
more likely, then you should assign a probability P{A} > 20%. If vou have
deciding which is more likely, ask yourself which option you would prefe
prize of some kind if 4 occurs, or to win the same prize if a marke

trouble
r: To win ¢
d ticket is drawn?
Like the long-run frequency ides, the idea of subjective probability has its Jimita-
tions. Subjective probabilities are necessarily rather mprecise, It may be difficult or
impossible to pool the subjective probability opinions of different individuals about
the same events. Assessment of subjective probabilities of events, regarded as hav-
ing very smull or very large probabilities, is very difficult, padticularly if these

ovents
have important consequences for the person attempling to fudge the

ir probabilities.
Despite such difficulties, the idea of interpreting probabilities as subjective opinions
about uncenainties is something many people find reasonable. As well as broaden-
ing the range of application of probabilistic ideas, the subjective interpre
insight into the mathematics of probability theory. For example. the notion of con-
ditional probability, introduced in the next chapter, captures the idea of how your
probabilistic opinion may change over time as YOu acquire new information or data.

tation gives
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Exercises 1.2

1.

IF you get a speeding ticket in the state of Washington, it states on the tickee: “If you
believe you did not commit the infraction, you may request a hearing. At the hearing,
the state must prove by a preponderance of the evidence (more likely than not) thar
you committed the infraction.” What do you think the phrase “more likely than not”
means? Does it refer to relative frequencies? to an opinion? if so, whose opinion?

IFa hookmaker quotes payoff odds of 99 to 1 against a particular horse winning a race,
does that suggest thw chance that the horse will win is 1/100, less than 1/106, or more
than §1/100? Explain,

Suppose there are 10 horses in a race and a bookmaker quotes odds of 7; to 1 against
horse ¢ winning. let p. = 2. i = 110 10, so each p; is between 0 and 1. Let
E=m+--+pu.

a) Do you expect that ¥ is greater than, smaller than, or equal to 17 Why?

b) Suppose £ were less than 1. Could you take advantage of this? How? [Hint: By
betting on all 10 horses in the race, a bettor can win a constant amount of money,
regardiess which horse wins.]

- A gambler who makes 100 bets of $1, each at payoff odds of 8 to 1, wins 10 of these

bets and loses 90,
a) How many dollars has the gambler gained overall?
b} What is the gambler’s average financial gain per bet?

Suppose now that the gambler makes a sequence of $1 bets at payoff odds of Tpay 10 1.
Define an empirical odds ratio rg to be the gambler’s number of losses divided by the
number of wins. S0, in the numerical example above, rpay was 8, and 74 was 90/10 = 9.
Show that the gambler's average financial gain per bet is ${rpay — 74 )/{r4 +1). Explain
carefully the connection between this formula and the house percentage formula in
Exercise 1.1.11.
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1.3

Distributions

From a purely mathematical point of view, probability is defined as a function of
events. The events are represented as sets, and it is assumed that the probability
function satisfies the basic rules of proportion. These are the rules for fractions or
percentages in a population, and for relative areas of regions in a plane. To state the
rules, we must first consider the representation of events as subsets of an outcome
space.

Suppose an outcome space  is given, and that all events of interest are represented
as subsets of £1. Think of Q as representing all ways that some situation might turn
out. It is no longer assumed that € is necessarily 4 finite set, or that ail possible
outcomes are equally likely, But if A is an event, the subset of corresponding to A
is still the set of all ways that A might happen. This subset of 2 will also be denoted
A. Thus events are identified with subsets of €.

TABIE 1. Translations between events and sets. To interpre! fhe Venn diagroms in terms of events,
imagine that o point is picked of random kom the squore. Each point in the square then represens
an outcome, and each region of the diagram represents the event that the point is picked trom that
region.

Event language

outcome space

cvent

impossible event

not A, opposite of 4

either 4 or B or both

both A and B intersection of 4 and B AB ANE w
A and B are mutually exclusive A and B are disjoint AB =1 b bﬂ
if Athen B

Set language Sel notation Venn diagram
universal set Q

subser of 2 4, B, C, e

empty set (i

complement of A Af

union of 4 and B AuB

A is a subset of B ACB @B
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The rules of probability involve Jogical relations between events. These are translated
into corresponding relations between sets, For example, if C is the event whi
occurs if either A or B occurs (allowing the possibility that both 4 and B m;ght
occur), then the set of ways € can happen is tne union of the set of ways A
happen and the set of ways B can happen. In set notation, €' = AU B. Table 1 give
a summary of such translations,

Partitions

Say that an event B is partitioned into nevents By, ..., B, if B = BjUByU- - LJB
and the events By, ..., By, are mutually exclusive. That is to say, every outcome iry:
belongs to one and only one of the subsets B;. Think of B as split up into separate
cases By, ..., Bn. Figure 1 shows a subset B of the square is partitioned in three
different ways. However B is partitioned into subsets, or broken up into pieces, th
area in B is the sum of the areas of the pieces. This is the addition rule for area.

FIGURE 1. Partitions of a set 8.

5

The addition rule is satisfied by other measures of sets instead of arexy, for ex

ample;
length, volume, and the number or proportion of elements for finite sets. '

The addition rule now appears as one of the three basic rules of proportion. NG

matter how probabilities are interpreted, it is generally agreed they must satisfy th
same three rules: o
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Rules of Proportion and Probability

» Non-negative: P(B) > 0
e Addition: if By, By, ..., B, is a partition of B, then
P(B) = P(By) + P(Ba}+ -+ P(B)

s Total one: P({}) = 1

A distribution over §1 is a function of subsets of £ satisfying these rules,

The term “distribution” is natural if you think of mass distributed over an ares or
volume (3, and P(A) representing the proportion of the total mass in the subset 4 of
§2. Now think of probability as some kind of stuff, ike mass, distributed over a space
of outcomes. The rules for probability arc very intuitive if you think informally of an
event B as something that might or might not ha ppen, and of P(B) as a measure
of how likely it is that B will happen. It is agreed 1o measure probability on a scale
of 0 to 1. The addition rule says that if something can happen in different ways, the
probability that it happens is the sum of the probabilities of all the different ways it
cun happen,

Technical remark. When the outcome space {1 is infinite, it is usually assumed that
there is o similar addition rule for partitions of an event into an infinite sequence
of events. See Section 3.4, In a rigorous treatment of measures like probability,
length or area, defined as functions of subsets of an infinite set 0, it is necessary (o
describe precisely those subsets of 2, called measurable sets, whose measure can
be unambiguously defined by starting from natural assumptions about the meusure
of simple sets like intervals or rectangles, using the addition rule, and taking limits.
See Billingsley's book Probability end Measure for details,

Here are some useful general rules of prohability, derived from the basic miles and
illustrated by Venn diagrams. In the diagrams, think of probability as defined by
relative areas,

Complement Rule: The probability of the complement
of 4is

P(not A) = P(A%) = 1~ P(4)

Proof. Because ) is partitioned into A and A€, and
1= P{A)+ P(AY)

Remarks. Note that if 4 = €, then 4° = ¢, the empty set, and P(A4) == 1. S0 the rule
of complements implies P($) = 0. The empty set containg nothing. Also, for a set
A, P(A) =1 - P(A®) and P(A°) > 0, so P(A) < 1. Thus probabilitics are always
between 0 and 1.
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The next rule is a generalization of the rule of complements;

Difference Rule: If occurrence of A implies occur- —
rence of B, then P(A) < P(B), and the difference
between these probabilities is the probability that B

occurs and A does not: o B
P(B and not A) = P(BA®) = P(B) - P(4) '

Proof. In other words, the assumption is that every
outcome in A is an outcome in B, 50 A isa subset of B.
Since B can be partitioned into A and (B but not A),

P(B) = P(A) + P(BA®)

by the addition rule. Now subtract P(4) from both
sides.

Inclusion~Exclusion: P(AU B) = P(4) + P(B) — P(AB)

Remarks. Here AUR means 4 or B or both (union) while AB means both A and B
(intersection, AN B). This is the modification of the addition rule for events 4 and
B that overlap, as in the following diagram. The addition rule for mutually exclusive

A and B is the special case when AB = @, so P(AB) = 0. The extension to three.
or more sets is given in the exercises.

At B¢

Proof. As the diagram shows, the sets 4A5¢

» AB, and A°B form a partition of A U B,
$0

P(AUB) = P(AB*) + P{AB) + P(A°B)
Similarly
P{A) = P(AB®) + P(AB)

P(B) = P(A°B) + P(AB)
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50

P(A) + P(B) = P(AB®) + 2P(AB) + P(A°B)

This is the same expression as for P{A U B), but P{AB) is included twice. Subtract-
ing P(AB) excludes one of these terms, to give the inclusion—exclusion formula.

Rich and famous.

In 2 cerain population, 10% of the people are rich, 5% are famous, and 3% are rich
and famous. For a person picked at random from this population:

What is the chance that the person is not rich?

Here probabilities are defined by proportions in the population. By the rule of
complements

P{not rich) = 100% — P(rich) = 100% — 10% = 90%

What is the chance that the person is rich but not famous?
By the difference rule
P(rich but not famous) = P(rich) — P{rich and famous)

= 10% — 3% = T%
Whal is the chance that the person is either rich or famous?
By the inclusion—exclusion formula,
P(rich or famous} = P{rich) 4+ P{famous) — P(rich and famous)

= 10% + 5% - 3% = 12%

Numbered tickets.

Proportion P(z) of the tickets in a box are numbered ¢, with this distribution:

numberd | 1 2 3 4 3 6
proportion P{z) { 1/4 | 1/8 | 1/8 { 1/8 | 1/8 ] 1/4

If a ticket is drawn at random from the box, what is the chance that the number on
the ticket is 3 or greater?
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Solution.

Example 3.

Problem.

Solution.

Assuming all tickets in the box are equally likely to be drawn, by the addition rule:

P 1 1 1 5
PBordorsor6)=PB)+P4)-+PBE}+P6)= -+ -+ -+ = 2

g 8 8 4 8
1n the above example, outcomes with unequal probabilities (corresponding to var:-
ious numbers) were obtained by partitioning a set of equally likely outcomes (theé
individual tickets) into subsets of different sizes. It was then possible to work with:
the probability distribution over the smaller number of outcomes defined by the
partition, using the addition rule. This is the key to problems such as the fo!low;ngf
where there is no natural analysis in terms of equally likely outcomes. )

Shapes.

A shape is a 6-sided die with faces cut as shown in the following diagram:

IR 4 -
! - o {
+ ... ® ® + .‘ Py
\'1.\'\ e o Y\l ¢

L e I —

The faces showing 1 and 6 are square faces with side of length one unit, but the
distance between these faces, or the thickness of the shape, is alength ¢ < 1. Sg
each of the faces 2, 3, 4, and 5 is a rectangle instead of a square. Such a die magy -
land either flat (1 or 6), or on its side (2, 3, 4, or 5). As the thickness of the shape
decreases from 1 to 0, it is intuitively clear that the chance that the shape lands flac
increases continuously from 1/3 10 1. Suppose that the thickness t is such that the-‘
chance of the shape landing flat is 1/2. You could understand this 10 mean that over
a long sequence of rolls, the shape landed flat about as often as it landed on its side

What is the probability that such a shape shows number 3 or greater?

For i = 1 10 6, let P(i) be the probability that the shape lands showing 1. Using the:
addition rule,

1/2 = P(flat) = P(1) + P(6)
1/2 = Plside) = P(2) + P(3) + P(4) + P{5)

The symmetry of the shape suggests the assumptions:

P(1)=P(6) and P(2)= P(3)= P(4) = P(5)

These equations imply that the probabilities

P(i) are as displayed in the following.
table and in Figure 2. :
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number i 1 2 3 4 h 8
probability P(i) | 1/4 | 1/8 | 1/8 1/8 | 1/8 | 1/4

The probability that the shape shows a number greater than or equal to 3 is then
given by the addition nie:

. 1 1 1
P(30r4()r50nrfi)zP(3)+P(:r.1)~{hP(5)~i~P(6):-é-%~~8~+§+3z

o SR W41

FIGURE 2. Histogram of the distribution in Example 3. This is o bar graph showing the prob-
abitities for the shape showing face 4. The area of the bor over 1 is propartional o P(i). By the
addition rule for probabilities and areas, the probability that the shape shows a number greater
than of equal 1o 3 is the shaded area relative 1o fhe tolal orea, that is, 5/8.

i 2 i

i 2 3 4 5 6

Notice that the distribution of the number on the shape in Exampie 3 is identical
to the distribution of 4 number drawn at random from the box of Example 2. The
probability of getting a number greater than or equal to 3 is therefore the same in
both examples. Similarly, for any subset B of {1,...,6}, the probability of getting
an outcome in B is the same in both exaniples. The two procedures for obtaining a
numerical outcome hetween 1 and 6, rolling the shape, and drawing a ticket from the
box, are called probabilistically equivalent. In other words, the two outcomes have
the same distribution. This means the set of possible outcomes and the distribution
of probability over these outcomes is the same in both cases. It would not make
sense, however, to say that the two procedures generated the same outcome. On the
contrary, the two procedures would most likely produce two different numbers:

Picking a number from a box and rolling a shape.

Suppose one number is obtained by drawing at random from the box of tick

ets in
Example 2, and another numbser is obtained by rolling a sha

pe as in Example 3.
What is the chance of the event that the number from the box is ¢ and

e number
on the ticket is §?

Consider the following two procedures for obtaining a4 pair of numbers {7, 7):
= Draw from the box of tickets to obtain . Roll the shape to obtain j.
= Draw from the box of tickets to obtain 4. Replace

this ticket in the box, mix up
the tickets in the box and draw again to obtain 7
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Problem 2.

Solution.

Discussion.

The second procedutre is called random sampling with replacement (Exercise 1.1.3):

It is intuitively clear that these two procedures must be probabilistically equivalent,

That is to say the probability of any event determined by the first pair must be the:
same as the probability of the corresponding event for the second pair. In particulas;
the probability that the box produces ¢ and the shape olls j must be the same as.
the probability of getting @ on the first draw and j on the second draw in two drawsg:
at random with replacement from the box. To solve the problem, let us assume this’
probabilistic equivalence. The point is that for two draws at random with rep}acexnéﬁ;,j
the probability of getting particular numbers 4 on the first draw and 7 on the second;
draw can be found by the method of Section 1.1. Suppose there are N tickets i
the box, and that all N x N = N? possible pairs of tickets are equally likely in two.
draws at random with replacement. Since the number of tickets labeled i is PEYN:
for P(i} displayed in Example 2, the number of ways to get {1, 7) is P(i)N x PN =
P{#)P(j)N?. So the required probability is P(1}P(j)N?/N? = P(@)P(j).

What is the probability that the two numbers are different?
From the solution 1o the previous problem, for any particular number i, the proba.

bility of getting the same number i from the ticket and the shape is P(i)% Summing
overi=1,...,6 gives

8
P(ticket and shape show the same unspecified number) = Z P(i)*

il
By the complement rule

G
P(ticket and shape show different numbers) = 1 — Z P(iy?

t=1
] 2
4 8 16

The above example illustrates an important technigue for solving probability prob:
lems. Look for a probabilistic equivalent of the original problem that is easiep go

understand. Then solve the equivalent problem. The solution of Problem 1 shows
that the basic assumption made on intuitive grounds, that ‘

the tickei—shape scheme s probebilistically equivalent to a ticket— ticket
scheme for draws with replacement

implies a product rule for calculating the probability of an intersection of two events:
one determined by the ticket and the other by the die: "’

P(ricket shows number i and shape shows number j )
= Pfticket shows number 7 ) P(shape shows number i)

]
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for all ¢ and j. Events A and B such as these, with P(AB) = P(AYP(B), are
called independent events, The concept of independence is studied in Section 1.4,
I language defined more formally in Section 3.1, the assumption of equivalence of
the ticket—shape and ticket—ticket schemes can be restated as follows:

the number on the ticket and the number rolled by the shape are inde-
pendent random variables with the same distribution.

Named Distributions

The distribution on the set {1,..., 6} defined by the probabilities P(1),..., P(6} in
the previous three examples is of no particular importance. It just illustrated numeri-
calty some general properties of a probability distribution over a finite set. There are
some special distributions, however, that appear in 4 wide variety of contexts and
are given names. Some of these named distributions are mentioned in the foliow-
ing paragraphs, Other named distributions appear throughout the book. There is a
summary of the properties of the most important of these distributions on pages 476
to 488. Most named distributions have one or more parameters in their definition.
These are constans appearing in the formula for the distribution which affect its
shape and properties. Typically, the parameters are subject to some constraints such
as non-negativity, so that the numbers defined by the formula satisfy the rules of
probahility.

Bernoulli (p) distribution. For p between 0 and 1. this is the distribution on {0, 1}
defined by the following distribution table:

possible outcome 0

probability | 1~p | p

FIGURE 3. Histograms of some Bernoulli (p) distributions.

0 1 0 1 0 1 0 1 0 1 0 1 01
p=0 p=1/5 p=1/3 p=1/2 p=2/3 p=4/5 p=1

Think of any event A, for which you think it makes se

nse to consider the probability
P(A). For example, A might be the event of heads

on a coin toss, perhaps for a
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biased coin. Now define an outcome to be 1 if A occurs, and 0 otherwise. If you like
imagine that you win a dollar if A occurs, nothing otherwise. Then the outcome is thie
number of dollars you win. This outcome, associated with the event A, is called 1

indicator of A. The distribution of the indicator of A is the Bernoulli {p) distributiﬁgg
for p = P(4).

The number p is the parameter of the Bernoulli (p) distribution. The effect of i
creasing p from 0 to 1 is to shift the probability from being all concentrated at O
being all concentrated at 1, as shown by the histograms in Figure 3.

Uniform distribution on a finite set. This distribution, defined by an assumption,
of equally likely outcomes, appeared in many examples in Section 1.1, To be ¢l
about exactly what uniform distribution is meant, it is essential to d

efine clear
the range of the uniform distribution, that is, the precise set of outcomes assume

equally likely. If the range is a set of n possible outcomes, for instance {1,2.., 2 TE
or {0,1,...,n — 1}, the probability of each possible outcome is 1/n. The proba
bility P(B) of an outcome in the set B is then P{B)} = #(B)/n. Note that the'
uniform distribution on {0,1} is tdentical to the Bernoulli (1/2} distribution, This'is
the distribution of the indicator of heads on a fair coin toss,

Uniform (a, b) disteibution. This refers 1o the distribution of a point picked ynj.
formly at random from the interval (a,b) where a and b are two numbers with
a < b. The basic assumption is that prabability is proportional to length. So for
0 <z <y < bthe probability that the point falis in the interval (z,y} is assumegd
o be (y — x)/(b — a). By rescaling the interval (a,b) to the unit interval (0, 1y
problems involving the uniform (a, b} distribution are reduced 0 problems invo}
ing the uniform (0, 1) or standard uniform distribution. See Section 4.1 for detai]
Most calculators and computer languages have a command, often called “RND™, ¥
produces a pseudo-random number with approximately unijtorm (0, 1) distributi'c;;
These numbers are called pseudo-random because the results of
RND are in fact generated by application of a simple de
trom some initial number in (6,1), called the seed. The formula has the property thay:
for 0 < z <y < 1 the long-run relative frequency of numbers in (z,y) is almos
exactly equal to y — z. By the addition rule for long-run frequencies, for any subse
B of (6,1) which is a finite union of intervals, the long-run frequency with wh
RND generates numbers in B is almost exactly equal to the probabiticy assigned
B by the uniform (0, 1) distribution (that is the length of B, which i
lengths of component intervals of B).

successive calls of
terministic formula startipe.,

i

the sum ¢

Uniform distribution over an area in the plage,

by relative areas instead of relative lengths. Think of a point picked unifonn]y :
random from the rectangular area in 4 Venn diagram. Long-run frequencies for paifs
(RND1, RNDg) generated by two calls of 2 pseudo-random number generator ar
well approximated by probabilities derived from the uniform distribution on th,

unit square (0,1} x (0,1). Section 5.1 gives examples, and extensions of the idea 15
higher dimensions, '

Now probabilities are defineg.
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Empirical Distributions

Let (x1,Z2,...,2,) be a list of n numbers. Think of z, as the ith measurement of
some physical quantity like the length or weight of something, in a series of repeated
measurements. The empirical distribution of the list of n numbers is the distribution
on the line (—oo, 00} defined by

Po(a,b) = #{i:1<i<n, a<x, <bl/n

That is, P (a,b) is the proportion of the n numbers in the list that lie in the interval
{@,6). To give this distribution a probabilistic interpretation, imagine 7 tickets in a
box with number x; written on the ith ticket. Then for a ticket picked uniformly
at random from the box, Py(a, b} is the probability that the number on the ticket
drawn is in (a, b). So the empirical distribution of a list is the distribution of 2 number
picked at random from the list,

The empirical distribution of a data list is displayed by a histogram, that is, a bar
graph in which proportions in the list are represented by the areas of various bars.

FIGURE 4. A data histogram. Actual volues of the data points are shown by marks on the horizontal
axis. The area of the bar aver each bin shows the proportion of dolg points in the bin.

f — T T " R R
F T

30 40 50 60 70

A histogram can be drawn as follows. First the interval of values is cut at some
sequence of cut points by < by < -+ < by, such that all the r; are contained in
(81, bm ), and none of the cut points equals any of the z;. The cut points define m— 1
subintervals (;,0;11), 1 < j < m—1, called bins. The histogram is drawn by placing
a rectangle over the jth bin with base the bin width 6541 ~ by and height

Pn(bj,b:;q.;) _ #{’G :1<i< T, bj <1< bjuH}

(bj41 — b;) n(bjrr —b;)

This height is the proportion of observations per unit length in the jth bin. The
area of the bar over the jth bin is the base times height, which is the proportion of
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observations in the jth bin;

Palby, by1) _
{Bje1 — b;)

The total area of the histogram is the sum of the areas of these bars, which is

(bi+1 — by) x P (b, bi41)

m-—1

D Palty bj2) = Palby b) = 1
i=1

by the addition rule for proportions, and the choice of by and b,, so that all the:
observations lie in (by, by,).

A histogram smoothes out the data to display the general shape of an empirica)’
distribution. Such a histogram often follows quite a smooth curve. This leads :tg
the idea, developed in Section 4.1, of approximating empirical proportions by areas:
under a curve. The same idea is used in Section 2.2 to approximate probability'_f
histograms. '

Exercises 1.3

1. Suppose a cake is divided into three portions, one for you, one for your friend, angd
one for your neighbor. If you get rwice as much as your friend, and your friend Bets
twice as much as your neighbor, what proportion of the cake do you get? o

2. Write down the expression in set notation comesponding to each of the following events:

a) the event which occurs if exactly one of the events A and B OCCurs;

b) the event which occurs if none of the evenis A, B, or C occurs,

¢) the events obtained by replacing “none” in b) by “exactly one,” “exactly twoy
and “three.” ‘

3. Five hundred tickets, marked 1 through 500, are sold at a high-school cake raffle. T have
tickets 17, 93, and 202. My friend has tickets 4, 101, 102, and 398. One of the tick'gég,_.
will be chosen at random, and the owner of the winning ticket gets a cake. Make an %
outcome space for this situation, and indicate how cach of the following EVERLS can ‘e
represented as a subset of your cutcome space.

a) one of my tickets is the winner;  b) neither my friend nor | win the raffle;
¢) the number on the winning ticket is just 1 away from the number on one of my’
tickets. Xy

4. Let2 = {0,1,2} be the outcome space in 2 model for t0ssing a coin twice and observine:
the total number of heads. Say if the following events can be represented as subsets of
§2. If you say “yes,” provide the subset; if you say “no,” explain why, wi

a) the coin does not land heads both times;

b) on one of the 1osses the coin lands heads, and on the other 1085 it lands tajlg.
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¢) on the first toss the coin lands heads, and on the second toss it lands tais;
d) the coin lands heads at least once.

5. Think of the set @ = {HHH HHT, HTH HTT THH, THT, TTH,TTT} as the
outcome space for three tosses of a coin. For example, the subset {HHH, TTT} cor-
responds to the event that all three tosses land the same way. Give similar verbal
descriptions for the events describexd by each of the following subsers of Q.

a) {HHH HHT HTH HTT} by [HTH HTT.TTT.TTH}
¢y {HTT,HTH HHT HHIH} d) {HHH HHT HTH THH}
¢y {THT HTT.TTH} 0 {HHT . HHH TTH.TTT)

6. Suppose a word is picked at random from this sentence.

a) What is the distribution of the length of the word picked?
b} What s the distribution of the number of vowels in the word?
7. Shapes. Following Fxample 3, suppose the probability that the shape lands flat (1 or
6risplorsome 0 < p < 1.
a} Foreach k= 1,2,...,6 find a formula for P(k) in terms of p.
b} Find a formula in terms of p for the probability that the number shown by the
shape is 3 or more,

8. Let A and B he events such that P{A) = 0.6, () = 0.4, and P{AB) = 0.2. Find the
pobabilities of: Y AUR I A" OB D AB e)AUBS AR

9. Evenis F, G, and H are such that

P =07, P(G)=086, P{H)}=05
PFGy=04, PFH)=03, P{GH)=02 PFGH) =01
Find: ) PIFUG), (Y P{FUGUH) (O PFGH).
10. EBvents A, B, and C are defined in an outcome space. Find expressions for the following
probabilities in terms of P(A), P(B), P(C), P(AB), P{AC). P(BC), and P(ABC)

a) The probability that exactly rtwo of A, B, (" oocur,

b} The probability that exactly one of these events occurs.
<) The probability that none of these events occur.
11. Inclusion—exclusion formula for 3 events. Write AUBU( = (AUBHUC and use
the inclusion—exelusion formula three times 1o derive the inclusion —exclusion formula

for 3 events;

P{AUBUC) = P{A) + P(B) + P(C} ~ P(AB) ~ P(AC) - P{BC) + P(ABC)

12, Inclusion-exclusion formula for n events. Derive the inclusion —exclusion formula
for i evenis

P A) =37 P(A)-Y P(Aid) 1 Y PAA A — (=1 P(A, ... AL)
=1 2

i<) iy <k
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13.

14,
15.

16.

by mathematical induction after showing that

P(TQ Ai) (HA)+P wi1) (UA An+1)

Boole’s inequality. The inclusion--exclusion formula gives the probability of a unioj
of events in terms of probabilities of intersections of the various subcollections of thy

events. Because this expression is rather complicated, and probabilities of intersecticy
may be unknown or hard to compute, it is useful to know that there are s;mple boun_'_j
Use induction on n to derive Boole's inequality:  F{ 1< }:

Show that P(ANB) » P(A)+ P(B) ~ 1.

Use Boole's inequality and the fact that (|}, Ai)° = {)..; Af to show that

P(By By -- n)>2p ) — (1)

Bonferroni's inequalities. According 1o Boole's inequality, the first sum in the inclos
ston—exclusion formula gives an upper bound on the probability of 4 union. This is. €k
first of the series of Bonferroni inequalities. The next shows that the first sum miny;

the second is a lower bound. Show by using induction on n, and Boole’s inequ_ali
that: ‘

) P(ULy A) 2 50 P(A) ~ Y., PLAA;).

b) Continuing like this, show that adding the third sum 2:‘<3<k P{AiA; Ax) gives
an upper bound, subtracting the fourth sum gives a lower bound, and so on.:
{Hint. In each case, use induction on i, and the previous inequality. For example

for the inequality that involves adding the third sum, use induction on n and the
result of a}]

Note: The successive bounds do not always get better as more sums are mtrodu(;ed
despite the fact that the final formula, involving all # sums, is exact.
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Conditional Probability and Independence

The first few examples of this section illustrate the idea of conditional probability in
a setting of equally likely outcomes.

Three coin tosses.

If you bet that 2 or more heads will appear in 3 wosses of a fair coin, you are more
likely to win the bet given the first toss lands heads than given the first wss lands
tails. To be precise, assume the 8 possible patterns of heads and tails in the three
tosses, {hhh, hht, hth, hit,thh,thi, tth ti1}, are equally likely. Then the overall or
unconditional probability of the event

A = (2 or more heads in 3 tosses) = {hhh, hht, hth, thh}

is P{A) = 4/8 = 1/2, But given that the first toss lands heads (say H), event A
occurs if there is at least one head in the next two tosses, with 2 chance of 3/4.
S0 it is said that the conditional probability of A given H is 3/4. The mathematical
notation for the conditional probability of A given H is P(A|H), read “P of 4 given
H".In the present example

P(A|H) = 3/4

because H = {hhh, hht, hth, htt} can occur in 4 ways, and just 3 of these outcomes
make A occur. These 3 outcomes define the event {hhh, hht, hth} which is the
tntersection of the events A and H, denoted A and H, A H, or simply AH.
Similarly, if the event H® = “first toss lands tails” occurs, event A happens only if
the next two tosses land heads, with probability 1/4. So

P(A|H®) = 1/4

Conditional probabilitiés can be defined as follows in any setting with equally likely
outcomes.

Counting Formula for P(Al B)

For a finite set Q of equally likely outcomes, and events A and B represented
by subsets €1, the conditional probability of A given Bis

the proportion of outcomes in B that are also in A. Here AB = AOB = A
and B is the intersection of A and B.
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Example 2. Tickets.

Problem. A box contains 10 capsules, similar except that four are black
and six are white. Inside each capsule is a ticket marked
either win or lose. The capsules are opaque, so the result on
the ticket inside cannot be read without breaking open the
capsule. Suppose a capsule is drawn at random from the box,
then broken open to read the result. If it says win, vou win a
prize. Otherwise, you win nothing, The numbers of winning
and losing tickets of each color are given in the diagram,
which shows the tickets inside the capsules. Suppose that
the capsule has just been drawn, but not yet broken to read
the result. The capsule is black. Now what is the probability
that you win a prize?

0000

Solution.  This conditional probability is the proportion of winners among black capsules,
) #(win and black) 2
P black) = = — = {].
{win|black) F{black) i 0.5

Compare with the unconditional probability P(win) = 4/10 = 0.4

Example 3. Two-sided cards.

Problem. A hat contains three cards. M

One card is black on both sides. blh
One card is white on both sides. biw
Ome card is black on one side and white on the other, w/w
The cards are mixed up in the hat. Then a single card

is drawn and placed on a wble. If the visible side of

the card is black, what is the chance that the other side
is white?

Solution.  Label the faces of the cards;
by and by for the black—black card,
wy and wy for the white—white card.
by and wy for the black—white card.

Assume that each of these six faces is equally likely to be the face showi

: . N up
permost, Experience shows that this assumption does correspond 1o long-runy
quencies, provided the cards are similar in size and shape, and well mixed ‘upf
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the hat. The outcome space is then the set of six possible faces which might show
uppermost:

{b],bQ,b3,U}],w2,'H}3}

The event {black on top} is identified as
{black on top} = {b;, ba, by}
Similarly,
{white on bottom} = {bs, wy, wy}

Given that the event {black on top} has occurred, the face showing is equally likely
to be by, by, or bz. Only in the last case is the card white on the bottom. So the
chance of white on bottom given black on top is

P{white on bottom|black on 10p)

_ ##(white on bottom and black on wp)
- #(black on 1op)

1
3

You might reason as follows: The card must be either the black—black card or the
black—white card. These are equally likely possibilities, so the chance that the other
side is white is 1/2. Many people find this argument convincing, but it is basically
wrong. The assumption of equally likely outcomes, given the top side is black, is
not consistent with long-run frequencies. If you repeat the experment of drawing
from the hat over and over, replacing the cards and mixing them up each time, you
will find that over the long run, among draws when the top side is black, the bottom
side will be white only about 1/3 of the time, rather than 1/2 of the time.

Frequency interpretation of conditional probability, This is illustrated by the
previous example. If P(A) approximates 1o the relative frequency of A in a long
series of wrials, then P(A|B) approximates the relative frequency of trials producing
A among those trials which happen to resul in B. A general formula for P(A|B),
consistent with this interpretation, is found as follows, Start with the counting formuia
for P(A|B) in a setting of equally likely outcomes, then divide both numerator and
denominator by #{1) 1o express P{A|B) in terms of the unconditional probahilities

P{AB) = #(AB)/#(Q) and P(B) = #(B)/#(Q).

_HAB)  #AB)/(®)  P(AB)
PAIB) =208 = 3 B)/E0 - PE)
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Example 4.

Problem.

Solution.

Remark.

General Formula for P{AlB)

P(AIB) = %%‘?jl

If probabilities P{A) are specified for subsets 4 of an outcome space {1, then ooy
ditiona} probabilities given B can be calculated using this formula. This restricts:
outcome space to B and renormalizes the distribution on B. In case the origi
distribution is defined by relative numbers, or relative areas, the same will be triie
the conditional distribution given B, but with the restriction from @ to B. To ma)
a clear distinction, P(A) or P{AB) is called an overall or unconditional probabili
and P{AiB) a conditional probability. '

Relative areas. =
Suppose a point is picked uniformly at random from the A ‘
big rectangle in the diagram. Imagine that information
about the position of this point is revealed to you in two
stages, by the answers to the following questions:
Question 1. Is the point inside the circle B?

Question 2. Is the point inside the rectangle A?

¥ the answer to Question 1 is yes, what is the probability that the answer to Ques;ﬁ‘
2 will be yes? ‘

The problem is to find the probability that the point is in the rectangle A given thuy
it is in the circle B. By inspection of the diagram, approximately half the area insj
B is inside A. So the required probability is PR

P(AB) _ Area(AB)

PAB) = DBy = area(d) ~ *

The formula for conditional probability in this case corresponds to the idea that givep:
the point is in B, equal areas within B still have equal probabilities. o

Tree Diagrams and the Multiplication Rule

In the above example a conditional probability was calculated from overall preg..
abilities. But in applications there are usually many events 4 and B such thag ‘tﬁé
conditional probability P{A|B) and the overall probability P(B) are more Obvioug;
than the overall probability P{AB). Then P(AB) is calculated using the follow g
rearrangement of the general formula for conditional probability: &
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Multiplication Rule
P(AB) = P(A{B)P(B)

This rule is very intuitive in terms of the frequency interpretation. I, for example,
B happens over the Jong run about 1/2 the time (P(B) = 1/2), and about 1/3 of
the times that B happens A happens 100 (P(A[B) = 1/3), then 4 and B happens
about 1/3 of 1/2 = 1/3 % 1/2 = 1/6 of the time (P(AB) = P(A|B)P(B) = 1/6).

The multiplication rule is often used to set up a probability model with intuitively
prescribed conditional probabilities. Typically, A4 will be an event determined by
some overall outcome which can be thought of us occurring by stages, and B will
be some event depending just on the first stage. If you think of B happening before
A it is more natuzal o rewrite the muliiplication rule, with BA instead of AB and
the two factors switched:

P(BA) = P(B)P(A|B)

in words, the chance of B followed by A is the chance of B times the chance of A
given B.

Picking a box, then a ball.

Suppose that there are two boxes, labeled odd and even. The odd box contains
three balls numbered 1, 3, 5. The even box contains two balls labeled 2,4 One of
the boses is picked at random by tossing a fair ¢coin. Then a ball is picked at random
from this box. What is the probability that the ball drawn is ball 3

A scheme like this can be represented in a tree diagram. Each branch represents a

possible way things might turn out, Probabilities and conditional probabilities are
indicaied along the branch.

Outeome  Probability

1 1 1

3X3=3%

P, 1_ 1

77X 37§
i/

1,1 13

2 X3 g
. 1,11
1/2 Rl B

[ hd
bt
Lt
|
-
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Remark 1.

Remark 2.

Because the box is chosen by a fair coin toss,
P(odd) = Pleven) = 1/2
The only way to get 3 is to first pick the odd box, then pick 3. By assumption
P(3iodd) =1/3
Now by the multiplication rule,

.

P(3) = P(odd and 3) = % % 6

This is the product of the probabilities along the path representing the outcome:

The corresponding products along the other possible branches give the distributi
displayed in the tree diagram.

opD | 1 3 3

This is a different representation of the same
problem, using a Venn diagram.

EVEN 2 4

A naive approach to the above problem would be to assume that all outcomes were
equally likely, But this would imply

P(first box) = P(odd) = 3/5
P(second box) = P(even) == 2/5

which is inconsistent with the box being chosen by a fair coin toss.

The problem could also be solved without conditional probabilities by a symmerry’
argument, assuming that

P(1)= P(3) = P(b) and P(2)= P(4)
P(1}+ P(3) + P(5) = P(2) + P(4) = 1/2

These equations yield the same answer as above.
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To summarize the method of the Previous example;

Multiplication Rule in a Tree Diagram

After setting up a tree diagram whose paths represent joint outcomes, the mul-
tiplication rule is used 10 defige a distribution of probability over paths. The
probability of each joint outcome represented by a path is obtained by multi-
plying the probability and conditional probability along the path.

Electrical components.

Suppose there are two electrical components. The chance that the first coOmponent
Fails is 10%. If the first component fails, the chance that the second component fails
is 20%. But if the first component works, the chance that the second component failg
is 5%,

Calculate the probabilities of the following events:
1. at Jeast one of the components works:

2. exactly one of the camponents works:

3. the second component works,

Here is the tree diagram showing all possible performances of the figst and sec-
ond components, Probabilities are fitled in using the above data and the rule of

complements.
First Component Second Component
059 Works
Works
/gm{l/-
5%
¢ Fails

_—vrWorks

0, .
o7 RBO%
Fails
20
0 Fails
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By inspection of the diagram,
P(at least one works) = 1 — P(both fail)
=1-01x0.2=038
P(exactly one works) = P{first works and second fails)
+ P(first fails and second works)
=09x005+0.1 x0.8=0.125
P(second works) = P(first works and second works)
+ P(first fails and second works)
=09x0.95+0.1 x0.8=0.935

Averaging Conditional Probabilities

The last two parnts of the previous cxample illustrate a rule of average conditiong}
probabilities: for any events A and B, the ovenll probability P(A) is the averar"é

of the two conditional probabilities P(A{B) and P{A|B®) with weights P(B) an:d
P(BC): o

P{A) = P(A|B)P(B) + P(A|B°)P(B*)

in the example, B and B° were (first works) and (first fails), while 4 was (exacthy:
one works) in one instance, and (second works) in the other, The formula g1
the probability of A as the sum of products of probabilities along paths leadin

space {2 into two events B and B°, corresponding 1o two initial branches in th:
tree. There is a similar formula for any partition By, ..., B, of the whole OUICOMm:;
space {2, corresponding to # initial branches of 2 tree. For any event A the events
ABy, ..., AB,, form a partition of A, so T

P(A) = P(AB) +--- + P{AB,)
by the addition rule. Applying the multiplication rule to each term gives

P(4) = P(AIB)P(B) + - + P(A{B.)P(B,)

This important result is summarized in the following box.
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Rule of Average Conditional Probabilities
For a partition B;,.... B, of ©},

P(A) = P(A|B1)P(By) + - + P(A|By,)P(B,)

In words: the overall probability P(A) is the weighted average of the condi-
tional probabilities P(A]B;) with weights P(B;).

Sampling without replacement.

Suppose two cards are dealt from a well-shuffled deck of 52 cards. What is the
probability that the second card is black?

A common response to this question is that you can’t say. It depends on whether the
first caed is black or not. If the first card is black, the chance that the second is black
is 25/51, since no matter which black card the first one is, the second is equally likely
to be any of the 51 remaining cards, and there are 25 black cards remaining, If the
first card is red, the chance that the second is black is 26/51, by similar reasoning.
These are the conditional probabilities of black on the second card given black and
red, respectively, on the first card. But the question does not refer to the first card

at all. The overail probability of black on the second card is

the average of these
conditional probabilities:

P(second black) = P(second black{first black}P(first black)
+ P(second black(fiest red) P(first red)

_%_1_!_;3}__- 25 + 26 11
51 2 51 27 51 237

This can also be argued by symmetry. Since there are equal numbers of black and

red cards in the deck, the assumptions made at the start are symmetric with respect
to black and red. This makes

P(second black) = P(second red)
Since
P(second black) + P(second red) = 1

this gives the answer of 1/2. This argument shows just as well that if n cards are
dealt, then P(nth card black) = 1/2, P(nth card an ace) = 1/13, and so on.
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Independence

We have just seen that for any events Aand B, P(A) isthe average of the conditional,
probabilities P(A|B) and P(A|B®), weighted by P{B) and P{B¢). Suppose now th
the chance of A does not depend on whether or not B occurs, and in either cas
equals p, say. In symbols: -

P(A|B) = P(A|B%) = p @
Then also the unconditional prebability of A is p:
P(A) = P{A|B)P(B) + P(A|B*}P(B) = pP(B) + pP(B") = p

For example, A might be the event that a card dealt from a well-shuffled de{:k‘
was an ace, B the event that a die showed a six. Such events A and B are calle
independent. Inwitively, independent events have no influence on each other. It
would be reasonable to suppose that any event determined by a card dealt from:g
shuffled deck would be independent of any event determined by rolling a die. To
be brief, the deal and the die roll would be called independent.

One more example; two draws at random from a population would be independent
if done with replacement between draws, but dependent (i.e., not independenty’
done without replacement.

Independence of events A and B can be presented mathematically in a variety of

equivalent ways. For example, it was just shown that the definition (1) above (whxch'ﬂ
assumes both P(B) > 0 and P(B°) > 0), implies

P(AIB) = P(4) @

A similar calculation shows that (2) implies (1), The formula P{A|B) = P(AB)/P(BY:
shows (2) is equivalent to the following:

Multiplication Rule for Independent Events

P(AB) = P(A)P(B)

The multiplication rule is usually taken as the formal mathematical definition of

independence, to include the case of events with probability 0 or 1. (Such an every
is then, by definiticn, independent of every other event.)

The multiplication rule brings out the symmetry of independence, Assuming P(A4) %

0, and using the fact that AB = BA and P(A)P{B) = P{B)P(A), the mult:phr.,at,(m
rule allows (2) to be turned around to

33
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and (1} can be turned around similarly.

Assuming A and B arc independent, all of these formulae hold also with either A°
substituted for A, B® for B, or with both substitutions. This is obvious for (1), hence
also true for the others. To spell out an example, since A splits into AB€ and AB,

P(AB°) = P(A) - P(AB)

= P(A)~P(A)P(B) assuming the mukiplication rule for A and B

= P(A)(1 - P(B))

= P(A)P(B"} by the rule of complements.
So the multiplication rule works just as well with B¢ instead of B. The same goes
for A¢ instead of A.
Here the various probabilities determined by inde-
pendent events A and B are illustrated graphically  4c
as proportions in a Venn diagram. Event A is repre-

sented by a rectangle lying horizontally, event B by
a rectangle standing vertically.

B B
Reliability of two components in series,
A system consists of two components €y and Cy, each of which must remain oper-

ative for the overall system to function, The components C; and Cy are then said to
be connected in series, and represented diagrammaticaliy as follows:

¢ C

Let Wi be the event that component C; works without failure for a given period
of time, say one day. The event that the whole system operates without failure for
one day is the event that both €} and 'z operate without failure, that is, the event
W1 W». The probabilities P(W; ) and P(W3) are called the reliabilities of components
C} and Cy. The probability P(W;W3) is the reliabiity of the whole system. Suppose
that the component reliabilities P(W1) and P(W,) are known from empirical data of
past performances of similar components, say P(Wy) == 0.9 and P(W,) = 0.8, If the
particular components (' and C; have never been used together before, P(W,; W,)
cannot be known empirically. But it may still be reasonable to assume that the evenls

Wi and Ws are independent. Then the reliability of the whole system would be given
by the formula

P{system works) = P(W1W,) = P(W1)P(W2) = 0.9 x 0.8 = 0.72
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Hopefully this number, 0.72, would give an indication of the long-run relative fre-
quency of satisfactory performance of the system. But bear in mind that such a B
ber is based on a theoretical assumption of independence which may or may néf
prove well founded in practice. The sort of thing which might prevent independence
is the possibility of faifures of both components due to a common cause, for exar-
ple, voltage fluctuations in a power supply, the whole system being flooded, the
system catching fire, etc. For the serics system considered here such factors would
tend to make the reliability P(W; W2) greater than if W) and W, were mndependernt,
suggesting that the number, 0.72, would be too low an estimate of the reliability

Reliability of two components in parallel,

A method of increasing the reliability of a system is to put components in parallel;.
s0 the system will work if either of the components works. Two components 'y and’
Cq in parallel may be represented diagrammaticalty as follows:

C,

1]

C

Suppose, as in the last example, that the individual components Cy and C, have
reliabilities P{W;) and P(W,), where W, is the event that €y works. The event th_a,l;_{
the whole system functions is now the event W1 UW, that either C; or (0 WGrkS;j
The complementary event of system failure is the event F1Fy that both €} and Cy
fail, where F; is the complement of W;. Thus the reliability of the whole system g
Plsystem works) = P(W, U Wo) =1 P(FF;)
If W1 and W, are assumed independent, so are Fy and F,. In that case
P(systerm works) = 1 — P(F)P(F)

For example, if the component reliabilities are P{W1) = 0.9 and P(W3) = 0.8 55
before, then P(Fy) = 0.1 and P(F,) = 0.2, and the system reliability is S

P(system works) =1 — (0.1)(0.2) = 0.98

This is a considerable improvement over the reliability of
The assumption of independent failures must be viewed
parallel systems, as it tends to lead to exaggerated esti
Suppose, for exampile, that all failures of component
component Ca occur due to severe voliage fluctuation
to Cy and Cs. Then Fy is the event of a voltage fluctuati

the individual componernys
with particular suspicion in
mates of system reliabiliticg
Ch and half the failureg of
in a power supply commop
on, and it should be assUmed
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that P(F}|Fy) = 0.5 instead of the independence assumption P(F|F) = 0.1. With
the new assumptions,

P(FyFy) = P(B)P(RF) = (0.2)(0.5) = 0.1
P(system works) = 1 — P(FIF) =0.9

As a general rule, failures of both components due to a common cause will tend to

decrease the reliability of a parallel system below the vajue predicted by an inde-
pendence assumption.

Exercises 1.4

1. In a panicular population of men and women, 92% of women are right handed, and
88% of men are right handed. Indicate whether each of the following statements is
@ true, (D) false, or (iii) can’t be decided on the basis of the information given.

> The overall proportion of right handers in the population is exactly 0%,

b} The overall proportion of right handers in the population is hetween 88% and
929,

¢) 1f the sex ratio in the population is 1-0-1 then a) is true.
&) If ) is true then the sex ratio in the population is 1-to-1.
¢) If there are at feast three times as many women as men in the population, then

the overall population of right handers is at least 919,

2, A light bulb company has factories in two cities, The factory in city A produces two-
thirds of the company's light bulbs. The remainder are produced in city B, and of these,
19 are defective, Among all bulbs manufactured by the company, what proportion are
not defective and made in city B?
3. Suppose:
Pfrain today)=40%, P(rain 1omorrow)==50%; P(rain today and temomow)=30%.

Given that it rains today, what is the chance that it will rain lomaorrow?
4. Two independent events have probabilities 0.1 and 0.3, What i5 the probability that
a) neither of the events occurs?
b) at least ane of the eVents occurs?
¢} exactly one of the events QUCUESN?
5. There are two urns. The first urn contains 2 black balls and 3 white balls,

urn contains 4 black balls and 3 white balls. An urn is chosen at random,
chosen at random from that urn.

The second
and a ball js
a) Draw a suitable tree diagram,

b) Assign probabilities and conditional probabilities to the branches of the (ree.
¢} Calculate the probability that the ball drawn is black.
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6.

7.

10. 5

11.

12.

Suppose two cards are dealt from a deck of 52. What is the probability that the second.
card is a spade given that the first card is black?
Suppose A and B are two events with P(A} = 0.5, P(AUB) =08

a) For what vatue of P(B)} would A and B be mutually exclusive?

1) For what value of P(B) would A and B be independent?

. A hat contains a number of cards, with

30% white on both sides;
509 black on one side and white on the other;
20% black on both sides.

The cards are mixed up, then a single card is drawn at random and placed on the table:
If the top side is black, what is the chance that the other side is white?

Three high schools have senior classes of size 100, 400, and 500, respectively. Here: are
two schemes for selecting a student from among the three senior classes:
A: Make a list of ali 1000 seniors, and choose a student at random from this list.

B: Pick one school at random, then pick a student at random from the senior clasg:
in that school.

Show that these two schernes are not probabilistically equivalent. Here is a third scheme :

C: Pick school i with probability pi (p1 +pa2 +ps = 1), then pick a student at rand()m‘
from the senior class in that school.

Find the probabilities p1, ps, and py which make scheme C equivalent 10 scheme A
Suppose electric power is supplied from two independent sources which work with
probabilities 0.4, 0.5, respectively. If both sources are providing power enough POWer

will be available with probability 1. If exactly one of them works there will be enoug};

power with probability 0.6. Of course, if none of them works the probability that there
will be sufficient supply is 0.

4) What are the probabilities that exactly & sources work for k = 0,1,2?

b) Compute the probability that enough power will be available.
Assume identical twins are always of the same sex, equally likely boys or girls. Assume.
that for fraternal twins the firstborn is equally likely to be a boy or 2 gird, and s0 is the

secondborn, independently of the first. Assume that proportion p of twins are :demma] !

proportion g = 1—p fraternal. Find formulae in terms of p for the following probdbximeS
for twins:

a) P(both boys)

by Plisstborn boy and secondborn girl)
¢) P(secondborn girl | firstborn boy)

dy P(secondbom girl|firsthomn girl).

Give a formula for P{F|G°} in terms of P(F), P(G), and P(FG) only.
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Bayes’ Rule

The rules of conditional probability, described in the last section, combine to give a
general formula for updating probabilities cafled Bayes’ rule. Before stating the rule
in general, here is an example to illustrate the basic setup.

Which box?

Suppose there are three similar boxes. Box i contains i white bals and one black
hall, 1 =1,2,3, as shown in the following diagram.

Ol 100
Qe (Ce| |0Oe
Box 1 Box 2  Box 3

Suppose 1 mix up the hoxes and then pick one at random. Then T pick a ball a
random from the box and show you the ball. 1 offer you a prize if you can guess
correctly what box it came from.

Which box would you guess if the ball drawn is white and what is your chance of
guessing right?

An intuitively reasonable guess is Box 3, because the most likely explanation of how
a white ball was drawn is that it came from a box with a large proportion of whites.
To confirm this, here is a calculation of

P(Box ijwhite) = © (B{’;: sf':i‘lje;vh"e) (i=1,2,3) *

These are the chances that you would he tight if you guessed Box 1, given that the
ball drawn is white. The following diagram shows the probabilistic assumptions:

Pick Bozx Pick Ball

O

O

0@

O. 1/4 —~ @
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From the diagram, the numerator in (+) is

. i i
P{Box i and white) = P{Box i)P(white[Box ) = 3 X T

(i=1,2,3)

By the addition rule, the denominator in (%) is the sum of these terms overi = 1_.,:."

FORUUIED U8 WS SOF S NUE- DU - B
(white) = 3 x5+ 3 X3 +3% 17 5

fwhie) = S5 12 T g
P(Box i|white) = % =53 X773 =1,2,

Substituting for i/{i 4+ 1) for i = 1,2,3 gives the following numerical results:

il 2 | 3
P(Box jwhite) | 6/23 | 8/23 | 9/23

This confirms the intuitive idea that Box 3 is the most likely explanation of a wihj
ball, Given a white ball, the chance that you would be right if you guessed this i
would be 9/23 =~ 39.13%.

Suppose, more generally, that events By, ..., By represent n mutually exclyg
possible results of the first stage of some procedure. Which one of these resulis
occurred is assumed unknown. Rather, the result A of some second stage has b,
ohserved, whose chances depend on which of the B;'s has occurred, In the preg;,
example A was the event that a white ball was drawn and B; the event that it ¢;
from a box with ¢ white balls. The general problem is to calculate the probabi}
of the events B; given occurrence of A (called posterior probabilities), in termys

(i) the unconditional probabilities P{B;) (called prior probabilities);
(i) the conditional probabilitics P(A]B;) (called likelihoods).

Here is the general calculation:

P{AB; P(AiB;)P{B; S
P(Bj|A) = 1{3 (A)} = ( }E(L)( ) (multiplication rule)

where, by the rule of average conditional probabilities, the denominator is
P(A) = P(A1B1)P(B1) + - + P(A|Bn) P(Bn)

which is the sum over ¢ = 1 to n of the expression P(A[B;)P(B;) in the numergey:
The result of this calculation is called Bayes' rule. ' )
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Bayes’ Rule

For a partition By, ..., B, of ali possible outcomes,

) PLAB)P(B,) -
PBAA) = BB+ 3 PLL Gy b

It is better not to try to memorize this formula, as it s easily derived from the basic
rules of conditional probability which are easier 10 remember. Rather, understand
the sequence of steps by which it is derived. These are the same steps used o sol

Ve
the balls and boxes problem.

Which box? (continued),

Consider again the same three boxes as in the previous example. Suppose 1 pick a
box. Then I pick a ball at random from the box and show you the ball. ¥ offer you
a prize if you can guess correctly what hox it came from.

Which box would you guess if the drawn ball is white, and what is your ch

ance of
guessing right?

The wording of this problem is identical to the wording of Example 1 above, except
that the sentence “Suppose 1 mix up the boxes and then pick one at random™ has
been replaced by "Suppose T pick a box”. A naive approach to the new problem is
1o suppose it is the same as the old one, with the answer:

guess Box 3, with probability of being right = 9/23

But this makes an émplicit assumption that | am equally likely 10 pick
the three boxes. And the problem cannot be solved without assuming some values
%; for the probabilities that I pick box 1,2 = 1,2, 3. These probabilities m; are called
prior probabilities because they refer to your opinion about which box T picked,
prior to learning the color of the ball drawn. Once you have assigned these prior
probabilities 7,4 = 1, 2, 3, the previous calculations can be repeated. From the prior
probabilities 7r; and the probabilities /(2 + 1) of getting the observed resalt, given
box i (the likelihoods), you can obtain the posterior probabilities by Bayes' rule:

any one of

LY ey
P(Box ifwhite) = {37

1r3><5+1r2><?~;+?r3x%

Thus, given that a white ball was drawn, to maximize your chance of guessing

correctly you should guess box i for whichever 4 maximizes m; ( ;-;1—]: . Which 1 this
is depends on the 7. The probabilities in question are now clearly a matter of your
opinion about how 1 picked the box. There remains the problem of how to assign

ihe prior probabilities ;. This is a tricky business, as it depends on psychological
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Example 3.
Problem.

Solution.

Discussion.

factors, such as whether or not you think 1 am deiiberately trying to make it har
you to guess, and if so what strategy you think I'm using. For further analysis
Exercises 1.5.7 and 1.5.8.

In principle, every application of Bayes™ rule is such as the above examples of griess:
ing the box that produced a particular color of ball. There is always the proble "
deciding what the prior probabilities should be. Most often the prior probabilities
only make sense in a subjective interpretation of probability. But in problems lik:
next example (false positives) the prior probabilities may be known as populatio
proportions. This example is like a scheme with two boxes D and D*: '

Box D containing 95% balls labeled + and 5% labeled —
Box D¢ containing 2% balls labeled + and 98% labeled —
If box D has prior probahility 1%, and a draw from the box yields a +, what is.q

chance that the + came from box D7 As the sotution shows, such extremely skes
priors and likelihoods may lead 1o surprising conclusions.

Ealse positives.

Suppose that a laboratory test on a blood sample vields one of two results, positivie .qr
negative. It is found that 95% of people with a particular disease produce a positve
result. But 2% of people without the disease will also produce a positive resagy
false positive). Suppose that 1% of the population actuaily has the disease. Whg
the probability that a person chosen at random from the population will hawve
disease, given that the person’s blood yields a positive result?

Let P(F) denote the propontion of people in the population with characteriseie
Then P(F|G} is the proportion of those in the population with characteristic & wwhi
also have characteristic F. The desired probability is P(D]+) where D indicates ¢
disease, and + indicates a positive test result. The data in the problem indicate tiyag

P(+{D) = 0.95, P(+1D°) = 0.02, P(D) =001, P(D%) = 0.99.

Applying Bayes’ rule with A = +, By = D, B, = D*, gives

_ P(+|D)P(D)
PiDIt) = P(+|D)P(D) + P(+\D¢)P{De)
_ (-95)(.01)
T {95)(.01) + (.02)(99)
95

3%%32%

Thus only 32% of those persons who produce a positive test result actuall

. . . V. have.
the disease. At first this result seems surprisingly low. The point is that because ih@
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discase is so rare, the number of true positives coming from the few people with
the disease is comparable 1o the number of false positives coming from the many
without the disease.

Interpretation of conditional probabilities. In applications of Bayes” rule it is
important to keep in mind the interpretation of the various probahilities involved,
Typically, the likelihoods P(AB;) will admit a long-run frequency interpretation. If
the prior probahilities P(B;) also have a tong-run frequency interpretation, then so
too will the conditional probability P(B;]4) given by Bayes’ formula. In Example 3
there were two hypotheses By = D that a person was diseased and By = D that a
person was not. The observed event was the evem A = + of 4 positive taboratory
test. There the conditional probability P(£}+) admitted an empirical interpretation,
as that proportion of individuals in the population in question showing a positive
test who actually had the discase. This conditional probability alse admits a long-run
frequency interpretation in terms of repedted sampling of that population, or some
other population with the same characteristics assumed in the caleulations. Among
persons who produce a positive laboratory test, the long-run proponion with the
disease will most likely be close 1o P( D|+} ~ 32%.

There are many situations, however, where it is impossible o give @ long-run fre-
quency interpretation to the prior probabilities P(B;). The same must then be said
of the posterior prohabilities P(B;}A) which are caleulated in terms of them, even
it the likelihoods P{AIB;) have long-run frequency imerpretations,

Calcutations by Bayes’ rule can often be simplified by noting that it is only the ratios
P(B:} to P(B;) (the prior odds ratios) and the ratios P(A|B;) 10 P{AIB;) (the
likelihood retios) which matter. As you can check as an ex
ratios are written as, say, B to R;, and the likelihood 1
that

ereise, if the prior odds
atios as, say, I; to L;, meaning
P(B;) = cR; for some constam ¢
and
P(AlB;) = dL; for some constam o

then the posterior odds ratios P(Bi{A) 10 P(B;|A) are simply R;L; to R; L, and

P(BIA) = —. 0
(B4 Ry 4+ 4+ R,.L,

This is summarized by the following;

Bayes’ Rule for Odds

postertior odds = prior odds % likelihoods.
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Example 3.
Problem.

Selution.

Discussion,

factors, such as whether or not you think I am deliberately trying to make it hard?' ;
you to guess, and if so what strategy you think I'm using. For further analysis, ‘see
Fxercises 1.5.7 and 1.5.8.

In principle, every application of Bayes’ rule is such as the above examples of gues
ing the box that produced a particular color of ball. There is always the problemy
deciding what the prior probabilities should be. Most often the prior probabilities ‘v
only make sense in a subjective interpretation of probability. But in problems like: th,
next example (false positives) the prior probabilities may be known as populat
proportions. This example is like a scheme with two boxes D and D°:

Box D containing 95% balls labeled + and 5% labeled ~
Box D¢ containing 2% balls labeled + and 98% labeled —

If box D has prior probability 1%, and a draw from the box yields a +, what is: thﬂf
chance that the + came from box D? As the solution shows, such extremely skewied
priors and likelihoods may lead to surprising conclusions.

False positives.

Suppose that a laboratory test on a blood sample yields one of two results, positive, T
negative. It is found that 95% of people with a particular disease produce a posiri
result. But 2% of people without the disease will also produce a positive resuly ;,:
Jalse pasitive). Suppose that 1% of the population actually has the disease. What 5
the probability that a person chosen at random from the population will have. ;
disease, given that the person’s blood yields a positive result?

5y T

Let P(F) denote the proportion of people in the population with characteristic -
Then P(FIG) is the proportion of those in the population with characteristic @ wy
also have characteristic F'. The desired probability is P(D}+)} where D indicates t
disease, and + indicates a positive test result. The data in the problem indicate that

P(+{D) = 0.95, P(+|D°) = 0.02, P(D) = 0.01, P(D®) = 0.99.

Applying Bayes’ rule with A = +, By = D, By = D*, gives
P(+{D)P(D)
P(+|DYP(D) + P(+|Dc)P( D<)
{.95)(.01)

"~ (95)(.01) + (.02)(.99)

95
= 205 © ~ 32%

P(D|+) =

Thus only 32% of those persons who produce a positive test result actually have
the disease. At first this result seems surprisingly low. The point is that because thc
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disease is so rare, the number of true positives coming from the few people with

the disease is comparable to the number of false positives coming from the many
without the disease.

Interpretation of conditional probabilities. [n applications of Bayes™ rule it is
important to keep in mind the interpretation of the various probabilities involved,
Typically, the likelihoods P(A|B,;) will admit a long-run frequency interpretation. If
the prior probabilities P(B;) also have a long-run frequency interpretation, then so
too will the conditional probability P(B;|A) given by Bayes’ formula. In Example 3
there were two hypotheses By = D that 4 person was diseased and By = D¢ that a
person was not. The observed event was the event A = + of a positive laboratory
test. There the conditional probability P(D|+) admitted an empirical interpretation,
as that proportion of individuals in the population in question showing a positive
test who actually had the disease. This conditional probability also admits a long-run
frequency interpretation in terms of repeated sampling of that population, or some
other population with the same characteristics assumed in the calculations. Among
persons who produce a positive laboratory test, the fong-run proportion with the
disease will most likely be close to P{D|4) = 32%.

There are many situations, however, where it is impossible to give a long-run fre-
quency interpretation to the prior probabilities P(B;). The same must then be said
of the posterior probabilities P(B8;|A) which are calculated in terms of them, even
if the likelihoods P(A|B;} have long-run frequency interpretations,

Calculations by Bayes’ rule can often be simplified by noting that it is only the ratios
P(B;) 10 P(B;) (the prior odds ratios) and the ratios P(A|B;) 1o P(A|B;) (the
likelihood ratios) which matter. As you can check as an exercise, if the prior odds

ratios are written as, say, B; to R;, and the likelihood ratios as, say, L; to L;. meaning
that

P(B;)=cR; for some constant ¢
and
P(A|B;) =dL;  for some constant d
then the posterior odds ratios P(B;)A) 10 P(B;|A) are simply R;L; 10 R;L;, and

R:L;

P(BllA) - Rily 4+ R, L,

This is summarized by the following:

Bayes’ Rule for Odds

posterior odds = prior odds x likelihoods,




luction

Bayes' rule for odds shows clearly how the prior odds are just as important a factor
as the likelihood ratio in computing the posterior odds. If the prior odds don't make
sense in terms of long-run frequencies, neither will the posterior odds.

But even if the probabilities don't admit a long-run frequency interpretation, you,
might find it useful to regard the probabilities in Bayes' rule as subjective proba,bij{
ities. Bayes' rule then dictates how opinions should be revised in the light of new:
information, to be consistent with the rules of probability. Here is a typical example:

Diagnosis of a particular patient.

Suppose a doctor is examining a patient from the population in Example 3. This
patient was not chosen at random. He walked into the doctor's office because -
was feeling sick. After examining the patient, but not seeing the result of the blaod
test, the doctor’s opinion is that there is a 30% chance that the patient has the diseasge:.
How should the doctor revise her opinion after seeing a positive blood test?

To be consistent with the rules of probability, the doctor should use Bayes’ rule.
Now the prior probabilitics are

P(D) = 30%, P(D) = 70%
while it might be reasonable to suppose that the likelihoods
P{+|D) = 95%, Pl4+|D*%) = 2%

are the same as before. The posterior probability can be calculated as before,
Bayes’ rule, but with the new prior probabilities, In terms of odds, the prior odg
favor of the disease are 3 to 7, the likelihood ratio in favor of the disease is 9% o)
s0 the posterior odds in favor are 3 x 95 to 7 x 2, or 285 to 14. Sa given the pos;i :

blood test result, the doctor should revise her opinion and say that the patient-
the disease with probability

Sing

285 285

285+ 14 299 ~ 0T

Notice how working with prior odds of 30 to 70 instead of 1 to 99 has a drastic
on the conclusion. Provided the prior odds are
evidence of the blood test carries a lot of wei

. ef’fe
not heavily against the disease, tha

medical examination? To come up with such odds, the doctor must make an ineyg,
judgment based on the whole complex of evidence gained from an examination of
the patient. It seems impossible to adequately formal A

ize this process mathematieaﬂ =
The theory does not help the doctor come up with a prior opinion, or explain he,
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the doctor should revise an opinion in the light of complex information such as
is gained from a medical examination. All the theory can do in this context is (o
suggest how an opinion should be revised in the light of a single additional picce
of information, such as the result of a biood test.

Notice how the terms prior and posterior are relative terms, like today and tomorrow.
The posterior distribution after today’s test will be the prior distribution for tomor-
row's test. So an opinion can be revised repeatedly using Bayes' rule. At each stage

in this process, all probabilities should be computed conditionally on everything that
has gone before.

Exercises 1.5

1. There are two boxes, the odd box contzining 1 black marble and 3 white marbles, and

the even box containing 2 black marbles and 4 white marbles. A box is selected at
random, and a marble is drawn at random from the selected box.

a} What is the probability that the marble is black?

h) Given the marble is white, what is the probability that it came from the even box?

2. Polya’s urn scheme. An urn contains 4 white balls and 6 black balls. A balf is chosen
at random, and its color noted. The ball is then replaced, along with 3 more balls of

the same color (so that there are now 13 balls in the urn). Then another ball is drawn
at random from the urn.

@) Find the chance that the second ball drawn is whi

te. (Draw an appropriate tree
diagram.)

b) Given that the second ball drawn is white, what is the probability that the first
ball drawn is black?

¢} Suppose the original contents of the urn are w white and b black balls, and that
after a ball is drawn from the um, it is replaced along with d more balls of the
same color. In part a), w was 4, b was 6, and d was 3. Show that the chance that
the second ball drawn is white is 745 [Note that the probability above does not
depend on the value of d.]

3. A manufacturing process produces integrated circuit chips. Over the long run the frac-
tion of bad chips produced by the process is around 20%. Thoroughly testing a chip
to determine whether it is good or bad is rather cxpensive, 50 a cheap test is tried, All
good chips will pass the cheap test, but so will 10% of the bad chips.

a) Given a chip passes the cheap est, what is the probability that it is a good chip?

b) If a company using this manufacturing process sells all chips which pass the
cheap test, over the long run what percentage of chips sold will be bad?

4. A digiral commmunications system consists of 4 transmitter and a receiver, During each
short transmission interval the transmitter sends a signal which is 1o be interpreted as
a zero, or it sends a different signal which is 1o be interpreted as a one. At the end of

each interval, the receiver makes its best guess at what was transmitted. Consider the
events:
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Ty = {Transmitter sends 0}, Ry = {Receiver concludes that 4 0 was sent},
T: = {Transmitter sends 1}, Ri = {Receiver concludes that 2 1 was sent}.
Assume that P(Ro|Tp) = 0.99, P(R:|T1) = 0.98, and P(T}) = 0.5. Find;
a) the probability of a transmission error given Ry;
b} the overall probability of a transmission error,
¢} Repeat a} and b) assuming P(T) = 0.8 instead of 0.5,

False diagnosis. The fraction of persons in a population who have a certain disease
is .01, A diagnostic test is available to test for the disease. But for a healthy person.
the chance of being falsely diagnosed as having the disease is 0.05, while for someone:
with the disease the chance of being faisely diagnosed as healthy is 0.2. Suppose ‘the:
test is performed on a person selected at random from the popuiation.

a) What is the probability that the test shows a positive result (meaning the person.-
is diagnosed as diseased, perhaps correctly, perhaps not)?

b) What is the probability that the person selected a1 random is one who has the:

disease but is diagnosed healthy?

€) What is the probability that the person is correctly diagnosed and is healthy?

d) Suppose the test shows 3 positive result. What is the probahili

ty that the person:
tested actually has the disease? ’

€) Do the above probabilities admit a long-run frequency interpretation? Explain,

An experimenter observes the occurrence of an event A as the result of a paticulyy
experiment. There are three different hypotheses, Hy, Ha, and Hy, which the eXper.
imenter regards as the only possible explanations of the occurrence of A. Under hy:—f
pothesis Hy, the experiment should produce the result 4 about 10% of the time Ovep
the long run, under Hy about 1% of the time, and under Ay aboui 39% of the til”ﬁé.
Having observed A, the experimenter decides thar Hy is the most likely explanatidﬁi
and that the probability that Hj is true is

39%
10% + 1% + 39%
2) What assumption is the experimenter implicitly making?
b) Does the probability 78% admit a long-run frequency interpretation?

¢) Suppose the experiment is a laboratory test on a blood sample from an indiviciuzgi
chosen at random from a particular population. The hypothesis H; is that the.
individual's blood is of some particular type 4. Over the whole populaticn 1t
is known that the proportion of individuals with blood of type 1 is 50%, phe’
proportion with type 2 blood is 45%, and the remaining proportion is types ;
Revise the experimenter’s calculation of the probability of Hy given A, so thay ,{

admits a long-run frequency interpretation. Is Hy still the most likely hypothesis
given A7 o

= 78%.

Guessing what box. Consider a game as in Examples 1 and 2, where I pick one
of the three boxes, then you guess which box 1 picked after seeing the color of a bal]
drawn at random from the box. Then you learn whether your guess was right or Wl'()ng

Suppose we play the game over and over, replacing the ball drawn and mixing up the

balls between plays. Your objective is 10 guess the box correctly as often as possibje.
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a) Suppose you know that 1 pick a box each time at random (probability 1/3 for
each box). And suppose you adapt the strategy of guessing the box with highest
posterior probability given the observed color, a¢ described in Example 1, in case
the observed color is white. About what proportion of the time do you expect to
be right over the long run?

b) Could you do any betier by another guessing strategy? Explain.

¢} Suppose you use guessing straiegy found in a), but 1 was in {act randomizing
the choice of the box each lime, with probabilities (1/2,1 /4,1/4) instead of
(1/3,1/3,1/3). Now how would your strategy perform over the long run?

@) Suppose you knew | was either randomizing with probabilities {1/3,1/3.1 /3),
or with probabilities (1/2,1/4.1/4). How could you learn which T was doing?
How should you respond, and how would your sesponse perform over the long
run?

. Optimal strategies for guessing what box. {Continuation of Exercise 7, due to David

Blackwell) The question now arises; What randomizing stralegy should I use 1 make
it as hard as possible for you to guess correctly? Consider what happens if T use the

(3. - %) strategy, and answer the following questions:

a) What hox should you guess if you see a black ball?
h) What box should you guess i you see a white hall?
¢) What is your overall chance of winning?

You should conclude that with this strategy, your chance of winning is a1 most % no
matter what you do. Moreover, you have a strategy which guarantees you this chance
of winning, no mater what randomization ¥ use. It is the following:

If‘ black, guess 1 with probability 4%, 2 with probability 2, and 3 with probability 0.
If white, guess 1 with probability 0, 2 with probability 1+, and 3 with probability ;—é

4} Check that using this strategy, you win with probability 5'% no matter what hox
I pick.

According to the above analysis, [ can limit your chance of winning 1o 3‘35 by a good
choice of strategy, and you can guarantee that chance of winning by a good choice of
strategy. The fraction 2% is called the value of the above game, where it is understood
that the payoff to you is 1 for guessing correctly, 0 otherwise. Optimal strategies of the
type discussed above and a resulting value can be defined for a arge class of games
hetween two players called zero-sum games. For further discussion consult books on
game theory,

A box contains three “shapes”, 4s described in Example 1.3.3. One of the shapes is a {air
die, and lands flat with probability 1/3. The other two shapes land flar with probabilities
1/2 and 2/3, respectively.

2) One of the three shapes will be chosen at random, and rolled. What is the chance
that the number tolled is 67

b) Given that the number rolled is 6, what is the chance that the fair die was chosen?
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1.6

Sequences of Events

This section is concerned with how to calculate probabilities of events determined
by a sequence of outcomes. Al that is involved is repeated application of the basic
addition and multiplication rules of probability.

The first step is a calculation of the probability of an intersection of three evenrs

A, B, and €. This event, which occurs if all three of the events occur may " be
written as ABC = (AB)C. The chance of this event can be computed by using the
multiplication rule twice:

P(ABC) = P(AB)P(C|AB) = P(A)P(B|A)P(C|AB).

FIGURE 1. Tree diagram for the multiplication rule for three events.

AC BC CC

P, . g LPCIAB)

-

Repeating this argument shows that for n events, 4y,..., 4, the probability thay
every one of these events oceurs is a product of n factors.

Multiplication Rule for n Events

P(A1A2A3' . An) = P(Al)P(AziAl)P(A;;lAlAg) - P(A,JA]AQ - 'A'n-—l)-

In words, if p1 = P(A,) is the probability of the first event, py = P{A;]A4,) ¥
is the probability of the second event given that the first event has occurred - -
p3 = P{As|A14;) is the probability of the third event given that the first twt; o
events have occurred, and so on, then the probavility that n events 4, . .. Ay g i
all occur is the product py x py x - -+ x Pa- g

This multiplication rule is used to specify the probabilities of paths in a tree di

oy . . Agram: .
Probabilities of various events of interest can then be found by adding the prg e

bilities over appropriate sets of paths, This technigue is illustrated by the followin
examples. b




Section 1.6. Sequences of Events 57

Completion by stages.

A contractor is planning a construction project to be compieted in three stages, The
contractor figures that
(i) the chance that the first stage will be completed on time is 0.7,

(i) given that the first stage is completed on time, the chance that the second stage
will be completed on time is 0.8

(ifi) given that both the first and second stages are completed on time, the chance

that the third stage will be completed on time is 0.9

To be consistent, what should the contractor calculate is the chance that all three
stages will be completed on time?

Let C; be the event that the fth stage is completed on time, and let L; be the event
that stage ¢ is late (the complement of C;). The data of the problem are represented
in the following tree diagram:

L Ly Ly

0.3 0.2 0.1

0.7 0.8 .9
01 Cz 0 e C3

The event that all three stages are completed on time is the event C;CoCs. By the
multiplication rule,

P(C1C2C3) = 0.7 x 0.8 X 0.9 = 0.504

The data determine the probability of some other events, such as the event that the
first and second stages are completed on time but the third is not, which is

P(C1CzL3) =07 x L8 x 0.1 = 0.056

But the data do not determine the probability of the event that the second stage is
late, which is not represented in the diagram. To calculate this probability, it would
be necessary 10 know P(LaiL;), the chance that the second stage is late given that

the first stage is late. Then P(Lz) could be obtained by the rule of average conditional
probabilities.



Chapter 1, Introduction

Example 2.

Problem 1.

Solution.

Problem 2.

Solution,

The geometric distribution.

A symmetric die has proportion p of its faces painted white and proportion g of its.
faces painted black, where ¢ = 1 — p. The dic is rolled until the first time a whijge:
face shows up.

What is the chance that this rakes three or less rolls?

Assume that, no matter how the die may have landed in previous rolls, the die shows
white on each roll with probability p and black with probability g. The problem Ean
then be represented as follows by a tree diagram. '

Wi We Wy

2 r Bl g 32 g Bs

The dots indicate that the diagram could be continued in the same way for y&lE!
4,5,6, and s0 on, but the outcomes of these rolls are not relevant to the prObie;
The event {white in 3 or less rolls} is represented by three branches of the tree, 1
first ending at Wi on roll 1, the second ending at W; on roll 2, and the third endi;

at Wy on roll 3. These three branches represent three mutually exclusive ways

the event {white in 3 or less rolls} could happen. The probability of each branch:is.
the product of probabilities along the branches. Thus o

P{white in 3 or less rolls) = P(W)) + P(B;W,) + P(B,; ByW3)
=p+ap+q’p
=(1+g+d)p

What is the chance that it takes four or more rolls 1o get a white face?

This looks as if you have 1o think about the part of the diagram labeled - - -, tepre
senting what might happen if you rolled the die 4 times, 5 times, 6 times, and 56 potd
But there is no need 1o face this infinite sequence of possible outcomes. The e‘,e t
that it takes 4 or more rolls to get a white face is the complement of the evenr that
it takes three or less rolls to get a white face. Therefore e

P(4 or more rolls to get white) = 1 - P(white in 3 or less rolis)

=1-(1+q+¢°)p

by the solution to the previous problem,
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Discussion.

If you substitute p = 1 - ¢ in this formula and simplify, it reduces 1o simply ¢*. To
undersiand why, notice that the event that it takes four or more rolls to get white
is simply the event that the first three rolls are black, And the probability of this
, from the tree diagram. This gives the simplest solution to both problems
above. As a numerical example, for an ordinary six-sided die, with face 6 white, and
the rest black, so p=1/6, g =5/6,

P4 or more rolls to geta six) = ¢* = (5/6)° = 125/216 ~ 0.58
P(3 or less rolls to get a SiX) = 1% = 1 — (5/6)% = 91/216 =~ 0.42

The tree diagram shows that the distribution of the number of rolls required to get
a white face is as follows:

number of rolls | 1 | 2 S T k
probability | p aw | ¢p | ... g tp
This is the geometric distribution with perameter p, studied funher in Section 3.4.
Figure 2 shows the histogram of this distribution forp=1/6 g = 5/6.

e

FIGURE 2. Geometric distribution of the number of fair die rolls to get @ 6. Foch bar of

thee
histogeam is 5/6 the neight of the bar 1o its lef

12 18 24 30



60

Chapier 1. introduction

Example 3.
Problem.

Solution,

The gambler’s rule,

Suppose you play a game over and over again, each time with chance 1/IVp
winning the game, no matter what the results of previous games. How many times ..n
must you play to have a better than 509 chance of at least one win in the n games?

It seems intuitive that n must be comparable in magnitude to N, but just what fracno

of N is not clear without calculation. According to a very old gambler's rule,” ‘n.qs
about (2/3)N. To check this, notice that

P(at least one win in n games) = 1 — P(no win in n games)

1 ki3
=1l-|1~-=
(%)
We are looking for the least n such that

I\" 1 AN
1- (1-—-ﬁ) > 5 ie, (1—-}-‘\?) <§
For small N you can find n by repeated multiplication by (1~ 1/N} until the produés.

is less than 1/2, and check that the gambler’s rule holds. For larger N this becormes:
tedious. It is more efficient to take logarithms, and to look for the least n such that

1 1
nlog (1 - K’) < log (5)

Keep in mind that both sides are now negative. To find this integer n, first find n*,
perhaps not an integer, such that

1 1
n* log (1 - 7\7) log (2) thatis, n* = log (%) [log (1 - —%)

S0 the desired n is the least integer greater than n*. You can check that n*

is so
close to 2N/3 for small values of N that n is also the least integer greater than 2 N j3

for N'=1,2,...,27. This rule breaks down for N = 28, but the fraction n/N Stﬁ
quite close to 2/ 3 as N — o0. To understand why, take logarithms to the base el
(See the appendix on exponents and logarithms.) Then there is the approx;man()n

log{l+2}~2 as z-10
Apply this to z = —1/N as N — oo to get

n~n' ~ log (%) / (._%f_) = Nlog(2)

where the symbol ~ indicates asymptotic equivalence as N — oo, meaning the ragjg:
of the two sides tends 1o 1 as N — oo. So the asymptotic ratio of nto N is

log (2) ~ 0.69 ~ 2/3
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i Probability of a flush.

Suppose that a five-card hand is dealt from 2 well-shuffled deck of 52 cards, What
is the probability that the hand is a flush (all cards of the same suijt)

A flush could be a flush of spades (5), a flush of hearts (& ), @ flush of diamonds
(D), or a flush of clubs (C). These are four mutually exclusive and equally likely

cases. The way 10 get a spade flush is suggested by the following diagram, with §;
representing the event that the ith card dealt is 4 spade:

52 . Sl 51 . SZ ) . S,_’l, 49 . SJ] 13 35

The conditional probabilities in the diagram were obtained lrom the usual assump-
tions of a well-shuffled deck:

o

(i) the first card 4s equally likely to be any of the 52 cards in the deck;
(i) given the first card, the second ts equally likely to be any of the 51 left;

(iii) given the first two cards, the third is equally likely to be any of the 50 left;

and 5o on. To illustrate, (iif) impties P(S;|8152) = 11/50, because given that the first
and sccond cards are spades, no matter what spades they are, there are 11 spades
teft among the 50 remaining cards in the deck. Using the multiplication rule,

1 1
P(Spadeﬂush):é—gxgxé—éxgx%

Therefore

P(flush) = 4P(Spade flush) = é% X é{—l)— b ig X ?4% = 0.00198

The probability of any particular sequence of 5 cards can be caleulated using the
multiplication rule. You could think of this in terms of 4 huge tree diagram, with 52
branches for the first card, each of these branching into 51 possibilities for the second
card, each of these branching into 50 possibilities for the third card, and so on. Each
path in the tree would then fepresent a possible sequence of 5 cards, The

probability
of any particular sequence being dealt, for cxample (JO, K&, 29,30, 5

), meaning
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Chapter 1. Introduction

Example 5.
Problem.

Solution.

the first card is the Jack of Hearts, the next is the King of Spades, and so on, would:

1 1 1 1 1

52 51 50 “49 “ 18

the same for all possible sequences (called permutations) of 5 of the 52 cards.
serves as the basic assumption for catculating probabilities of other types of G
hands, by a counting method explained in Chapter 2.

The birthday problem.

Suppose there are n students in a class. What is the probability that at least wwigy
students in the class have the same birthday? h

The first step is to think how you would determine whether or not this event ;
occurred for a particular class of students. Here is a natural method. First' &,
the students in some arbitrary way, say alphabetically, then go through the I
students’ birthdays in that order, and check whether or not each birthday is one
has appeared previously. If you find a repeat birthday in this process, stop. T
are at least two students in the class with the same birthday. But if you get

through the list of n students, with no repeats, then no two students in the c
have the same birthday. o

Let R; be the event that the checking process stops with a repeat birthday at the ik
student on the list, and let D; be the event that the first § birthdays are differe
The event B,, that there are at least two students in the class with the same biz{}f
is the event Ry UR3U---U R, that the checking process stops with a repeat at g4
stage j < n as you go through the list. The events Ry, ..., R, are represented i
following diagram. They are mutually exclusive, so '

P(Br) = P(Ry} + P(R3)+ - -+ P(Ry)

But it is simpler to calculate the probability of B, from its com

plement, which
D,,, the event that all n birthdays are different: ‘

P(B,) =1~ P(D,)
R, R R,

i =
365 385

&~

364 363 362

365 Dg 65 Ds 365 Dy

<1
a—
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No matter what the birthdays of the first § — 1 students, the birthday of
the jth student is equally likely to be any one of the 365 days of the year.

This ignores leap years, and seasonal variation in birth rates. But it can be shown
that neither of these considerations affects the answer very much. Granted the as-

sumption, we have
364 1
PDy)= — =1 —
(Da) = 555 ( 365)

because no matter what the birthday of the first student, there are 364 out of 365
possible birthdays for the second student which would make the first and second
students have different birthdays. If the first § birthdays are different, then so are the
first ¢ for every 1 < 7, so D; C Dy Thus DyDy - - Dj = Dy, and

365 — 7 ]
B(DjiDaDs - D;) = P(Dj 4 |D;) = 560 1= (1 - -£-->

because given I, the first j students have j different hirthdays, and no matter what
these birthdays are, the next student must have one of the remaining 365 7 birthcays

for Dj11 to occur, Multiplying these conditional probabilities along the branch of
the diagram through Dy, Dy, ..., D, gives

where the last factor comes From taking 7 = n - 1 in the formula for
P(Dj41]D;).

Figure 3 displays the graph of P(B,) = 1 — P(D,) against n, obtained by this
formula. The most amazing thing is how rapidly P(B,) increases as n increases.
The least nosuch that P(B,) > 1/2 is n = 23:

and P(B,) is up to about 94% by n = 45, and 99.8% by n = 6b. Above n = 70,
P{B;) is so close 1o 1 that there is no point in plotting the graph. The value of
P(B,) is shown in the graph by the height of the dot above 1 on the harizomal
scale. These dots are closely approximated by the smooth curve drawn just below
the dots. This curve is obtained by calculating the product using logarithms and the
tangent approximation log (1 + z) ~ z for small z, as in Example 3. Thus
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log P(Dn) = log (1 — 1/365) + log (1 — 2/365) + - - + log (1 — (n - 1)/365).

1 2 . m-1
T U365 365 365
1
= (1424 n—1
365 112+ -+ (n-1)
1
= ——52—5 X En(-n,n— ) so
P(D,}me B8 and  P(B,)a1- o Yo

As the graph shows, this approximation is excellent over all values of n. The re,
is that by the time n is large enough that (n — 1)/365 is much greater than zer
the tangent approximation is poor, both P(Dy) and its exponential approximg;

are 50 close 1o zero that their difference is negligible anyway.

The histogram in the lower half of Figure 3 shows the distribution of howy ¢
takes for the checking process to stop in a class of 70 or so students. The

that this process stops after j steps is P(R;), the height of the bar over
is calculated as P(R;) = P(B}) — P(B;_1) using the difference rule, beca:
oceurs if and only if B; occurs but B;.; does not. Because these probabilit:
differences in the birthday probabilities P(B;), and the step size in 7 is 1, the

followed by this histogram is close to the derivative of the curve followed
graphs of P(B,). '

Generalization. The above example generalizes easily as follows. Conside.
quence of trials of some kind where each trial is equal

ly likely to result in a;
of N possible outcomes, no matter what the results of previous trials. For ex

picking tickets at random with replacement from a box of N tickets, or rey
spinning a roulette wheel with N pockets. Let By, be the event that the firs;
ouicome appears by trial number n. Then by the same argument as in the b
problem, where N = 365,

r0-1-(-3)(-3) - (-552)

1 e nin-~1)
1 e-n2/2N
if N is large. How large does n have to be to have at least a 50% chance of ‘a0,
by n? Set

L~e 2N % 1/9 thar is,

n® /2log2V/N = 1.177VN
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FIGURE 3. Probabilities in the birthday problem. See the discussion after Exampie 5.
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To illustrate, suppose you keep looking at six-figure numbers, drawn from a table
of random digits or from a computer random number generator, such as

349221, 512039, 489583,

Then you only have to Jook at about 1177 such numbers before there is a 509 chance’ -
that you will have seen two numbers that were the same. And after you have looked:
at 5000 such numbers the chance has risen to

1 ~e572 2y 0.9999962

Thus coincidences between random numbers should be expected to occur mach:
more often than might naively be supposed.

These calculations should be compared with the gambler's rule, according to whick’
it takes about {(2/3)N trials to have a 50% chance of repeating any particular numbe
say the first one. It takes far fewer trials to have a 50% chance of having a duplication

of some unspecified number, because as the trials proceed, there are more and more
ways to get a repeat.

The general method used in each of the above examples can be summarized as
follows,

Method of Tree Diagrams
To calculate the probability of an event defined by a sequence of stages:
1. represent possible outcomes at various stages in a tree diagram;
2. indicate conditional probabilitics along the branches of the tree,

Each path through the tree represents a sequence of possible outcomes for . |
the various stages. To find the probability of a path, multiply the conditionay
probabilities along the branches. To find the probability of an event, identify
the corresponding set of paths, and sum the probabilities of these paths.

S

The main art in using this method effectively is to make your tree represent the
amount of detail in the problem. There must be enough detail so that the event yoy
want to calculate is represented by a set of paths in the tree, but not so much detail
that you are overwhelmed by the size of the tree or the difficulty of figuring Out
exactly which paths correspond to your event. Typically, the best tree to work Wlth
is a reduction of some much larger tree of possibilities. The conditional probabﬂitjeg
along the branches of the reduced tree will then be obtained by reference 1o thé
larger tree, as in calculating the probability of a flush and the birthday problem. But

once these conditional probabilities have been figured out, all calculations can b
done with the reduced tree. R

right
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Independence

The idea of independence for several events is a natural extension of the idea for
two events. For example, events 4, B, and C are called independent if, first, the
chance of B does not depend on whether or not A4 occurs:

P(B|A) = P(B|A%) = P(B) (D

and, second, the chance of € does not depend on which of the events 4 and B
occur and which do not:

P(C|AB) = P(C|A°B) = P(C|AB®) = P(C|4°B*) = P(C) @

As in the case of independence of two events, described by (1) alone, these condi-
tions combine to give a simple multiplication rule for probabilities of intersections:

Multiplication Rule for
Three Independent Events
P(ABC) = P(A)P(B)P(C)

and the same for any number of the events replaced by their complements,

This multiplication rule, which is really a list of 2* = 8 rules, one for each path in
the tree describing the results of all 3 cvents, gives the simplest formal definition
of independence of 3 events. Independence of n events is defined similarly by 2
flist of 2™ multiplication rules. It is a special feature of the case n = 2 that just one
product formula P(AB) = P{A)P(B) implies the 3 others. For a larger number of
events, independence is a very strong condition. This is because the probabilities of
2" possible intersections are exactly determined by the probabilities of just n events,
5o while intuitive in theory, independence may be hard to check in practice.

Chance of two or more.

Suppose that a gambler places a bet on the result of each of four different horse
races. He judges that the outcomes of the races are independent, and that he has

probability p; of winning on the ith race. What is the probability that he wins two
or more of his bets?

It is easier to calculate the probability of the complement
P(wins at least two) = 1 — P(wins 0 or 1)
= 1 — P(wins 0) — P(wins 1)
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Example 7.

Problem,

Solution.

where, in terms of the events B; = {wins ith bet},

Plwins 0) = P(B{BSB; BY) = 9192934
where g; =1 — p;, and

PAwin 1) = P(B1B5BS B or BB,BSBE or B{B; By Bf or BYB3BSBy)
= P1920304 + 1P2g3qs + g1 gapagy + T19243ps.

Flow in a circuit,

Suppose that each of the switches S; in the following circuits is closed with proba.
bility p;, and open with probability g; = 1 - pii=1,....5

Calculate the probability that a current wil]

flow through the CIrcut, assuming - thag
the switches act independently. '

5, S

P(current flows)

= P{flows along top or flows along bottom}
= P(flows along top} + P(flows along bottom)

— P{flows along top and bowom), where
P(flows along top) = P(8; closed and Sa closed)

by the independence of S1 and Ss. And

=mpz

P(flows along boitom) = P(8; closed and Sy closed and S5 closed)

= P3paps
by the independence of 53,8, and Ss. Also

P(flows along top and bottom) = P(al) switches closed)

= D1pP2p3papg
by the independence of all five switches, So,

Pleurrent flows) = pyp, + P3Paps ~ prpopapaps

ey e O
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This example shows how itis a good idea 10 break up a complicated looking problem
into smaller and easier ones, leading to a quick solution, A more painful approach
o the same problem would be 1o list all the ways the switches could be, which
would allow current to flow, together with their probabilities. There are altogether
8 +4 -1 = 11 possible ways. You can see this by counting the ways for {flows
along top}, adding these to the ways for {flows along boom}, and subtracting the
ways for {flows along top and bottom}, which have been counted twice. This is
the inclusion—exclusion rule for counting. If you now write down a product of five
factors chosen from p; and ¢;, one product for cach of the 11 ways, add the 11
products, substitute ¢; = 1 — p;, simplify the algebra, you should get the same resuly!

Here is a useful rule to use when breaking down problems into smaller pieces, as
in the previous example.

if Ay,..., A, are mutually independent then every event determined by
a subcollection of these events is independent of every event defermined
by a subcollection of the remaining events,

To illustrate, if By, ..., Byg are independent, then the event By U By U B is inde-
pendent of the event B§BEB;.

Pairwise independence. You might think that if Bi,..., By, were events such that

B; is independent of Bj for every i # § (%)
then By, ..., B, would be independent. But this turns out not to be the case. Condi-
tion (%), called pairwise independence, is weaker than the condition of independence

for n > 3. The reason is that pairwise independence of three events By, By, and By
amounts to the three equations

P(B1By) = P(B}P(B,)
P(B,By) = P(B:1)P(B3)
P(ByBs) = P(By)P(B,)
But independence of By, By, and Bs requires also the cquation
P(B1B;B;) = P{B,)}P(B,}P(B;)

This turns out not 10 be implied by pairwise independence, as the next example

shows. But this list of four equations does suffice for independence as you can
show as an exercise.
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Example 8.

Pairwise independent but not independent.

Consider the possible results of tossing a fair coin twice, with

tional to areas in the following diagram. Let S be the event, d
tosses, that both coins land the same way.

probabilities propor-,
etermined by the two:

i, 7|

- The evern §
4 is shaded.

iV

e

Then the events Hy, Hs, and § are not independent, because the event S is coni:
pletely determined by Hy and Hy: '

P(S|HiHp) = 1#1/2 = P(S)

But the events Hy, Hy, and § are pairwise independent.

The events Hy and H, are.
independent by assumption, Also,

P{H\8) = P(H1H,) = 1/4 = P(H))P(S)

so Hy and § are independent. And Hs and S are independent for the same Teason;

Exercises 1.6

1. There are twelve signs of the zodiac. How many

people must be present for there to
be at least a 50% chance that two or more of them were bomn under the same sign?

2. Suppose a batter’s average (number of hits pe

T at bat) is .300 over the season to
What is the probability that the batter gets at least one hit in the next:

a) two at bats;  b) three atbats;  ¢) n at bats,
What assumptions are you making?

date;

3. A biased coin lands heads with probability 2/3. The coin is tossed three times,

a) Given that there was at least one head in the

three tosses, what is the probabﬂitg.:
that there were at least two heads? TN

b) Use your answer in a) 10 find the probability that there was exactly one head,
given that there was at least one head in the three 1osses. o

it
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4.

8.

A typical slot machine in a Nevada casino has three wheeis, each marked with twenty
symbols at equal spacings around the wheel, The muchine is engineered so that on
each play the three wheels spin independently, and each wheel is equally likely to
show any one of its twenty symbols when it stops spinning. On the central wheel, nine
out of the twenty symbols are bells, while there is only one bell on the lefi whee] and
one bell on the right wheel. The machine pays out the jackpot only if the wheels come
o rest with each wheel showing a bell,

a) Calculate the probability of hitting the jackpot.
b) Calculate the probability of getting two bells but not the jackpot.
¢} Supposc that instead there were three bells on the lef, one in the middle, and
three on the right. How would this affect the probabilities in a) and b) Explain
why the casino might find the 1 - 9 — 1 machine more profitable thap a 3 -1~ 3
machine.
Suppose you are one of i students in a class.
a) What is the chance that at least one other student has the same birthday as yours?
b) How large does the class have to be to make this probability at Jeast 1,27
¢) Explain the difference between this problem and the birthday problem.
Suppose you roll 4 fair six-sided die repeatedly until the first time you roll a number
that you have rolled before.
a) Foreachr = 1,2, .. caleulate the probability p, that you roll exactly r times,
b) Without calculation, write down the value of m -+ p2+ -+ g Explain,

) Check that your calculated values of p,. have this value for their sum,

The ith switch in each of the following circuits is closed with probability P and open
with probability ¢, for each 4. Assuming the switches function independently, find a

formula in cach case for the probability that a current can flow from left to right through
the circuit,

b)

37

e

-
L

Suppose that the birthday of each of three people is equally likely to be any one of the
365 days of the year, independently of others. Let By; denote the event that person i
has the same birthday as person j, where the labels 4 and Fjmaybel, 2, or 3

a} Are the events Byg and Baps independent?
b) Are the events Big, Bas, and Biy independent?

¢} Are the events Bz, Byy, and Bys pairwise independent?
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Introduction: Summary

Qutcome space: A set of all possible outcomes of a situation or experiment, such that one and oniy
one outcome must occur,
Events: Represented as subsers of an oulcome space.
Aand B, AB, AN B, intersection: event that both A and B occur.
Aor B, AU B, union: event that either A or B (or both) occur.
AB = @, digjomt; mutually exclusive: no overlap, no intersection.
not A, A%, complement: opposite of A: event that occurs if A does not.
A C B, inclusion: A is a part of B, A implies B, if 4 occurs then so does B.
£}, whole set, outecome space: certain event, all possibilities, sure (o happen.
&, empty set, impossible event: no way 1o happen.

partition of A: disjoint sets Ay, ..., A, with union 4,

Rules of Probability and Proportion

* Non-negative: P(A) >0

e Addition: P(A) =371 P(A) if Ay,..., A, is a partition of A
s Total of 1: P(s) = 1.

» Between 0 and 1: 0= PA) <1

= Empty sct: Py =0

» Complements: P{A) =1- P(A)

s Difference: P{BA)=P(B) - P(AYifAC B

= Inclusion—Exclusion:  P(A or B) = P(A) + P(B) - P(AB).

Relative frequency: Proportion of times something happens: #of times it happens

#of trials
Interpretations of Probability

o long-run relative frequency (statistical average):  P,(4) = P(4) for large n.
e degree of belief (probabilistic opinion)

Probability distribution over 2: Assignment of probabilities to events

fot o X represented as subsets g6
satislying rules of probability. A distribution over a finite set {2 can he specified with a dz‘strtvlsb:zf :
table: .

outcome w a b e

probability P(w) | P(a) | P(b) Plc)

The probabilities must sum 1o 1 over all outcomes.
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Odds

Chance odds: ratio of probabilities, ¢ g., the following are equivalent: P{A4) = 3/10; the odds of
Aare 3 in 10; the odds i favor of A are 3 10 7; the odds against A are 710 3.

o eyt % b4 g wha[ ol e[ ' - (a £ H - 3 by i
Payoff odds: ratio of stakes: W___X_—_Lwhai vou bet {what you get does not include what you bet).

Fair odds rule: in a fair bet, payoff odds equal chance odds.
Conditional Probability

P(A|B) = probability of A given B: probability of A with outcome space reduced to B. Compare
with P{A) = overall or unconditional probabhility of A.

Interpretations of conditional probability:

o Intuitive/subjective: chance of A if B is known 10 have occurred:

s Long-run frequency: long-run relative frequency of A’s among trials that produce B.

As a function of A, for fixed B, conditional probabilities satisfy the rules of probability, e.g.
P(A°|B) =1~ P(A|B)

Rules of Conditional Probability
P(AB)
P(B)

For probabilities defined by counting, P{A|B) = #(AB}/#(B). Similarly for length, area,
or volume instead of #.

Product: P(AB) = P(A)P(Bl4) = P(B)P(A|B)

Division: P(AlIB) = (note: AB = BA)

The following rules refer to a partition By, ..., B, of Q, 50 P(By)+ -+ P(B,) = 1, for example
By = B, By = B® for any B,
Average rule: P(A) = P(A|B}P(By) +--- + P(A|B,)P(B,)

P(AIB:)YP(B; o
Baves’ rule: P(D3;iA) = %m) where P(4) is given by the weighted average formula.

Independence

Two trials are independent if learning the result of one does not affect chances for the other, e.g.,
two draws at random with replacement from a box of known composition.

The trials are dependent if learning the result of one does affect chances for the other, ¢, £, twWo
draws at random without replacement from a box of known composition, or two draws at random
with replacement from a box of random composition.

Independent evenis: A and B are such that
P(AB) = P(A}P(B} <= P(A|B)= P(A) (learning B occurs does not affect chances of A)
«=3 P(BlA) = P(B) (learning A occurs does not affect chances of B)

Independence of n events Ay,... | A,:

P{A1Ay - - Ay) = P(A1) - P(Ay),

and the same with any number of complements A¢ substituted for A; (2" identities).
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Review Exercises

1.

A factory produces items in hoxes of 2. Over the fong run:
92% of boxes contain § defective #tems:
B of boxes contain 1 defective item; and
3% of boxes contain 2 defective items.

A baox is picked at random from production, then an item is picked at random from the
box, Given that the item is defective, what is the chance that the second item in the
box is defective?

A box contains 1 black ball and 1 white ball. A ball is drawn at random, then replaced
in the bux with an additional balt of the same color. Then a second ball is drawn z;
random from the three balls in the box, What is the probability that the first ball drawn
was white, given that at least one of the two balls drawn was whitc?

Suppose | wes three coins, Two of them at leasi must land the same way. No matter
whether they Jand heads or tails, the thisd coin is egually likely to land either the same
wiy or opposilely. So the chanee that all three coins land the same way is 1/2. True @or
False? Explain!

There are two boxes,
Box 1 comains 2 red balls and 3 black balls.
Box 2 contains 8 red balls and 12 bluck balls.

One of the twe boxes is picked at random, and then a bal} is picked at random from
the hox.

a) Is the color of the ball independent of which box is chosen?

b) What if shere were 10 black balls rather than 12 in Box 2, but ihe other numbers
were the sume?

To pass a test you have to perform suceesstully two consecutive tasks, one
onc hard, The casy sk you think you can perform with probability z, and
task you think you can perform with probability h, where h < 2. You are
three avempts, either in the order teasy, hard, easy} or in the order (hard, casy, hardy,
Whichever order, you must be successful tWice in @ row o pass. Assuming that ygm
attempts are independent, in what order should you choose to take the tasks in \

easy and
the’ hard
allowed

. N order
to maxtmize your prohability of passing the test

Show that if A and B are independent, then so are A° and B, A and B*, and g-
and B

A population of 50 registered voters comains 30 in fav
opposed. An opinion survey selects a random sample
as follows. One person is picked at random from the &
from the remaining 49, and so on, till 4 people

or of Proposition 134 and 20

of 4 voters from this Population
X,

0 voters, then another at randogyy

have been picked.

) What is the probubility that there will be no one in favor of 134 in

b) What is the probability that there will be at feast one person in

¢} What is the probability thay exactly one pro 1

the sampjes
favor?

34 person will appear in the sumples
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8.

9.

i0.

11.

12.

13.

14.

d) What is the probability that the majority of the sample will be pro 1347 (Majority
means strictly more than half.)
Cards are dealt from a well-shuffled standard deck until the first heart appears.
a) What is the probability that exactly b deals are required?
h) What is the probability that § or fewer deals are required?
¢} What is the probability that exactdy 3 deals were required, given that 5 or fewer

were required?

Suppose events A, B, and € are independent with probabilities 1/5, 1/4, and 1/3,
tespectively. Write down numerical expressions for the following probabilities:

1) P(A and B and ()
b) P{Aor BorC)
¢) P{exactly one of the three events occurs)

The four major blood types are present in approximately the following proportions in
the population of the U.S.A.

Type A B AB f
proportion | 42% | 10% | 4% | 44%

Note that each person’s bicod is exactly one of these four types. Type AB is a separate
type, not the intersection of type A and type B,

a) If two people are picked at random from this population, what is the chance that
their blood is of the same type? Of different 1ypes?

by If four people are picked at random, fet P(k) be the chance that there are exactly
k different blood types among them. Find P(k)} for k= 1,2,3. 4.

A hat contains 1t coins, f of which are fair, and b of which are biased 10 land heads with
probability 2/3. A coin is drawn from the hat and ossed twice. The first time it lands

heads, and the second time it lands tails, Given this information, what is the probability
that it is a fair coin?

Suppose n ordinary dice are rolled.
a)} What is the chance that the dice show n different faces?

b) What is the chance that at least one number appears more than once?

Formula for P(A|B) by conditioning on cases of B. Show if By,

e H .i\.- K
W In 18 i
panition of B, then

P(A|B) = P(AIBy)P(B1\B) + - - + P{A|B.,)P{B.\B)
There are 100 boxes, and for each ¢ == 1,2, ..., 100, box ¢ contains proportion /100 of
gold coins {the rest are silver). One box is chosen at random, then a coin is drawn at
random from this box.

a) If the coin drawn is gold, which box would you guess was chosen? Why?
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15.

16.

17.

b) Suppose the boxes were not picked at random, but according 1o the following
scheme. All the even-numbered boxes are equally likely, all the odd~numbem_d
boxes are equally likely, but the chance of drawing an odd-numbered box i
twice the chance of drawing an even-numbered box. If the coin drawn is gold,
which box would you guess was chosen? [Hint: Write down the prior odds.]

There are three boxes, each with two drawers. Box 1 has a gold coin in each drawer;
and box 2 has u silver coin in each drawer, Box 3 has a silver coin in one drawer and
a gold coin in the other. One box is chosen at random, then a drawer is chosen a

random from the box. Find the probability that box 1 is chosen, given that the chosen
drawer yields a gold ¢oin,

A dormitory has n students, alt of whom like to gossip. One of the students hears: 4.
fumor, and tells it 1o one of the other n — 1 studerts picked at random. Subsequently;:
each student who hears the ramor tells it to a student picked at random from' the
dormitory (excluding, of course, himself/herself and the person from whom he/she.
heard the rumor). Let p, be the probability that the rumor is told  times without coming
back 1o a student who has already heard it from a dormitory-mate. So p; = p2 = 1, and
P = 0.
a) Find a formula for p, for r between 3 and n — 1.

by Estimate this prohability for n = 300 and » = 30.

Some thne ago 1 received the following letter:

“You may have previously received a letter notifying you that you had been a selectea
i a recent sweepstake that we were conducting, According to our records, you have
not claimed your gift. '
We are always pleased when our bigger gifis are awarded because it's good publicity for
our company. However, last year there were thousands of dollars worth of unclairged
gifts simply because the selectees failed 10 respond,

This letter is to inform you that one of the following people has won a New Datsyn
Senitea:

Collin Andrus Oklahoma City, OK
James W, Pitman  Berkeley, CA
Larry Abbott Burbank, CA
In compliance with the rules of the sweepstake, you are hereby notified that you are g
selectee in Category 1, which means you will receive one of the following;
1. RCA Color TV,

2. 5 FY. Grandfather Clock:
3. Datsun Nissan Sentra.

To claim your gift, all you have 1© do is call toll free 1-800-643-3249 for
time and date for you and your spouse to visit Heavenly Valley Townhouse
a sales representation our on the many advantages that interval ownership

an availahle
s and attendq’
has to Offer s

According to small print on the back of the letter:

“The retail values and odds of feceiving each gift are No, 1—1/10, 000 (

: $329.05,
No. 2--9998/10, 000 ($249.95), No. 3—1/10, 000($5, 995.00)." -
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18.

19.

Let us assume that this is an honestly conducted sweepstake, and that each of the
three individuals named above had originally 4 1 in 10, 000 chance of winning the new
Datsun. Now | know that the winner is one of these individuals, the rules of conditional
probability imply that 1 have a one in three chance of winning the Datsun. True or false?
Explain!

Suppose there are m equally likely possibilities for one stage, and n equally likely
possibilities for another, Show that the two stages are independent if and only if alt mn
possible joint outcomes are equally likely.

A box contains b tickets numbered 1,2, 3,4, and 5. Twao tickets are drawn a1 random
from the box. Find the chance that the numbers on the two tckets differ by two or
more if the draws are made:

a) with replacement;
b} without replacement.

Repeat the problem with n tickets numbered 1,2... .. 0.






Repeated Trials and

Sampling

This chapter studies a mathematical mode! for repeated trials, cach of which may
result in some event either happening or not happening. Occurrence of the Cvent js
called success, and non-oceurrence called fadlure. For instance:

Mature of trial Meaning of success Meaning of failure r-i)mhabiiities »and q
Tossing a fair coin head tail /2and 1/2
Rolling a die 81X not six 1/6 and 5/6
Rotling a pair of dice double six not double six 1/36 and 35/36
Birth of a child girl boy (0,487 and 0.513

Suppose that on each trial there is success with probability p, failure with probability
g = I—p, and assume the trials are independent. Such trials are called Bernoulli trials
or Bernoulli {p} trials to indicate the success probability p. The number of successes
in n trials then cannot be predicted exactly. Bul if n is Jarge we expect the number
of successes 1o be about np, so the relative frequency of successes will, most likely,
be close o p. The important questions treated in this chapter are: how likely? and
how close? The answers (o these questions, first discovered by the mathematicians
James Bernoulli and Abraham De Moivre, around 1700, are the mathematical basis
of the long-run frequency interpretation of probabilities.

The first step in Section 2.1 is 1o find a formula for the probahility of getting k
successes in n trials. This formula defines the binomial probability distribution over
the possible numbers of successes from 0 1o n. For large values of n, the histogram
of the distribution wrns out to follow 2 smooth curve quite closely.
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Chapter 2. Repeated Trials and Sampling

2.1 The Binomial Distribution

The problem is to find a formula for the probability of geting k successes in 7 inde-
pendent trials. This is solved by analysis of 4 trez diagram representing all possibk:
results of the n trials, shown in Figure 1 forn = 4.

FIGURE 1. Tree diagram for derivation of the binomial distribufion.
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number of successes k

Each path down n steps through the tree diagram represents a possible outcome, o
the first » trials, The kth node in the nth row represents the event of k successes §

trials. The expression inside each node is its probability in terms of p and 1 — P
{the probabilities of success and failure on each trial). This expression is the g
of the probabilities of all paths leading to this node. For example, in row 3&1 '
probabilities of k = 0, 1,2, 3 successes in n = 3 trials are the terms in the expans. :

(p+¢)* = ¢* + 3pg® + 3p%¢ + p°

For k = ( or 3 there is only one path leading to k successes, hence the prObahﬁity=
of ¢ or p* by the multiplication rule. For k = 1 the factor of 3 arises because. thops
are three ways (0 get just one success in three trials, FFS, FSF, SFF, représeﬁt :
by the three paths through the diagram leading to the first node in row 3“%&:*

.
e
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probabilities of these events are the terms ggp, qpy. and pgyg in the expansion of
(g + p)3. These terms add to give the probability 3pg® of k = 1 success in 3 trials,
Similarly, the probability of k = 2 successes in 3 trials is 3pq.

The tree diagram can be imagined drawn down 10 any number of trials n, To achicve
k successes in n trials, the path must move down 1o the right k times, corresponding
to the k successes, and straight down n—k times, corresponding 1o the n— k failures,
The probability of every such path is the product of k factors of p, and n—k factors of
g, which is p¥¢" ¥, regardless of the order of the factors. Therefore, the probability
of k successes in the m trials is the sum of as many equal contributions of gk as
there are paths down through the diagram leading 1o the kth node of row n, or this
number of paths times p¥¢™ . This number of paths is denoted (%) and called n
choose k. So the probability of k successes in n trials is ()p*¢™ 5. This conclusion
and a formula for (2) are summarized in the next box,

Binomial Distribution

For n independent trials, with probability p of success and probability g = 1 —p
of failure on each trial, the probability of k successes is given by the binomial
probability formula:

Pk successes in 7 trials) = (:) phgrk

where (’;) called n choose k, is the number of different possible patterns of k
successes and n — k failures in n trials, given by the formula

n _‘n(nw-l)«--(nm-k—kl)ﬁ n!
(k) - k(k—1)---1  k(n - k)

Here the &l is k factorial, the product of the first & integers for £ > 1, and
0! = 1. For fixed n and p, as k varics, these binomial probabilities define a
probability distribution over the set of n 4 1 integers {0,1,...,n}, called the
binomial (n, p) distribution. This is the distribution of the number of successes
in n independent trials, with probability p of success in each trial. The hinomial
{n.p} probabilities are the terms in the binomial expansion:

p+a) = Zn: (z) prgn

k=f)

Appendix 1 gives the background on counting and a derivation of the formula for
(}) in the box. The first expression for (3) in the box is the simplest 10 use for
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numerical evaluations if k < 3n. For example,

8 ExTx6
(3):?%“8*7”56

In this expression for (',:) there are always & factors in both the numerator and’
denominator. If k > 1, needless cancellation is avoided by first using symmetry:

(:) B (nik)

9 9x8
as you can easily check. For instance, (3) = ( ) x° 9 x 4= 36.

2 $2><1

To illustrate the binomial probability formula, the chance of getting 2 sixes and 7
non-sixes in 9 rolls of a die is therefore

2 7
1\“(5 36 % 57

N(L -] = —— = (.279

2/\6 6 62
The convention 0! = 1 makes the factorial formula for () work even if k or n is .
‘This formula is sometimes useful for algebraic manipulations. Because n! increases
so rapidly as a function of n, the factorial formula is awkward for numerical calcu:
lations of (’;) But for large values of n and k there are simple approximations to be
described in the following sections. o
The binomial expansion. Often called the binomial theorem, this is the expansion
of (p+ ¢)" as a sum of coefficients times powers of p and ¢. The coefficient (“) of

& on—k: f alled a bi ial . _ . . .-k'

p*q" % is often called a binomial coefficient. For p+¢ = 1 the binomial expansion of

(p + q)™ amounts to the fact that the probabilities in the binomial (n,p) distribution
sumupto 1l overk =0 1o n: -

n T
Z P(k successes in n trials) = Z ("‘) et =1
k=0 k=0 k

This illustrates the addition rule for probabilities: as k varies from 0 to n, the . 4.1
events of getting, respectively, ofE

0 successes, 1 success, 2 successes, ..., n successes,

in n trials, form a partition of all possible outcomes. For example, you can’t get botky
2 successes and 3 successes in 10 trials. And in n trials, you must get some numpe;
of successes between 0 and n, ’

The case of fair coin tossing. Then p = ¢ =1/2, so

PR = (1252 F = (/2" and
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P(k heads in n fair coin tosses) = C:) /2" 0 <k <n)

All possible patierns of heads and tails of length n are equally likely in this case.
So the above probability of & heads in » tosses is just the number of such patterns

with k heads, namely [‘:), relative 1o the lotal number of such patierns, namely 2™
A consequence is that

(g’) +~(’D+$(’;) mg(:) .

This is the binomial expansion of (x +y)* forz =y = 1,

Coin tossing and sex of children.
Find the probability of geuing four or more heads in six tosses of a fair coin.

P(4 or more heads in 6 1osses) = P{4) + P(5) + P(6), where
P(k) = P(k heads in 6 tosses) = (i) /2% s

P{4 or more heads in 6 tosses) = (15 + 6 + 1)/2% = 11/32

What is the probability that among five families, each with six children, at least three
of the families have four or more girls?

Assume that each child in each family is equally likely to be a boy or a girl, inde-
pendenty of all other children. Then the chance that any particular family has four
or more gitls is p = 11/32, by the solution of the previous probiem. Call this event
a success in the present problem. Then the probabitity that at least 3 of the families
have 4 or more girls is the probability of at least 3 successes in n = 5 trials, with
probabitity p = 11/32 of success on each trial. So the required probability is

P(3 successes) + P(4 successes) + P(5 successes)

- @) Q) ) -
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Consecutive Odds Ratios

The binomial (n,p) distribution is most easily analyzed in terms of the chance of ¥
successes relative 10 k — 1 successes, These odas ratios are much simpler than the.
probabilities P(k) = P{k successes). But the ratios determine the probabilities, “sa
the whole distribution can be understood in terms of the consecutive odds rati-;:::;"

Consicler first the case when p = 1/2. The nth row of Pascal’s triangle displays ‘the
binomial (n, 1/2) distribution as multiples of 2. The numbers in this nth row fi
increase rapidly, then less rapidly, Then they level off, and start decreasing just as
they have increased. This gives rise to the characteristic bell shape of the histogram
of a symmetric binomial distribution.

FIGURE 2. The binomial (8, 1,/2) distribution. This is the distribution of the number of heu‘cfi_s:_gg,
eight lair coin tosses,

= | .

H T ¥ T T T T

g 1 2 3 4 5 6 7 8

The aim now is to understand the shape of such a binomial distribution in terms &f
the ratio of the heights of consecutive bars, The numbers from the eighth rosw ' &f
Pascal's triangle are:

1 ] 28 56 70 56 28 8 1

So the consecutive odds ratios are

g8 28 56 70 56 28 8 1
1 8 28 56 70 56 28

which simplify 1o

- OO0
b =
[ ee-n]
W | G
[ =
e
-1 b
O §
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So the ratios start big, and steadily decrease, crossing 1 in the middle. In the nth row

GOOO- ()00

the consecutive ratios decrease steadily as follows:

n n—1 n-2 3 2 _1‘
1 2 3 n-—2 n—1 n

This simple pattern displays the special case p = ¢ = 1/2 of the result stated in the
following box:

Consecutive Odds
for the Binomial Distribution

For independent trials with success probability p, the odds of k successes rel-
ative to k — 1 successes are R(k) to 1, where

Rk} = P(k successes in n'trials) in~k+1]p
"~ P(k— 1 successes in n trials) k g

This follows from the binomial probability formula and the formula for (’,:) by can-
celling common factors. This simpie formula for ratios makes it easy to calculate all
the probabilities in a binomial distribution recursively.

Example 2. Computing all probabilities in a binomial distribution.
Problem 1. A pair of fair coins is tossed 8 times. Find the probability of getting hoth heads on &
of these double tosses, for k = @ to 8
Solution.  The chance of getting both heads on each double toss is } x 3 = 1. So the required
probabilitics form the binomial (8,1/4) distribution. The following 1able shows how
simply these probabilities can be found, starting with P(0) and then using the con-
seeutive odds formula with p/g = (1)/(3) = 1.
Value of k 0 1 2 3 4 ] £ 7 8
" -
tow P found | (3" [ §5PO) | £5P0) | $3P(3) | 13708 | 33P0 | 30PG) | 23706 | TTP ()
Value of P(k) | .100 | .267 311 208 087 023 004 0004 | .00001
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Notice how the ratios from Pascal’s triangle first dominate the odds against a success.
ratio of 3 in the denominator, as the probabilities P(k} increase for k < 2, Thex
for k > 3 the ratios from Pascal's triangle are smaller than the odds against succebgi
and the probabilities P(k) steadily decrease. Something similar happens, no mattés
what the values of n and p. See Figure 3 where this binomial (8, 1/ 4) distribution is
displayed along with other binomial (n, p} distributions for 1 = 1to 8 and selected
values of p.

What is the most likely number of successes in n independent trials with probability

of success p on each trial? Intuitively, we expect about proportion p of the trials t& be

successes | In n triaks, we therefore expect around np successes. 50 it is reasonable_;*t};i;‘
guess that the most likely number of successes m, called the mode of the distribution,

is an integer close to np. According to the following formula, the mode differs bya{
mast 1 from np:

Most Likely Number of Successes
(Mode of Binomial Distribution)

For 0 < p < 1, the most likely number of successes in n independent trials 4"
with probability p of success on each trial is m, the greatest integer Jess thap 1
or equal to np + p:

m == int (np + p) where int denotes the integer pan function, B
Il np + p is an integer, as in the case P=1/2, n odd, then there are two most
likely numbers, m and m—1. Otherwise, there is a unique most likely numbey.
In either case, the probabilities in the binomial (n,p) distribution are strictly

increasing before they reach the maximum, and strictly decreasing after the 1
maximum, T

These features of the binomial distribution can be seen in Figure 3. Note the g

maxima for n = 3, p a multiple of 1 A andn=7pa multiple of 1/8, Che
formula in a few of these cases 10 see how it works,

Proof of the formula for the mode. Fix 7 and p, and consider the folj
statements about an integer & between 1 and n. Each statement may be
some k and false for others. By manipulating inequalities and using the fo
consecutive odds, these statements (1) to (5) are logically equivalent;

P(k ~1) < P(k)

1< PE)/Pk - 1)

ouble
ck the

Owing
e for
mula’ for

1< (n~k+1) p

~ k 1-p
kl-p)<(n-k+1)p
k<ap+p

A
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FIGURE 3. Histograms of some binomial distributions. The hislogram in row n, column p shows
the binomial (n,p) distibution for the number of successes in n independent trials, each with
success probability p. In 1ow n, the range of values shown is ) to n. The horizontal scale chonges
from one row 1o the next, but equal probabilities are represented by equal areas, even in different
histograms.

Probability of success p

1/3

1/ 1/2

4
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FIGURE 4. Distribution of the number of heads in » coin tosses. Histograms of the binamial (5,
1/2) distribution are shown for iz = 10 o 100 by steps of 10. Each hisiogram is a bar graph of the
probobility of k successes P(k) as o function of k, plotted with the same horizontal and vertical
scale, Notice the following leatures: os n increases the disiibution shifts steadily to the right, sa
as always o be centered on the expecied number n/2; each distribution is symmetric about n /2;
as n increases the distibution gradually spreads ou, covering ¢ wider range of values, stiff, the
range of values on which the probability is concentrated becomes o smaller and smaller fraction
of the whole range of possible values from 0 1o »; and apart hom these variations in height cand
width, the hislograms all appear fo follow the seme bellshaped curve.

i
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FIGURE 5. Distribution of the number of successes in 100 trials. Higlograms of the binomial
(100, p) distribulion cre shown for p = 10% 1o 90% by sleps of 10%. Fach histogram s @ bar
graph of the probability of & successes P(k} os a funchion of &, plofied with the some horizontal
and vertical scale. Nolice the following features: as p increases the disiribution shifts steadily Io
the: ight, so as always 1o be centered around the expected number 100, the distribuion is moss
spread out for p = 50; for all values of p the distribution concentrates on o range of numbers tha
i small in comparison to n = 100; and opart fom these variations in height and widih, and sligh
skewness foward the edges, the histograms ofl follow a symmeiic bellshaped curve quite closely.
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10.

11,

Suppose that in d-child families, each child & equally bkely to be a boy or a girl,
independently of the others. Which would then be more common, 4-child families with
2 boys and 2 gitls, or 4-child families with different numbers of boys and girls? What
would be the refative frequencies?

Suppose b dice are rolled. Assume they arce fair and the rolls are mdependent. Caleulate
the prohability of the following events:

A = (exactly two sixes); B = (at ledst two sixes); (' = (at most two sixes];

1 = {exacty three dice show 4 or greater); I = {at least 3 dice show 4 or greater).

A die s rolled 8 imes. Given that there were 3 sixes in the 8 rolls, what is the probabilicy
that there were 2 sixes in the first five rolls?
Given that these were 12 heads in 20 independent coin tosses, caleulste

1) the chance that the first oss landed heads:

b} the chance that the first two tosses landed heads;

¢) the chance that at least two of the first five tosses landed heads.
A man fires 8 shots at a target. Assume that the shots are independent, and each sho
hits the bull's eye with probability 0.7

4) What is the chance that he hits the bull’s eye exactly 4 umes?

b} Given that he hit the bull's eye at least twice, what s the chance that he hit the
bulls eve exacily 4 tmes?

£) Given that the first two shots hit the bull’s eye, what is the chance that he hits
the bull’s eve exactly 4 umes in the 8 shots?

You roll a die, and T roll a die. You win # the number showing on your die is strictly
greater than the one on mine. I we play this game five times, what is the chance that
you win at least four times?

For each positive integer n, what is the largest value of g such that zero iy the most
likely number of successes in n independent trials with success probabiity p?

The chance of winning a bet on 00 at roulette is 1/38 = Q.026315. In 325 bets on 00
at roulette, the chance of six wins is (L104840. Use this fact, and consideration of odds
ratios, 10 answer the following questions without long caleulations,

a} What is the most likely number of wins in 325 bets on 00, and what is its proba-
bility?

b)Y Find the chance of ten wins in 325 bets on (00
¢} Find the chance of ten wing in 326 hets on G0,
suppese a fair coin is tossed n times. Find simple formulae in terms of #oand & for
a) P{k— 1 heads{k - 1 or k heads),
by P(k headstik — 1 or k heads),

70% of the people in a certain population are wdults, A rendom sample of size 15 will
bie drawn, with replacement, from this population.
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Let m be the largest k attaining the maximum value of P(k) over all 0 < k< n. By
definition of m, P(m — 1} < P(m) > P(m + 1). That is, ‘

m<np+p<m+1

by the equivalence of {1) and (5) for k = m and & = m + 1. Thus m is the greatest
integer less than or equal 1o np + p. (Strictly speaking, the cases m = 0 and ™m _..ﬂ
should be considered separately, but the conclusion is the same.) [J

The mean. The number np, which is always close 1o the mode of the binomia}
distribution, is called the expected number of successes, or the mean of the binomiéif
(n,p) distribution, usually denoted g (Greek letter mu). In case the mean L isan
integer, it turns out that g is the most likely number of successes. But if & is notan
integer, p is not even a possible number of successes.

Expected Number of Successes
(Mean of Binomial Distribution)

p=mnp

Remark. For the time being this formula is taken as the definition of th
binomial distribution. Chapter 3 gives a more general, consistent defing

Behavior of the binomial distribution for large n. This is displayed in the lagt twa
figures. As a general rule, for large values of n, the binomial distribution concentm%ési;‘,
on a range of values around the expected value np which, while becoming 131.361
on an absolute numerical scale, becomes smaller on a relative scale in Compaﬁsﬂ;j.-r
with i, Put another way, as n increases, it becomes harder to predict the numbey of
successes exactly, but easier to predict the proportion of successes, which wil] mgsg
likely be close to p. This is made more precise by the square root law and the ;'a?-’?iﬁj
of large numbers, discussed in the following sections. Apart from slight variations m
height and width, and some slight skewness toward the edges, all the histograns
follow a bell-shaped curve of roughly the same form. This is the famous normel

curve, first discovered by De Moivre, around 1730, as an approximation to bin(?mi;iﬁ
distribution for large values of n, '

€ mean ofiy
tion.

Exercises 2.1

1. 2 How many sequences of zeros and ones of leng

th 7 contain exactly 4 on
©5 ary
3 zeros? cand

b) If you roll 7 dice, what is the chance of gelting exactly 4 sixes?

sk
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2.

10.

11,

Suppose that in 4-child families, each chiid is equally likely 1o be a boy or a gird,
independently of the others. Which would then be more common, 4-child families with

2 boys and 2 girls, or 4-child families with different numbers of boys and girls? What
would be the relative frequencies?

Suppose 5 dice are rolled. Assume they are fair and the rolls are independent. Calculate
the probability of the following events:

A = (exactly two sixes), B = (at least two sixes); 7 = (at most two sixes);
D = {exactly three dice show 4 or greater);  E = (at least 3 dice show 4 or greater).

A die is rolled 8 times. Given that there were 3 sixes in the 8 rols, what is the probahility
that there were 2 sixes in the first five rolls?

. Given that there were 12 heads in 20 independent coin tosses, caiculate

a} the chance that the first toss landed heads;

by the chance that the first two tosses landed heads;

<) the chance that at least two of the first five tosses landed heads.
A man fires 8 shots at a target. Assume that the shots are independent, and cach shot
hits the bulf’s eye with probability 0.7.

a)} What is the chance that he hits the bull’s eye exactly 4 times?

by Given that he hit the bull's eye at least twice, what is the chance that he hit the
bull's eye exactly 4 times?

¢} Given that the first two shots hit the bull’s eye, what is the chance that he hits
the hull's eye exactly 4 times in the 8 shots?

You roll 2 die, and I roll a die. You win if the number showing on your die is strictly
greater than the one on mine. If we play this game five tdmes, what is the chance that
you win at least four times?

. For each positive integer n, what is the largest value of p such that zero is the most

likely number of successes in n independent trials with success probability p?

. The chance of winning a bet on 00 at roulette is 1/38 = 0.026315. 1n 325 bets on 00

at roulette, the chance of six wins is 0.104840. Use this fact, and consideration of odds
ratios, 1o answer the following questions without long caleulations.

a) What is the most likely number of wins in 325 bets on 00, and what is its proba-
bility?

b) Find the chance of ten wins in 325 bets on 00,
¢) Find the chance of tenr wins in 326 bets on 00.
Suppose a fair coin is tossed n times. Find simple formulae in terms of n and & for
a) P(k - 1 heads|k — 1 ur k heads);
b) P(k heads}k — 1 or k heads).

70% of the people in a cenajn population are adults. A random sample of size 15 will
be drawn, with replacement, from this population,
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a) What is the most likely rumbier of adults in the sample?
b} What is the chance of getting exacily this many adules?

12. A gambler decides to keep betting on red at rouletie, and stop as soon as she has WO
a total of five bets,

a) What is the probability that she has to make exactly 8 bets before stopping?
bj Whal js the probability that she has to make at least 9 bets?

13. Genetics. Hereditary characteristics are determined by pairs of genes. A gene pair for/
a particular characteristic is transmitted from parents to offspring by choosing one =2
at random from the mother’s pair, and, independenily, one a1 random from the fatly
Each gene may have several forms, or elleles. For example, human beings have an
allele (B) for brown eyes, and an allele (b) for blue eves. A person with allele pair BE
has brown eyes, and a person with allele pair bb has blue cyes. A person with allels
pair Bb or bB will have brown eyes—the allele B is called dominant and b mcessz‘vé, Ko
10 have blue eyes, one must have the allele pair bb. The alleles don't “mix” or blenc{'

4} A brown-eyed (BB) woman and a blue-eyed man plan 1o have a child. Can_ thc*
child have blue eyes?

1) A brown-eyed (Bb) woman and a blue-eyed man plan 1o have a child. Find
chance that the child has brown eyes,

©) A brown-eyed (Bb) woman and a brown-eyed (Bb) man plan 10 have g <hild:
Find the chance that the child has brown eves.

d) A brown-eyed woman has brown-eyed parents, hoth Bh. She and a blU&-eﬁ:&':
man have a child. Given that the child bas brown eyes, what is the chance thyy
the woman carries the allele b?

the

14. Genetics. In certain pea plants, the allele for tallness (T) dominates over the
shortness (s), and the allele for purple flowers (P) dominates over the allele for white
flowers (w) (see Fxercise 13). According to the principle of independent 3

assortme;;zg
alleles for the two characteristics (flower color and height) are chosen independenﬂy;-
of each other,

ailel@;. for.

&) A (TT, PP) plant is crossed with a (s, ww) plant. What will the fospring-' ook
like? '

b) The offspring in part a) is self-fenilized, that is, crossed with jiself, Write
possible genetic combination (of flower color and hei
this fertilization can have, and find the chance with whi
oCcurs,

down the
ght) that the offspring,%é
ch each such combinar n

<) Ten (Ts, Pw) plants are self-fertilized, each producin

g @ new plant. Find e
chance that at least 2 of the new plants are tail with p

urple fowers.

15. Consider the mode m of the binomial {n, p) distribution. U

se the formula m = ine -
: P
P} 10 show the follorwing: ( P+

a) if np happens 1o be an integer, then m = ny.

by I np is not an integer, then the most likely number of successes m is one of the
two integers 1o either side of np. '

¢) Show by examples that m is not necessarily the

closest integer to np. Ne
m always the integer above np,

! : ither'is.
nor the integer below it. )
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Normal Approximation: Method

The figures of the previous section illustrate the general fact that no matter what the
value of p, provided n is large enough, binomial (n, p) histograms have roughly the
same bell shape. As n and p vary, the binomial (n,p) distributions differ in where
they are centered, and in how spread out they are. But when the histograms arc
suitably scaled they all follow the same curve provided n is large enough. This section
concerns the practical technique of using arcas under the curve to approximate
binomial probabilities. This can be understood without following the derivation of
the curve in the next section.

The normal curve has equation

1

2n0

o Hamnr*/o?

Y= (-0 <z < oo)

The equation involves the two fundamental constams 7 = 3.14159265358 . . ., and
e = 2.7182818285 . . ., the base of natural logarithms. The curve has two parameters,
the mean p, and the standard dewiation o. Here # can be any real number positive
or negative, while o can be any strictly positive number. The mean g indicates where
the curve is located, while the standard deviation o marks a hotizomtal scale. You
can check by calculus that the curve is symmetric about the point marked I, concave
on either side of g, out to the points of infleclion i~oand g+, where it switches
o become convex (Exercise 15).

FIGURE 1. The normal curve.
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Think of the normal curve as a continuous histogram, defining a probability distri-
bution over the line by relative areas under the curve, Then g indicates the general
location of the distribution, while o measures how spread out the distribution is. The
constant 1/v2xo is put in the definition of the curve by convention, so that the total
area under the curve is 1. ‘this is shown by calculus in Section 5.3, See also Chapter 4
for a general treatment of continuous probability distributions like the normal.
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rin
g

The Normal Distribution

The normal distribution with mean g and standard deviation ¢ is the distri

bution over the z-axis defined by areas under the normal curve with these
parameters.

The equation of the normal curve with parameters # and o, can be written as

1 2
e~ %%

v= 2o

where z = (z — u)/o measures the number of standard deviations from the mea;
4 to the number z, as shown in Figure 2. We say that 2 is z in standard units, Th

standard normal distribution is the normal distribution with mean 0 and stapy

deviation 1. This is the distribution defined by areas under the standard nos
curve ¥ = ¢(z) where

Ha) = ¥ |

._—-_me

is called the stendard normal density function. The standard normal distribuﬁq g5
the distribution on the standard unit or z-scale derived from a normal distrib g
with arbitrary parameters g and o on the z-scale. As shown in Figure 2, the s
bility to the left of z in the normal distribution with mean t+ and standard devig
0 is the probability to the left of z = (z — p}/0 in the standard normal distribat
This probability is denoted ®(2). This function of z is called the standard rig
cumulative distribution function, or standard normal c.df. for short.

Standard Normal Cumulative

Distribution Function
The standard normal c.d.f §(z) gives the area to the le

normal curve: .
= [ sy

For the normal distribution with mean
between a and & is

ft of z under the standazg

#and standard deviation o, the probabsgiey. |
o (:’f::_#_) 3 (a - u)
d o

Because the function e~%*" does not have a simple indefinite integral, [here.is_‘-»;ﬁﬁ
simple exact formula for €(z). Bu ®(z) has been calculated numerically. Vatyeg Gt
{2} are tabulated in Appendix § for z > 0, o




%
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FIGURE 2. A normal distribution and the standard normal c.d k. The top graph shows the curve
that defines the normal distribution with mean p and standard deviation o The lower graph shows
she standard normal c.d.f. ®(z), the probability in the normal distrioution 1o the lelt of z on the
standard unil scale, The area shaded under the nomol curve is @(2) for a particular value 2
between 1 and 0. This area appears as o height in the graph of the normal c.d f, ®(z).
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Remark. Instead of using the normal table, you may prefer to program an approx-

imate formula for $(z) on a calculator. A formula, good enough for most purposes,
is

Pyml-(I+eazta+a+eaz) (20

where ¢ = (L1968564 9 = 0.1151%4
¢y = 0.000344 ¢4 = 0.019527

For every value of z > 0, the absolute error of this approximation is less than
2.5 x 107% [Abramowitz and Stegun, Handbook of Mathematical Functions).

2
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FIGURE 3. Symmetry of the normal curve.

Bz} is
thds praposion

1~-@(z) is
this proportion

{'} = standard units e

By the symmetry of the normal curve (see Figure 3),

P(-2)=1-®(2) (-x<z<o0)

In particular, this implies ©(0) = 1/2. The probability of the interval {a, &} for the
standard normal distribution, denoted ®(a, b), is

®(a,b) = B(b) — B(a)

by the difference rule for probabilities. From Figure 3 and the rule of complemenys, |
it is clear that

Oz, z) = Bz} — B(-2)
= ®(z) ~ (1 - 2(2))
= 2%(z) — 1

These formulae are used constantly when working with the normal distribution. By
to avoid mistakes, it is best not to memorize them. Rather sketch the standard normap
curve each time. Remember the symmetry of the curve, and the definition of D(z)
as the proportion of area under the curve 1o the left of z. Then the formulae. 45

obvious from the diagram. There are three standard normal probabilities which am
worth remembering:

AN e ey R e

®(—1,1) ~ 68%, the probability within one standard deviation of the mean,
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®(-3,3) ~ 99.7%, the probability within three standard deviations of the mean

From these probabilities you can zasily find ®(a,b) for several other intervals. For
example,

(0,1) = $8(-1,1) ~ £68% = 34%
B(2,00) = (1 — #(—2,2)) ~ L(100% — 95%) = 2.5%

The probability ®(~2z, z}* beyond z standard deviations from the mean in a normal
distribution is

P(~2,2)" =1 — &(—2,2) = 2(1 - B(2)) < 2¢(2)/2

as shown in Table 1 for z =1 t0 6. The factor exp(~42?} in the definition of #(z)

makes ¢(z) extremely small for large z. The above inequality, left as an exercise,
shows that ®(~z, z)¢ is even smaller for z > 2,

Not too much significance should be placed on the extremely small probabilities
®(-z,2)° for 2 larger than about 3. The point is that the normal distribution is
mostly applied as an approximation to some other distribution. Typically the errors

involved in such an approximation, though small, are orders of magnitude larger
than ®(—=z,2)° for z > 3.
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TABLE 1. Standard normal probability outside [z, 2}, The probability §(
along with 2¢(z)}/ =, which is larger thon ©( -z, 23° for alf 2
itor large 2.

—2,2)" is fabulated
. and a very good approximation 1o,

z 1 2 3 4 5
D(-2,2)° | 0.317 | 0.046 { 2.7 x 10~3 | 6.3 x 10-5 57 % 1077
26(z)/= | 0.484 [ 0.054 | 29 % 10~2 | 6.7 % 10-5 59 x 10~7

1.97 x 109
2.03 x 10-9 |

The Normal Approximation
to the Binomial Distribution

In fitting a normal curve 1o the binomial {n, p} distribution the main question is how
the mean p and standard deviation o are determined by n and p. As noted in See.
tion 2.1, the number # = np, called the mean of the binomial (n,p) distn‘buti‘on‘, LS
always within +1 of the most likely value, m = int (np + P). So H=npisa conve..
nient place to locate the center. How to find the right value of ¢ is less obvious. Aﬁ
explained in the next section, provided N

is sufficiently large, good APProximg:
tions to binomial probabilities are obtained by areas under the normal curve with

mean po= np and o = /Mpg. Later, in Section 3.3, it will he explained how t’h;g{
formula for o is consistent with the right general definition of the standard deviagjsi,
of a probability distribution.

FIGURE 4. A binomiaf histogram, with the normal curve sy
of successes) and the 2 scale {stondard units) ore shown

perimposed. Both the z scale Inumbiey
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Let P(a to b) be the probability of getting between a and b successes (inclusive) in
n independent trials with success probability p. Then, from Figure 4, we see that;

P(a 10 b) = proportion of area under the binomial (n, p) histogram
between a — 3 and b+ 3

: | Yy
= proportion of area under the normal curve e~ 3lE—ur /o
ra
betweenz = e~ § and b+ 3
. 1 1,0
= proportion of area under the normal curve W e 2
*

between z = {a — § — p)/o and z = (b+ § — p)/o.

In terms of the standard normal c.d.f. &, this gives the foilowing:

Normal Approximation
to the Binomial Distribution

For n independent trials with success probability p

R . N
P(ambsuccesses)m@(i%mﬁ)wtl)(a 2 ,u)

o

where g = np is the mean, and o = v1ipg is the standard deviation.

Use of e — 3 and b+ 3 in the normal approximation rather than o and b is called the
continuity correction, This correction is essential to obtain goad approximations for

small values of \/fipg. For large V7pq it makes little difference unless @ and b are
very close.

100 fair coin tosses.
Find, approximately, the chance of getting 50 heads in 100 tosses of a fair coin,
Here n = 100, p = 1/2, 50 u
a = b= 50 gives
P(50) ~ @ ((50 + { ~ 50)/5) — & {(50 - § — 50)/5)
= &(0.1) - §(--0.1)
=20(0.1) ~1=2x 05398 — 1 = 0.0796 (cxact value 0.0795892)

= 50, ¢ = 5. The norma} approximation above with
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Continuation.  Other probabilities can be computed in the same way—for example
P(45 1o 55) ~ & {(654 — 50)/5) — @ ((443 — 50)/5)
=&(1.1) - ®(-1.1)
=20(1.1) - 1=2x0.8643~ 1
= 0.7286  (exact value 0.728747)
P40 10 60) ~ 28(2.1) -1 =2 x0.9821 -1
= (1.9642 {exact value 0.9648)
P(35 10 65) ~ 20(3.1) — 1 = 2 x (.9990 — 1
= 0.9980 (exact value 0.99821)

el T

Fluctuations in the number of successes. For any fixed p, the normal appro;
mation to the binomial (n,p) distribution gets better and better as n gets larger’
in a large number of independent trials with success probability p, the typical
of the random fluctuations in the number of successes is of the order of & — \/ﬁ:‘“‘*
For example, .

R RN

P(p — 0 10 p+ o successes in n trials)} ~ 68%
P(p — 20 10 p + 20 successes in n trials) ~ 95%
Py~ 30 1o p + 30 successes in 7 trials) =~ 99.7%

It can be shown that for fixed p, as n — oo, each probability on the left approaches:
the exact value of the corresponding proportion of area under the normal curve

Fluctuations in the proportion of successes. While the typical size of ran

fluctuations of the number of successes in n wrials away from the expected numy
np is a moderate multiple of /apq, the typical size of random fluctuations in .ty
relative frequency of successes about the expected proportion p is correspondin;
of order \/Apg/n = \/pq/n. Since \/pg < ;foral0 <p <1, and 1/\/n -0 <
n — oo, this makes precise the rate at which we can expect relative frequenéie
stabilize under ideal conditions. o

Square Root Law

For large n, in n independent trials with probability p of success on each tnal

o the number of successes will, with high probability, lie in a relatively smig
interval of numbers, centered on np, with width a moderate multiple of VY"" :

on the numerical scale;

e the proportion of successes will, with high probability, lie in a small interyay:
centered on p, with width a moderate multiple of 1/,/7. b

o
22
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Numerical computations show that the square root law also holds for small values
of n, but its most important implications are for large n. In particular, it implies the
following mathematical confirmation of our intuitive idea of probability as a limit of
long-run frequencies:

Law of Large Numbers

If n is large, the proportion of successes in n independent trials will, with
overwhelming probability, be very close 1o p, the probability of success on
each trial. More formally:

¢ for independent trials, with probability p of success on each trial, for each
€ > 0, no matter how small, as n — oo,

P(proportion of successes in n trials differs from p by less than ¢} — 1

Confidence Intervals

The normal approximation is the basis of the statistical method of confidence inter-
vals. Suppose you think that you are observing the results of a sequence of inde-
pendent trials with success probability p, but you don't know the value of p. For
example, you might be observing whether or not a biased die rolled a six (success)
or not six (failure). Suppose in n trials you ohserve that the refative frequency of
successes is p. If n s large, it is natural 1o expedt that the unknown probability p is
most likely fairly close to p. For example, since

$(—4, 4) = 99.99%

the above results state that if n is large enough, no matter what P is, it is 69,909,
certain that the observed number of successes, np, differs from np by less than
4,/7pg, s0 the relative frequency p will differ from p by less than 41/pg/n, which
is 2 most 2//n. Having observed the value of B, it is natural 10 suppose that this
overwhelmingly likely event has occurred, which implies that p is within 2/ of p.
The interval p + 2/,/n, within which P can reasonably be expected to lie, is called
4 99.9%9% confidence interval for p.

Estimating the bias on a dje,

In a million rolls of a biased die, the number 6 shows 180, 000 times, Find a 99.99%
confidence interval for the probability that the die rolls six.
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The observed relative frequency of sixes is p = 0.18. So a 99.99% confidence interval
for the probability that the die rolls six is

0.18+2/,/1,000,000 or (0.178,0.182)

This procedure of going %2/ y/n from the observed p to make the confidence inter:
val is somewhat conservative, meaning the coverage probability will be even hzgh&r :
than 99.99% for large n. This is due to neglecting the factor \/5gG < 0.5 and so overes::
timating the standard deviation o = /Apq in case p is not 0.5, as the above $ would
strongly suggest. The usual statistical procedure is to estimate \/Pq by \/m;g
which is +/0.18 x 0.82 = 0.384 in the above example. This reduces the length of the
interval by a factor of 0.384/0.5 = 77% in this case.

The most important thing to note in this kind of calculation is how the length of
the confidence interval depends on n through the square root law. Supposec. the
confidence interval is § & ¢//n, for some constant ¢. No matter what ¢ is, tO reclyca &
the length of the confidence interval by a factor of f requires an increase of n, b
factor of f*. 80 to halve the length of a confidence interval, you must quadrui;';}e'f the
number of trials.

Random sampling.

Two survey organizations make 99% confidence intervals for the proportion “of.
women in a cerain population. Both organizations take random samples with re
placement from the population; the first uses a sample of size 350 while the second:
uses 4 sample of size 1000. Which confidence interval will be shorter, and by how"

much?

The interval based on the larger sample size will be shorter. The size of the secong
sample is 1000/350 = 2.86 times the size of the first, so the length of the second’
interval is 1/+v/2.86 times the length of the first, that is. 0.59 times the length Bl

of the.
first. i
How many trials? §
Suppose you estimate the probability p that a biased coin lands heads by tossingsjt’ %
n times and estimating p by the proportion p of the rimes the coin lands i

heads ia
the n tosses. ads in

How many times n must you toss the coin to be at lea

st 99% sure that § will be.
within 0.1 of p? b} within .01 of p ? ? =

al
First find z such that ®(~z, 2} = 59%,

e, 20(z) ~1=099 ie, &(2)=0.995

By
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7 and p will then be less than

2.575 x 0.5/+/n

For a), set this equal to 0.1 and solve for n:

2.575 x 0.5/ /7 = 0.1

2
n= (-——————-——2'572 ;‘ 0'5) = 165.77

50 166 trials suffice for at least 99% probability of accuracy to within 0.1,

b) By the square root law, to increase precision by a factor of 10, requires an increase
in the number of trials by 10? = 100. So abowt 16,577 trials would be required for
99% probability of accuracy to within .01.

How good is the normal approximation? As a general rule, the larger the standard
deviation o =, /fipg, and the closer p is to 1/2, the better the normal approximation
to the binomial (n, p) distribution. The approximation works best for p=1/2 due
the symmetry of the binomial distribution in this case. Forp # 1 /2 the approximation
is not quite as good, but as the graphs at the end of Section 2.1 show, as n increases
the binomial distribution becomes more and morc symmetric about its mean. 1t is
shown in the next section that the shape of the binomial distribution approaches the
shape of the normal curve as n — 0o for every fixed pwith<p<l,

How good the normal approximation is for particular n and P can be measured as
follows. Let N(a to b) denote the normal approximation with continuity correction
to a binomial probability P(a to ). Define W(n, p), the worst error in the normal
approximation to the binomial{n, p) distribution. 1 be the biggest absolute difference
between Pla to b) and Na to b), over all integers a and b with 0 <a<b<m

W(n,p) = OSTSaiT[Sn [P{a to b) — N(a o b)|

Numerical caleulations show that W(n,1/2) is less than 0.01 for all n > 10, and
less than 0.005 for all n > 20. Such a small error of approximation is negligible
for most practical purposes. For p # 1/2 there is a systematic error in the normal
approximation because an asymmetric distribution is approximated by a symmetric
one. A refinement of the normal approximation described in the next paragraph
shows that

11— 2p] .
N )

where the error of the approximation is negligible for all practical purposes provided
@ = ,/npq is at least about 3. This formula shows clearly how the larger o, and the

1
W(”??) ad Tﬁ
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closer p is to 1/2, the smaller W({n,p) tends to be. Because 1-2p| £ 1 foray
0<p <1, evenifpis close to 0 or 1, the worst error is small provided o is lafgé
enough. For ¢ = 3 the worst error is about 1/10¢ for p close to 0 or 1 and lare

Numerical calculations confirm the following consequences of (1): the wors't elwr
W(n,p) is

® less than 0.01 for n > 20 and p between 0.4 and 0.6
¢ less than 0.02 for n > 20 and p between 0.3 and 0.7
¢ less than 0.03 for n > 25 and p between 0.2 and 0.8
e less than 0.05 for n > 30 and p between 0.1 and 0.9

The systematic error in the normal approximation of magnitude about 1/ 10c.can.
be reduced to an error that is negligible in comparison by the skewness corre
explained in the next paragraph. This method gives satisfactory approximatic
binomial probabilities for arbitrary n and p with ¢ > 3. For pcoseto0or i1
¢ < 3, a better approximation to the binomial distribution is
Poisson distribution described in the next section.

provided by usingithe,

The skew-normal approximation. Figures 5and 7
binomiat (100, 1/10) distribution is slightly skewed relative to its approximating

mal curve. The histogram is better approximated by adding to the standard n(?rmai
curve ¢z} a smalt multiple of the curve y = &'"(z), where ‘

show how the histogram of thi

¢"(2) = (32 — 2%)e(2)

is the third derivative of ¢(z) (Exercise 163, as graphed in Figure 6. B
of the histogram of a binomial (n, p} distribution
can be shown that for p # 1/2 adding the right smalj multiple of the anti-Symyy
function ¢"(2} to the symmetric function #(z) gives a curve which respects the &
asyrametry of the binomial histogram, and so foliows it much more clo
plain normal curve ¢(z). The resulling skew-normal curve has equatio;

Yy careful angpss
plotted on 4 standard units scal

;]
sely than the

11

1
¥ = dz) ~ Eskewness (n.p) "' (2) where o)

Skewness(n,p) = (1 - 2p}/\/npq = (1 — 2p)/o

is 2 number called the skewness of the binomial{r, p} distribution, which meag
degree of asymmetry. The skewness is 0 if P
symmetric about n/2. The skewness positive for p < 1/2 when the distrily

is called skewed fo the right, and negative for p > 1/2 when the distribuyyg,
skewed to the left. The meaning of these ¥ :

binomial histogram follows the skew-norma

ures it
= 1/2, when the distribution is pe’fﬁi:m
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6

0.0

-0.6

FIGURE 5. Normal curve approximating the binomia! (100, 1/10) histogram. Nofice how the
bars are slightly above the normal curve just to the left of the mean, and slightly below the curve
just 1o the right of the mean. Further away from the meon, the bars lie below the curve in the left
iail, and above the curve in the right toil.

v

31

0 ) 10 1H 20

FIGURE 6. Groph of ¢ (2) = (32 — 2*)¢(2). Note how the function is posifive in the infervals
(=00, —y/3) and (0,/3), ond negative in the intervols (—+/3,0) and (v3,50). The zeros are at
0 and ++/3. The z-scale is the slandard unit scale derived from the: histogram in Figures 5 and 7.

-4 -3 -2 ~1 ] 1 2 3 4

FIGURE 7. Skew—normal curve approximating the binomial (100, 1/10) histogram. Refer to
Example 5, Both the normal curve y = ¢(z) and the skew—nomal cuive i = ¢(z) - (2/45)¢"7(2)
are shown. The skew-nomal curve follows the binomial hisiogram much more closely. The dif
fererce between the nomal and skew—normal curves is 2/45 fimes the curve ¢'(z) grophed in
Figure 6.

0 5 10 32 20
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plain normal curve. Figure 7 illustrates how in the case p < 1/2 when the binomigl
histogram is skewed to the right, there are numbers z_ < g < z4 on the standard
units scale, with zp & 0 and 23 & £v/3, (the three zeros of ¢"(2)) such that

» the histogram is lower than the normal curve on the intervals (—00,2_) apd
(Zﬁ, Z+)

* the histogram is higher than the normal curve on the intervals (2-,20) and
(Z_{_,OO)

For 1/2 < p < 1, the same thing happens, except that the words ”highgr”' : ;mﬁ
“lower” must be switched in the ahove description. The distribution is then skewég
to the left. Integrating the skew-nomal curve (2) from —oo to the point z on the

standard unit scale (Exercise 16) gives the following:

Skew-Normal Approximation
to the Binomial Distribution

For n independent trials with success probability p,

P(0 to b successes) = P(z) ~ éSkewneSS (n,p)(z* - ¢(z)

where 2 = (b+ 1 — p)fo foru = np and o = VPPE,  ®(2) is the standaygs
normal c.d f,, ¢(z) = (1/+/27) exp (~ 2%} is the standard normal cutve, ang

Skewness(n,p) = (1 - 2p)/\/ripg

The term involving the skewness in the s
skewness correction. The skew-

kew-normal approximation is calleg]
normal approximation to an interval probabiliiy

Pla10od) = P(0wb) - P0toq- 1)

is found by using the above approximation twice and taking the difference.

resulting normal approximation with skewness correction 1o Pla 1o b) differs fro
the plain normal approximation N (@10 b) by 1/6 of the skewness times the 4
under the curve ¢'(z) between points corresponding 10 ¢ and b on the Stanﬁa
units scale, You can show (Exercise 16) that this area is always between i{).ST?':jg
that these extremes are atiained over the intervals from 2 = —/3 10 2 = g, aﬂd-}r:
z = 010 z = /3. It follows that for P # 1/2, the worst error Wi(n,p) in the n¢ "
approximation without skewness correction occurs fora = g — V3o and 5@‘,
foram pand b yu+ 30, The errors of the normal approximat i
intervals will be of opposi

ozl
) ; ton for thege o
¢ 51gns with approximately equal magnitudes of

1
Win,p) ~ g % 11— 2pl/o x 0.577 ~ i1~ 2p|/100

< R
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Thus the skew-normal approximation implies this simple estimate for the worst errar
in the plain normal approximation, and shows the intervals on which such an error is
to be expected. This formula shows the plain normal approximation is rather rough
for o in the range from 3 10 10 and p close to § or 1. Numerical caleulations show that
provided ¢ = 3 (no matter what p) the skew-normal approximation gives interval
probabilitics correct to two decimal places (error at most 0.005) which is adequate
for most practical purposes. For fixed p, as n — o0, the skewness of the binomial
distribution converges to 0, so in the limit of large n the skewness correction can be
ignored, just like the continuity correction, which is of the same order of magnitude
1/o.

Distribution of the number of 0’s in 100 random digits.

Consider the distribution of the random number of times a particular digit, say 0,
appears among 100 random digits picked independently and uniformly at random
from the set of 10 digits {0,1,...,9}. This is the binomial (100, 1 /10} distribution
which is displayed in Figure 7, along with the approximating normal and skew-
normal curves. The mean is 4 = 100 x 1/10 = 10, the standard deviation is o =
VPG = /100 x (1/10) x (9/10) = 3, and the skewness is (1 - 2p)//7pg = (1 -
(2/10)}/3 = 4/15. From (2), the skew-normal curve approximating the shape of the
binomial histogram has equation y = ¢(z) — Z (32~ 2%)(2), as graphed in Figure
7. The probability of 4 or fewer O's is

4

P93 (W) (5) (1) Zoum

k=0

by exact calculation, correct to three decimal places. The normal approximation to
this probability is ®(z) for z = (43 ~ 10)/3 = ~11/6, i.c., ®(-11 /6) = 0.033, which
is not a very good approximation. The skew-normal approximation, which is not
much harder to compute, is

D(z) ~ %Skewness(l(}{), 1/10)(2% — 1)¢(z)

14 f/-11\2 1 1/-11\?
=0033 — ~—| {22} 1] 2 S el

615((6) )\/’"‘27;“"( 2(6))
= 0.026

which differs from the exact value by only 0.002. Similar calculations yield the num-
bers displayed in Table 2. The numbers are correct to three decimal places. The
ranges selected, 0to 4, 510 9, 1010 15, and 16 10 100, are the ranges over which the
normal approximation is first too high, then too low, 100 high, and too jow again,
The normal approximation is very rough in this example, but the skew-normal ap-
proximation is excellent.
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TABLE 2. Approximations to the binomial (100, 1/10} disiribution. The probability P(q 1o ByaF
from @ and & successes (inclusive) in 100 independent trials, with probobility 1 /10 of success’,
each frial, is shown along with approximations using the normal and skew—normal curves.

value range | exact probability | skew—normal approximation | normal approximaiid_
0—4 0.024 0.026 0.033
5-9 0.428 0.425 0.400
10— 15 0.500 3.508 0.533 e
16 - 100 0.040 0.041 0.033 )
e

Exercises 2.2

1. Let H be the number of heads in 400 tosses of a fair coin. Find normal APProxim,

ations
to:2) P80 < H < 210); b) P(210 < H < 220); © P(H = 200); d) P{H ==

210).
2. Recalculate the approximations above for a biased coin with Piheads) = 451,

3. A fair coin is tossed repeatedly. Consider the following two possible outcomes;

55 or more heads in the first 160 osses
220 or more heads in the first 400 tosses

) Without caleulation, say which of these cutcomes is more likely, Why?

b) Confirm your answer to 2) by a calculation,

4. Suppose that each of 300 patients has a probability of 1/3 of being helped by a trearment
independent of its effect on the other patients. Find approximately the probabi]_itg;f”%g
more than 120 patients are helped by the treatment. ks

3. Suppose you bet 2 dollar on red, 25 times in a row, at roulette. Each time
a dollar with probability 18/38, lose with probability 20/38. Find, approxim
chance that after 25 bets you have at least as much money as

YOu. wip
ate]y; “
you started with,

6. To estimate the percent of district voters who Oppose a certain hallot measure
organization takes a random sample of 200 voters from a district. 1f 45%
in the district oppose the measure, estimaie the chance that:

y a SUW’ 2

#) exactly 90 voters in the sample oppose the measure:

b) more than half the voters in the sample oppose the measure.

{Assume that all voters in the district are equally likely to be in the sam le, i

of each other,) M ! P ndepeWﬁ

7. City A has a population of 4 million, and city B has 6 million, Both cities have the
proportion of women. A random sample (with replacement) will be taken fy
city, to estimate this proportion, In €ach of the fo
samples give equally good estimar.
other, say how much better it is.

from’ ege
lowing cases, say whether the
es; and if you think one estimate is better thay

G

B,
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a) A 0.01% sample from cach city.
b} A sample of size 400 from each city,

€} A (.1% sample from city A, and a 0.075% sample from city B,
8. Find, approximately, the chance of getting 100 sixes in 600 rolls of a die.

9. Airline overbooking. An airline knows that over the long run, 90% of passengers who

reserve seats show up for their flight. On a particular flight with 300 seats, the airline
accepts 324 reservations,

a} Assuming that passengers show up independently of cach other, what is the
chance that the flight will be overbooked?

b} Suppose that people tend to travel in groups. Would that ncrease or decrease
the probability of overbooking? Explain your answe.

¢) Redo the calculation a) assuming that passengers always travel in pairs. Check
that your answers to a), b), and ¢) are Cconsistent,

10. A probability class has 30 students. As part of an assignment. each student tosses a coin
200 times and records the number of heads. Approximately what is the chance that no
student gets exactly 100 heads?

11. Batting averages. Suppose that a basehal) player's long-run hatting average (number of
hits per time at bat) is .300. Assuming that each time at bat yields a hit with a consistent
probability, independently of other times, what is the chance that the player's average
over the next 100 times at bat wifl be

a) 310 or bener? b} .330 or beiter? ¢} .270 or worser

d} Suppose the player tends to have periods of good form and periods of bad form.
Would different times at bat then be independent? Would that tend 1o

INCrease or
decrease the ahove chances?

) Suppose the player actually hits .330 over the 160 times at bat, Would you be
convinced that his form had improved signifi

cantly? or could the improvement
just as well be due 1o chance?

12. A fair coin is tossed 10, 000 times. Find a number m such that the chance of the number
of heads being between 5000 — m and 5000 + m is approximately 2/3,

13. A pollster wishes to know the percentage p of people in a population who intend 1o
vote for a particular candidate. How large must a random sample with replacement e

in order to be at least 95% sure that the sample percentage is within one pereentage
point of p¢

14

Wonderful Widgets Inc. has developed electronic devices which work properly with

probability 0.95, independently of each other. The new devices are shipped out in
baxes containing 400 each.

) What percentage of boxes contains 390 or more working devices?

h) The company wants 1o guarantee, say, that £ or more devices per hox work.

What is the largest k such that at beast 95% of the boxes meet the warranty?
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15. First two derivatives of the normal carve. Let ¢'(z), ¢”(z) be the first and second
devivatives of the standard normal curve ¢{z) = (1/v27) exp{—}z). Show that

a) q")’(z) = - zp(z)
by ¢(z) = (2~ 1)é()

) Sketch the graphs of ¢{z), ¢'(z), $"{z) on the same scale for z between —4 and
4. What are the graphs like outside of this range?

d) Use h) and the chain rule of calculus to find the second derivative at © of the
normal curve with parameters g and o

¢) Use the result of ) to verify the assertions in the senlence above Figure 1 on
puge 93,
18. Third derivative of the normal curve.
) Show that ¢{z) has third derivative ¢"'(z) = (- 2° + 32)9(2)

1 Show that ffm ¢"'(2)dz = ¢ {x), and hence

f q’)"”(zjdz [ f ¢,""(z)d‘z = 2{!}(\/5) = ().178
and

0 V3
¢ {2)dz = f ¢ (2)dz = {0} + 20(V3) = D.5TT
N Q

<Y Show g jf " (2)dz lies between £{¢{) + 2¢(v/3)] for every a < b, [Hint: No
mare caleutation required. Consider the graph of ¢ (2} and the interpretation of
the integral in terms of areas.}

17. Standard normal tail bound. Show that 1 — &{z) < @#(z)/2 for positive z by the
following steps.

a} Show that .
1-—®(z) “f d(x)dz.

{This integral cannot be evaluated by caleulus.)

b} $huw that mukiplying the integrand by «/2 gives a new integral whose value is
strictly larger.

¢) Bvaluate the new integral,
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Normal Approximation: Derivation
(Optional)

This section is more mathematical than the previous and following ones and can be
skipped at first reading. Its main aim is to derive the formula for the normal curve
by study of binomial probabilities for large n. The basic idea is that for any p with
0 <p <1, as n increases the binomial (n, p) distribution becomes better and better
approximated by a normal distribution with parameters #=mnpand o = | /mpq. Why
this happens is the subject of this section.

Recall first the calculus definition of e, the base of natural logarithms, as the unique
number such that the function y = log .« has derivative

1
—loger = .

dz

Here y = log,.x means z = e¥. In the following, all logarithms are to the base
e: log means log.. Sec Appendix 4 for further background on exponentials and
logarithms. Since log (1) = 0 and the derivative of logzatr=1is1/1=1,

log(14+8)~4& for small §

with an error of approximation which becomes negligible in comparison to § as 6 —
0. This simple approximation makes e the preferred or natural base of logarithms,
and makes e wrn up in almost any limit of a product of an increasing number of

factors. The emergence of the normal curve from the binomial probability formula
is a case in point.

Let H(k) = P(k)/P{m) be the height at k of a binomial histogram scaled to have
maximum height 1 at k = m, where m = int(np+p) is the mode, Note that Him) = 1.
The normal approximation will now be derived by a sequence of steps, starting with

an approximation for H (k). Consider for illustration the distribution of the number
of heads in 100 fair coin 1osses:

FIGURE 1. Binomial (100, 0.5} histogram. Bar graph of H(k) = P(k)/P(m).

ol _ﬂm

T T

30 a0 70
The histogram heights H (k) can be found by multiplying the consecutive odds ratios

Rk} = H(k)/H(k - 1) = P(k)/P(k - 1) = ““:H;_;
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FIGURE 2. Binomial {106, 0.5) consecutive odds, histogrom, ond theis iogar%!h ‘
are drawn 1o scale. You con see how log Rk} s neorly ineas with a gentle slope
Becouse log H(E) is a sum of increrments of this neary finear funcfion lsee equd
for k = 59, is gmph is nearly porabolic. By oppeormnaton o the areq in he i
rightengled tiangle with sides [k — 50 and siope x th — 501, he areo is log HY
(k — 501* = 1(k et o =g =0 = VIR This s formuda (1) '

Conseculive Ravies: FLE)

Loy Comserutive Ratios: fog Bk

Hastogram: Hk)

Log Histograrn: log F(ES
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For k > m, H{k} is the product of (m — k) consecutive ratios

_ Pm+1)Pm+2)  Plk) m -
H(k) = H(m) Py Pt 1) P(fc—l)”“R( +1)R(m +2) - R(k)

and there is u similar expression for k < m. The key to the normal approximation is
that as the ratios R(k) decrease for values of k near m, crossing near m from more

than 1 to less than 1, they do so very slowly, and due to the formula for R(k), almost
linearly.

This is shown in a particular case in Figure 2, and is true no mauer what the value
of p, provided n is large enough. As n gets larger, the consecutive odds ratios R(k)
decrease more and more slowly near & = m. Consequently, as n increases, R(k)
stays close to 1 over a wider and wider range of numbers k. This means that for
large n, for a wide range of k near m =~ np, H(k) is the product of factors that are
all very close to 1. The way to handie this product is to take logs to the hase e:

log H(k) = logRim + 1) +--- 4 log R(k) s graphed in Figure 2.

Now wrile k =m-+x =~ np+x, k+ 1=k, assume z is small in COmparison to npg,
and use log (1 + 8) ~ & for small § to justify the following approximation:

log R(k) = log (’i‘—iﬁ—i : g.) ~ log (&M)

k {ap + x)q
= log (1 - E) - log (1_{__}?;'{")
npgq npq
P4 E _k-m
npg  npg  npg npq

This shows that if « = k — m is kept small in comparison to n, then log R(k) is an
approximately linear function of k, as in Figure 2, with slope approximately —1/npg.
Adding up these approximations, using 1+ 2+ -+ + gz = %x(:n +1) = -214:2, gives

This is illustrated by the roughly triangular area shaded in Figure 2. A similar argu-
ment works for k < m. $o for the heights H(k) = P(k)/P(m) of the binomial {n,p)
histogram there is 2 preliminary form of the normal approximation:

H(k) m e~ 3tk=m?/o? (D

where y = np is the mean and ¢ = \/Rpg is the stondard deviation.
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The argument shows this approximation will be good provided |k —m| is small in
comparison with npg. A more careful argument shows that this range of k is really
all that matters. Now approximate P(k) instead of H{(k):

P(k)=H(k)P(m)=H(k)/H( 0 n) where H(O o n)=H(0) +---+ H(n) (2

Here H(D 10 n), the total area under the binomial (r,p) histogram with maximum

height 1, can be approximated by the total area under the approximating normal
curve (1), which s an integral;

il 1 .2

H(Oto'n)w] e B/ gy

Y ® e3P 4, by the calculus change of variable
{(z—p)fo=z dr=odz

KD

= gy/2r  as shown by calculus in Section 5.3

It can be shown that the relative error of approximation can be made arbitrarily

small, no matter what the values of n and p, provided that o = /fipg is sufficiently
large. Now combine this with (1) and (2):

i LR I p?
Plk) ~ o= ¢ W-wR7 here  p=np, o= APq @

The precise meaning of the = involved here is somewhat technical. AS 0 — oo,
both sides tend to zero. But the relative error of approximation tends to 0 provided

{k—p)/o remains bounded. See Feller's book An Introduction to Probability Theory
and its Applicetions, Yol. I, for more details. ‘

The equation of the normal curve appears in formula (3) as a function of k. The
probability of an interval of numbers is now approximated by replacing relative
areas under the histogram by relative areas under the approximating curve.

What makes the normal curve a better and better approximation as n — 00, is thut

for large n, as k moves away from m, the histogram heights H (k) approach zero

hefore the consecutive ratios R(k) differ significantly from 1, In the expression
log H{k) = log R{m + 1) + - - + log R(k)

a large number of terms on the right, each nearly zero, add up 10 2 total log H(x)
which is significantly different from 0. '

e

@

et i KAV Sl
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Probability of the Most Likely Number
of Successes

A consequence of the normal approximation (3) for k = m, closely related to the
square rool law discussed in the previous section, is that the most likely value m =
int{np + p) in the binomial (n, p) distribution has probability

1 1
~ o e WS (5
P(m) = T 45 n— 00

For fixed p, asn — oo, the relative error in this approximation tends 16 0. In particular,
no matler what the success probability p, the probability of the most likely number of
successes in n independent trials tends (o zero as n - oc, like a constant divided by
V. For fixed n, the approximation is always best for p near % and worst for p close
to (} or 1 when the binomial distribution is skewed and the normal approximation

not so accurate, In particular, if p = é- som =% ifnisceven, §+ % if mis odd,

n 2
P(m heads in n fair coin tosses) = ( )2“" ~al— as n oo (6)
m nw

As you can check on a pocket caleulator, the asymptotic formuia gives excelient
results even for quite small values of n, and the relative error of the approximation
decreases as n increases. According to the asympiotic formula, this relative error
tends to 0 as 7 — oo. As n — 00, 1/y/n ~+ 0, s0 the chance of geting exactly as
many heads as tails tends 1o zero as the number of tosses tends to oo,

To understand why this is s0, recall the basis of the normal approximation. For large
n the binomial (n, p) probabilities are distributed almost uniformly if you look close
1o the center of the distribution. The consecutive odds ratios are very close 1o one
over an interval containing nearly all the probability. Still, these ratios conspire over
larger distances to produce the gradual decreasing trend of the histogram away from
its maximum, following the normal curve. By a distance of 40 = 2y/n or so from the
center the histogram has almost vanished, And nearly all the probability must ke in
this interval. Because a total probability of nearly 1 is distributed smoothly over an
interval of length about 4y/n, the probabilities of even the most likely numbers in the
middle cannot be much greater than 1/y/n. Thus even the most likely value m has
a probability P(m) which tends 1o zero as n — o like a constant over /. See the
exercises for another derivation of this, and a ditferent evaluation of the constant,
which leads 10 a remarkable infinite product formula for .

Exercises 2.3

1. Suppose you knew the consecutive odds ratios R(ky = P(k)/ Pk — 1) of a distri-
bution P(0), ..., P(n). Find a formuda for P{k) interms of R(1),.... R(n). Thus the
consecutive odds ratios determine a distribution.
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2. A fair coin is tossed 10,000 times. The probability of getting exactly 5000 headls is
closest
0.001, 001, 0.1, 0.2, 05 07, 09, 099 0.999.
Pick the comrect number and justify your choice.

3. Equalizations in coln tossing. let P(k inn) be the probability of exactly k heads i‘E
in n independent fair coin tosses. Let n = 2m be even, and consider P{m in 2m}, the
chance of getting m heads and m tails in 2m tosses. Derive the following formulae;.

, . N _ . _ i
2 P(m~1in2m)= P(m +1in 2m) = P(m in 2m) (1 1 1)
by P(m+ 1in 2m +2) = 1 P(m — 1 in 2m) + 1P(m in 2m) + P(m+1in 2m)
¢) By a)and b)
Pim+1in2m+2) =~ 1
P{m in 2m) - 2(m +1)

Check this also by cancelling factorials in the binomial formula.

d) By repeated application of ¢,

o 3 1 e 1
P(mmEm)-(l 2x1)(1 2x2) (1 ‘me)

o) 0 < P(m in 2m) < e” B+ o *\;ﬁ

£} P(m in 2m) — 0 as m — oo. The bound of 1//m is of the right order of magni- |
tude, as shown by both the following calculations and the normal approximation,
Let g = P(m in 2m). Then verify the following:

(m+1/2os, 1
(m—1+1/2)e? | Am2

g}

‘2(m+1/2)‘13n:(1_%) 1_-:115)“'(1_@_:”55)

133557 @m-l) (m+1)
2 2 4466 2m m
1) o ~ K /4710 a3 m — o0, where

3 35587

1
2217466

Deduce by comparison with the normal approximation that the value of the in.
finite product is 2/m.

2K? =2 lim (m + 1) fx?_n =

Tkt O 2
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Poisson Approximation

Even if nis very large, if p is close enough to 0 or 1 the standard deviation o = /rpg
is small. The binomial (n,p) distributon then does not follow the normal curve at
all closely. By switching consideration from successes to failures, if necessary, we
need only consider the case when p is nearly 0 and ¢ is nearly 1. Then the standard
deviation ¢ = /npq is

o= Jug= /i  where y = npis the mean.
If, for example, p = 1, so we are considering n trials with probability p = 1 [n of
success on each trial, then ¢ ~ 1. The normal approximation will he very bad no
matter how large n is. This is because the normal curve is symmetric, while the
binomial distribution is not even approximately symmetric, due (o the impossibility

of negative values.
The binomial (10, 1/10) distribution.

This is the distribution of the number of black balis obtained in 10 random draws
with replacement from a box containing 1 black ball and 9 white ones.

04

SO
0.4 a I
1.2 A [ | e = ={.1
04 F T ¥ T‘_—l 7 H ] - f T | E— [ —
0 4 2 3 H i i 7 H ] i

The binomial (100, 1/100) distribution.

This is the distribution of the number of black balls obtained in 100 randorn draws
with replacement from a box containing 1 black ball and 99 white ones,
0.4
0.3

P(k) n=100 p =001
U,

gAr . | —

T 1 T T T T T 1 T
il i 2 3 i ] G ¥ b

The binomial (1000, 1/1000) distribution.

Now take 1000 random draws with replacement from a box with 1 black ball and
999 white ones. This is the distribution of the number of black bails drawn:

0
0.3
P(k) l;-‘-? n=1000 p=0.001
0.7
(1180 I S i E——
T T T T T T ¥ Ty —
i i 2 3 ! 5 6 7 K 9 1t
As these examples show, binomial distributions with parameters n and 1/n are al-
ways concentrated on a small number of values near the mean value t=1, witha
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shape which approaches a limit as n — oo and p = 1/n — 0. This limit correspondé
to sampling more and more times with replacement from a box containing a smaller,
and smaller proportion of black balls. If g, the expected number of black ball
the sample, is kept constant, the binomial (n, p) distribution with mean p = npa
proaches a limit as n — oo and p — 0. This limit distribution, called the Pojigs
distribution with parameter p, provides useful approximations to binomial ‘prob
bilities in case n is large and p is 50 small that the normal approximation is bad;

The limit involved here is essentially the same as for the gambler's rule of Sectié{:’i;'sﬁ

As in that example, the chance of getting zero successes in n trials with probabili;y'f}.
p of success on each trial is

P0)=(1=p)" x (eP)" =™ = ¢ ¢
by the exponential approximation

l-pme™® if p=0
it can be shown that no matter what the value of n, the error in this &

PProXimation
to P(0) is of the same order of magnitude as p. Consequently, this error tends’ to g
as p — 0, regardless of the value of n, and o

PO)—e™ asn—-oandp—0withnp— p

To see what happens to the probability of k successes under the same

conditions;
look at the consecutive odds ratio: ‘ :

R(K) = Pky n-k+1 p :%{l—wml)/n)

- o :
Pk ~ 1) k 1-p l1-p k ¢

if n is lasge and p is small. In particular, if m

=1 as in the examples above, the first
two odds ratios are &

RU)~1/1  R2)~1/2

as apparent in the histograms. In the limit as n — oo the binomial (n, 1 /n) distribu-
tion approaches a distribution with g

P{0) =¢™?

and odds ratios R(1} = 1, R(2) = 1/2. This is the Poisson (1) distribution définsd
below in case p = 1. More generally, for any fixed value of y = np, as n — oG n:}
p — 0, the consecutive odds ratio R(k) tends to u/k, and and

P(k) = POR(DR(2) - R(k) — e-#H . B # _ _ubt*

To summarize, we have the following:
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Poisson Approximation
to the Binomial Distribution

i n is farge and p is small, the distribution of the number of successes in n
independent wials is largely determined by the value of the mean it = np,
according to the Poisson approrimation

k
ST A R 'u'
P(k successes) = e "H

Remark. It can be shown that the accuracy of the approximation depends largely
on the value of p, and hardly at all on the value of n. Roughly speaking, absolute
Crrors in using this approximation will be of the same order of mugnitude as p,

Defectives in a sample.

Suppose that over the Jong rnun a manufactu ring process produces 1% defective items,
What s the chance of getting two or more defective items in a sample of 200 jtems
produced by the process?

Assume each item is defective with probability p, independently of other items.
The long-run percentage of defectives would then be 100p%. so we can estimate
p = 1/100. The number of defectives in a sample size of 200 then has binomial
(200, 1/100) distribution, with mean 4 = 200 x 1 /106 = 2. Using the Poisson ap-
proximalion

P(2 or more defectives) = 1 — P(0) — P(1)

20 21
PRy L -2%5
&1 € 0' > I‘
=1-3e"? = (.504

A check on the Poisson approximation. As a check on the approximation
P(k successes in r trials) & e7#k /KL where y = np,

sum both sides from k& = 0 1o n to obtain
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FIGURE 1. Poisson distributions. Notice how when g is small the distribution is piled ¢
volues near zero. As u increases, the distibution shifts to the right and spreads out, g

opproaching the normal distribution in shape as i — oc. This can be shown by a variation.
argument in Section 2.3,
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For fixed g, as n — oo and p = p/n — 0, this approximation becomes better and
better. The limit of the sum is a well-known formula for e#:

lim — o S oz M
ﬂﬁvcoZ k! k!
k=0 21

and
g Rt memhtE = ol

See Appendix 4 for further details.

This calculation does show that the limiting probabilities Pu(k) = e #u* [k} form a
probability distribution on {0,1,2,...}, meaning that

Pu(k) 2 0 and Y " P,(k) = 1.
k=0

This kind of distribution over an infinite set of possible values is discussed more
generally in Section 3.4, More about the Poisson distribution can be found in Sec-
tion 3.5.

The Poisson (/1) Distribution

The Poisson distribution with parameter p or Poisson (1) distribution is the
distribution of probabilities P, (k) over {0,1,2, ...} defined by

Puk)y =e u*fkl  (k=0,1,2,..)

Exercises 2.4

1. Sketch the histograms of binomial distributions with the following parameters (n, p)

(105,107, B (10° 2% 107%), © (3284.107%). o) (1000, 0.998).

2. Find Paoisson approximations to the probabilities of the following cvents in 500 inde-
pendent trials with probability 0.02 of success on cach 1rial:

@) Lsuccess: D) 2 or fewer successes;  ¢©) more than 3 successes.
3. The chance of getting 25 or more sixes in 100 rolls of a die is 0.022. If vou rolled 100
dice once every day for a year, find the chance that you would see 25 or more sixes:

a) at least once; b ar least twice,

4. Repeat the previous problem for the event of getting 30 or more sixes in 100 die rolls,
which has probability 0.00068,
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5. Suppose that each week you buy a ticket in a lottery which gives you a chance of 1 /100
of a win. You do this each week for a year. What is the chance that you get k wins
during the year, approximately? Calculate as a decimal for £ =0,1,2.

6. A box contains 1000 balls, of which 2 are black and the rest are white.

1) Which of the following is most likely to occur in 1000 draws with replacement

from the box?

fewer than 2 black balls,  exactly 2 black balls, more than 2 black balls

b} If two series of 1000 draws are made at random from this box, what, approxi-
mately, is the chance that they produce the same number of biack balls?

7. Let X be the number of successes in 25 independent trials with probability 1/10 of
success on each trial. Let me be the most likely value of S.
a) Find .
h) Find P(§ = m) correct 1o 3 decimal places.
¢} What is the value of the normal approximation to P(5 = m)?
d) What is the value of the Poisson approximation o P(S = m)?

¢) Repeat a) for n = 2500 trials instead of 25. Which would now give the beuer

approximation 10 P(8§ = m)}, the normal or the Poisson approximation? Find - §

P(8 = m} approximately using the best approximation.

D Repear e) for 2500 trisls and p = 1/1000 instead of p = 1/10.

8. Mode of the Poisson distribution. Use consceutive odds ratios to find the largest &

that maximizes the Poisson (1) probability P,.(k). For what values of 11 is there a2 double
maximum? What are the two values of k in that case? Is there ever a triple maximumy

A cereal company advertises a prize in every box of its cercal. In fact, only about 9504 of
their boxes have prizes in them. 1f a family buys one box of this cereal every week for g
yeat, estimate the chance that they will collect more than 45 prizes. What 353Umptic;ﬁs
are you making? ’

10. Let N be a fixed large integer. Consider n independent trials, each of which is a success

with probability 1/N. Recall that the gambler's rule (see Example 1.6.3) says thag if
n & ZN, the chance of at least one success in n trials is abowt 1/2. Show thaf if
n = 3N, then the chance of at least two successes is about 1/2.




Section 2.5. Random Sampling 123

Random Sampling

Random sampling is a statistical technique for gaining information about the com-
position of a large population from the composition of 2 random sample from the
population. Suppose that each element of the population can be classified into one of
two categories, say “good” and “bad”. Of course, the designation of which elements
are good is quite arbitrary, and will depend on the problem at hand. In practical
problems the fraction of good elements in the population will be unknown. The
problem is to estimate this fraction based on the composition of the sample, and to
know how accurate this estimate is likely 1o be. The natural estimate of the fraction
of good elements in the population is the fraction of good elements in the sample.
That is 10 say, population percentages are estimated by sample percemtages. The
accuracy of this estimate depends on exactly what procedure was used to obtain
the sample. The ideal is to obtain a sample that is as representative as possible of
the whole population. This ideal is approached by picking the sample at random.
Provided the sample size is large enough, the proponion in the sample will most
tikely be close to the proportion in the population,

Sampling with Replacement

suppase n individuals are drawn one by one at random from a population of size
N, with replacement between draws. On each draw it is assumed that each of the
N individuals has the same chance of being chosen, and the successive draws are
assumed independent. So all N™ passible sequences of choices are equally likely.
This might be done, for example, by drawing tickets from a box, with replacement
of the tickets and mixing between draws. There is no restriction on the

sample size
n. In principle, the procedure can be repeated indefinitely.

Consider now the distribution of the number of good elements in a sample of size
n with replacement from a population of G good and B bad elements, with G +
B = N. This is the distribution of the number of successes in n independent trials,
with probability p = G/N of success in each trial, that is to say the binomiat (n, p)
distribution for p = G/N. Provided the sample size n is large enough, this binomial
distribution with parameters n and p = G/N is well approximated by the normal
curve with parameters g = np and o = \/fpg. According to the law of large numbers,
if n is sufficiently large, the proportion of good elements in the sample is likely to be
close to the proportion p = G/N of good elements in the population. By the normal
approximation, if n is sufficiently large, the number of good elements in the sample
will fie in the range np + 2, /fpg with probability about 95%. So if n is sufficiently
large, the proportion of good elements in the sample will lie in the range PE2y/pg/n
with probability about 95%. Since /pg < 1/2, this means that

P(p ~ 1/y/n < sample proportion < p+ 1//f1) > 95%

If the proportion of good elements in a population is not known, the result above
can be used to estimate the unknown proportion by the method of confidence
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intervals. If the sample size is large, then with probability greater than 95% the sample
proportion of good elements will lie within 1/y/7 of the population proportion. So
if the observed proportion of good elements in a large sample is B, guess that the
population proportion lies in the range p + 1 /v/n. The interval 4 1/ V7 is an
epprozimate 95% confidence interval for the unknown population proportion,

Sampling Without Replacement

In this procedure, elements in a popuiation of size N are drawn one by one a1
random as before, but without replacement between draws. The sample size n is
now restricted 1o n < . At each Stage it is assumed that no matter what elements
have been drawn so far, all remaining elements are equally likely on the next draw.

Equivalently, all possible orderings of n of the N elements are assumed equaliy
likeely.

The number of different possible orderings of n out of N elements is denoted by
(N, a symbol which can be read “N order n”. As explained in Appendix 1, the
product rule for counting gives the formula

(N)n = N(N - 1) (N-n+1)
where there are n factors in the product. Compare with N to the power n:
N'=N-N..-N  (nfactors)

which is the larger number of possible samples with replacement, and N choose T

(%) = arm

T

which is the smaller number of different unordered samples or subsets of size n

This is just the formula for (3} of Section 2.1 with N instead of nand n instead of

k. When rewritten in the form
N
(N}, = ( )n!
Tt

this inrmu!a.can be understood as fnii(?ws: Fach of the (‘: ) possible unordeyed
samples of size n can be ordered in n! different ways to obtain n! different ordered

samples of size 1. Thus (N),, the number of ordered samples of size n, is (™Y times
n! by the product rule of counting. "

Consider now the distribution of the number of good clements in a sample of size
n without replacement from a population of G pood and B bhad elements wig,
G+ B = N. The problem is to find the chance of getting g pood and b bag elements

in the sample, for 0 < ¢ < nand 9+b=mn, Thinking in terms of an ordered random
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sample, one way 10 get g good and b bad in the sample is if the first g elements in
the sample are good and the last b are bad. Either by the product rule for conditional
probabilities, or by the product rule for counting, the chance of this event is

e G‘l...G_9+1. B B~1 o B-b+1  (G)(B)s
N N-1 N-g+1 N-g N-g<1 N=g<b+1 (N

This is the chance of just one of (3) different possible patterns of g good and b bad
elements in an orcdered sample of size n. But the chance of any other pattern of
g good and b bad, for example, the first b elements bad and the next g elements
good, is just the same, because the same factors then appear in a different order.
Thus, multiplying the above expression by (3) gives the chance of g good and b
bad elements appearing in an unspecified pattern, as in the second formula of the
following box:

Sampling With and Without Replacement

Suppose a population of size N contains G good und B bad clements, with
N = G+ B. For a sample of size n = g + b, where 0 < g < n, the probubility
of geting g good elements and b bad clements is

o for sampling with replacement

P{g good and b bad) = (

n\ G9B®
g Nn

s for sampling without replacement

G\ (B
P(g good and b bad) = (:) g%gﬁ’()f)b . (g()N()b)

The formula for sampling with replacement is just the usual hinomial formula writ-
tent in a way that parallels with the first formula for sampling without replacement,
The second formuia for sampling without replacement follows from the first by can-
celtation after using the formula (g ) = (M )m/m! three times. This expression can
ulso be derived another way, by working in the outcome space of all (ﬁ’) possi-
ble unordered samples, Since there are n! ordered samples corresponding to cach
unordered sample, each possible unordered sample has the same chance

wn =/ ()

And ((;) () is the number of possible unordered samples with g good and b bad
elements, by yet another application of the product rule of counting. The

good
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FIGURE 1. Some hypergeometric distributions. The histograms display the distribution of the
number of good elements in a sample of size n without replacement from o population of N = 10
elaments, containing & good elements and B = 10 ~ G bed ones, for n = 2,4,6,8 (different
columnsi and G == 2, 4, 6, & (different rows). Each horizontal scale is marked by ticks ot 0,1,. .., 10

o now n=~06 =8

) —_
0o .
=8 lJT R — .,i,wamMTﬁw,m,., [_ b e B

M

%’“ 0
(7= 4 L
B=6 ilh ...... L

rrrrrrrrrrr

.M\ ey
' d ‘
x T H .
y o4
vy B B s e e 3 L e s e e e A Ty
T

LU M S e




Section 2.5. Random Sompling 127

elements can be chosen in (‘;) ways, and no matier how these are chosen, the bad

ones may be chosen in (f) ways. This method of counting unordered samples is

what is used to caleulate the probabilities of various poker hands. See Exercise 12,

The hypergeometric distribution. This is the name of the distribution of the nun-
ber of good elements in a sample of size i without replacement from a population
of & good and N — G bad elements. The distribution has three parameters, n, N and
G. The probability that this distribution assigns 10 g € {0,1,...,n} is the probability
P{g good and b bad) for sampling without replacement, as in the box, forb = n - g
and B = N ~ . Note that this probability may be zero for some g between 0 and
n. (See Exercise 11). The fact that these probabilities add up 0 1, and so define a
distribution on {0,1,...,n}, is not obvious from the formu la, but it follows at once
from the rules of probability: as g varies from 0 1o n the events of geting g good
elements and b bad elements in sampling without replacement form a partition of
the whole outcome space.

Binomial approximation to the hypergeometric distribution. If N , G, and B
are large in comparison to i, g, and b, the formulae for sampling with and without
replacement give nearly identical probabilities. Moge precisely, for tixed n, b, and g,
and N — 20, G — 00, and B — oo, the ratio of the two probabilities tends w |,
This follows from the fact that for any fixed n,

(N} /N™ =1 as N owec

In practice, this makes the binomial distribution a useful approximation o the more
complicated hypergeometric distribution. The approximation is quite intuitive, he-
cause if the sample size is small in comparison 1o the population size there is very
little chance of a duplicate in sampling with repltacement. The chance of getling a
cplicate in sampling with replacement is just 1 — (N)n/N" = 0if n < VN (sce
the birthday problem of Section 1.6). And given that there are no duplicates, the
sample with replacement js just like a sample without replacement, in the sense that
all orderings are equally likely.

Normal approximation to the hypergeometric distribution. This is discussed
in Section 3.6.

Exercises 2.5

1. Suppose you ke & random satnple of 10 tickets without repl

acement from a box
containing 20 red tickets and 30 blue tckets.
a) What is the chance of getting exactly 4 red tickets?

b) Repeat a) for sampling with replacement.

2. Three cards are deall from a standard deck of 52 ¢

ards, containing 26 red cards and 26
black cards. Write down the probability thar;

a) the fisst card is red and the second rwo black;
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b) exactly one of the cards dealt is red;

¢} at least one of the cards dealt is red.

3. A deck of cards is shuffled and dealt to four players, with each receiving 13 cards. Fing: .
a) the probability that the first player holds all the aces;

b the probability that the first player holds all the aces given that she holds the ace *
of hearts,

¢) the probability that the first player holds all the aces given that she holds at least
one;

d) the probability that the second player holds all the aces given that he holds ali
the hearts.

4. A population of 100,000 people consists of 40% men and 60% women. A random
sample of size 100 is drawn from this population without replacement. Write down an

expression for the probability that there are at least 45 men in the sample. Approximately
what is the value of this probability?

B. Suppaose 55% of a large population of voters actually favor candidate A. How large'a.
random sample must be taken for there to be a 99% chance that the majority of voters

in the sample will favor candidate A?
6. Ina hand of 13 cards drawn randomly from a pack of 52, find the chance of;
a) nocourt cards (J, Q, K, A);
b) at least one ace but no other court cards;
©) at most one Kind of court card,
7. A box contains 50 black balls and 30 red balls. Fou: balls are drawn at random frey
the box, one after the other, without replacement. Find the chance that:
a} all four balls are black;
1) exactly three balls are black;
¢) the first red ball appears on the last draw.

8. In a naffle with 100 tickets, 10 people buy 10 tickets each. If there are
drawn at random find the probability that:

a) one person gets all 3 winning tickets;
b) there are 3 different winners;

3 winning tickets

€) some petson gets two winners and someone else gets just one,

9. Aot of 50 items is inspected by the following two-stage plan.

(i) A first sample of 5 items is drawn without replacement. If all are good the 1ot is .
passed; if two or more are bad the lot is rejected,

(i) If the first sample contzins just one bad item, 2 second sam
drawn without replacement (from the remaini
if two or more of these are bad. Otherwise it

Suppose there are 10 bad items in the lot.

ple of 10 more items ig
ng 45 items) and the lot is rejectag
is accepted.
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10.

11,

12,

13.

a) What is the probability that the second sample is drawn and contains more than
one bad item?

b} Write down an expression for the probability that the ot is accepted.

Suppose a population of N elements consists of G good, B bad, and I indifferent
elements, with B +G + 1 = N. If a random sample of size n is drawn with repiace-
ment from this population, explain why the chance that the sample contains k; good
elements, k2 bad elements, and k; indifferent elements, where k, + ky 4 ky =mn, is

ot (GNP (BINY 2 (1)

Range of the hypergeometric distribution. For 1 < n < N and 0 < G < N,
describe the set of g with 0 < g < n such that there is strictly positive probability
of getting g good elements in a random sample of size n without replacement from
a population of ¢ good and N — (G bad elements. Explain why the formula for the
probability in question gives the correct value, ( possibly 0) for ali 0 < g < n.

|4

Poker hands. Assume all (f) hands equally likely, Find the probability of being
dealt:

a) a straight flush (5 consecutive cards of the same suit);

b} four of a kind (ranks a, 1, a, 3, hy;

¢) a full house (ranks a, a, a, b, b);

d) a flush (5 of the same suit, not a straight flush);

e} a straight (5 consecutive ranks, not a flush);

f) three of a kind (ranks 4, a, a, b, ¢);

g two pairs {ranks a, a, b, b, c;

h) a pair (ranks a, a, b, ¢, d):;

i} none of the above,

A factory which produces chips in lots of ten thousand uses the following scheme to
check the quality of its product, From each lot of chips produced, a random sample of
size 500 is taken. If the sample contains 10 or less defectives, the lot is passed. If the
sample contains more than 10 defectives, another random sample of size 500 is chosen
from the lot. If this sample contains 10 or less defectives, the lot is passed. Otherwise,
the lot is rejected. If a lot actually contains 5% defectives, find the chance that it will
pass. {Approximate by sampling with replacement, and use the normal curve ]
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Repeated Trials and Sampling: Summary

Binomial Probability Formula

ko on—k

7 . X .
Pk successes in n trials) = g P for independent trials with

p = probability of success on each trial,

g = 1 — p = probability of failure on each trial.

For fixed ni, as k varies from 0 1o n, these probabilities define the binomial (n, p) distribution
on {0,1,...,n}. That the probabilitics add to 1 amounts to the

n
n _
Binomial Theorem: (p+g)" = E ( k)PkQ“ k
i)

n\ _ n! _nn—-1)---(n—-k+1)
Here, (k)“k!(n—k)!“ Fk—1)1

= binomial coefficient called n choose k

= number of ways to pick & places out of n
= number of subsets of & of a set of n

= number in row 1, column & of Pascal’s tiangle

e (- (0)-

Recursion Formula for Pascal’s Triangle

n n—1 n—1
(k)m(k-1)+( k ) {for0 <k < n, n=12...}

Symmetry of Pascal’s Triangle

( ) —
k T — k
Consecutive Ratios in Pascal's [riangle

/)=
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Consecutive Ratios in the Binomial (n, p) Distribution

PRy (n—k+1)p
R(k) = Plk—1) kg

Mode of Binomial (n, p) Distribution: m = most likely value = int{np + p)
Normal Approximation to the Binomial Distribution

1 k —
P{k) ~ —6 (—-—"—L»)
a a
where w = np isthe mean,
o = npg is the standard deviation,
z=(k—p)/e isk in standerd units,
é(z) = _\/—%;e~%z2 is the standard normal density function.
B+l N S
Platob) ~ & (,__szi) ~ @ (f’_—i_ﬁ)
g g

F4
where P(z) = ] d{r)dz is the standard normal c.d.f.

This approximation should be used only if ¢ > 3. The larger o, the better,
P(-z)=1- ®(z)
O(a,b) = B(b) — P(a)
P{~b,b) = 20(b) — 1
P(p — ¢ 10 p+ o success in n trials) = ®(—1,1) ~ 68%
P(je — 20 10 p + 20 success in n trials) =~ (-2, 2) = 95%
P{u — 30 10 g + 3o success in n tials) = $(-3,3) =~ 99.7%

Square Root Law for Independent Trials: The deviation from the expected number of successes
np will most Hkely be a small multiple of ¢ = /npg < %ﬁ

P(p «\%ﬁ < sample proportion < p + %) >95%  forlarge n.

Poisson Approximation to the Binomial Distribution
If p is close to zero

P(k) =~ e P pu* [k where = np

Random Sampling: See box on page 125.
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Review Exercises

1. Ten dice are rolled. Write down numerical expressions tor
a) the probability that exactly 4 dice are sixes.
h) the probabitity that exactly 4 dice are sixes given that none of the dice is a five.
¢) the probability of 4 sixes, 3 fives, 2 fours, and a three.
) the probability that none of the first three dice is a six given 4 sixes among the

ten ice.

2. A fair die is rolled 36 times, Approximate the probabilily that 12 or more sixes appear,
3. Suppose I roll a fair die, then toss as many coins as there are spots on the die.

a) What is the probability that exactly three heads appear among the coins?

B) Given three heads appear, what is the probability that the die showed 42

4. A fair coin is tossed 10 times. Given that at least 9 of the tosses resulted in tails, wha
is the probability that exactly 9 of the 1osses resulted in tails?

5. A thumb tack was tossed 100 tmes, and landed point up on 40 1osses and point down

on 60 tosses. Given this information, what is the probability that the first three tosses
landed point down?

6. Four numbers are drawn at random from a box of ten numbers 0,1,...,9. Find the
probability that the argest number drawn is a six;
a) if the draws are made with replacement;

b} if the draws are made without replacement.

7. 10° fair coins are tossed, Find g number & such that the chance that the number of
heads is between 500,000 — & and 500,000 + k is approximately (.96,

8. Suppose you and I cach roll ten dice. What is the probability that we each rofl the

Same
number of sixes?

8. Ina certain town, 10% of the families have no children, 10% have ope child, 40% have
two children, 30% have three children, and 10% have four children. Assume thay births
are independent of each other, and equally likely to produce male or female,

4) One family is picked at random from all of the families in this 10
probability that there are at least tweo children in the family?

b} One family is picked at random from all of the families in this town. Guess the
size of the family, given that it has at least two girls. Give reasons for your Ruess

¢) A family s picked at random from among the families with four children, Then
a child is picked at random from the selected family, What is the chance that the
child picked is a girl with at Jeast one brother?

wn. What is the

10. Lie detectors, According to a newspaper repont, in 2 million lie detecror tests, 300, Dog

wure estimated 0 have produced erroneous results, Assuming these figures to be cop.
rect, answer the following:
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11.

12.

13.

14.

15.

a) I ten tests were picked at random from these 2 million tests, what wouid be
the chance that at least one of them produced an erronecus result? Sketch the
histogram of the distribution of the number of erroneous results among these ten
eSS,

b) Suppose these 2 million tests were done on 2 variety of machines. If 2 machine
were picked at random, then ten tests picked at random from these tests per-
formed on that machine, would it be reasonable 1o suppose that the chance that

at least one of them produced an erronecus result would be the same as in ay
Explain.

Consider two machines, A and B, each producing the same items. Fach machine pro-
duces a large number of these items every day. However, production per day from
machine B, being newer, is twice that of A. Further the rate of defectives is 1% for B
and 2% for A. The daily output of the machines is combined and then a random sample
of size 12 tken. Find the probability that the sample contains 2 defective items. What
assumptions are you making?

In poker, a hand containing face values of the form (x,2,y,z,w) is called one pair.
a) i1 deal a poker hand, what is the probability that 1 get onc pair?

b) I keep dealing independent poker hands. Write an expression for the probability
that I get my 150th ‘one pair’ on or after the 400th deal.

¢} Approximately what is the value of the probability in b)?

A seed manufacturer sells seeds in packets of 50. Assume that each seed germinates with
a chance of 99%, independently of all others. The manufacturer promises to replace,
at no cost to the buyer, any packet that has 3 or more seeds that do not germinate,

What is the chance that the manufacturer has 1o replace more than 40 of the next 4000
packets sold?

a) If Ted and Jim are among 10 people arranged randomly in a line, what is the
chance that they stand next to each other?

b) What if the ten people are arranged at random in a circle?

¢} Generalize to find the chance of k particular people ending up all together if n

people are arranged at random in a line or a circle.

Draws are made at random with replacement from a box of colored balls with the fol-
lowing composition:

color red | blue | green | yellow
propotion | 0.1 | 0.2 0.3 0.4

Write down and justify unsimplified expressions for the probabilities of the following
events:

a} exactly 5 yeliow balls appear in 20 draws;
b) exactly 2 red, 4 blue, 6 green and § yellow balls appear in 20 draws;
¢} the number of draws required to produce 3 red balls is 25.
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16,

17.

18.

19,

20.

21.

22,

23.

Tight cards are drawn from a well-shuffled deck of 52 cards. What is the probability
that the R cards contair: ) 4 aces:  b) 4 aces and 4 kings;

©) 4 of a kind (any kind, including the possibility of 4 of two kinds).
1§ four dice are rolled, what is the probability of:

A) fourof a kind;, b} three of a kind;, ¢} two pairs?

Seven dice are rolled. Write down unsimplified expressions for the probabilities of each
of the following events:

a) exacy theee sixes;
1 three of one kind and four of another;

) two fours, two fives, and three sixes;  d) each number appears;

) the sum of the dice is O or more.

In a World Scries, teams A and B play until one team wins four games. Suppose all
games are independent, and that on each game, the probability that team A beats wam
Bis 2/3,

a) What is the probability that team A wins the series in lour games?

13y What is the probability that team A wins the serles, given team B won games |
an 27

A computer communication channel ransoits words of » bits using an error-correcting
code which is capable of correcting errors in up to k hits. Here each bit is either 3 @

or a 1. Assume each bit is transmitted correctly with probability p and incorrectly with
probahitity ¢ independently of all other bits,

1) Find a formula for the probability that 2 word s correctly transmitted.

by Calculate the probability of correct transmission for n = 8, k = 2, and g = 0.0},

Supposc a single bit is transmitted by repeating it n times and the message is interpreted
by majority decoding, For example, for n = 5, if the message received is 10010, &
is concladed that a4 0 was sent. Assuming n is odd and each bit in the rm,s.s,age i
transmitred correatly with probability p, independently of the other bits, find a forpnuia
{or the probability that the message (s correctly received,

Suppose that, on average, 3% of the purchasers of airdine tickets do not appedar for the
departure of their flight. Determine how many tickets should be sold for a flight on .m
airplane which has 400 scats, such that with probability 0.95 everybody who appears
for the departure of the flighr will have a seat. What assumptions are you making? )

Ten percent of the families in a town have no children, twenty percent have one child,
forty percent have two children, twenty percent have three, and ten percent have Ffour
Assume each chitld in a family is equally likely 1o be a boy or a girl, independe‘r;t!f ué
all the others. A family is picked at random from this own. Given that there is ag 1@%:
one boy in the family, what is the chance that there is also at least one girl? o

e
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24,

25.

26.

27.

28

29,

In 4 large population, the distribution of the number of children per family ts as follows:

Number of children n ] 1 2 3 4 5

s

Proportion families with n children | 0,151 0.2 { 0.3 1 0.2 [ 0.1 | 0.05

Assume that each child in a family is 3 boy or a girt with probability 1/2, indepen-
dently.
a) If a family is picked at random, what is the chance that it contains exactly two
girls?
by 1f a child is picked at random from the children of this population, what s the
chance that the child comes from u family with exactly two girls?

At Wimbledon, men's singles matches are played on a “best of five sets” basis, that is,
players A and B play until one of them has won 3 sets. Suppose each set is won by A
with probability p, independently of all previous sets.

a) Foreachi=13,4,3, find a formula in terms of p and g = 1 — p that player A wins
in exactly £ sets.

b} Interms of p and ¢, what is the probability that player A wins the match?

¢} Given that player A won the match, what is the probability (in terms of p and g)
that the match lasted only three sets?

d) Compute the probability in ¢} for the case p = 2/3.

e) Do you think the assumption of independence made above is reasonable?

Suppose 3 points are picked at random from 10 points equally spaced around the
circumference of a circle.

a) What is the probability that two particular adjacent points, say A and B, are both
among the 3 points picked at random?

b} What is the probability that among the 3 points picked at random there is least
one pair of adjacent points?

A university schedules its final examinations in 18 “examination groups”, so that courses
held at different times are in different examination groups. The examination times are
spread over 6 days, with 3 examinations each day. Suppose all students ake 4 exami-
nations. About what proportion of students will have their 4 examinations on different
days? [You need to make some assumptions—state whal the assumptions are.}

The matching problem. There are n letters addressed to n people at n different
addresses. The n addresses are typed on 1 envelopes. A disgruntled secretary shuffles
the letters and puts them in the envelopes in random order, one letter per envelope.

2) Findthe probability that at least one letter is put in a correctly addressed envelope.
[Hint: Use the inclusion-exclusion formula of Exercise 1.3.192)

) What is this probability approximately, for large n?

Cosmic wimpout. In this game five dice are rolled. Four of the dice have the same
set of symbols and numbers on their faces. The numbers are 5 and 10, and let us call
the symbols A, B, C, and D. The fifth die is the same, except symbot D) is replaced by

a different symbol W, indicating a wild roll. In one version of the game, the following
kinds of rolls count for 2 score:
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= any roll that shows one or more numbers;

 any roll that shows a triple of symbols, where the wild symbol W can count as
any symbol you like, e.g., WAABC scores a triple, the W counting as A,

* a roll that shows W together with one of each of the other symbols A, B, C, and
0.

Any other combination fails to score, and is called a wimpout. Calculate the probability
of 4 wimpoul.

30. Stirling’s formula. Use logarithms and calculus to derive an approximation of rhe
form

nﬂ

() v

for some constant €. Now compare with the normal approximation to the probability
of m heads and m 1ails in 2m fair coin tosses o deduce that = 3

n!wC(

31. ‘The normal approximation works reasonably well whenever the area under the norsral
curve over the range of the binomial distribution is close 10 one. Show that if | /mipg >3,
then at east 99% of the area under the normal curve is berween 0 and n by showing:

D p -3 APEE0 g~ 3T pge 0 o) 0 < np & 3,/7ipg < n.

32. Call 3 card hand of h cards 2 straight if the denomina
Liyd+ bk, forsome 1 < d < 13— h, where d = 1 represents ace, d = 11 for jack, 12
for queen, and 13 for king (so aces only count low). Call the hand a flush i all b capds

are of the same suit, Assume for simplicity that a straight flush counts bath as a straighn
and as a flush, For which h is a straight more likely than 2 flush?

tions can be arranged as d,d4

33. W How could you simulate a biased coin landi

ng heads with probability p = 1 S8
you only had available a fair coin?

b) How could you simulate fair coin tossing if

you only had available a coin with
unknown bias p strictly between 0 and 17

34, a4} Explain why if you and [ each toss m fair coins, the chance that we both zet the
same (unspecified) number of heads equals thy

¢ chance that we get exactly o
heads and m tails between ug,

b} H 1 wss m fair coins, and You toss m + 1 fair cotns,

what is the chance thay you
get sticldly more heads than [ de?

85. At rouleue, the chance of winning a bet on 2 single number js 1 /38,

4) Write down a numerical expression for

35 buts (nclusive) out of 1060 bers on
CXPression.

the chance of winning between 2g and
4 single number. Do not evaluate this

b Should the normal curve be used
300 If yes, find the pormal a
4pproximation.

to approximate the chance in a¥ (Give: g

. ey
pproximation. If no, use some better meth

odh of

36. An efficient way of computing probabilities in the binomial (n
desired degree of ACCUracy is 1o use the following method. Let

) distribution 10 any
fix some small number ¢ > 0, Starting from H(m) =

™= 0ntnp + p) ang
1, find the histogram heigim
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(k) = P(R)/P(m) for k = m + Lm +2,... by repeatedly multiplying consecutive
odds ratios, until £ = b say, the least k > m such that & {k}) < e. Find H(k) for
o < & <7 similarly, where a is the grestest & < m such that H(k) < «.

a) Show thal the binomial {n, p} probability P{e to b} is at Jeast 1 — ¢,
[Hint: Use the fact that the consecutive odds ratios are decreasing o show P(h + j) <
eP(m+j) for j = 1,2,... hence P(b+ 1 ton) < e'(m 4+ 1 10 n). Bound the left il
similarly. This argument was discovered by N. Bernoulli around 1706.]

b) Fora <k < blet P(kla to b) = H{k)/T where £ is the sum of the H(y) over
a <j<b Deduce froma) thatfora < k< b
(1~ e)P(kjatob) < P{k) < Plkiatob)

S0 P(k{n 10 b) computed as above is an approximation 1o P(k) with 2 relative error
of at most ¢. The computer run time 1o compute P(kla (0 Dforevervn € b < bis
approximately K (b~ a) for some constant K depending on the speed of the computer.

¢} Use the normal approximation to find an approximate formula for the run time
in terms of n, p, K, and ¢ which will he asympiotically correct as n - oo,

d) If it takes my computer 2 seconds to compute this approximation 1o the distri-
bution of the number of reds in 100 spins of a roulete wheel with ¢ — 0.001,

approximately how long should it take my computer 1o approximate the distri-
bution for 1000 spins with the same ¢?

7. Integrals related to equalizations in coin tossing. Let 7, — fsz cos™(z)dz.

a) Show that forn = 2,3, ...

n~—1 / 27 /27r
Iu:'- [nw o n —_.
-~ 2 an T < I, < -

b) Referring 1o Exercise 2.3.3, show that these formulae yield much sharper bounds
on am = P(m in 2m), the probability of exactly m heads in 2m fair cain tosses,
as well as the value of K = lim,, - oo i,

¢} Use cos(x) & 1 — 12 for 2 &2 0 and an exponential approximation to deduce
that I, = C/ /7 for large n where

C = / B(z)dz

Compare with the estimates of 1, in ) to conclude that ¢ = 37 .
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- Random Variables

This chapter extends the ideas of mean, standard deviation, and normal approxima-
tion to distributions more general than the binomial. This involves sums and averages
of randomly produced numbers. Random variables, introduced in Section 3.1, pro-
vide a good notation for this purpose. The concept of the expectation or mean of
a random variable is the subject of Section 3.2. Then standard deviation and the
normal approximation appear in Section 3.3. In these first three sections, attention
is restricted (0 random variables with a finite number of possible values, The ideas
are extended to random variables with an infinite sequence of possible values in
Section 3.4, then to random variables with a continuous distribution in the

following
chapters.

Introduction

The number of heads in four tosses of a coin could be any one of the possible
values 0,1, 2, 3,4. The term random variable is now introduced for something like the
number of heads, which might be one of several possible values, with a distribution
of prababilities over this set of values, Typically, capital letters X, Y, Z, etc., are used
to denote random variables. For example, X might stand for “the number obtained
by rolling a die”, ¥ for “the number of heads in four coin tosses”, and Z for “the
suit of a card dealt from a well-shuffied deck”. This is not really a new idea, rather
4 compact nofation for the familiar idea of something or other picked at random
according to a probability distribution,
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The range of a random variable X is the set of all possible values th
produce. This section only considers random variables with 2 finite range
ranges will appear in later sections. Usually, and unless otherwise spe
following development, the range of a random variable is assumed I«
numbers. In case not, the nature of the range can be indicated by a
terminology. For example, rendom pair, random sequence, or random” rer
In the following table, Z might be called a rendom suit.

TABLE 1. Some random vatiables and their ranges.

Random variable Description Range
X Number on 2 die {1,2,3
Y Number of heads in 4 coin tosses {0,1,2
A Suit of a card { '_

Distribution of X

A statement about a random variable, such as “X < 37, defines an event
occurs if the statement is true, and does not oceur if the statement is false

TABLE 2. Some events determined by X, the aumber on o die.

Verbal description of event Notation | Subset of range.”

1. Number on the die is less than or equal 10 3 | X <3 {1.2,3}

2. Number on the die is §

X=6 {6}

3. Number on the die is less than or equal tor | X < {1,2,...,7}
4. Number on the die is X=x {z}
5. Number on the die is in the subser B XeR B

In lines 3 and 4 of the tble, z denotes an arbitrary element of
In line 5, B is a generic subset of the range of X. Events defi
about a random variable X are called epents determ
can be written as “X € B” where B is the
the statement is true. The probability of this
P(B). The notation P(B) is familiar as
notation P(X € B) shows this probab
varies over subsets of the range of X,
called the distribution of X. Assuming

the ransg
ned by Be

ined by X. Every
set of possible values of
event is written P(X € B
the probability of getting a valy,
ility refers 10 the random variabje
these probabilities must form a°

that X has only a finite number: ¢y
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values, the distribution of X is determined by the probabilities of individual values

P(X =2) T € range of X

via the addition rule

P(Xe€B)=Y P(X=1)

zcB

Here it is assumed that the random variable X has a uniquely specified value, no
matter what happens. So the cvents (X = x) as z varies over the range of X are
mutually exclusive and exhaustive, and their probabilities must add up to I, By
similar reasoning, P(X € B) is obtained by summing just over those values x in B,
The probabilities P(X = z) can be displaved in a distribution table or histogran, or
given by a formula.

Dummy variables. There is nothing sacred abowt the use of the symbol x as a
generic possible value of X. You could just as well use & or 1 or any other lowercase

letter. For example, if X is the number of heads in four coin tosses, it makes perfect
sense to write both

PX = k) = (i)z—** k=0,....1)
2
P(X <2) = 5;0 (?)2-4

Here k and i are called dummy variables. It is a useful convention to rescrve capital
letters for random variables, small letters for dummy variables. Often 4 matching
lowercase letter is used 1o denote a generic possible value for an uppercase random
variable. But this is not always convenient. $o he prepared for statements like

PX =v) = P(Y =)

which means that X and Y have the same chance of being equal to v.

Functions

Often a random variable of interest, X say, is expressed as 4 function of

another
random variable W,

X = g(W)

Here g is a function defined on the range of W with values in the range of X. Such
a function is a deterministic rule. The rule is that if W has value w, then X has value
g(w), uniquely determined by w, for every possible value w of W, Put another way,



-

. X givesaless deailed description of what is happening than W'
Kigan be derived from that of W, because any event defined by
terms of g(W} and hence in terms of W. As the next example:

anew way o say something familiar.

I.et.X be 'the number of heads in two tosses of a fair coin. The
is the binomial distribution with parameters n = 2 and p = 1

z o} 1] 2
'.-P(xm;) 1/411/2 | 1/4

The probabilities. of 1/4,1 / 9, and 1/4 were obtained from the naty
fortwo . coi ¢s: {hh, ki, th,tt}; by assuming the two 1055€5
1ol resent which of these outcomes appeared. Once the:

of both tosses be'omes known, the number of heads X is compl
WY where g is the function defined by the followmg table; -

- Outcome of tosses w | tt | th | At 1 &
Number of heads g(w) | 0 { 1 | 1 ] 2%

“The same relati nshlp is displayed in the following diagram:

possible values of W
th ht

possible values of X = g(W)
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The distribution of X =g(W). As in'the last example with two trials, the number
of successes -in n-trials can be regarded as a function of the detailed sequential
outcome of all trials.' To get the probability of 4 particular number k of successes,
add the probabilities of all sequences giving Tise 1o k successes. The same method
gives a gefieral formula for the distribution of X = g(W) in terms of the distribution
of W: Keep-in mind that while a function g must assign to each w a unique value
of &;:many values of w may be assigned the same . The event (X = z) is the
event that W' has a value w such that g(w) = z. By the addition rule for probability,
P(X =) is the sum of the probabilities P(W = ) over all w such that glw) = z:

w;g(ﬁ;)zm

Given a random-variable X, newrandom variables are created by common numerical
functions, for example,

2X 3-8 XT (x-9

To illustrate; if the value of X-turns out to.be —3;'the values of these four variables
are

6  ~1 9 5

Assuming the distribution of: X is-known, the. probability of an event determined

by a function of X is oftén f und most simply by manipulating the statement of the

event. The result of the manipulation'is that the event in-question occirs precisely
when X' falls in some set of values. To illustrate, Suppose X hiis uniform distribution
on the'19 integers {9, -—8, 8,9} Then
PEX <5) = P(X'<'5/2) = 12/19
PBX -5 <5) = P(X £10/3) = 13/19
P(X? <8) = P(-vVB< X < vB) =5/19
P{X ~2 <5) = P(-5 < X~ 255)

Events like the. last ope turn up-in
value of: X: by guessing that-X j
And P(IX=2].<.5), found above,

rediction’ problems. If you try predicting the
then {X.= 2| isshow far off your prediction is.
-5 the chance: that your prediction is off by 5 or

evelopment of these ideas, it is nec-
ject’is a random variable. In
finition, "2 ntimerical furiction
possible cutcomes ‘w, where “a- probability
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Example 2.

distribution is given. For example, X representing a number of heads as in Exampie
1 would be the function X (w), denoted g(w) in that example, giving the num-
ber of heads as a function of a more complete description of the outcome. Then
P(X € B) = P({w: X(w) € B)) defines the distribution of X in terms of prob-
ability on the basic outcome space. With this tormalism, a function A defined on
the range of X defines another random variable h(X), the composition of h and X
which is the funcrion whose value for ouicome w is h{X (w)).

Joint Distributions

Given two random variables X and Y defined in the same seting, we can consider
their combined or joint outcome (X, Y') as a random pair of values. By definition,
(X,Y) has value (z,y) if X has value z and Y has value y. Thus the event thar
({(X,Y) = (z,¥)) is the intersection of the events (X =x)and (Y = y), and is

usually denoted (X = ¢, ¥ = ¥)- So commas mean intersections in statements aboagr
random varables.

The range of the joint outcome (X ,Y) is the set of all ordered pairs (z,y) with ¢
in the range of X, y in the range of Y, and PX =z,Y =y) > 0. If the range of
X is represented by points on a horizontal line, and the range of ¥ by points on a
vertical line, then the range of (X, Y) is represented by a set of points in the plane,
Alternatively, the range of (X,Y) may be represented by a set of paths through a
tre dingram, as in Chapter 1.

The distribution of (X, ¥} is called the joint distribution of X and

Y. This distribution
is determined by the probabilities

P(z,y) = P(X = 2,Y = y)

which must satisfy

Plr.y)20  and 3 P(z,y) =1
alf (&)

Two draws at random without replacement,

Let X and Y be the first and second draws made at random
from a box containing three tickets numbered 1,2, and 3. Assuming all six Possible
paits of draws are equally likely, the joint distribution of X and Y is displayed ar;
follows. The entry at position (x, y) is Plz,y)=P(X =2,Y = y). the chance thay
the fiest draw is & and the second is ¥ Contrary to convention for matrices, here the
first index « is for columns, increasing from left o right, and the second index y is
for rows, increasing from bottom to top. This is to make the table consistent with
conventional (x, ¥} co-ordinates in the Plane, as in Figure 1 on page 148,

without replacemeng
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TABLE 3. Joint disiribution table for (X, Y)

possible values for X || disin. of Y
1 2 3 (row sums)
possible 3 /6 1/6 0 1/3
values 2 1/6 0 1/6 1/3
forY 1 0 1/6 1/6 1/3
distn, of X /3 1/3 13 1
(column sums) (total sum)

As in this example, the distribution of X can be obtained using the following:

Marginal Probabilities

P(X=z)=3 Plz,y)

all y
where the sum is over all possible y in the range of Y.

This is just the basic addition rule for probabilities, since the events (X = z,Y = y)
form 2 partition of (X = ) as y varies over the range of Y. The sum is over all
entries in column z of the distribution table, These sums can be displayed as above
to show the distribution table for X in a row along the bottom margin of the table.
Similarly, the distribution of Y defined by

P(Y =y)= 3" P(z,y)

all =

can be displayed in a column on the right margin of the table, For this reason, when a
joint distribution of X and Y is considered, the distribution of X and the distribution
of Y are often called marginal distributions,

Same random variable or same distribution? In the fast example, while the two
random variables X and Y have identical distributions, it would be wrong to say
they were equal. Indeed, for the two draws without replacement,

P(X=Y)=0

so X is cerainly not equal to Y, A second example: if X is the number of heads
in ten 10sses of a fair coin, and Y is the number of tails in those ten tosses, then X
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and Y have identical distributions. Still, X and Y are not equal, since, for instance,
X = 6 makes Y = 4. However X equals 10— Y, because no matter what the pattern
of heads and tails, the number of heads is 10 minus the number of tails, That is

say X is certain to equal 10 Y, or P(X =10~ Y) = 1. The next box summarizes
this distinction,

Random Variables with the Same Distribution
Random variables X and Y have the same or identical distribution if X and
Y have the same range, and for every value v in this range,

P(X =v) = P(Y =1).

Change of Variable Principle

If X has the same distribution as Y, then any statement about X has the same
probability as the corresponding statement ahout Y, and g(X) has the same
distribution as g(Y), for any function g. For example,

Pla<X <b)=Pla<Y <b)forall aand b,
and X2 has the same distribution as Y2,

Equality of Random Variables
Random variables X and ¥ are equal, written X =Y, if P(X = Y) = 1, In
particular, if no matter what the outcome, the value of X equals the value of
¥, then X =Y,

i two random variables are equal, then they have the same distribution. But
random variables with the same distribution need not be equal.

The change of variable principle is an immediate consequence of the definition «f
equality in distribution. A later subsection on symmetry shows how the change of
vatiable principle can be used to avoid unnecessary calculations. ‘

Techunical remark. The definition of equality of X and Y allows X and Y 1o differ
on some exceptional set of outcomes that is assigned probability zero. This flexibiting
in the definition is of lide significance for random variables with a finite range, b!.;{
is convenient for random variables with infinite range, considered in later sections.
Computing probabilities from a joint distribution. Once the joint distribution
of X and Y has been caleulated, the probability of any event defined in terms of X

and Y can be found. Simply sum the probabilities P{z, y) over the relevant set of
pairs {x, y):
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Probabilities of Events Determined by X and Y

The probability that X and ¥ satisfy some condition is the sum of P(z,y) over
all pairs (,y) satisfying that condition. For instance

PX<Y)= 3} Plag)=Y Y Py

(ry)z<y all x yiy>e
P(X=Y)= 3 Py=Y Pz
(z.y)z=y all @

Distribution of a function of X and Y. The distribution of any function of (X,Y),
for example

X+Y X-Y Xy min{X,Y) max(X,Y)

can be obtained from the joint distribution of X and Y. For exampie,

PX4Y=z)= Y P(z,y) =3 " P(z,z ~ q).

{z.¥):z4y=z Al =

There is a similar formula for any function g(X, Y): the probability Plg(X, Y) =z
is the sum of P(z,y) over all pairs (z, y) with glz,y) = 2.

Sum of the draws,

Calculate the distribution of X + Y for two random draws X and ¥ from a box
containing {1,2,3}: (a) without replacement, (b) with replacement.

(a) From the joint distribution table given earlier for draws without replacement,
the possible values of the sum 8 = X +Y are 3, 4, and 5. By inspection of the table,
each possible value s for § corresponds to exactly two possible pairs (2, ), each
with probability £. Hence the distribution of § is given by the following table:

8 3 4 b
P(§=5)11/3]1/3 1/3

(b) If the draws are made with replacement, then the joint probabilities are
Ple,y) =1/9  (1<2<3, 1<y<3)
Now, there is one possible pair adding to 2, two possible pairs adding to 3, three

adding to 4, two 10 5, and one 1o 6. Thus for draws with replacement the distribution
of § is given by the table:
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FIGURE 1. Distributions for sampling with and without replacement from {1,2,3}. Referto
Example 3. In each case the joint distiibution of (X, Y} is represented by a patiern of blobs
the area of the blob over (z, ) proportionat to P(z,y). The distributions of X, Y, ond. X
are displayed similarly around the edges of the joint pattern. Probabilities in these distributions ase
obiained by adding probabilities from the joint distribution os indicated by the arrows.

Sampling without replacement

Joint distribution of (X, Y)

Distribution of ¥

Distribution of X
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s 2 | 3 | 41{5 ]| 6
P(S=3s)]1/9|2/9|3/9]2/91/9

These calculations are llustrated in Figure 1.

The example shows that to find the distribution of a function of two random variables
X and Y, such as their sum, you must think in terms of the joint distribution of X and

Y. Knowing that both X and Y are uniform on {1,2, 3} is not enough 10 determine
the distribution of X + Y.

Minimum and maximugm,

Let X be the minimum and Y the maximum of three digits picked at random without
replacement from {0,1,...,9}.

Find the joint distribution of X and Y.

Because the sampling is done without replacement the three digits drawn must be
distinct, s0 the only possible pairs of values for the minimum and maximum are
integers © and y with

o0 00 060 0 00 0<z<7, z+2<y, y<09,

©O 0 0 0 0 0 0 N
as marked in the diagram on the
-0 booBooe - left. To find the chance of such a
xo® 00 O 0 - pair, forget the order in which the
; iersle o CO. 4 -1 e N
g 0 O 0 O chg:@ co‘m{,,.and' t.hlr‘lk about what
N subset of three digits is chosen from
= =3O O © {0,1,...,9}. Every subset has the
5 w® O s_;liéne chance of being chosen, 1 in
ENe (5}, or 1/120. To illustrate, for a
oz ' minimum of 4 and a maximum of

—_ 7 there are just 2 possible subsets,

o {4,5,7} and {4,6,7}. In this case,
01 2 3456 7 8 9 there are 74 —1 = 2 ways (o pick
Values of X = min the intermediate number. So

P(X =4, Y =T)=(7-4-1)/120
in general, for a minimum of £ and a maximum of y, there are ¥ - — 1 possible

subsets, one for each possible value of the third number between z and y. Therefore,
for possible pairs @ and y as above

PX=2,Y=y)=(y—-x-1)/120

Find the distribution of Z = ¥ — X, the maximum minus the minirmam,
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Solution.

The possible values of Z are clearly 2,3,...,9. Any one of these possible values; z:
say, must come from a (min, max) pair (z,¥) with a difference of y — z = =z. Every
such pair (z,y) has the same probability

(y -z —1)/120=(z—1}/120

For z = 9 there is one pair (0,9), for z = 8 there are 2 pairs (0,8) and (1,9), and se
on. In general, there are 10 ~ z possible pairs (z,y) with y — x = z. Therefore,’

P(Z=2)=(10-2)(z-1}/120 (2=2,3,...,9)
To check, the sum of these probabilities from 2 =210 9 is

((8X1) + (7x2) + (6x3) + (5x4) + (4x5) + (3x6) + (2x7) + (1x8)) /120 =1

Conditional Distributions

The basic rules of probability imply that for any given event A, and any random
variable Y, the collection of conditional probabilities

p(v e B4y = D1 i}?l)and Al

defines a probability distribution as B varies over subsets of the range Y. This clis-
tribution is called the conditional distribution of Y given A. Intuitively, this is the -
appropriate revision of the distribution of Y given the information that event A4 has
occurred. For Y with a finite range the conditional distribution of Y given 4 i
specified by the conditional probabilities

P(Y =yl4) forye range of Y.

The rules of a probability distribution imply P(Y € B 1Ay =3 o P(Y = A3
Most often the conditionat distribution of ¥V given A is c;«;)rmiderv.'ﬂiJ %gr egch A ﬁ‘i&
form (X = g) for some random variable X _ o

Conditional Distribution of Y Given X = x
For each possible value x of X, as y varies over the range of Y ilities -
: , ge of Y the probabilities -
P(Y = y| X = ) define a probability distribug; is
probabitty distbtion. i ution over the range of Y, This

may depend on the g lue i o
the conditional distribytion of Y given X = . ¢givenvalue z of X, is called
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The given value z of X can be thought of as a parameter in the distribution of ¥
given X = z. If the joint distribution of X and Y is tabulated, then for given z the
conditional probabilities P(Y' = 5] X = ), are found from the joint distribution
table by lifting out column z of the wble and renormalizing the probabilities in this
column by their sum, which is P(X = z). Similarly, for given y, the probabilities
P(X =z|Y =y) for z in the range of X are found by lifting out row y from the
table of joint probabilities and renormalizing this row of probabilities by their sum,

which is P(Y = y).

If the marginal (unconditionaly distribution of X is known, together with the con-
ditional distribution of Y given X = z for all possible values x of X, the joim
distribution of X and Y is found using the

Multiplication Rule

PX =2,Y =y) = P(X = 2)P(Y = ¥l X = 1)

In this section conditional distributions serve only to motivate the following definition
of independent random variables. See Section 6.1 {which can be read immediately)
for a dexailed discussion of conditional distributions for dependent random variahles,

Independence

Intuitively, random variables X and Y are independent when the probabilities for
various values of Y are unaffected by conditioning on the value of X This
restatement in terms of random variables of the relation of independence between
draws, trials, etc., as discussed in Chapter 1. For calculations with independent ran-
dom variables, the simplest definition of independence is the following one using
the product rule:

is just a

Independent Random Variables

Random variables X and ¥ are independent if
PX=z,Y=9y)= P(X = z)P(Y = y) forall z and y

If X and Y are independent random variables, then every event determined
by X is independent of every event determined by ¥

P(X € A,Y € B)= P(X € A)P(Y ¢ B)
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Conceptually, independence means that conditioning on a given value of X doés. :
not affect the distribution of Y, and vice-versa. Thus the above definition of inde--
pendence can be re-expressed as follows in terms of conditional distributions:

Conditional Distributions and Independence - %
The following three conditions are equivalent:

s X and Y are independent,

e the conditional distribution of ¥ given X = z does not depend on x;

e the conditional distribution of X given Y = y does not depend on y.

Example 5. Independentor not?

Problem. A box of 10 tickets contains some number r of red tickets. The rest are green; A
sample of 100 tickets is drawn at random with replacement. Then a second San}pkzi £
of 100 tickets is drawn at random with replacement. Let X, be the number of red‘-

tickets in the first sample, and X, the number in the second sample. Are X3 and Xg _
independent?

Solution 1. 1f you regard r as known, then no matter how many red tickets you see in the - first

100 draws, the second 100 draws is still a random sample with replacement from v -
red and 10 — r green tickets. Thus Xy and X3 are independent random vaﬁabiég
each with binomial distribution with parameters n = 100 and p = 7/10. S

Solution 2. On the other hand, if you don't know r, it seems intuitively obvious that X; and X9

are dependent. For if you saw 53 reds in the first 100 draws, you would be lnchned
1o guess there were around 5 red tickets in the box, and expect 10 see around 5%
red on the next 100 draws. Whereas if you saw 17 reds in the first 100 draws y{)u
would guess that 2 of the 10 tickets were red, and expect (o see only 20% or go reci
on the next 100 draws. Thus, knowing the value of X1 affects the chances of evenis
determined by Xz, so X and X3 are dependent. '

Discussion.

Which solution is correct? It depends on whether r is regarded as a known constant,.
as in Solution 1, or the value of a random variable, R say, as in Solution 2, Soiutmn 2
can be made more precise by assuming that conditionally on the event (R = ) he

random variables X; and X, are independent, with binomial {100, 7/10) distriburie d
just as if r were known as in Solution 1. But unconditionally these variables wi)y %
dependent, for the reasons given in Solution 2..Does it make sense to think of »
the value of a random variable R? With a frequency interpretation of probabili 35_.
makes sense only if the way the composition of the box was determined is rega:z; "
as somehow repeatable. The probabilities P(R = r) for 0 € » < 10 would th&n .i |
long-run frequencies of different compositions. With a subjective interpretation =

of




Section 3.1, Introduction 153

probability, P(R = r) might be assigned according to your own opinion about the
unknown number of reds in the box, even if there is no notion of repetitions.

Several Random Variables

The joint distribution of several random variables X 1, X2,..., Xy is defined just as
for two random variables by the joint probabilities

P(Il,...,:t'n)zp(xl =.’L‘1,‘..,Xn ﬁ.’lfn)

for ail possible values z; of each X;. Note that the commas signify an intersection of
events. S0 P(zq,...,x,} is the probability that X; has value z; forevery 1 <1< n.
This concept will now be illustrated by a number of examples.

Random permutations. A permutation of {1,2,. .. ,n} is a sequential ordering of
the n numbers with no repeats. A random permutation of {L,2,...,n} is a permuta-

tion picked uniformly at random from all n! possible permutations of {1,2,... n}.
There are many ways to generate a random permutation. For ¢xample,

® Suppose tickets numbered 1,2, ..., n are placed in 2 box and drawn one by one
at random without replacement. Let X; be the number of the ith ticket drawn,
1 <4< n Then (X, X,,..., X,) is a random permutation of {1,2,...,n}.

* Suppose cards numbered 1,2,...,n are thoroughly shuffied. Let Y; be the
number of the ith card from the top of the deck. Then (Y,Y;,. .. y Yo} is a
random permutation of {1,2,...,n}.

Joint distribution of a random permutation.

Describe the joint distribution of a random permutation of {1,2,...,n}, that is the
common joint distribution of (X3, X,...,X,) and (V;, Y:,...,Y,)

Informally the answer is just “the uniform distribution over all n! possible permuta-

tions of {1,...,n}". To illustrate for n = 3, {X;, X2, X3) is equally likely 10 be any
one of the 3! = § permutations

(1,2,3), (1,3,2), (2,1,3), (2,3, 1), (3,1,2), (3,2,1)
and 50 is (¥1, Y3, Y3). To state this in a formula for a general n, the joint probabhilities

P(:l’.'l,...,ﬂ.'n):P(Xl =$1,...,Xn=$n)~TP(Y1 =$3,._.,}’;¢m$n)

are given by

i if (x1,...,2,) is a permutation of {1,2,...,n)
Pl@y, - 2n) —{ 0 otherwise
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Discussion.

Problem 2.

Solution,

Note that P(z1,...,Zs) is 2 symmetric function of {1, -- -, Tn), as defined in Se
3.6, because for any rearrangement of the order of terms in a sequence, the ‘Ori
sequence is a permutation if and only if the rearranged sequence is a pemj:

This symmetry property, studied further in Section 3.6, explains the simple sol;
of both the next problem and the problem of Example 1.4.7.

For each 1 < j < n, find the distribution of X; for (X3, Xa,..., Xn) a-randon
permutation of {1,2,...,n}.

For each 1 < z < n, the probability P(X; = z) is the number of permutations 'wit
1 in the jih place, divided by n!. But if value x is fixed in the jth place, th
in the remaining n — 1 places can be any permutation of the set {1,2,...,
¢ deleted. Since there are {n ~ 1)! such permutations, whatever x € {1,2,
P(X; = z) = (n - 1)l/n! = 1/n. Conclusion: for every 1 < j < n, the distribution
of X; is uniform on {1,2,...,n}. A
independence of several variables. Random variables X1, ..., X, are independent
if their joint probabilities are products of their marginal probabilities:

P(ng,irz,.. . ;In) = P(X} = zl)P(X‘Z ] 22) .- P(_Xn — :En)
for all possible values x; of each X;. Summing these probabilities over all {zq,., .

such that z; € A; shows that events of the form (X; € A;) determined by mdﬁp%ﬁ
dent random variables X; are independent: o

P(X;EAhX*gGAg, - ,XTLGAﬂ) = P(XleAl)P(X'};GAQ) v P(XnGAn)

Here for each 4 the set A; can be any subset of the range of possible values o X
The results of the next three paragraphs are consequences of this formula,

Functions of independent random variables are independent. I X; jie jic *
n, are independent random variables, then so are the random variables ljdefm?%
by ¥; = f;(X;) for arbitrary functions f; defined on the range of Xj;. S

Disjoint blocks of independent random variables are independent. . Fop o
ampie, if X1,X3,..., Xp are independent, then (X, X2), (X3, X4), and (Xa ;

are three independent random pairs. These properties can be combined:

Functions of disjoint blocks of independent random variables are in

dent. For example, if X1, ..., X5 are independent positive random variables
soare Y1, Yy, and Y3 defined by V3 = 5X3 + VX5, Vo= XaXy, Ys=X

Repeated trials. Independent random variables with the same distribution fo; %
ample, repeated draws at random with replacement from some population -
peated rolls of a die (perhaps biased) are called repeated trials. Independe
that result in one of two possible outcomes, say success or failure, withf‘;c' ;
probability p of success on each trial, as studied in Chapter 2, are called Bem {?ﬁ
trials. The number of successes S, in n Bernoulli trials can be represented . ag

Sa=Xi+ X+ + Xo
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where X; is the indicator of success on trial i, that is 10 say the random variable that
is 1 if trial 4 is a success and 0 if trial i is a failure. The sum simply counts the number
of 1's, that is the number of successes in the n trials. The sequence Xy, X, ..., X,
is a sequence of n independent random variables, each with the Bernoulli{p) distri-
bution on {0,1} defined at the end of Section 1.3, The Bernoulli(p) distribution of
cach X is the special case n = 1 of the binomial (n, p} distribution of the number
of successes 8, in n irials, analyzed in Chapter 2. The next two sections show how
the representation of S, as the sum of n independent indicator variables leads o
extensions of the law of large numbers and the normal approximation described in
Chapter 2 to sums of independent random variables X; with any common distribu-
tion over # finite set of possible values.

Here is the generalization of the binomial distribution that describes the joint distri-
bution of counts in any finite number m of categories in independent trials.

Multinomial Distribution

Let N; denote the number of results in category i in a sequence of independent
trials with probability p; for a result in the ith category on each trial, 1 < ¢ < m,
where p1 + <+ 4 p,, = 1. Then for every m-tuple of non-negative integers
(n1,n2,...,ny) with sum n

nl
N = = ey N =0,V e MRz ong
P( 1 =N, Ny N2, < ¥m m) m!ngl---nm!p! Py ™m

The product of powers of the p; represents the probability of any particular sequence
of results with n; results in category i for each 1 < 1 < m, while the ratio of factorials

n! _ “) T — oy Ny~ =Ty
nylng! - -m, ! m o Toom

called a multinomial coefficient is the number of different possible arrangements
of symbols in a row of symbols made from n; symbols 1, ny symbols 2, ..., and
Ny SYmbols m. A symbol ¢ at place j in the row represents a result in category
i on trial §. The derivation of this formula paraliels the derivation of the binomial
formula in Section 2.1, which is the special case m = 2. The multinomial distribution
provides a naturaf example of a joint distribution of m variables Ni,...,N,, that are
not independent, due to the constraint that Ny 4 -+ 4+ N, =7,

Fours, fives, and sixes.

Suppose a fair die is rofled 10 times, and the numbers of rolls of four, five, and six
are recorded.
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Solution.

Example 8.

Problem.

Solution.

From the multinomial distribution for n = 10 trals, m = 4 categories (“four”, “Five™,
“six”, and “other”) with probabilities 1/6,1/6,1/6 and 3/6, the required probability
is

100 /1N 71N/ e
P(Nfomml:Nﬁwmz:Nsix=35Nviher=4):m(g) (E) (g) (g)

Symmetry

Symmetry arguments often simplify probability calculations. The basic idea is 10
recognize when probabilities of different events must be equal by symmetry.

Symmetry about 0. The distribution of X is symmetric about O if
P(X=-z)=PX=z) foralz

A histogram displaying the distribution of X is then symmetric about 0 in the wusual

sense of reflection through the vertical axis. Equivalently, since P(X = -z} =
P(-X =z) forallz, P(-X = z) = P(X = =) for all «. That is to say

—~X has the same distribution as X

Then for all a
P(X >a)=P(—X < —a}) = P(X < —a)

Here the first equality holds because the two events (X 2> @) and (—X < —q}
are identical (multiplication by —1: note the reversal of the inequality). Also the
probability P(—X < —a) equals P(X < —a) because any statement about —X hm

the same probability as the corresponding statement about X, by the equality in
distribution of —X and X (change of variable principle).

Symmetry about 0 for sums of independent random variables.
Let S, = Xy + -+ 4+ X, where X;,.

.., Xn are independent, and each X has 5.
distribution that ts symmetric about 0. )

Show for every a

P(S; £ —a) = P(S, > a)
In other words, the problem is to show that the distribution of 8, is symmetric
about 0. Since, by assumption, ~X; has the same distribution as X;, and the X,

are independent, it follows that (~X,..., —Xy) has the same joint distribution as
(X1, ,Xn). This uses the fact that funcuons of independent random variabjes
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are independent (applied to f(X;) = —X{). Adding the coordinates of the two
sequences (—Xy,...,—X5) and (Xjy,..., X)) shows that -8, = (=X + -+
(~Xy,) has the same distribution as 5;. That is 10 say, the distribution of S, is
symmetric about 0.

Note the use of the following form of the change of variable principle for sequences
of random variables: if (Xj,...,Xy) and (¥1,...,Y,) have the same joint distri-
bution, then g{Xi,...,Xy) and g(¥1,...,Ys) have the same distribution for any
function g of n variables. For instance, X; + -+ 4+ X, and Y; + --- 4 ¥, have the
same distribution. This fact was used in the example for ¥; = — X;. Note also how
the reasoning did not involve any explicit summation of probabilities in the joint
distribution of (X3,..., X,), which would be necessary 10 find a formula for the
distribution of S,,. This is the point of a symmetry argument: 1o show two probabil-
ities are equal without calculating either of them.

Symmetry about b. The distribution of a random variable Y with a finite number
of numerical values is symmetric about b if

P(Y =b+z)=P(Y = b~ 1) for all =
Equivalently, the distribution of ¥ — b is symmetric about 0. Then for every ¢

PY <b—-¢)=P(Y > b+c)

Symmetry for a sum of independent random variables. If Y; has distribution
symmetric about &;, and the Y; are independent, then Y) +--- + Y, has distribution

symimetric about by + - -+ 4 by, This follows from the result of the previous example
applied 10 X; = Y; — by,

Sum of 101 random digits.

Let Sim denote the sum of 101 independent random digits, cach picked uniformly
at random from {0,1,...,9}.

Find P(S]m < 454).

Here S1g1 = Y1 4 -+ + Y101 for V] that are independent, and the distribution of each

Y, is symmetric about 4%. So the distribution of S30y is symmetric about 101 x (4%) =
454.5. Therefore

P(S101 < 454) = P(Sim < 454.5—.5) = P(S1g1 > 454.5 + B) = P(S1p1 = 455)

But since S1o1 has integer values, P(S1q; € 454) + P(S19; > 455} = 1, which forces
P[Sm[ S 454) = %.
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Discussion.  For 8y, the sum of n digits the argument shows that the distribution of §,, is symurietric
about (4%)71 for every n. For odd n, say n = 2m-t+ 1, this symmetry can be used jud
as above to identify a probability in the distribution of Sym4 that is exactly 1 /2

P(Samir € 9m+4) = P(Szms1 2 9Mm +5) = :

For odd n the histogram of S, has bars of equal height at the integers (4%)7}, +172
(43)n£3/2,..., s0 the distribution splits perfectly into two equal halves. For even z
n the histogram of Sy, has a bar exactly on the point of symmetry (43)n, and equat |
bars at (41)n+1, (4})n+2, ... Then the distribution of §, does not split into equst =
halves to the right and left of (43)n, because there is a lump of probability right o
the point of symmetry which cannot be split in two. It can be shown that for evenn
the central probability P[S,, = (43)n] is actually the largest individual pmbabilgy;i@-
the distribution of Sy, It will be seen in Section 3.3 that for large n the distribution
of S, follows a normal curve very closely. This is similar 10 what happens fg)ru;;m;g;%
n to the binomial (n,1/2) distribution of Xy + -+ + X5 for X; picked at randos
from {0,1}. It follows that as in the binomial case, {or large even n the distribution |
of the sum of n digits has central term P[S, = (43)n} that converges to ZETO vy

slowly, like a constant over /7. For very large n = 2m this term can be ignored. s ¢

P(Sam < 9m) = P(Som > 9m) = %
The approximate probability 3 is less than the true probability by

P(Sam = 9m)/2 ~ ¢/ v/m

where the constant ¢ can be shown using the normal approximation 10 be equaj o
1/v/33x, and “~” means that the ratio of the two sides tends to 1 as m — oo, (Seie
Exercise 3.3.31). T

Exercises 3.1

1. Let X bethe number of heads in three tosses of a fair coin.

e b e A s .

a) Display the distribution of X in atable.  b) Find the distribution of | X ik

2. lLet X and ¥ be the numbers obtained in two draws at random from a box Conmiﬁ%ﬂ'_

four tickets 1, 2, 3, and 4. Display the joint distribution table for X and ¥: i

ay for sampling with replacement; b} for sampling without replacement.
Calculate P(X < Y) from the table in each case.

3. Suppose a fair die is rolled twice. Let § be the sum of the numbers on the two rolls
2y What is the range of 57 b) Find the distribution of S.

4. Let X1 and X2 be the numbers obtainedon two rolls of a fair die. Let ¥y, = max( x

Yy = min(X1, X2). Display joint distribution tables for a) (X1, X2} b) (Y3, Y;)‘_lx*}”
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5. Find the distribution of Xy X+ for X and Xy as in Exercise 4
6. A fair coin is tossed three times. Let X be the number of heads on the first two tosses,
Y the number of heads on the last two 1055wy,
a) Make a table showing the joint distribution of X and Y.
b Are X and Y independent? ¢ Find the distribution of X + Y.

7. Let 4, B, and € be events that are independent, with probabilities o, o, and « Lot N
be the random number of events that accur,

4) Express the event (N = 2) interms of A, B, and ¢ b) Find PN = 2.

8. Ahand of five cards contains two aces and three kings. The five cards are shuffled and
deali one by one, until an ace appears.

a) Display in 2 table the distribution of the number of cards dealt.
D) Suppose that dealing is continued until the second ace appears, Again display
the distribution of the number of cards dealt
¢} Explain why the probabilities in the second wble are just those in the fisst in a
different order. (Hint: Think about dealing off the bowom of the deck’)
9. A box contains § tickets. Two are marked 1. two narked 2, two marked 3, and two
marked 4. Tickets are drawn at random from the box witheut replacement until a

number appears that has appeared before. Let X be the number of draws that are
mude. Make a table to display the probability distribution of X

10. Blocks of Bernoulli trials. In n + m independent Bernoulli (p) wials, ket S, be the
nurnber of successes in the first n trials, T, the number of successes in the last w1 trials,
a4y What is the distribution of S,,? Why?
b What is the distribution of Ti,? Why?
<) What is the distribution of S, + 77,7 Why?
y Are 5, and T, independent? Why?

11. Binomiatsums. Let U/, have binomial{n, ) distribution and fet Vin have binomial(m, p)
distribution. Suppose Us, and V,,, are independent.

4) Find the distribution of U, 4+ V,,, without calculation hy a simple argument tha
refers to the solution of Exercise 10).

h) Compare the result of part a) to z caleulation of P(Un+ Vo, = K} for 0 < & < ntmn
from the joint distribution of U, and V;.. and hence prove the identity

S0~ (57

J=0

¢) Derive the identity in part b) by a counting argument. { Hint: C}

assify the subsets
of size k of {1,...,n 4+ m} by how many clements of {1,..

- n} they contain.)
d)} Derive the identity in part b) in another way by finding the coefficient of p* gt m -«
in (p+g)" "™ = (p+4 )™ (p+ ¢)™ in two different ways,
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¢} Simplify the sum E?—;o (;’)2

12. Grouping multinomial categories. Suppose that counts (Ni,..-, Nm) are the niim-
bers of results in m categories in n repeated trials, So (N,..., N.) has multinorial
distribution with parameters n and p1,...,Pm, a8 in the box above Example 7, let
1< ¢ < j < m. Answer the following questions with an explanation, but no calculs-
tion,

a} What is the distribution of N.7  b) What is the distribution of N; + N;?
¢} What is the joint distribution of Ny, Nj, and o — Ni — Nj?
13. A box contains 2n balls of n different colors, with 2 of each color. Balls are picked

random from the box with replacement until two balls of the same color have appeared.
Let X be the number of draws made.

a) Find a formula for P(X > k), k=2,3,...
b) Assuming n is karge, use an exponential approgimation to find a formula for k in

terms of n such that P(X > k} is approximately 1/2. Evaluate k for  equal wo :
one mittion, o

14. In a World Series, teams A and B play until one team has won four games. Assume thar
each pame played is won by team A with probability p, independently of ali previeus
2AMES,

a) For g = 4 through 7, find a formula in terms of p and ¢ = 1 p for the probability
that team A wins in g games.

by What is the probability that team A wins the World Series, in terms of p and ¢
¢) Use your formula to evaluate this probability for p = 2/3. '

d) Let X be a binomial (7, p) random variable. Explain why P(A wing) = P{X 43
using an intuitive argument. Verify algebraically that this js true. -

@ Let 7 represent the number of games played. What is the distribution of (% Ry
what vatue of p is G independent of the winner of the series? )

15, Let X and ¥ be independent, each uniformly distributed on {1,2,.
A PX=Y), DPX<Y) OPX>Y)
@ Plowx(X,Yy=k)forl<k<m
ey Plmin(X,Y)=k)for 1 <k<n; DPX+Y =kifor2<k<2n.

..,n}. Find;

16. Discrete convolution formula. Let X and Y be independent random variables wip
non-negative integer values, Show that: o

A PX+Y=n)=Y1 PX=KPY =n—k).

b} ¥ind the probability that the sum of numbers on four dice is 8, by taking X i o
the sum on two of the dice, ¥ the sum on the other two. %

17. Let X be the number of heads in 20 fair coin osses, ¥ a number picked uniformly at

random from {th 1,...,20}, independently of X Let Z = max({X,Y}. ¥

a) Find a formula for P(Z =k), k=0,...,20.
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b) Without caleulating out P(Z = k) exactly, sketch the histogram of Z, and explain
its unusual shape,

18. Three dice are rolled.

a) What is the probability that the total number of spots showing is 11 or more?
tHent: No long calculations!]

b) Find a number m such that if five dice are rolied, the probabilsty that the total
number of spots showing is m or more is the same as this probability of 11 or
mene spots from three dice.

19. Sum of biased dice. Let S be the sum of numbers obtained by rolling two biased dice
with possibly different biases described by probabititics pr, ..., pg, and vy, L1y, all
assumed 1o be nonzero.

a) Find formulae for P(S = k) for k = 2, 7, and 12.

b) Show that P(S=7) > P(§ = 2)1% 1. p(§ = 12)-;1.
i [
) Peduce that no matter how the two dice are hiased, the numbers 2,7, and 12
cannot be equally likely values for the sum. In particular, the sum cannol be
uniformly distributed on the numbers from 2 to 12,

d) Do there exist positive integers ¢ and b and independent non-constant random
vartables X and Y such that X +V has uniform distribution on the set of inte

LOTS
{e,a+1,...,a+b}

20. pairwise independence. Let X, ..., X, bea sequence of andom variables. Suppose
that X; and X; are independent for every pair (¢, 5) with 1 < f < § < n. Does this
imply X3,..., Xq are independent? Sketch a proof or courerexample.

21. Sequential independence. Let Xy, ..., X, be a sequence of random variables, Sup-
pose that forevery 1 < m < ni— 1 the random sequence (X, ...
of the next random variable X, 1. Does this imply X5, .
a proof or give a counterexample.

v X ) 18 independent
-\ Xy are independent? Sketch

22. Suppose that random variables X and Y, each with a finite number of possible values,
have joint probabilities of the form

PX ==Y =y) = [(z)g(y)
for some functions f and g, for all {z,v).
4) Find formulae for P(X = 2} and P(Y = y) interms of f and g.
b Use your formulae to show that X and Y are independent,
23. Suppose X and Y are two random variables such that X > Y.
2) For a fixed number T, which would be greater, P(X < TYyor PIY < Ty
b} What if T is 5 random variable?

24. Suppose a box contains tickets, each labeled by an integer. Let X, Y, and Z be the

results of draws at random with replacement from the box: Show that, no mae
the distribution of numbers in the box,

D PX+Y iseven) > 1/2, DI PX+Y +Zisa multiple of 33 > 1/4,

T whial
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3.2

Expectation

The mean or expected value of a random variable X is a number derived.

distribution of X the same way that the mean or average & of a list ofr
(T1,...,%n) is derived from the empirical distribution of the list:

7= (m +--~+xn)/n:Zan(:c)

all =

where P,(z) is the proportion of the n values xj that are equal to z. These
tions Py (), which sum to 1 over all z, define the empirical distribution’
(see the end of Section 1.3). To illustrate, the average of the list (1,0, 8,6;
n = T numbers is

1 2 3 -1
(14+04+8+6+6+1+6)/7T=0x 7 +1x 3 + 6% 5 + 8 X.‘;}",‘Tn‘—f‘:__;{ﬁz

The second formula for # in (1) is a weighted average of values T with
Pn{(x). This formula is obtained in general, just as in the example, by ‘g
terms with a common z-value. The weighted average formula for fi'sugg
following definition:

Mean of a Distribution

The mean p of a probability distribution P(x) over a finite set of numerical:
values z is the average of the values z weighted by their probabilities; '

po= ZzP(m]

all

The center of gravity. If you think of a distribution of mass instead of pre
the mean is the center of gravity. Think of a histogram of the distribution ‘a
cut from a rigid materia} of constant thickness and density. The mean vali_i'
balance point for the histogram. The shape balances when supported at iy
tips over to the right when supported at a point to the left of the mean..

to the left when supported 1o the right of the mean. This is due to the i?;nn(:i
momenis in mechanics. Hcpie s

Mean of the binomial distribution. It is shown later in this section that th,
definition of the mean g of a distribution is consistent with the formuia p
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for the binomial {n, p) distribution, used in Chapter 2. In n independent trials with
probability p of success on each trial, you expect  get around g = np successes.
So it is natural to say that the expected number of successes in 7 trials is np. This
suggests the following definition of the expected value E(X ) of 4 random variable
X. For X the number of successes in n trials, this definition makes E{X) = np. Sce
Example 7.

Definition of Expectation

The ezpectation (also called expected value, or mean) of a random variable X,
is the mean of the distribution of X, denoted E(X). That is

E(X)=> zP(X =)

all x

the average of all possible values of X, weighted by their probabilities,

Random sampling.

Suppose n tickets numbered x, -+ Tn Are put in 4 box and a ticket is drawn al
random. let X be the z-value on the ticket drawn. Then E(X) = F, the ordinary
average of the list of numbers in the box. This follows from the above definition,
and the weighted average formula (1) for #, because the distribution of X is the
empirical distribution of z-values in the list:

PX=z)=Polz)=#{:1<i<nand z = z}/n
Two possible values.
If X takes two possible values, say e and b, with probabilities P(a) and P(b), then
E(X) = aP(a) + bP(b)
where P(a) + P(b) = 1. This weighted average of a and b is 4 number between o

and b, proportion P(b) of the way from a to b. The larger P(a), the closer B{X) is
to @; and the larger P(b), the closer B(X) is to b.

a A EJ_ a : h a x b
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Example 3.

Example 4.

Indicators.

This is the special case of the previous example for a = =0and b =
X = I, is the indicator of event A. Since [4 has value 1 if A occurs, {}_m-
the events (14 = 1) and A are identical by definition. S0

E(I4) = 0P(I4 = 0) + 1P{I4 = 1) = P(A)

Indicators may seem trivial at first. But they combine to produce more:- m -
random variables by sums and products. Examples follow later in this se¢tis

Rolling a die.
Suppose X is the number produced by rolling a fair die. The definition o
makes

B(X)=1P(X =1) + 2P(X =2) + --- + 6P(X = 6)

1 1 1 1 1 1
ES e — - 4 - 4 - % Wi
1x6+2>< +3x + ><6+ox6+6x6 3.5

Of course, you should not expect a smgkz die roll to be 3.5. But if you roll ¥

large number of times you should expect the average of the rolls 1o be ¢l

To see why, calculate the sum of the rolls by grouping terms of the same v
sum of the rolls =1 x {number of I's) + - -- 4+ 6 x (number of 6’5)

Dividing by the total number of rolis now gives

average of the rolls =1 x {proportion of I's} +--- +6 x {(proportion & £6 :

Assuming a large number of independent rolls, cach of these proportion
to be very close to 1/6, by the law of large numbers. The average of th
then be close to E{X) = 3.5. If the die were biased, with probability
number i, the same reasoning shows the long-run average is likely to be
o

E(X) = 1p; + 2ps + 3ps -+ 4ps + 5ps + 6ps
The long-run interpretation of expectation. In general, the long-run. ﬂu—g,,m _

the last example leads to the conclusion in the next box. A more precise foy
of this idea, a law of averages for independent trials, is given in Sectioni'3.3

Expectation as a Long-Run Average

If probabilities for values of X are approximate long-run frequencxes
E{X} is approximately the long-run average value of X.
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Because expectation approximates a long-run average (and because Fxample 1
equates an expectation and an average), the properties of expectation described
in this section parallel properies of the ordinary average of a list of numbers. A
summary of these propertics of averages and expectations is displayed on pages
180 — 181.

Comparison of the mean with other measures of location. The mean is one
way (o locate a central point in the distribution of X. But there are other Ways,
for example, the mode and the median. A mode is the most likely possible value
of X (there may be more than one). And a median is a number m such that bath
P(X < m) and P(X > m) are at least 1/2. There may be more than one median.
For example, if X is the number on a fair die, every integer between 1 and 6 is a
mode of X, and every number between 3 and 4 is 2 median of X. The mean, the
mode, and the median may be quite different. But if the distribution is SYIMIMCLric
about some point m, and has a single mode, the three quantitics all equal m, Of all
measures of location, the mean is most important in theory. This is due to the close
connection between means and long-run averages, and the fact shown later in this
section that the mean of the sum of two random variables is the sum of the means,
There is no such simple rule for modes or medians.

FIGURE 1. Mean, mode, and median.

mode

3

median
}

50% 1 50% M0%
T A A
mean mean = median = maode
Gambling Interpretation of Expectation:
The Fair Price

Suppose you bet on an outcome of some kind, You pay a fixed amount $b 1o place
the bet, and the return from the bet is the random amount $X. For example, you
might pay $4 to buy a return of $X where X is the number produced by a fair die
roll. Suppose you made a long series of such bets, with independent repetitions of
whatever random mechanism generates X, for example successive rolls of the die,
or successive spins of a roulette wheel. After n repetitions, you have paid owt $nb to
place the bets. The return from your bets is the sum | n= X4+ X, where X is
the return from the ith bet. The basic assumption is that the X; are independent with
the same distribution as X By the law of large numbers, the long-run proportion of
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trials that yield z is approximately P(X = ). So over the n trials you sho
1o see the return # about nP(X = x) times. The total or gross return fro
number n of bets (not subtracting the price of the bets) should therefore be an

$Y znP(X = 1) = $nB(X).

To summarize:

Qver the long run, for a series of independent bets with returns like $X,
the average gross return per bet will probably be close to $E(X). o

If you pay the same price $b to bet each time, your long-run net refurn. per:
a large number of bets will probably be about $(E(X) ~ b). To illustrats
pay $4 for the return of $X for X the number on a fair die roll, over the’
you should expect to lose about 50 cents a game. Such considerations leacl 1o im
following interpretation of E(X) as a fasr price: .

et from

$E(X) is the fair price to pay for a return of 8X. This price makes wins.
and losses tend to cancel out over the long run.

Precise information about the degree of cancellation of wins and losses: to be ex
pected over the long run is provided by the normal approximation in the fiext sec
tion, |
Indicator variables and fair odds. The idea of a fair price is a generalizay
the fair odds rule presented in Section 1.1. Suppose you pay the price $b. 7w
return of §1 if an event A occurs, and no return otherwise. The return from

is then $14 where I is the indicator of A, The fair price for this return is $b-

b= E(I4) = P(A).

This restates the fair odds rule (see Example 1.1.4).

The Addition Rule

Let $X and $Y be the returns from two bets on an outcome of some
instance the returns from two stakes placed on different groups of num
single spin of a roulette whee!l. The combined return from the two bets is$
1t is quite intuitive that the fair price for this combination of two bets is “

$E(X +Y) =$E(X) + $E(Y),

the sum of the fair prices of the individual bets. This is the fundamental adZa:n

rule of expectation stated in the following box, and derived from the d S
E L4 § Hon

expectation on page 177: Rnstic o
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Addition Rule for Expectation

For any two random variables X and Y defined in the same sctting,
E(X+Y)=EX)+ EY)

no matter whether X and Y are independent or not. Consequently, for a se-
quence of random variables Xy, ..., X, however dependent,

E(X1+"'+Xn)=E(X1)+"'+E(Xn)

In calculations the definition of expectation

E(X)=Y 2P(X =1)

all z

is useful only if the formula for P(X = ) allows an casy evaluation of the sum
over all 2 of 2P(X = x). This happens only in the simplest examples. But even if
the distribution of X is hard to compute, it is often possible to write X as a sum of

simpler variables whose expectations are easily found Then the expectation of X
is found by the addition nile.

Sum of dice.
Let T, be the sum of numbers from n dice. Find E(T,).
Let Xy,..., X, be the numbers obtained from the n die rolls. Then
=X+ -+ X, 50
E(T,) = E{(X1) + -+ E(X,) by the addition rule
=35+ - 4+35  (nterms)
= (3.5}

Despite the fact that the distribution of T, becomes more and more difficult to

calculate exactly as n increases, the formula for E(T,) is simple. As a check, E(T)
can be found from its distribution:
5

1 2 3 4 6
E{T,) = — — — — —_ _-
(Ty) 2x36+3><36+4x36+5x3ﬁ+6x36+7x36

L 4 3 2 1

K — —_ —_ 1n — I

+ 8 36+9x +10><36+ ><36-|~1:2><36
=7
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Example 6.

Problem.

Solution,

The Method of Indicators

The idea of the method of indicators ts that the random variable X that counts the
number of events of some kind that occur can be represented as the sum of the
indicators of these events. Then, by the addition rule for expectation, E(X) is just
the sum of the probabilities of the events. This is illustrated by the following two
examples. First, it is worth restating the result of Example 3:

Expectation of an Indicator

The expectation of the indicator of an event is the probability of the event:

E(l4) = P(A)

Working components.

Suppose a system has n components, and that at a particular time the jth component

is working with probability p;,7 = 1,...,n. Let X be the number of components
working at that time,

Find a formula for £{X).

No matwer which componerts work and which do not, the total number X ths
work can be {ound by adding 1 for each component that works and 0 for each
component that does not. This is an expression for X in terms of indicators. Tet
I; be the indicator sandom variable, which is 1 if the jth component is working, {
otherwise. Then, as illustrated in Figure 2 for the case n = 3

3

X=hi+hh+- - +1I,

FIGURE 2. Venn diogram for the number of working components. Here n = 3. The event thot

u particular component works is represented by the areo inside @ circle. These can overlap in gy
woy. )

Vithes of
hedy dy

Values of

' eh X= I1 + 1, + 13
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Now take cxpectations of both sides. By the addition rule, and the fact that the
expectation of I; is p;,

E(X)=pJ+P2+"'+Pn

You might think this problem could not be solved without further assumptions. True,
the distribution of X' cannot be found without assumptions about the dependence
between the components. But due to the addition rule, E(X) is the same, no mater
what the dependence.

Mean of the binomial distribution.

Suppose X is the number of successes in n independent trials with probability p of
success in each trial, so X has binomial (n, p} distribution, as in Chapter 2,

Derive the formula u = np for the mean of the binomial (n, p) distribution from the
general definition of mean in this section.

As in the previous example, the total number of successes in the n trials can he
written as a sum of indicators X = Iy +-- -+ I, where [ 5 is the indicator of success
on trial 7, so E(I;) = p for each j, and the expected number of successes s
EX)=p+p+-+p (nterms)
= np

This is not so obvious from the definition of E(X):

E(X) s E:BP(X :Zﬂ) = im(Z)pz(l ___p)n——a:

alt = =i}

The calculation by the method of indicators implies that this expression must simplify
to np. You can check this by algebra using the binomial theorem,

The general method. Examples 6 and 7 both illustrate the method of indicators,
The general idea is that a random variable X with possible values {0,1,...,n} can
always be represented as counting the number of events that occur in some list of
nevents, say Ay, ..., An. Then X is called a counting variable. A suitable definition
of the events A; is usually clear from a verbal description of X, For instance,

e it X is the number of components that work 4mong n components, let A; be
the event that the jth component works (Example 6).

o if X is the number of successes in n trials, let Aj; be the event of success on
trial 7, for 1 < j < n (Example 7).

» if X is the number of aces in a 5-card poker hand, let Aj; be the event that the:
Jth card dealt is anace, 1 €5 <5 (Example 8).
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Example 8.

The statement
X 1s the number of events A; that occur
is expressed mathematically by the identity of random variables
X=h+tht+1 ¥4

where I; is the indicator of A, To #lustrate, for X the number of aces in b cards, i
the first and third cards are aces and the rest are not, this equation reads

=104 14040
while if the first three cards are aces and the last two are not, the equation reads
3=141+140+0

The point is that the number of aces can be found this way by adding zeros and
ones, no matter what the arrangement of the cards. An equality like this, that holds
by definition of the variables involved no matter what the outcome, is an identity
of random variables. Take the expectation of both sides of (2), use the addition rule
for expectation, and the fact that E(I;) = P(A;) by definition of I; as the indicator
of 4,, o obtain the following generalization of the result of Examples 6 and 7

Expected Number of Events that Occur

If X is the number of events that occur among some collection of events
Ay, .., AL, then

E(X) = PA1)+ P(A2) + -+ P(4,) (3

Usually it is casy o find P{A;), and add the results 1o find B(X), as in Examples &
and Example 7.

The number of aces,
Let X be the number of aces in a 5-card poker hand. The probability that any

particular card is an ace is 4/52 (Examples 1.4.7 and 3.1.6), so the expected numbwer
of aces among § cards dealt from a well-shuffled deck is

E(X)=5x4/52= 5/13
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Compare with the method of computing E{X} directly from the definition of E(X')
in terms of the distribution of X which was found in Section 2.5:

4 4

oo ()6)/0)

z=:0 o={)

You can check the second method gives the same answer, But the first method is
quicker.

When to use the method of indicators. The examples show how the method
of indicators can be used to find E(X) for a counting variable X in either of the
following circumstances:

e ‘The probabilities P(X = x} are known, but given by a formula that makes the
expression E(X) =Y xP(X = x) hard 1o simplify.

o The nature of the dependence between the events A; is either unknown, or
known but so complicated that it is difficult to obtain a formula for P(X = ).

The exact distribution of X depends in a fairly complicated way on the probabilities
of various intersections of events being counted (Review Exercise 35). But, no matter
what the dependence, the mean of the distribution is always given hy the simple
formula (3 for E(X). There is usually more than one way 10 write a counting
variable X as the sum of indicators of some collection of events. To find E(X), all
vou need is one such collection of events whose probabilities you can calculate.

The tail sum formula for expectation of a counting variable. Every random
variable with possible values {0,1,...,n}, however defined, is a counting variable
representing number of events that occur in some lst of n events Ay,..., 4, To
see this, let A; be the evemt (X 2 7). If X = z for 0 < z < n, then A; occurs
for 1 € 7 <z, and 4; does not oceur for z < § € n. So if X = z the number of
events A; that occur is precisely z. The resulting formula for E(X) obtained by the
method of indicators is displayed in the following box. Example 8 below gives an
application.

Tail Sum Formula for Expectation
For X with possible values {0,1,...,n}

3

E(X)= _Z P(X > )
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Example 9.

Problem 1.

Solution.

Discussion,

Problem 2.

Alternative proof of the tail sum formula. Define p; = P(X = j). Then the
expectation E(X) = ip1+ 2p2 +3p3 + -+ 1pn is the following sum:

yo
+p2 + P2
+p3+p3s+p3

+Pn+Pn+Pn+"'+Pn

By the addition rule of probabilitics, and the assumption that the only possible values
of X ure {0,1,...,n}, the sum of the first column of p's is P(X > 1), the sum of the
second column is P(X > 2), and so on. The sum of the jth column is P(X > 3),
1 < 7 € n. The whole sum is the sum of the column sums. O

Expectation of a minimum.
suppose that four dice arc rolled.

Let M be the minimum of four numbers rolled. Find E(M).

For any 1 € j <6, the event (M 2 j) means that each X, is at least j, where X is
the number on the ith die, Thus

6—7+1\*
PM>i)=PX\>5X225Xa2 5 X4ZJ)= (-—-E——)

hy independence of the X's, and fact that there ar¢ 6 — 5 + 1 possible values for
each X between j and 6. The tail sum formula gives

EM)=PM>1)+P(M>2)+ +P(M2=>06)
s\ 5\t et vt v
- (5) +(&) +(5) ~ ) + ) HOREC

The point of using the tail sum formula in this example is that the tail probabilities
P{M > j)are simpler than the individual probabilities

P(M =m)=P(M>m)—-P(M2>2m+1)
If vou substitute this in the definition E(M} = 3. mP(M = m), and simplify, you

will find the coetficient of P(M > j)is 1 for each j from 1 to n. That is the substance
of the @il sum formula.

Let S be the sum of the largest three numbers among four dice. Find E(S).
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Notice that § = T — M, where T is the sum of all four numbers, and M is the
minimum number. From Example 5, E(T) = 4 x (3.5) = 14, and the value of E(M)
was just found. Since by the addition rule for expectation,

E(T) = E(T — M)+ E(M) = E(S) + E(M)
E(S) = E(T) ~ B(M) = 14 - 1.755 = 12.245
It is much harder to find E(S) via the distribution of §.

When is the sum of indicators an indicator? A sum of 0's and 1's is 0 or 1 if and
only if there is at most a single 1 among all the terms. For events A; with indicators
I, this means that 37, I; is an indicator variable if and only if at most one of the
events A; can occur, that is, if and only if the events A; are mutually exclusive. Then
Ej I; is the indicator of the event UJ. Aj that at least one of the events A, oceurs.
50 in this case the result of the method of indicators is just the addition rule for
probabilities:

P(U; A;) = 32; P(A;) if the A; are mutually exclusive.

Boole’s inequality. In general, for possibly averlapping events A ;. the above equal-
ity is replaced by Boole’s ineguality of Exercise 1.3.13:

P, 4,) < ¥, P(A;)

If X is the number of events 4; that occur, the left side is P(X > 1), and the right
side is £(X). So Boole's inequality can be restated as follows: for any cournting
random variable X

Y

P(X 2 1) < E(X)

This follows from the addition rule of probabilities and the definition of E(X):
PXZ1)=pi+ p2+ pat--+ p,
SP1+2p2+3pa+ -+ np, = E(X)

To illustrate, Example 8 showed the expected number of aces among 5 cards is 5/13,
5o the probability of at least one ace among 5 cards is at most 5/13 & 0.385. The
exact probability of at least one ace among 5 cards is 1 — (*)/(32) &~ 0.341. In this
case the upper bound of Boole's inequality is quite close 10 the exact probability
of the union of events, hecause the probability of two or more aces in 5 cards is

rather small (about 0.042). In other words, the events Ay, ..., As do not overlap very
much.

A generalization of Boole's ine

quality, called Markov's inequality, is illustrated by
the foliowing example:
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Example 10.

Problem.

Solution.

Discussion.

Bounding 2 tail probability.

For a non-negative random variable X with mean E(X) = 3, what is the largest that
P{X > 100) could possibly be?

The constraint that X is non-negative, ie., X 2 0, means that P(X > 0) = 1. In
other words, all the probability in the distribution of X is in the interval [0, 00). Think
of halancing a distribution of mass at 3, with all the mass in [0, 00). How can you get
as much mass as possible in the interval (100, 00)? Intuitively, the best you can do is
to put some of the mass at 100 and the rest at 0 (as far to the left as allowed by the
non-negativity constraint). This distribution balances at 3 if the proportion at 10§} js
3/100. This shows P(X > 100) can be as large as 3/100, and suggests it cannot be
larger. Here is a proof, In the sum

Z.’BP(X=$)=3

all

the terms with x > 100 contribute

Y aP(X =gz)> Y 100P(X = z) = 100P(X > 100)

2100 z2>100

while all the terms are non-negative by the assumption that X > 0. This then gives
3 2 100P(X > 100), or P(X > 100) < 3/100.

With arbitrary E( X} and a instead of 3 and 100, this proves the following inequality.
The point is that if X > 0, meaning all the possible values of X are non-negative, or

P(X > 0) = 1, then knowing E(X) puts a bound on how large the tail probability
P(X > a) can be,

Markov’s Inequdlity

If X >0, then P(X > a) < EX) for every a > 0.
a

Expectation of a Function of a Random
Variable

Recall from Section 3.1 that if X is a random variable with a finite set of possibie
values, and g(z) is a function defined on this set of possible values, then g(X) is
also a random variable, Examples of typical functions of 4 random variable X whose
expectations may be of interest, are X, X2 X* for some other power k, 'leg ({ X)

(assuming X > 0), ¥, or zX for some other number 2. The notation g(X) is use
for a generic function of X,
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Expectation of a Function of X
Typically, E{g{X)] # g[E{X)]. Rather
Elg(X)] =) g(z)P(X = z) ()

ali =

This formula is valid for any numerical function g defined on the set of possible
values of X. In particular, for g{z) = 2* with k = 1,2,.. . the number

B(X*) =3 "z*P(X = z)

all «

derived from the distribution of X is called the kth moment of X.

The point of formula (4) is that it expresses Elg(X )] directly in terms of the dis-
tribution of X, without consideration of the set of possible values of g(X} or the

distribution of g(X) over these values, This is an important shortcul in many caleu-
lations.

Proof of the formula for E[g(x)]. Look at the sum 2o 2 9(@)P(X = 3), which

is claimed to equal Efg(X)). Group the terms according to the value y of ¢(z). The
terms from x with g{x} = y have sum

Y d@PX=a)= Y yP(X = 1) =yP(g(X) =)

ig(z)=y z:g(z)=y

Now sumniing over all y gives E[g(X)]. ©

Constant factors. If X is a random variable, then so is eX for any constant ¢. This
is g(X) for g(z) = ex. Apply the formula for Elg(X)] and factor the ¢ out of the

sum to see that E(eX) = cE(X). So constants can be pulled outside the expectation
operaror,

Constant random variables. It is sometimes useful to think of a constant ¢ as a

random variable with just one possible value ¢. Of course, the expected value of 4
constant random variable is its constant value.

Linear functions. The expectation of a linear function of X is determined by the
mean or first moment of X

E(aX +b) = E(aX) + E(b) = aE(X) + b

This is immediate from the addition rule and the last two paragraphs. Linear functions

9(z) = ax + b are exceptional in that Elg(X) = g(E(X)), a rule that is false for a
general function g,
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ixample 11,

Moments. The first moment of X is just the mean or expectation of X, The second
moment of X is E(X?), sometimes called the mean square of X. The term moment
is borrowed from mechanics where similar averages with respect to a distribution
of mass rather than probability have physical interpretations (principle of moments,
moment of inertia). The moments of X are features of the distribution of X. Twe
andom variables with the same distribution have the same moments. The first two
moments of a distribution are by far the most important. The first moment gives a
central value in the distribution. Tt will be seen in the next section that a quartity
called variance derived from the first two moments gives an indication of how spreacd
out the distribution is. Third moments are used to describe the degree of asymmetry
of a distribution, Higher moments of X are hard to interpret intuitively. But they
play an important part in theoretical caleulations beyond the scope of this book. -

It will be seen in the next section that
E(X?) # [E(X))

except in the trivial case when X is a constant random variable.

Uniform distribution on three values.
If X is uniformly distributed on {—1,0,1}, then X has mean

E(,X)z_lx%+()x:1_~;-1x-1— = {

3 3

so [E{X)]* = 0. Buy, by the formula for Efg(X)} with g(X) = X2, the second
moment of X i

E(XY) = (ml)gx%+02x}—+12x~l~ =

S+ Pxs = S ABXOP =0

Wi

Quadratic functions. The first two moments of X determine the expectation of
any quadratic function of X. For instance, the quantity E{{(X — b)*] for a constant
b, which arises in a prediction problem considered below, is found by expanding
(X - b)* = X* ~ 2bX +b* and using the nules of expectation to obtain )

E|(X ~ b)%) = E[X? - 2bX +b%] = E(X?) - 2bE(X) + b?

Functions of two or more random variables. The proof of the formula for E [g{ X%
shows that this formula is valid for any numerical function ¢ of a random variable
X with a finite number of possible values, even if these values are not numericay,
In particular, substituting a random pair (X, Y} instead of X gives a formula for the
expectation of g(X, Y} for a generic numerical function g of two variables:

ElgX. = Y gz, y)P(X =2,Y =y)
all {a,y)
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Proof of the addition rule. Think of X. Y, and X + Y as three different functions
of X and Y, two random variables with a joint distribution specified by probabilities
P(z,y} = P(X = z,Y = y). By three applications of the formufa for E[g(X,Y)l.

E(X)= Y zP(z,y)

all (z,y)
EY)= " yPlz,y)
all (x,u)
EX+Y)= ) (z+y)P(zy)
all (z,y)

Add the expressions for E(X) and E(Y) and simplity to get the expression for
E(X +7). Conclusion: The addition rule E(X) + E(Y) = E(X + Y).

Expectation of a product, As in the proof of the addition rule, view XY, the
product of X and Y, as a function of (X,Y) to obtain

E(XY) =Y "3 aoyP(X =Y = y)

where the double sum is 2 sum over all pairs (z,y) of possible values for (X,Y).
This formula holds regardless of whether or not X and ¥ are independent, If X and
Y are independent, the formula can be simplified as follows:

E(XY) =3 Y ayP(X = )P(Y =y)
rooy

= [E(XHE(Y)]

- {g sP(X = w)] [g yP(Y = y)

This yields the following:

Multiplication Rule for Expectation

If X and Y are independent then
E(XY) = [E(X))[E(Y)]

This multiplication rule will be used in the next section. Note well the assumption
of independence. In contrast to the addition rule, the multiplication rule does not
hold in general for dependent random variables. For example, if X =Y, the left
side becomes E(X?) and the right side becomes [E(X}]2. These two quantities are
typically not equal (Example 11).
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Example 12.

Problem.

Solution.

Example 13,

Problem.

Solution.

Expectation and Prediction

Suppose you want to predict the value of a random variable X. What is the best
predictor of X? To define “best” you must decide on a criterion and a class of
predictors. The simplest prediction problem is to predict the value of X by a constan,
say b. Think in terms of losing some amount L(xz,b) if you predict b and the value
of X is actually z. The function L{z, b) is called a loss function in decision theory.
it seems reasonable to try to pick b so as to minimize the expected loss, or risk
r(b) = E{L(X,b))

Right or wrong,.

Suppose that L(z,b) = 0 if £ = b, and 1 otherwise. S0 you are penalized nothing if
you get the value of X right, and penalized by one unit if you get the value of X
WIONg,

What is the best predictor?

E{L(X,b)] = 0P(X = b) + 1P(X # b) =1~ P(X =b).

S0 choosing b to minimize expected loss for this loss function is the same as choosing
b to maximize P(X = b). That is to say, b should be a mode of the distribution of
X . Many probability distributions have a unigue mode. But every possible value of
4 uniformly distributed random variable is a mode.

Absolute error.

Suppose L{z,b) = |& ~ b]. So the penalty is the absolute value of the difference
between the actual value and the predicted value. Now there is a bigger penalty for
bigger mistakes. The expected loss is '

r(b) = E(X - b)) =Y |z - blP(X = z)

by the formula for Elg(X)] applied to g(z) = |z — b| for fixed b.

Find b that minimizes r{b).

This time the solution is the median. To see why, look for a fixed z at the derivative

d -1 i b<w
db'm”bi“{1 if b>z

The sum defining 7(b) is over all possible values of X, say 13 < Zo < v+ < 7, S0
provided that b # x4 for any k, the function r{b) has the derivative "o
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%}3). = Z 1P(X = 1)+ Z(—I)P(X = )
z<h x>b
= P(X <b) - P(X > b)
=2P(X <x) -1 if zp <b<zpy

So the function (b} is piecewise linear for b between z; and Tg41, decreasing if
P(X < ) < 1/2, increasing if P(X < xx) > 1/2, and flat if P(X < 7)) = 1/2.
So a b is minimizing if and only if P(X < b) > 1/2 and P(X > b) > 1/2. Such a
value b is a median of the distribution of X. A median always exists, but it may not
be unigue.

FIGURE 3. Risk functions for a die rolt X with uniform distribution on {1,...,6}.

Left: Graph of the risk function #(b) = E{]X — b)) for absolute error, {Refer fo Example 13.) in
this exomple, every number in the interval [3,4] is a medion for X. Numbers in this interval are
equally good as predictors of X according o the criterion of minimizing the expected cbsolute
etror, and better than any other number. Right: The risk function r(b) = E[(X — b)?] for quadratic
loss function. [Reter o Example 14.} Now E(X) = 3.5 is the unique best predictor,

6 6

5/ 5

4 4 4

3 3

) ) r(b) = E [(X - b
14 r{b} = E [IX - bl 11

0t -
0 1 2 3 4 5 8 g 1 2 3 4 5 6 7

Squared error.

Suppose now the penalty is squared error, using the quadratic loss function L(z, b} =
(z - 82

Find b that is the best constant predictor of X for this quadratic loss function.
This time the answer is just the mean. Now
r{b) = E((X - b)*] = E(X?) — 2bE(X) + b*
dr{b)

s0 b= E(X) gives the unique best predictor of X for the quadratic loss function,
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Properties of Averages

Definition. The average of a list of numbers zy,...,2n 18

i=($1+---+wn)/n=2m}’n(m)

all

where Pp(z) is the proportion of the n values zy that are equal to = (em F"ﬁ(:ai };
distribution of the list). A

Constants. If ;. = ¢ for every k, then

¥ F=c

Indicators. If every number zj in a list is either a zero or a one, then

T = proportion of ones in the list

Functions. If y. = g{x,) for each k, typically # # g(Z). But

9= _g(z)Pula)

all =

Constant factors, If y, = cx; for every k, where ¢ is constant, then

y==c

Addition, If 5; = z, + yi for each &, then

S=Z+3

Multiplication. If z; = xxy, for each k, typically Z # 7.

& e R
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Properties of Expectation

Definition. The expectation of a random variable X is

B(X) =) zP(X = 1)

HEL

(average of values of X weighted by their probabilities).

Constants. The expectation of a constant random variable is its constant value

E{c)=¢

Indicators. If 14 is the indicator of an event 4, so [ A = b1 if A occurs, 0
otherwise, then

E(I4) = P(4)

Functions. Typically, Elg(X)] # g[E(X)], but

Elg(X)i =Y g(z)P(X = z)

all z

Constant factors. For a constant c,

E(eX) = cE(X)

Addition. The expectation of 2 sum of random variables is the sum of the
€Xpectations:

E(X+Y)=EX)+EY) cvenif X and ¥ are dependent.

Multiplication, Typically, E(XY) # E(X)E(Y). But

E(XY) = B(X)E(Y) if X and Y are independent,
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Exercises 3.2

1.

2.

11.

. In a game of Chuck-a-Luck, a player can bet $1 on any one of the numbers. 1,/2.'3

Suppose that 10% of the numbers in a list are 15, 20% of the numbers are 25, and ke
remnaining numbers are 50, What is the average of the numbers in the list?

One bst of 100 aumbers contains 20% ones and 80% twos. A second list of 100 nuarshers
contains 50% threes and 50% fives. A third list is obtained by taking each numhér in
the first list and adding the corresponding number in the second Hst. '

1) What is the average of the third list? Or is this not determined by the informuation
given?

Repeat a) with adding replaced by b) subtracting <) multiplying by d) dividing‘_'i)};h

. What is the expected number of sixes appearing on three die rollst What is the ex;}emai .

number of odd numbers?

Suppose all the numbers in a list of 100 numbers are non-negative, and the average of
the list is 2. Prove that at most 25 of the numbers in the list are greater than 8. .

and 6. Three dice are rolled. If the player’s number appears k times, where k247 iy
player gets Bk back, plus the original stake of $1. Otherwise, the player loses hegi
stake. Some people find this game very appealing. They argue that they have a\wﬁ
chance of getting their number on each die, so at least a 1/6+1/6+1/6 = 50% ¢hand
of doubling their money. That's enough 1o break even, they figure, 50 the possible ‘extra
payoff in case their number comes up more than onee puts the game in their favor..

a) What do vou think of this reasoning?

h) Over the fong run, how many cents per game should a player expect to win.or
lose playing Chuck-a-Luck? B

. Let X be the number of spades in 7 cards dealt from a well-shuffled deck of £ ards

containing 13 spades. Find E(X).
In a circuit containing n switches, the ith switch is closed with probability gy 5
1,...,n Let X be the total number of switches that are closed. What is E{X)? C:z‘ l&%ﬂi
impossible to say without further assumptions? S

. Suppose E(X?) =3, E(Y?}=4, E(XY)}=2 FindE (X +Y)?].

1t X and Y be two independent indicator rancdom variables, with
P(X=1=pand P{Y =1)=r. Find E[(X —~ ¥)?] in terms of p and r,

Let A and B be independent events, with indicator random variables 14 and g

4} Describe the distribution of {14 + Ig)? in terms of P(A) and P(B).
b) What is E(I4 + Ig)%?

There are 100 prize tickets among 1000 tickets in a lotery. What is the expected pumiper
of prize tickets you will get if you buy 3 tickets? What is 4 simple upper hﬁundﬁ) ﬁ‘&ﬁi’

probability that you will win at least one prize? Compare with the actual R
Why is the bound so close? Pmbabﬁﬁy
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12,
13.

14.

15.

16.

17.

18,

Show that if 4 and & are constants with P{a < X < b) = I, then a < E(X} <b.

Suppose a fair die is rolled ten times. Find numerical values for the expectations of cach
of the following random variables:

a) the sum of the numbers in the ten rolls;

b) the sum of the largest two numbers in the first three rolls;
<) the maximum number in the first five rolls:

d) the number of multiptes of three in the ten rolls;

) the number of faces which fail to uppear in the ten rolls;

f) the number of different faces that appear in the ten rolls,

A building has 10 floors above the basement. If 12 people get imo an clevator at the
basement, and each chooses a floor at random 10 et out, independently of the orthers,

at how many floors do you expect the elevator 1o make a stop 1o let out one or more
of these 12 people?

Predicting demand. Suppose that a store buys b items in anticipation of 1 random
demand Y, where the possible values of Y are nun-negative integers y representing
the number of items in demand. Suppose that each item sold brings a profit of $r,
and each item stocked but unsold brings a loss of $A. The problem is 1o choose b 1o
maximize expected profit.

a) Show that this problem is the same as the problem of finding the predictor b of
Y which minimizes over all integers the expected loss, with foss function

_ =Fy+ M-yl it y<h
Ly, b) = { —7rh if y>b

by Let r(b) = E[L(Y,b)]. Use calculus to show that r(b) is minimized over all the
real numbers b, and hence over all the integers b, at the least integer y such that
P(Y <y} > n/(A+ 7). Note. If © = X, this is the median, If /(A +7w) = kY%,
this y is called the kth percentile of the distribution of Y,

Aces. A standard deck of 52 cards is shuffied and deall. 1et X1 be the number of cards
appearing before the first ace, X the number of cards between the first and second
ace (not counting either ace), X3 the number between the second and third ace, X
the number between the third and fourth ace, and X5 the number after the last ace.
It can be shown that each of these random variahles X i has the same distribution,
t=1.2,...,5, and you can assurne this 10 he true,

a) Write down a formula for P(X; = k), ¢ < k < 48,

b} Show that E{X;) = 9.6. [Hint Do not use your answer to a).)

) Are Xp,.... X, pairwise independent? Prove YOUr answer.

A box contains 3 red balls, 4 blue balls, and 6 green balls. Balls are drawn one-by-one
without replacement until all the red balls are drawn. Let D be the number of draws
made. Calculate:  2) P(D < 9), b)Y P(D = 9). ) E(D),

Suppose that X is a random variable with just two possible values a and b,

Forxz-—a
and b find a formula for p(z) = P(X = ) in terms of a band y = E{X)
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19.

20.

21.

22.

A collection of tickets comes in four colors: red, blue, white, and green. There afﬂ*i{wggﬁ

as many reds as blues, equal numbers of blues and whites, and three times as many

greens as whites. I choose 5 tickets at random with replacement. Let X be the m:imim’
of different colors that appear.

a) Find a numerical expression for P(X > 4).

b Find a numerical expression for E(X).

Show that the distribution of a random variable X with possible values 0, 1, and 3 .ot

determined by pq = E(X) and pp = E(X?), by finding a formula for P{X .m“ ~@7'§:i”*
terms of gy and pg, =z =10,1,2

Indicators and the inclusion—exclusion formula. Let /4 be the indicator of 4
Show the following:

a) the indicator of A°, the complement of 4, is T4e =1 — Ia;

b) the indicator of the intersection AB of A and B is the product of Ta and g
Iap = lalp;

¢) For any collection of events Aq, ..., A,, the indicator of their union is
Tajoaguoudn =1 — {1 = T4 )1 = Tap}--- {1 = 14.)

) Expand the product in the last formula and use the rules of expectation 1o denwf
the inclusion—exclusion formaula of Exercise 1.3.12.

Success runs in independent trials, Consider a sequenceof n > 4 mde:pendent trials,

each resulting in success (5) with probability p, and failure (F) with probab;hty 1 g}:

Say a run of three successes occurs at the beginning of the sequence if the first: four
trials result in S5SF; a run of three successes occurs at the end of the sequence if giw
last four trials result in FSS58; and a run of three successes elsewhere in the sequenie s
the pattern FSSSF. Let Ry ., denote the number of runs of three successes in the 5 m:.;;,k;

a) Find E{Ry.).

b) Define R o, the number of success runs of length m in » trals, sxmli:ariy_;g#
1 < m < n. Find E(Rmn). o

¢} Let R, be the total number of non-overlapping success runs in n trials, counting
runs of any length between 1 and n. Find E{R.) by using the result of by

& Find E(Ry) another way by considering for each 1 < j < n the number of Fuss
that start on the jth trial. Check that the two methods give the same answer,
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Standard Deviation and Normal
Approximation

If you try o predict the value of a random variable X by its mean E(X) = u, you
will be off by the random amount X ~ g, Tt is often important to have an idea of
how large this deviation is likely to be. Because

E(X — ) = BE(X) - p =0

it is necessary 1o consider either the absolute value or the square of X — p to get un
idea of the size of the deviation without regard 10 sign. Because the algebra is casier
with squares than with absolute values, it is natura! to first consider El(X ~ u)?).
then take a square root to get back 1o the same scale of units as X

Definition of Variance and Standard Deviation

The variance of X, denoted Var{X), is the mean squared deviation of X from
its expected value ¢ = E(X):

Var(X) = E|(X - p)?)

The standard deviation of X, denoted SD(X), is the square root of the

of X:
SD{X) = v Var(X)

variance

Intuitively, SD({X) should be understood as a measure of how spread out the dis-
tribution of X is around its mean u. Becausc Var(X) is a central value in the
distribution of (X — u)?, its square root SD(X} gives a rough idea of the typical
size of the absolute deviation | X — . Variance always appears as an intermediale
step in the calculation of standard deviation. Variance is harder o interpret than SD,
but has simpler algebraic properties. Notice that E(X), Var(X), and SD(X ) are all
determined by the distribution of X, That is 1o say, if two random variables have
the same distribution, then they have the same mean, variance, and SD. S0 we may
speak of the mean, variance, and 5D of a distribution rather than a random variable.

Parameters of a normal curve. If 2 histogram displaying the distribution of X
follows an approximately normal curve, the curve will be centered near the mean
E(X), and SD({X} will be approximately the distince between the center of the
curve and its shoulders, where the curve switches from being concave to convex,
See Figure 1 of Section 2.2. This observation is justified at the end of Section 4.1. For
histograms which are approximately normal in shape, about 68% of the probabiliy
will lie in the interval within one standard deviation of the mean.
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Meaning of SD when the distribution is not roughly normal. If the distributios |
of X is not roughly normal, there is no simple way to visualize SD(X} 4 "
the histogram of X. But no matter what the distribution of X, you should e
to be around E(X), plus or minus a few times SD(X). This is made more
later in this section by Chebychev’s inequality. Like the mean E(X), the
deviation §D{X) can be interpreted in terms ofasum S, = X;+--+Xn 0
number n of random variables X; with the same distribution as X. What'h?gg
that for large n the distribution of S, follows an approximately normal curv:
parameters determined by E(X), SD(X ), and n. This is made precise by the
limit theorem stated later in this section.

It is often simpler to calculate an SD using the following formuia for variance: rathe
than the definition.

Computational Formula for Variance

2
Var(X) = B(X?) ~ [B(X)? =Y _&*P(X =1x) - [pr(x =x) }

all « all

In words: Variance is the mean of the square minus the square of the mean

Remark. The order of the two operations, squaring and taking expectatic
tremely important, Since from its originat definition Var(X) is non-negat
zero if and only if P(X = u) = 1, the computational formula shows that

E(X?) > (E(X)P

with equality if and only if X is a constant random variable.
Proof.
EI(X — )] = EIX? - 24X + 7
= E(X*)—2p* +p® by rules of E using E(X) = p
= E(X?) - 112
= B(XY ~[B(X)?  because u = B(X)

The second expression in the box comes from the formula for the expectiation of s
function of X, applied to f{z) = z?, and the definition of E(X). T -
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Random sampling,

Suppose n tickets numbered zi,...,2, are put in a box and a ticket is drawn at
random. et X be the z-value on the ticket drawn, Then E(X) = Z, the average
of the list of numbers in the box, as shown in Example 3.2.1, The corresponding
formula for the standard deviation is SD(X) = /Var(X) where

Var(X) = % PG S
i 3

The first formula comes from writing X = z; where I has uniform distribution on
{1,2,...,n}, s0 E[{(X ~ p)?] = El(z; - £)?] is the expectation of a function of J.
The second formula follows similarly from the computational formula for variance.
The numbers Var{X) and SD(X) determined this way by a list of numbers are
called the variance and standard deviation of the list. For a list of measurements on
a scale of units like feet or inches, the §D of the list gives an indication of the typical
magnitude of the difference between measurements in the list and their average, on
the same scale of units as the measurements.

Indicators,
Suppose X is the indicator of an event with probability p. Find SD(X).
Since 02 = 0 and 1% = 1, we have X2 = X. Therefore,
E(X*) = E(X)=p
s0 the computational formula gives
Var(X) = B(X*)— [E(X) =p-p® = p(1 ~p)

SD(X) = /Var(X) = \/p(i — p)

Since X has a binomial (1, p) distribution, this agrees with the formula | /mpg for the
SD of the binomial (n,p) distribution given in Chapter 2. This formula for n > 1 is
checked in a later example.

Number on a die.
Let X be the number on a fair die. Find SD(X).

By the computational formula

35
—_— 2 = ..
38 =

2 2 2 2 2 2
Var(X) = E(X?) — 2 = (24842452 4.62)

6
SD(X) = /35/12 = 171
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Example 4.
Problem.

Salution,

Example 5.
Problem.

Solution.

Scaling and Shifting

For constants a and b,  SD(aX +b) = [a|SD{X}

Shifting by a constant doesn't change the spread of the distribution, but muitx
by a or —a spreads out the distribution by a factor of |a]. You can check this fr

definition of SD, using properties of expectation. Compare with the correspo ;;g ‘
formula for expectation:

E(aX +b) =aE(X) +b

Celsius to Fahrenheit.

Suppose X represents a temperature in degrees Celsius, Y the same temperatureds
degrees Fahrenheit, so

9
YV o=-X 2
5 +3

How are E(Y) and SD(Y) related to E(X) and SD{X}?

E(Y)= %E(X )+ 32is E(X) converted to degrees Fahrenheit. But the SD bhehjves
differently SLehges

SD(Y) = 35D(X)

because standard deviation, as a measure of spread, is affected only by the segke
factor 8/5, and not by the shift of 32. i e

Successes ankl failures.

Let X be the number of successes in n trials of some kind, ¥ the number of £asiues -
in the same sequence of trials. Assuming that every trial results in either Sucmw
failure, how are E(Y) and SD(Y) related 10 E(X) and SD(X)? WCCESS O

X+Y=n 50 Y=n-X

EY)=n-E(X) SD(Y)=SD(X)
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FIGURE 1. Scaling and shifting. The histograms display distributions of ¥ = a.X + for verious a
and b. These are derived by rescaling the histogram of X shown ot the center of the top row. Under
the histogram of each Y are marked the points B(Y) SD(Y), E(Y), and E(Y)+SD(Y).
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Example 6.
Problem.

Solution.

when making a normal approximation, it is convenient to transform a randk
able X into a standardized variable X*, which gives the number of SDs b
X differs from its expected value.

Standardization

1f a random variable X has B(X) = g and §D(X) = o > 0, the random
variable .

X =(X~-p)fo
called X in standard units, has E(X*) = 0 and SD(X*) = 1.

Put another way, X* is X relative to an origin at 4 on a scale of multiples:of &
itive values of X* correspond to higher than expected values of X. Neg{;ﬁ;z
of X* correspond to lower than expected values of X. Any event determin
value of X can be rewritten in terms of X*. Usually, this is done by mamp
inequalities. For exampile, for any number b, '

P(XSb):P(X?MSb_:ﬁ)
F o

mP(X*gb_“)
s

in case the distribution of X is approximately normal, the distribution of:
approximately standard normal. Then the above probability can be appro
by ®{{b--u)/e], where & is the standard normal ¢.d.f. For a binomial randogn
X this is the normal approximation of Chapter 2, except we are now ig:-
correction from b to b+ 1/2 (called the continuity correction) which isépp
only if the range of possible values of X is a sequence of CONSECUtiVe inte

Heights.

A person is picked at random from a population of individuals vv'ith"hei-"-
tributed approximately according to the normal curve. If in this population’

height is 5 feet 10 inches and the SD of heights is 2 inches, what approxim,
the chance that the person is over 6 feet tall? B

Let X represent the height of the individual. Then E(X} = 5 feet 10 tniehes au
SID{X) = 2 inches. Converting 1o standard units gives ches

2 inches
=PX*>1)=1-9(1)~ 16%

P(X >6feet) =P (X — 5§ feet 10 inches o 1)

by the normal approximation.
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Tail Probabilities

Consider the event that a random variable X is more than three standard deviations
from its mean. To get used to some notation, look at the following six equivalent
symbolic expressions of this event, in terms of

E(X)=p,SDIX) =0, and X" =(X - u)/o.

The inequalities are manipulated by adding an arbitrary constant or multiplying by
a positive constant. For example, division by ¢ turns (1) into (6);

| X — e} > 3o (1)

either X ~p<~30 or X—-pu>3c (2)
either X <pu—3¢ or X >p+30 (3
cither X # ¢ _3 o X;'““>3 4)
either X*<—-3 or X*'>3 (5)
1X*| >3 (6)

If the distribution of X closely follows the normal curve, the probability of this event
will be very small: around 3/10 of 1%, according 1o the normal table. But what if the
distribution is not normal? How big could this probability be? 392 or 30%? The answer
is that it might be 3%, but not 30%. The largest this probability could possibly be,
for any X whatsoever, is 1/9, or about 11%. This is due to the following inequality,
which makes precise the idea that a random variable is unlikely to be more than a
few SDs away from its mean.

Chebychev’s Inequality

For any random variable X, and any & > 0,
PUX - BOO 2 kSD(X)] < 5

In words: The probability that a random variable differs from its expected value
by more than k standard deviations is at most 1/k2.
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FIGURE 2. The probability bounded by Chebychev's inequality. .

s Probability £ }MW ..... -

/

R T g

Proof. Lel p = E{X) and o = SD(X). The first step is yet another way.of w “%‘mg

the event [|X — p| > ko), namely, [{(X — u)? = k%c?]. Now define ¥ ==
a = k0%, 10 see

P[\X — pl Z ko) = P(Y 2 a)

BY
< ——(a ) by Markov's inequality of Section 3.2, using Y. >0,
=2~ L by definiton of ¥, 0, and a.3
TEST @2 by definition of Y, ¢, and a.

Comparison of the Chebychev bound with normal probabilities. C.he &y alscle
inequality gives universal inequalities, satisfied by all distributions, no. ma:
their shape. For k < 1 the inequality is trivial, because then 1/k* > 1. H

hounds for some values of k > 1 compared with corresponding probabﬁltie:"s
normal distribution with parameters p and o. '

Probability Chebychev bound | Normal value {
P({X —p|=0o) | atmostl 0.3173
P(X — p| > 20) | at most 1/2% = 0.25 | 0.0465
P(X — ul > 30) | at most 1/3% = 0.11 | 0.00270
P(iX — p| > 40) | at most 1/4% =~ 0.06 | 0.000063

As the table shows, Chebychev's bound will be very crude for a dxstnbun'
is approximately normal. Its importance is that it holds no matter what ¢
of the distribution, so it gives some information about two-sided tail pre
whenever the mean and standard deviation of a distribution can be Cal'ciz: ated:

Example 7. Bounds for a list of numbers.

Problem. The average of a list of a million numbers is 10 and the average of the squ:

the numbers is 101. Find an upper bound on how many of the entries in the
14 or more.
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Let X represent a number picked at random from the list. Then g = F{X} - 10,
E(X?) = 101, s0

o= SD(X)= V101 — 162 = 1.
PX 2 14) = P{X « p > 40) < P(|IX ~ 4} 2 o) < 1/4%,

hy Chebychev's inequality. Consequently, the number of entries 14 or over is at most
WOP(X > 14) < 10%/16 = 62,500

If the distribution of the Hist were known 1o be symmetric about 10, the probubilitics
P(X Z 14) and P(X < 6) would be equal. Since it is the sum of these two proba-
hilities which is at most 1/16, the bound in this case could e reduced by a factor
of 2 to 31, 250. 1f the distribution of the list were approximately normal, the numier
would be more like

109 x 1~ ®(4)] ~ 32

Sums and Averages of Independent
Random Variables

The main reason for the importance of variance is the following simple rule for the
variance of @ sum of two independent variables. This rule leads 1o the right 512 10
use in the normal approximaton for a sum of » independent random variables for
targe n.

Addition Rule for Variances

Var(X +Y) = Var(X) + Var(Y) if X and ¥V are independent.

Vor(Xp+ -+ X )=Var{X )+ +Var(X,) if X;...., X, arc independent.

The assumption of independence is important. In conirast to expectations, varanges
do not always add for dependent random variables. For example, if X = Y. then

Var(X + V) = Var(2X) = [SDX)] = 28D(X)]? = 4Var(X)
while
Var(X) +Var(Y) = Var(X) + Var(X) = 2Var(X)

Proof of the addition rule for variances. ¢l § = X + V. Then E {(5)=FE(X)+
E(YY, so A |

S—E(8)=[X - E(X)]+]Y - E(Y)]
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Now square both sides and then take expectations to get

1S~ E(S)? = [X -~ B(X)P + Y - E(Y)? + 2[X - E(X)][Y — BE(Y)]
Var(S) = Var(X) + Var(Y)} + 2E{X -~ E(X)]lY — E(Y)]}

If X and Y are independent, then so are X — E(X) and ¥ - E(Y). So by the ruk
for the expectation of a product of independent variables, the last term above.is e
product of E[X — E(X)] and E[Y ~ E(Y)]. This is zero times zero which equals
zero, giving the addition rule for two independent variables, Apply this addition e
for two variables repeatedly to get the result for » varigbles. B

sums of independent random variables with the same distribution. Suppose
X, .., X are independent with the same distribution as X. You can think of the X;

as the results of repeated measurements of some kind. Because all the expecttions
and variances are determined hy the same distribution,

E(Xy) =EX) Var(Xy)=Var(X) (k=1..., n)
8o for the sum Sy, = X1+ - + Xy
E(S,) =nE(X) by the addition rule for expectation
Var(S,) = nVar(X) by the addition rule for variance.
Taking square roots in the last formula gives the formula for SD(S,) in the hex

hox. The results for the average follow by scaling the sum by the constant_'faéggg-sgf
1/n. '

Square Root Law

Let S, be the sum, X, = Sy /n the average, of n independent random variables
X1, -1 Xn, each with the same distribution as X. Then o

E(SH)EHE(X) SD(Sﬂ):;'\/ﬁSD(X)

B(X.) = E(X) SD(X,) = Slf/g)

The expectation of a sum of n independent trials grows linearly with n. But the sh
grows more slowly, according to a multiple of /7. This slow growth of the S e due
1o the high probability of cancellation between terms which are above the expmgﬁ,
value and terms which are below. The square root law for SD(S,) gives a pr&:am
mathematical measure of the extent to which this cancellation tends to oceur:
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Standard deviation of the binomial distribution.
Derive the formula \/npg for the SD of the binomial (n,p) distribution.

This is the distribution of the sum 8§, = X, 4+ X,, of n indicators of independent

events, each with probability p. So /npq comes from the square root law for 5D(5,)
and the formula /pqg for the 8D of an indicator, found in Example 2.

The law of averages. While as n increases SD(S,,) grows as a constant times vn,
dividing by n makes §D(X,) tend to zero as a constant divided by v/r. So the SD
of the average of n independent trials tends 10 0 as n — o¢. This is an expression
of the law of averages, which generalizes the law of large numbers stated in Sec-
tion 2.2 for the proportion of successes in n Bernoulli (p) trials. Roughly speaking,
the law of averages says that the average of a long sequence of independent trials

X1, Xa,..., Xy is likely to be close to the expected value of X = X 1. Here is a more
precise formulation:

Law of Averages

Let X1, Xa,. .. be a sequence of independent random variables, with the same
distribution as X Let 4 = E(X) denote the common expected value of the
X;, and let

Xo={X1+Xo+ -+ X,)/n

be the random variable representing the average of X, ... 1 Xa. Then for every
€ > 0, no matter how small,
Pl Xn—pl<e)—1 as n—oo

In words: as the number of variables increases, with probability approaching
L, the average will be arbitrarily close to the expected value.

Proof. From the box for the square root law, E(X,,) = u, SD(X,) = of/n, where
o = 5D(X,). Chebychev's inequality applied to X, now gives

5oy 2
P Xn—pl 2 €)= P (|Rn—pl > = SD(X) ) <  SPED)" _ o2
SD(X.,) € net

But for each fixed ¢ the right side tends to 0 as n — oo, hence so does the left side
since probabilities are non-negative. Taking compilements yields the result, O
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Exact distribution of sums of independent variables. Suppose the X; are'inde- 1
pendent indicator variables, with P(X; = 1} = p and P(X; = 0) = 1 ~ p for some |
0 < p < 1. For example, X; could be the indicator of success on the éth trial ins |
sequence of independent trials. Then S, = X, + -+ + X, represents the number
of successes in n trials, and S, has the binomial (n, p) distribution studied in {(‘jhggw
ter 2. In theory, and numerically by computer, the formula of Exercise 3.1.16 foruie §
distribution of the sum of two random variables can be applied repeatedly_".tgf;’fgﬁg}' !
the distribution of S, for other distributions of X;. But the resulting fgrn;u}.@,g‘x_g

manageable only in a few other cases (e.g., the Poisson and geometric casesueamé
in the next section.)

Approximate distribution of sums of independent variables. Because ‘:ggg;mg
no simple formula for the distribution of the sum S, of n independent randomy - ,,;,;.;_ |
ables with the same distribution as X, it is both surprising and useful that no’ niager |
what the distribution of X, there is a simpie normal approximation for the distribe-

tion of Sp. This generalizes the normal approximation 1o the binomial distribution b
treated in Section 2.2. '

The Normal Approximation
(Central Limit Theorem)

Let S, = X+ -+ X, bethe sumofn independent random variables each writh -
the same distribution over some finite set of values. For large n, the distﬁbuf%‘, I
of §,, is approximately normal, with mean E(S,) = ny. and standard de:yria t:(}n . %
SD(bSn) = oy/n, where p = E(X,) and 0 = SD(X;). That is to say, for.al. ] |

a< o

P(agg’i—}?gb) ~ ®(b) — B(a)

where ¢ is the standard normal ¢.d.f. No mater what the distribution of the

terms X;, for every a < b the error in using this normal approximation tends ;‘5'.
zerd as n — 0o, The same result holds for X; with an infinite range of possible |
values, provided the standard deviation is defined and finite. h

Note that the random variable (S, - nit)/a/n appearing in the normal approxi-
mation is Sy in standard units. If the possible values of S

n in the X; form a sequence -
of consecutive integers, the continuity correction should be used as in Section 2.3

. A b
to obtain a better approximation. The normal approximation works just as we
averages as for sums, because the factor of n has no effect on the standardizéd vari

ables. For any distribution of X; with just iwo possible values, the above normal
approximation follows from the normal approximation to the binomial dlstnbu:rza
derived in Section 2.3, by using scaling properties of the mean and standard deiﬂ‘
tion to reduce 10 the case when the two possible values are 0 and 1. But a ful} ;l;»
of the central limit theorem is beyond the scope of this text, prog
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The pictures at the end of the section show how the distribution of the sum Sp of
independent and identically distributed X, Xa,..., X, depends on the number of
terms 1 and the common distribution of the X;. As a general rule, the more symmetric
the distribution, and the thinner its tails, the faster the approach 1o normality as n
increases. On each page, all histograms are scaled horizontally in standard units, and
vertically to keep the total area constant.

Random walk,

Physicists use random walks to model the process of diffusion, or random motion
of particles. The position S, of a parnicle at time n can be thought of as a sum
of displacements Xy, ..., X,. Assuming the displacements are independent and
identically distributed, the theory of this section applies.

suppose at each step a particle moving on sites labeled by integers is equally likely
o move one step to the right, one step to the left, or stay where it is,

O O @, O O O O

Find approximately the probability that afier 10, 000 steps the particle e

nds up more
than 100 sites to the right of its starting point.

Let X represent a single step. Then E(X) = 0,

2 2

Var(X) = B(X?) - ¢ = &0 %_ 4 53_ -

3
and SD(X} = 1/2/3 = 0.8165. The problem is to find P(S10,000 > 100), where
E(Sm‘mo) = 10, GUOE(.X) =0 and
SD(810.000) = 4/10, 000 SD(X) = 100 x 0.8165 = 81.65

by the square root Jaw. The normal approximation gives

Sio,000 _ 100 100
(S10,000 > 100) = P ( 3165 > 3165 1 (1)(81.65) 1%
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Skewness

Let X be a random variable with E{X) = u and §D{X) = ¢. Let X, = (X—m#}fg ;
be X in standard units. So the first two moments of X, are T

E(X,)=0 and E(X})=1

The skewness of X, (or of the distribution of X) denoted here by SkeWnéésg;X}! i
the third moment of X,:

skewness(X) = B(X?) = Bl(X - w3/

Skewness is a measure of the degree of asymmetry in the distribution of X Forgay
X with finite third moment, there is the simple formula (Exercise 33):

Skewness(8,,) = Skewness(X)/vn £

for S, the sum of n independent random variables with the same distribution »

X This implies the formula (1 — 2p)//7pg used in Section 2.2 for the skewriess:
binomial (n, p) distribution.

It is easy to see that if the distribution of X is symmetric about p, then Skewness(X) =
0. If the normal approximation to the distribution of X is good, the distribut ﬁi:!%
X must be nearly symmetric about g, so it is be expected that Skewness(X ) 20
case Skewness{X) is significantly different from 0, the normal approximatic ;
distribution of X will usually not be very good. Formula (7) shows that n
what the skewness of the distribution of X, the skewness of the sum S, ‘tends &
zero as n — 00, though rather slowly. This is evidence of the central limit. the{im
the distribution of S, is asymptotically normatl with skewness 0 in the limit;"
small skewness for large n. As in the binomial case studied in Section 2.2 a :
provement to the normal approximation of §,, is obtained by replacing @’?( z} Gty
usual normal approximation by

&(2) — ——=Skewness{X) (% — 1} ¢(2)

\/_

where ¢(z) is the standard normal curve. See Section 3.5 for an application 1o {%gé
Poisson distribution, SR

e AT AR
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Figure 3. Distribution of the sum of n die rolls for n = 1,2, 4, 8,16, 32.
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Figure 4. Distribution of S, for n = 1,2, 4, 8,16,32.
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Figure 5. Distribution of Sy, for n = 1,2, 4, 8, 16, 32.
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Exercises 3.3

1.

. Show that if E(X) = u and Var{X) = ¢°, then for every constant o

Let X be the number of~days in a2 month picked at random from the 12 moénths ofs
year {not a leap year).

a) Display the distribution of X in a table, and caleulate E(X) and SD(X)..
b) Repeat with X the number of days in the month containing a day ‘picked &
random from the 363 days of 1991.

Let ¥ be the number of heads obtained if a fair coin is tossed three times. Find the
mean and variance of Y.

Let X, Y, and Z be independent idenically distributed random variables with myean
and variance 2. Calculate:

) E@2X +3Y) b Ver@X =3¥) o BXYZ); D Var(XYZz)

Suppose X1 and X, are independent. Find 2 formula for Var{X:1X2) in terms of
= E(X)), of=Var(Xy), p2= E(Xz), and o3 = Var(Xa).

E [{X - a)z] = g% 4 (g~ a)’.

tet X, represent the number appearing on one roll of & ‘shape’ which lands 4 ¢
or 6) with probability p, as described in Example 1.3.3. Explain without calcuilan

why Var{X,) must increase as p increases. Then compute Var(X,) and check that &
increases as p increases.

Suppase three marksmen shoot at a tasget. The ith marksman fires n; times, hitting e

target cach time with probability p., independently of his other shots and the $horsof |
the other marksmen. Let X be the total number of times the target is hit. '

a) Is the distribution of X binomia®
b) Find E(X) and Var(X}.

. Let Ay, Az, and Ay be events with probabilities £, 1, and 1, respectively. Let W bi e

number of these events that occur.
4) Write down a formula for N in terms of indicators.
by Find E{N).
n each of the foliowing cases, calculate Var(N):
) Ay, Aa, As are disjoint
d) they are independent;
e} A C Az T As.

Out of n individual voters at an election, » vote Republican and » — v vote: Diémaoenst
At the next election the probability of a Republican switching to vote Dem()(:m “
and of a Democrat switching is p2. Suppose individuals behave independeﬁﬁ}}'“ Fitd

the expectation and b) the variance of the number of Republican votes at the
election.

R Aty
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10.

11.

12.

13.

14.

15.

Moments of the uniform distribution. Let X be uniformly distributed on {1,2, ... ,n},
Let s(k,n) = 1% 4 2% 4+ ... 4 2% be the sum of the kth powers of the first n integers.
. s{k, 1 sk, 3 -1
a) Show that E(X*) = ?_{%I’;). and B [(X + 1] = iLT%}J_w.

T

k —
b} Deduce that £ [A".Xk“‘l + (g)x’“g U 1] _n+1) 1.

¢} Use b) for k = 2 10 obtain E(X) = (n + 1}/2 (also obvious by symmetry}, and
hence s{1,n) = n(n + 1)/2.

d) Use b) for k = 3 and the above formula for E (X) 10 deduce that
E(X*) = Ln+1){(2n+1}) and hence $(2,n) = in(n+ 1)(2n + 1).
e} Show that Var(X) = (n? — 1)/12.
£} Check that your formulae ¢) and €) agree in the case 1= 6 with the resulls
obtained in Example 3 for X the number on 1 die.
) Use the same method 1o show that s(3,n) = [s(1,m)]%
[This method can be used to obain formulae for s(k,n) foran arbitrary positive integer
k. But the formulae get more complicated as k increases. )

Suppese that ¥ has uniform distribution on the 72 numbers {aa+b .. a4+ {n- 11b},
and that X has uniform distribution on {1,2, ... .m}. By writing Y as a linear function
of X and using results of Exercise 10, find formulae for the mean and variance of ¥ in
terms Of @, b, and .
A random variable X has expectation 10 and standard deviation 5,

a) Find the smallest upper bound you can for PLX =),

b Ceuld X be a binomial random variable?

suppose the 1Q scores of a million individuals have a mean of 100 and an 8D of 10,

4} Without making any further assumptions about the distribution of the scores, find
an upper hound on the number of scores exceeding 130,

b} Find a smalier upper bound on the number of scores exceeding 1

30 assuming
the distribution of scores is symmetric about 100.

¢} Estimate the number of scores exceeding 130 assuming that the distribution is
approximately normal,

Suppose the average family income in an area is $10, 000,
a) Find an upper bound for the percentage of families with incomes over $50, 0600.

1) Find a bener upper bound if it is known that the standard deviation of incomes
is $8000.

4) Show that if X and Y are independent random variables, then
Var(X - Y} = Var(X 4+ V)

b Let Dy and Dy represent two draws at random with replacement from a poputa-
tion, with (D1} = 10 and SD(D}) = 2. Find a number ¢ so thar

P(ID; — Dy| < £} > 99%
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16.

17.

i8.

19,

20.

21.

A game consists of drawing tickets with numbers on them from a box, independentdy
with replacement. In order (o play you have to stake $2 each time you draw a ticket,
Your net gain is the number on the ticket you draw. Suppose there are 4 tickets in the
box with numbers -2, -1,0,3 on them. ¥, for example the ticket shows $3 then yem
get your stake back, plus an additional $3. )

a) let X stand for your net gain in one game. What is the distribution of X2 Fipd
E(X) and Var{X),

b) 1f you play 100 times, what is your chance of winning $25 or more?

Let X be a random variable with
PIX=-1)=P(X=0)=1/4,

and P(X = 1) = 1/2. Let § be the sum of 25 independent random variables, each with
the same distribution as X. Calculate approximately
a) P(5 < 0),b) P(S =0),and ¢) P(§ > 0).

In roulette, the “house special” is a bet on the five pockets 0, 00, 1, 2 and 3. There afe
5 chances in 38 to win, and the bet pays 6 to 1. That is, if you place a doliar bet o the
house special and the ball Jands in one of the five pockets, you get your dollaﬁr.'.’i;‘,g&k
plus 6 dollars in winnings; if the ball lands in any other pocket, you lose your dolar, ¥
you make 300 one-doliar bets on the house special, approximately what is the <hance
that you come out ahead?

A new elevator in a large hotel is designed 1o carry about 30 people, with a tma[;.mgm
of up 1o 5000 bs. More than 5000 Ibs. overloads the elevator. The average weighr of
guests at this hotel is 150 Ibs., with an SD of 55 [hs. Suppose 30 of the hotel's guesx&
get into the elevator. Assuming the weights of these guests are independent randon:

variables, what is the chance of overloading the elevator? Give your approximate answer
as a decimal,

Suppose you have $100, 000 1o invest in stocks. If you invest $1000 in any particilar
stock your profit wili be $200, $100, $0 or —$100 (a loss), with probability 0.25 each.
There are 100 different stocks you can choose from, and they all behave independeémty

of each other. Consider the two cases: (1) Invest $100, 000 in one stock, 165 Inw,st
$1000 in each of 100 stocks. ' -

{2} For case (1) find the probability that your profit will be $8000 or more.
(b) Do the same for case (2).

Roundoff errors. Suppose you balance your checkbook by rounding amounts to the
nearest dollar. Between 0 and 49 cents, drop the cents; between 50 and 99 Centsgdmé
the cents and add a dollar. Find approximately the probability that the accumulatest
error in 100 transactions is greater than 5 dollars (either way)

a) assuming the numbers of cenis involved are inde

pendent and uniformily. d;
tributed between 0 and 99, B

b) assuming each transaction is an exact dollar amount with probability 174, and
given not an exact dollar amount the number of cents is uniformly distribyted.
between 1 and 99, independently for different transactions. Hed,
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22. Suppose n dice are rolled.
2) Find approximately the probability that the average number is between 3-1% and
3{5 for the following values of m: 105, 420, 1680, 6720.

b} Use these values 1o sketch the graph of this probability as a function of n.

12
some other smali number ¢ instead of ¢ = 5. say € = £ How would this affect

the graph?

¢) Suppose that the numbers 335 and 3¢ were replaced by 35 — ¢ and 3§ + ¢ for

23. Suppose that in a particular application requiring a single battery, the mean lifetime of
the battery is 4 weeks, with a standard deviation of 1 week. The battery is replaced
by a new one when it dies, and 50 on. Assume lifetimes of batteries are independent.
What, approximately, is the probability that more than 26 replacements will have 10 be
made in 2 two-year period, starting at the time of installation of a new battery, and not
counting that new battery as a replacement? [Hint: Use the normal approximation 10
the distribution of the rotal lifetime of » bateries for a suitable n.]

24. A box contains four tickets, numbered (, 1, 1, and 2. Let §,, be the sum of the numbers
obtained from n draws at random with replacement from the hox.
a) Display the distribution of Sz in a suitable wable.
h) Find P(550 = 50} approximately.
c} Find an exact formula for P(S, = k) (k=10,1,2,...).

25. Equality in Chebychev’s inequality. Let g, o, and k be three numbers, with & > 0
and £ > 1. Let X be a random variable with the following distribution:

i .
pYe] if =p+ke or pu-ko
1) otherwise.

a) Sketch the histogram of this distribution for g =90, 0 = 10, k= 1,2, 3.
by Show that E(X) = p, Ver(X) =0, P(X - p| > ko) = 1/

So there is equality in Chebychev's inequality for this distibution of X. This means

Chebychev's inequality cannot be improved without additional hypotheses on the dis-
tribution of X.

) Show that if Y has E(Y) = g, Var(Y) = o°, and P(|Y — | < ¢) = 0, then ¥
has the same distribution as X described above for k = 1.

26. Mean absolute deviation.

a) Calculate the mean absolute deviation E(JX — pj) for X, the number on a six-
sided die.

Your answer should be slightly smaller than the standard deviation found in Example 3.
This is a general phenomenon, which oceurs because the operation of squaring the

absolute deviations before averaging them tends 1o put more weight on large deviations
than on small ones.

b) Use the fact that Var(]X — u|} > 0 to show that SD(X) > E(JX — p|), with
equality if and only if iX — uf is a constant.
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27.

28.

29.

30.

31.

‘That is to say, unless | X — yj is a constant, the standard deviation of a random variable

is always strictly larger than the mean absolute deviation. If X is a constant, then both
measures of spread are zero,

The S} of a bounded randorm variable.
4) Let X be a random variable with 0 < X < 1 and E(X) = . Show thar:
M 0< <l (D)0<Ver(X) < p(l—p) <41 Hint: Use X? < X}
) Let X be a random variable with o < X < band E(X y = u. Show that:

M a<p<b (D0<Var(X)< (p-a)p—p) <50~ a)?;
Gii) 0 < SD{X) < (b a)/2.

¢) The standard deviation of a list of a million digits 0, 1, 2, ..., 9 is exactly 44.

How many nines are there in the list? Or is it impossible to answer this question
without more information?

Let § be the number of successes in n independent Bernoulli trials, with possibly
different probabilities p;,...,p. on different trials. Show that for fixed p = E{8}
Var(8) is largest in case the probabifities are all equal.

Let D be the average of n independent random digits from {0, ... .9}
a) Guess the first digit of D, so as to maximize your chance of being correct.

b) Calculate the chance that your guess is cosrect exactly for n == 1,2, and a;ﬁpmxi»
mately for a selection of larger values of n, and show the results in a graph:

¢) How large must n be for you 1o be 99% sure of guessing correctly?

Let X; be the last digit of D?, where D; is a random digit between 0 and @, For
instance, if D; = 7 then D? = 49 and X, = 9. Let X, = (Xa +-+- 4+ Xa)/n be the
average of a large number n of such last digits, obtained from independent random
digilﬁ Dl, caey Dy

a) Predict the value of X, for large n.

) Find a number ¢ such that for 7 = 10, 600 the chance that your prediction is off
by more than ¢ is about 1 in 200.

<) Find approximately the feast value of n2 such that your prediction of X, is correc
to within 0.01 with probability at least 0.99.

d) Which can be predicted more accurately for large n: the value of X, or the value

of D = (D1 + -+ Du)/m?

) 1f you just had to predict the first digit of X190, what digit should you choose 1o
maximize your chance of being correct, and what is that chance?

Normal approximation for individual probabilities. Let X be an integer valoed
random variable, S, = X, + -+ + X, where the X, are independent with the same
distribution as X. If the set of possible values of X contains two consecutive inte-

gers it can be shown that there is the following normal approximation to individial
probabilities in the distribution of Sy

1 - 3eonn?(no?)

PS,=k)= Torea where p = E{(X) and o = SD(X)
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32.

33.

This approximation holds in the sense described below formula (3) of Section 2.3, which
is the special case when X has Bernoulli {p) distribution. (Note the change of notation:

in formula (3), p stands for E(S,) and o for SD(S,).) Suppose the distribution of X
is uniform on {0, 1,...,9}, as in Example 3.1.9.

a) Find g and o for this distribution of X,

b) Use the above nommal approximation 1o verify the claim in the discussion of
Example 3.1.9 that

P82 = 9m) ~ 2/v/33xm as m — co.
) Let [z] denote the integer part of z. Find b such that in the limit a5  — 0o

P(Su = [(45)n + by/A] )
P(S. = [(45)m))

—%

1
2

d) For b as in part ©), evaluate lim P(|Sn - (4.5)n] < byv/n).

TE— 0O

Skewness. For 2 random variable X with moments ux = E(X*), derive the following

properties of Skewnesss (X} = E[((X ~ p)/e)"], where pp = py and ¢ = 1/py — 1% is
assumed strictly positive:

a) Skewness (X) = (ua ~ 3pps + 24°%)/0®
b} If the distribution of X is symmetric about some point then Skewness{X) = (.
<) If @ > 0 then Skewness(aX + b) = Skewness(X). What if @ < 0?

Skewness of sums. Show the following:

a} If X and Y are independent with E(X) = E{Y) = 0 then
E[(X + Y)Y = B(X*) + E(Y*).
b) If 8z = X1+ -+ X, for independent X; with the same distribution as X, then
Skewness(8,) = Skewness(X)/\/n

¢) If S, has binomial (n, p} disitibution,

Skewness{Sn) = (1 - 2p}/\/npq.
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3.4

Discrete Distributions

Up to now, random variables were assumed to have a finite number of possibic
values. Probabilities and expectations were calculated as finite sums. But already in
Chapter 2 useful approximations were obtained by letting the number of: trials o
tend to infinity. These approximations, the normal and the Poisson, lead natuméiy
to the study of infinite outcome spaces. This section extends the basic concepts o

allow a discrete distribution over an infinite sequence of possible outcomes. Imgx};’r
tant examples are the geometric and negative binomial distributions appearing in
this section, and the Poisson distribution in the next. The following chapters smd:;

random variables with continuous distributions, like the uniform and normal; wzt%i
an interval of possible values.

The distribution of the number of times T that you have to roll a fair die to get-a six |
was found in Example 2 of Section 1.6:

PI=d=¢""p (i=12..)

where ¢ = 5/6 and p = 1/6. This is the geometric distribution on {1,2,3, ...} with
parameter p = 1/6. Here the set of possible values of T' can be counted one by one,

but there is no largest possible value. This is an example of a discrete distribution
on the positive integers,

A feature of infinite outcome spaces is that individual oulcomes or sets of outcomes
may be assigned probability zero. Consider, for example, the event 1" = oG Eha{ -
six never shows up in repeated rolling of a die, This is an imaginable outcome amﬁ
you might want to include it in an outcome space. To find the probability of the

event T = oo notice that if T = oo, then the first n rolls are not 6. So the nilés of
probability imply

0 < P(T = 0o) < P{first n rolls not 6) = (5/6)™

assuming the die is fair and the rolls are independent, But since ¢" — 0 as n, —
for |g| < 1, in particular for ¢ = 5/6, this implies P(T = oo) = 0.

A discrete distribution on the set of non-negative integers {0,1,2

.-} is defined by
a sequence of probabilities pg, p1,pz, - .., such that

p; >0 foralliand Zpé =1

where @ ranges over 0,1,2,.. .. By allowing p; to be zero for all but a finite et of
i, any distribution over a ﬁmte set labeled 0,1,2,...,n could be presented like this.
Probabilities involving discrete distributions can be calculated using the familiar m%x’::
of probability, together with a natural extension of the addition rule.

e
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Infinite Sum Rule

If event A is partitioned into 4, A, 43,...,
A=A1UA2UA3U-’- where AiﬂAjzm i

then
P(A) = P(A)) + P(42) + P(As)+ -+

To illustrate, for a random variable X with discrete distribution on {0,1,2, .. .} given
by

P(X=i)=p; (i=0,1,..)

5
P(X <5) =) p
ix=1

PX>5 =Y pn=1-3p

i=f f=1

@O
P(X is even) = Z Poi
£=0

The theory of discrete distributions is mostly a straightforward extension of the theory
of distributions on finite sets, treated in the previous chapters. The basic concepts
of conditional probability, random variable, distribution of a random variable, joint
distribution, and independence, all remain the same. All general formulae involving
these concepts, in particular the rule of average conditional probabilities and Bayes’
rule, remain valid simply with infinite sums of probabilities replacing finite ones.
This can be proved using the infinite sum rule, which justifies familiar formulac such
as

PX=z)=) P(X=z,Y =y)
¥

for discrete random variables X and Y. Here the sum over ¥ is understood to range
over the set of possible values of Y, and the infinite series can be evaluated in an
arbitrary order, which is left unspecified.
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Example 1.
Problem 1.

Solution.

Problem 2.

Solution.

Example 2.

Problem 1.

Solution.

Examples

Odd or even.

Suppose you and I take wrns at rolling a die, to see who can first roll a six.
1 roll first, then you roll, then 1 roll, and so on, until one of us has rolled a §i
is the chance that you roll the fisst six?

In terms of T, the number of rolls required to produce the first six, thepmbiemﬁ, 5_:
to find the probability that T is even, i.e., either 2, or 4, or 6, or ... . By thesin iede |
sum rule

P(T even) = P(T =2+ P(T=4)+ PT =6+ -

5 1 i
=gptdp+pt - where ¢= g P=g !
=gp{l+@ +¢*+)
=gp/(1-¢*)  (geometric series with ratio ¢

5 1 ( 25 5
= — K= 1-=|=17
6 6 36 11

What is the chance that 1 roll the first six?

This is P(T odd). Of course, a similar calculation could be done again. Buttheére s

1o need. Since we argued easlier that T is certain 1o be finite, and then T must be |
either even or odd, so bl

The craps principle.

Suppose A and B play over and over, independently, a game which each time resuhs
in a win for A, 2 win for B, or a draw (meaning no decision), with probabilitie§ p(g}

P(B), and P(D). Suppose they keep playing until the first game that does ﬁdtﬁ'régué
in a draw, and call the winner of that game the overall winner.

Show that
P(A wins overall) = m?%%@ and P(B wins overall) = ﬁ%&%{ﬁj

= P(first n ~ 1 games drawn, and A wins game n)
=[P(D)]*"'P(4),  so

P(A wins at game n)

P(a wins) = y_[P(D)]" " P(4) = 7 f %&g) - P(AI)JSCAJ)D(B)
ns=l B
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Put another way, P(A wins) = P(4]| A or B), which you may find intuitively clear
without calculation. This is the basic principle behind the calculation of probabilities
in the game of craps, taken up in the exercises.

Let G be the number of games played, X the name of the winner. Show that & has
a geometric distribution, and that G and X are independent.

G is geometric with p =1 ~ P(D) (wait until the first nondraw)
P(G =n, A is the winner) = P(n — 1 games drawn, then A wins)

= [P(D)]""'P(4)

= PO - P(D))- L)

1-P(D)
= P(G == ?’!,) . P(A wins)

Similarly, P(G = n, B wins) = P(G = n)P(B wins), So G and X are independent.

Moments

The concept of expectation extends to most discrete distributions.

Expectation of a Discrete Random Variable

The expectation of a discrete random variable X is defined by

E(X) =Y zP(X = 1)

provided that the series is absolutely convergent, that is 1o say, provided

Z [Z]P(X = z) <

Here X is allowed to have both positive and negative values, The assumption of
absolute convergence is necessary to ensure that the value of E(X) is the same,
regardless of the order in which the terms are summed. If X > 0 then the expression
for E(X) at least always makes sense, provided that E(X) = oo is allowed as a
possibility.

IfY = g(X} is a numerical function of a discrete random variable X there is the
usual formula

Ejg(X)] =) g(=)P(X =z)
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Example 3.

Problem 1.

Solution.

This formula holds in the sense that if either side is defined (possibly as: oo)m i
s0 is the other, and they are equal. The right side is regarded as defined Pro ided

either g(x) > 0, or the series is absolutely convergent. For example, taking X“to be
numerical and g{z) = |z|

E(IX])=_|a|P(X = z)

This is the quantity that must be finite for E(X) to be defined and ﬁnite,

Proof of these facts about expectation involves the theory of absolutely COH\?{ﬁfg&fﬁ.
series. But you need not worry about this. Just accept that the basic properties. of
expectation listed in Section 3.2 remain valid for discrete random variables provided |
finite sums are replaced where necessary by infinite ones, and it is assumed that xtxr‘
sums converge absolutely. It is still important to recognize a random variable as a. Su

of simpler ones and use the addition rule of expectation. Similar remarks Apply 0y i
variance, which is defined for all random variables X with E(X 2) < 00. In partmular

Chebychev's inequality, the law of averages, and the normal appr0x1mau0n all hg@ﬁ
for discrete random variables X with E(X?%) < co. In fact, the law of averages hakds
for independent and identically distributed random variables X3, Xo, .. pmwdeé
that E{X) is defined. But proof of this is beyond the scope of this course,

Moments of the geometric distribution.

Let T be the waiting time until the first success in a sequence of Bernoulli (p J trigls,
meaning independent trials each of which results in either success with pmbabﬂm

p, or failure with probability ¢ = 1 —p. So T has geometric distribution on {1, 2,. e}
with parameter p.

Find E(T}.

EM) =Y nP(T=n)=Y" ng" 'p=pL; where ¥; = Yoy g™k

A simple formula for X; can be found by a method used also to obtain the f()rmuizg
for the sum 2y of a2 geometric series

To=1l+g+g +---=1/(1—¢q)
Here is the calculation of £;:

Uy =14294+3¢4%+--.

(lmq)El=1+q+q2+...:2{3=1/(1—q)
1 =1/(1 ~g)?

This gives E(T) = p/(1 - ¢)* = 1/p.
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The formula E(T) = 1/p is quite intuitive if you think about long-run averages,
Over the long run, the average number of successes per trial is p. And the average
number of trials per success is 1/p.

Find SD(T).
SD(T) = v/E(T?) — [E(T)]2 where E(T) = 1/p from above, and

E(T?) = f n?P(T = n) = p%,

n=1
where
Lo =144g+9¢"+ - 4 n2¢" 1 ...
gS2 = g4+ (n- 1% 4

(l-@)82=1+3+5¢"+  + (- 1)g" "+ ... = 21 -
so Tp=(1+g)/(1-g)
Substituting these expressions gives §D(T) = Valp.

Waiting until the rth success (negative binomial distribution),

Let T denote the number of trials until the rth success in Bernoullj {p) trials. To
illustrate the definition, for the following sequence of results, with 1 = success, § =

failuge,
000100000010016000001000000 . .
Ni=4; Tr=11; Ty=14; T, = 21, Ty =77
What is the distribution of T.?
The possible values of T, are r, 7 + 1,7 + 2,.... For t in this range

P(T; =1) = P{r — 1 successes in first ¢ — 1 trials, and tria] ¢ success)
t - 1 -1 - t - 1 —
= T 1_ r — T — t~r
(r _ l)p (1-p)""p (r N 1)13 (1-p)

Find E(Ty) and SD(T,.).

Direct calculation from the formula for the distribution is tedious. The key to 2 quick
solution is to notice that

L=Wi+Wat. -+ W,

where W is the waiting time after the (i — 1)th success till the ith success. It is
intuitively ctear, and not hard to check, that

Wy, Wa, Wy, ...
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FIGURE 1. Geometric and negative binomial histograms. The histogram in 1ow rcmdca%;mgr
» shows the negative binomial (r,p) distribution of T, — v the number of failures before
success in Bemoulli (p) trials, for r = 1,2,3,4,5 and p = 0.75,0.5, and 0.25. Note how o

gither p decreases o 7 increases, the distributions shift io the right and fiatien out.
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are independent, each with geometric (p) distribution. So by the results of the last
example, the addition rule for expectation, and the square root law,

E(T,)=r/p  SD(T;)= rq/p

(i) As 7 = 00 the distribution of T;. becomes asymptotically normal, another example
of the central limit theorem. But due to the skewness of the geometric distribution
of the terms being added, the approach to normality is rather slow, Particularly for
p near 0.5, better approximations are obtained using the relation P(T, > n) =
P(8, <), where S, is the number of successes in the first n trials, and the normal
approximation to the binomial {n, p) distribution of §,,.

(ii) The distribution of 7} — r, the number of failures before the rth sUCCess, in
independent Bernoulli (p) trials, is called negative binomial with parameters r and
p. This is just the distribution of T;, shified from fror+1L,r+2,...}0{0,1,2,.. J

Pl —r=n)=P(T.=n+7r)= (n:izl)p‘"(l -p)" (n=0,1,..)

The collector’s problem.

Each box of a particular brand of cereal contains one out of a set of n different
plastic animals. Suppose that the animal in each box is cqually likely to be any one
of the set of n, independently of what animals are in other boxes,

What is the expected number of cereal boxes a collector must buy in orde

r 1o obtain
the complete set of animals?

The collector gets one of the n animals in the first box. Each subsequent box contains
an animal that is different from this first one with probability (n--1}/n, and the same
with probability 1/n. Using the independence assumption, the additional number of
boxes required to get two different animals is a geometric random variable with
parameter p = {n — 1}/n and mean

n
n—1

S|

S0 the number of boxes required to get two different animals has mean

n

i
+n~1

Once two different animals are obtained, each box contains 3 new animal with
probability (n—2)/n, and one of the old ones with probability 2/n. So the additional
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Discussion.

time to get three different animals once two have been obtained is a geometni -
random variable with parameter p = (n — 2}/n, and mean

n
p n-—2

So the number of boxes required to get three different animals has mean

T

1+ +

n—1 n-—2

Continuing in this way, the mean pi, of the overall waiting time for the set of alln
animals is the sum of n terms

n
1 2 2 1
wn(£+—1—-+ oo +i+1)
n n—-1 n-2 2
1

by reversing the order of the terms.

To illustrate, for n = 6 animals, the expected number of boxes required is

11 1 1 1
=6{l+-—+-+-+ -+ }=14T
6 (+2+3+4+5+6)

As a vanation of the problem, this is the long-run average number of times you have
1o roll a die in order to see every one of its faces. Similarly, the long-run avemge'

number of places you must inspect in a table of random digits, before seemg evm':
one of the digits 0 through §, is

1 1
= 44—} =
Lo 1@( +2+ + 10) 20.20

For large n, approximate values of un can be obtained using Euler’s approximaricn
for the harmonic series ‘ :

1 1 1

1
j [ AR S NP R Y .
totgtoot o log(n)—t—*y-i—zn

where v = 0.57721. .. is Euler's constant. So -

1
pn 2~ mlog {n) +yn + 5

This approximation is good even for small n, as you can check on a caleulator

SO .
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Technical remarks. The infinite sum rule looks natural enough, but there is more
to it than meets the eye. Consider, for example, a sequence of mutually exclusive
events A;, each determined by 2 finite number of independent trials, for example,
A; = (T = 2j) that a die first shows six on roll number 2j. As § increases, so
may the number of trials required to determine whether or not A; occurs, so the
evemt A = Ay U A2 U--+ may involve an unlimited number of trials, like the event
A = (T even) in the die example. It seems natural to define P(A) as the sum of the
infinite series

o5 n
PA}+P(A)+ - = P(A;) = lim P{A;
(41) + P(4y) jZ;:(J) n_m;(,)
to use three common notations for the same thing. This limit exists and is a number
between 0 and 1 because the rules of probability for a finite number of trials imply
that the partial sums are non-negative, increasing and hounded above by 1. That
much is fairly straightforward. The hard thing to show is that this definition is con-
sistentt, because a given event A might be split up in lots of different ways, and it is
not obvious that the infinite sum rule gives the same result no matter how the event
A is split up. 8till, mathematicians have shown that it does. So the infinite sum rule
gives a consistent way of extending the definition of probability from events for a
finite number of trials 10 events for an infinite number of trials. Matheratically, the
infinite sum rule is usually taken to be an axiom, It is then a nontrivial theorem tha
the various distributions studied in this book can be defined over suitable classes
of subsets so as 1o satisfy this axiom. Proof of this goes beyond the scope of this
course; see, for example, Billingsley's book, Probability and Measure.

Exercises 3.4

Note: Geometric series should not be left unsimplified. Use

1

I—z

l+z+z2+ad 4. = (Jz} < 1)

1. A coin which lands heads with probability p is tossed repearedty. Assuming indepen-
dence of the tosses, find formulae for
a) Plexacty 5 heads appear in the first 9 tosses);
b) Pthe first head appears on the 7th toss);
¢) Plthe fifth head appears on the 12th toss);
d) P(the same number of heads appear in the first 8 tosses as in the next 5 1osses).
2. An urn contains 10 red balls and 10 black balls. Balls are drawn out at random with

replacement until at least one ball of each color has been drawn out. Let D be the
number of draws, Find:  a) the distribution of D byE(DY, o S5D(D).



m Voriables

Ecr a8

3.

4.

Suppose you pick people at random and ask them what month of the year they wese
born. Let X be the number of people you have to question until you find 'a person: ‘who
was born in December. What is E(X), approximately?

In the game of “odd one out” three people each toss a fair coin to see if one ofther L
coins shows a different face from the other two.
1) Afier one play, what is the probability of some person being the “odd. Qnﬂl-‘

b) Suppose play continues until there is an “odd one out”. What is the pm;baw‘ ity
that the duration is r plays?

¢) What is the expecied duration of play?

Bill, Mary, and Tom have coins with respective probabilities px, p2, ps of tuming up
heads. They woss their coins independently at the same times.

) What is the probability it takes Mary more than n tosses to get a head?

b) What is the probability that the first person to get a head has to toss more thap
n times?

©) What is the probability that the first person to get a head has to toss exactly » |
times?

d) What is the probability that neither Bill nor Tom get 2 head before Maqf?

The geometric {p) distribution on { 0, 1, 2, ... }. The geometric (p} dlstrlbuﬁ(m is
often defined as a distribution on {0,1,2,...} instead of {1,2,3,...}. A random variable
W has geometric (p) distribution on {0,1,2, ...} if

PW=k=¢p (k=01..)

a) Show that this is the distribution of the number of failures before the first syceess
in Bernoulli {p} trials.

b) Find P(W > k)  (k=0,1,..) o Find E(W). & Find Var(W),

Suppose that A and B take turns in tossing a biased coin which lands headb v
probability p. Suppose that A tosses first.

a) What is the probability that A tosses the first head?

b) What is the probability that B tosses the first head? For both a) and b). above ﬁmg
formulae in terms of p and sketch graphs.

No matter what the value of p, A is more likely to toss the first head than R To tryw
compensate for this, let A toss once, then B wice, then A once, B twice, and so 6y
¢} Repeat a) and b) with this scheme. Give formulae and graphs.
d) For what value of p do A and B have the same chance of tossing the ﬁm

€) What, approximately, is B's chance of winning for very small values of
both an intuitive explanation and an evaluation of the limit as p — 0 by ca

Craps. In this game a player throws two dice and observes the sum. A thm
11 is an immediate win. A throw of 2, 3, or 12 is an immediate loss. A throw
8, 9, or 10 becomes the player's point. In order to win the game now, the p
continue to throw the dice, and obtain the point before throwing a 7. The'p
o calculate the probability of winning at craps. Let Xy represent the first sum‘ £
The basic idea of the calculation is first to calculate P(Win| Xo = z) for every '
value x of Xy, then use the law of average conditional probabilities 10 obtamsglm’g
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10.

11.

12.

13!

14.

a) Show that for z = 4,5, 6,8, 9, 10,
P(Win| Xq = z) = P(z)/{P(z) + P(7)]

where P(z) = P(X; = z) is the probability of rolling a sum of z. (Refer o
Example 2).

b) Write down P(Win| Xo = x) for the other possible values z of Xp.
¢) Deduce that the probability of winning at craps is

! 1952 -
P(Wm) = m = 0.493 ...

Suppose we play the following game based on tosses of a fair coin. You pay me $10,
and I agree to pay you $n? if heads comes up first on the nth toss. If we play this game

repeatedly, how much money do you expect 1o win or lose per game over the kong
run?

Let X be the number of Bernoulli {p) wials required 10 produce at least one success
and at least one failure. Find;

a) the distribution of X;  B) E(X); ¢ Vaer(X).

Suppose that A tosses a coin which lands heads with probability p4, and B tosses one
which lands heads with probability pp. They toss their coins simultaneously over and
over again, in a competition to see who gets the first head. The one 1o get the first head
is the winner, except that a draw results if they get their first heads together. Calculate,

a) P(A wins), b) P(Bwins); ) P(draw);

d) the distribution of the number of times A and B must toss,
Let Wi and W; be independent geometric random variables with parameters p; and
p2. Find;

ay P(Wy = Wa), b)Y P(W, < Wa), o P(W, > Wa);

d) the distribution of min (W, Wa);

e) the distribution of max(W,, W,),

Consider the following gambling game for two players, Black and White. Black puts
b black balls and White puts w white balls in a box. Black and White take turns at
drawing at random from the box, with replacement between draws until either Biack

wins by drawing a black ball or White wins by drawing a white ball. Suppose Black
gets to draw first,

a) Calculate P(Black wins) and P(White wins) in terms of p=b/b+w)
b) What value of p would make the game fair (equal chances of winning)?
¢} Is the game ever fair?

d) What is the least total number of balls in the game, (b 4+ w), such that neither
player has more than a 51% chance of winning ?

In Bernoulii (p) trials let V,, be the number of trials required to produce either n suc-
cesses or n failures, whichever comes first. Find the distribution of V,,.



220 Chopter 3. Random Variables

15. The memoryless property. Suppose F' has geometric distribution on {[}_, 1,2: %m

16.

17.

18.

in Exercise 6.
a) Show that for every &k 2 0,
PF ~k=m|F>k)=PF= m), m=0/1,..
1) Show the geometric distribution is the only discrete distribution on {0,102, ..}
with this properny.
¢) What is the corresponding characterization of the geometric (p) distributicm on
{1,2,...}2 o
Fix r and pand let P(k), k = 0,1,.. ., denote the probabilities in the negative binomisl
(r,p) distribution.

a) Show that the consecutive odds ratios are
PR)/P(E~1) = (r+k—Dg/k  (k=12,.)

b) Find a formula for the mode m of the negative binomial distribution.

¢) For what valaes of r and p does the distribution have a double maximum? Which
values k atmain it?

Suppose the probability that a family has exactly n children is (1 — p)p™, «n 200
Assuming each child is equally likely to be a boy or a gird, independently of previais,

children, find a formula for the probability that a family contains exactly k boys.

Suppose two teams play a series of games, cach producing a winner and a loser, unt
one team has won two more games than the other. Let G be the total number Qf_.gam.
played. Assuming your favorite team wins each game with probability p, 'indepgndﬂ’ﬁg?
of the results of all previous games, find:

a) PG =n)forn=23,..;
by E(GY,
o) Var(GY)

19. Let T. be the number of fair coin tosses required to produce 7 heads, Show thar

20.

a) E(T) = 2r;
b PIT, < 20) = 1/2
¢) for every non-negative integer n, Z ('n, + z) )
Tt
1=0
Tail sums. Show that for a random variable X with possible values 0, 1, 2,
2 BX)= E?:L P(X 2 n);
b BEX(X+ Dl =% nP(X 2z n);

¢} Call the first sum above %) and the second E.. Find a formula for 'er(-_x‘.’}' 0
terms of £; and Bs, assuming T is finite, e

N
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21. Section 2.4 shows that the binomial (n, p) distribution approaches the Poisson {g) dis-
tribution as 7 — 00, and p — () with np = p held fixed. Consider the negative binomial
distribution with parameters r and p= 1~ q. Let r — 00, and let p — I so that rg = g
is held fixed.

a} Whas does the mean become in the limit?
by What does the variance become in the limit?

¢} Show the distribution approaches the Poisson (1) distribution in the limid

22. Factorial moments and the probability generating function. The kih factorial
moment of X is fi = E{(X)x] where (X)i = X(X - 1)--. (X ~ k+ 1). For many
distributions of X with range {0,1,...} it i$ easier to compute the factorial moments
than the ordinary moments gy, = E[X*]. Note that 2™ = S™% &, 4 () Jor some integer

1
coefficients Sn k. These S,k are known as Stirling numbers of the second kind

4) Find Sppforl <n<3and 1 <k <n.
b) Find a formula for g, interms of fi., 1 < k < n.

¢} Assuming X has non-negative integer values, let P{X =1} = mlori=0,1,.. .
Let G{z) = 3 00 2", known as the probability generating function of X
Assume G(r) < oo for some > 1. Show hy switching the order of summation
and differentiation k times, (which can be justified, but you need not show this)
that the kth derivative G'*!(2) of the function G(z)is GFz) = o (B2 E
Deduce that f = GFI{1).

23. Geometric generating function and moments. Using the notation and re

sults of
Exercise 22:

a} Find the generating function of the geometric (p) distribution on {0,1,2,...}.

b) Find the first three factorial moments of the geometric (p) distribution on the
integer set {0, 1,2,...} by differentiation of the generaling function. Check the
first two factorial moments yield the mean and variance as given in the text.

) Referring to Exercise 3.3.33 for properties of skewness, use the result of b) to find
the skewness of the geometric (p} distribution on {0,1,2,...}. Without further
calculation, find the skewness of the geometric (p) distribution {1,2,...} and of
the negative binomial (r, p) distribution.

24. The collector’s problem. In the setting of Example 5, let T, denote the number of
boxes to get a complete set of animals.
a) Find a formula for on = SD{T,).
b) show that o, < en for 4 constant ¢ > 0,

¢} Deduce from Chebychev's inequality that 1%, will most likety differ from n logn
by ondy a small multiple of n,

d) (Hard.) Find the asymptotic distribution as ri — oo of (T, ~n logn)/n. (s nat
normal.}
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3.5

The Poisson Distribution

The Poisson distribution is an approximation to the distribution of the number N o
occurrences of events of some kind, when the events all have small probahdg;m

and are independent or nearly so. For example, N might be one of the following
counting variables:

Nuist the number of wins in n games of roulette for a gambler who bets on s
single number each game.

Nirops: the number of raindrops which fall on a particular square inch of roof during
a one-second interval of time.

Npanicles? the number of radioactive particles emitted by a piece of radioactive ma-
terial during an interval of time.

In case there are nindependent events with equal probability p, the exact distribution
of the number N that occurs is binomial {n, p). As shown in Section 2.4, if p is smdé

this distribution is closely approximated by the Poisson distribution with parametes
= E(N)=np

PN =k)~e#uf/k {(k=0,1,...)

This justifies the use of the Poisson distribution in each case above. For instance, in
the raindrops example, think of the square inch as divided into 100 hundr(.dthb of
square inch, each of which might or might not be hit by a raindrop. Supposé € xf*h
hundredth of a square inch has the same small chance of being hit by a ramdmg} in
the given second, independently of what happens elsewhere on the roof, and ignore
the extremely small probability of the same hundredth of a square inch being hi
more than once. Then Nywop, is the number of successes in 100 independent trials,
with small probability of success on each trial. You can think of Nyanices in a stmilar
way, by dividing time into small units. By passing to a limit in which the ra1ndm§¢,
are regarded as hitting random points in the plane, or the particles arrive at ranéﬁﬁz
instants on the time line, 2 mathematical model is obtained in which the distribution
of the count is exactly Poisson. This is the ides of a Poisson random Scdtt-éﬁ'-
Poisson process, discussed later in this section,

Features

Features of the Poisson () distribution come from corresponding features of the
hinomial (n,p) distribution, by the passage to the limit as n — oo and p <5 Q with

np = pu kept fixed. It was shown in Section 2.4 that in this limit the pmbabilities@f
individual values converge -

n - -
(k)pk(iwp)n ke #“k/k! as m—oo and p—0 with np =p
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Since the binomial (n, p) distribution has mean np = 4, it is natural that the Poisson
(1) limit should also have mean . And the SD of the binomial (n, p) distribution is
/7pq, which tends to (/i as n — oo and p — 0 with np = 4,

Poisson Mean and Standard Deviation

If N has Poisson {g) distribution,

E(N)=p  SD(N) = i

These formulze, made plausible by passage to the limit from bhinomial, will now he
verified using the Poisson probability formula and the definitions of mean and SD
for a discrete distribution.

Derivation of the mean.

E(N) = i kP(N = k)

k=0
S kenet
== ke"""—.—
]
a3 k
o0 k—1
- K
. {2
=e u
; (k—1)!
=e *pu —
=g et =

Derivation of the SD. A direct attempt to find E(N?) would be to uy to repeat
the last calculation with k*P(N = k) instead of kP(N = k). This gives terms of a
constant times u*k?/k! which are not easy to sum. But u5k(k — 1) /Kt can easily be
summed, and this solves the problem:

RS i
E(N(N - 1)) = kzﬂk(k -De

o k
- B
= “;k(k—l)-k—l

2% k=2
= e””p PN
i k2!

= e HpleHt = 2
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so  E[N®]=E[N(N - 1)+ N] = EN(N ~1)] + BE(N} = 4 +i
and  Var(N) = B(N?)) - [E(N)P =@ +p~ 12 =p
SD(N) = /i

How 4 affects the shape of the distribution, Let N, have Poisson () distriburion.
For example, think of N, as the number of raindrops which hit 2 portion of a roof
of area p in a given length of time, assuming one raindrop is expected per unit ares.
Since N, has mean p and SD /G, you should expect N, to be around g plus or
minus a small multiple of \/g.

If pis so close to 0 that p? is negligible in comparison to g (for example, when
p = 0.01, p? = 0.000D), terms of order g2 and higher can be neglected in the
expansion

el =1~p+p*/2+-
SO

PN, =Q0)=e*=1—p

PN, =1)=pe ™~ p

PN, >22)=0

where = means an approximation for smali g with an error of at most about #2, In
the raindrops example, with one drop expected per unit area, this means that fora
small area pp < 1 the chance of being hit by one drop is about g, and the charnice of
being hit by more than one drop is negligible in comparison.

Look again at the histograms of Poisson distributions at the end of Section 2.4, For ¢ <
# < 1 the Poisson () distribution has most probability at 0, and stricthy decreamng
probabilities for higher counts, As g increases, the distribution shifts toward’ Taroe
values and slowly flattens out, consistent with the formulae y and Vi for the mﬁm
and SD. '

Normal approximation. For p large enough that the standard deviation B of
the Poisson distribution is smali in comparison to its mean 1, the distribution srars
to become normal in shape. The distribution of the standardized Poisson variable
(N,. — p)/ /i approaches standard normal as g — oc. This can be shown by study
of consecutive odds ratios as in the binomial case treated in Section 2.3. It is ym
another instance of the central limit theorem, due to the fact, discussed below i‘h:&i
sums of independent Poisson variables are Poisson. T

Skewness, The Poisson(y) distribution has skewness 1//it (Exercise 20). Because
this skewness tends to zero very slowly as p — oo the approach of the Poigséﬁ
distribution 10 normality is rather sfow. Numerical calculations shown in Table 1
confirm what is apparent in Figure 1: for moderate values of # the Poisson histogi?amr
follows a skew-normal curve much more closely than it does the normal curve.

-




Section 3.5. The Poisson Distribution 225

FIGURE 1. Normal and skew-normal approximation to the Poisson (9) distribution Both the
normal curve y = ¢(z) and the skew—nomal curve y = Pz} — (1/1B)¢""(2) are shown. The
skew—nomal curve follows the histogram much more closely.
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Skew-normal Approximation
to the Poisson Distribution
If N, has Poisson (g) distribution, then for § = 0,1,...

1

P(N, <b) = &(2) - 6\/;1(22 ~1)¢(2) where z = (b+ 5 — W/ Vi

Here ®(z} is the standard normal c.d.f. and #(2) is the standard normal curve.

It can be shown that if this skew-normal approximation is used twice to approximate
interval probabilities, the worst error is less than 1 /(20p) for all g. I the skewness
correction term is ignored, the resulting normal approximation with continuity but
not skewness correction gives interval probabilities with much larger errors up to
about 1/(10/) for the worst cases @ = 1 —~ V3, b~ pand a =~ b= t+ 3 If
& is sufficiently large such errors can be ignored.

The following table shows some numerical results for u = 9. The numbers are
cofrect 1o three decimal places. Compare with the very similar behavior of the
binomial (100, 1/10) distribution displayed in Table 2 at the end of Section 2.2. As in
that table, the ranges selected are the ranges over which the normal approximation is
first too high, then too low, too high, and too low 2gain, The normal approximation

to the Poisson (9) distribution is very rough, but the skew-normal approximation is
excellent,
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TABLE 1. Approximations to the Poisson {9) distribufion. The interval probability P(a < Ny
is shown for o Poisson [9) rondom voriable Ng clong with approximations using the normitard
skew —normal curves.

range of | Poisson (9) probability | skew-normal normaj i
values a to b Pla< Ny <) approximation | approximation.
0-3 0.021 0.024 003 | |
4-8 0.434 0.431 0.400 :
9-14 0.503 6.502 0.533
15 - 00 0.041 0.043 0.033
Law of large numbers, Since E(N,,/u) = p/p =1 and 1

SD(Ny/pw)=u/p=1//p—0 as pu—o0
Nyfp=1 forlarge u
in the probabilistic sense that N, /g will most likely be very dlose to l.lThisf;"_i;gzme

law of large numbers in the Poisson context. In terms of the raindsops example,
with one drop expected per unit area, this law of large numbers says that:

large area p the average number of drops per unit area is nearly certain to be close .
to its expected value of 1. Both the normal approximation and the law o ,g@
numbers for the Poisson distribution are instances of more general results ‘for &ims

of independent random variables, due to the result of the next paragraph.

Sums. If a big area is broken up into, say, j small areas, the number of raindrop

hitting the big area is the sum of the numbers of drops in the j small areas. $& the
following result is very naturak:

Sums of independent Poisson Variables

are Poisson

If Ni,...,N; are independent Poisson random variables with
B1,-. -, 45, then Ny + - + Nj is a Poisson random variable with
Byt et g

parameters. |
parametér.

To see this via the approximation to binomial, first consider two separate blocksq:é’
Bernoulli trials of lengths ny and n; to see the following:

If Ny and N3 are independent with binomial {n1,p) and binomial (ﬂz,’gb)'-
distributions, then N1 + N3 has binomial (n; + n,, p) distribution. '
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Now let n; and nz both tend 10 oo, and p — 0, with mp — #; and nep — gy, Then
(n1 -+ na2)p — i1 + po. So Ny and Nj approach independent Poisson variables with
means ji; and gy, while Ny + Ny approaches Poisson {u; + pg).

Here is an alternative derivation. To simplify notation, let a == prand 8= py.

k
P(Ny+ Np =k) =" P(N) = j)P(Ng = k — j)

i=0
k . k— 4
= E ewagiﬂ—ﬁ ﬂ J
par SR LN U T

k i k—j
- ot O+ B)F k! ( a ) ( B )
=em X gj!(kmj)! a+8) \a+id

= g (a+B) _,_(aj: L2 )__k
- k!

because the terms in the previous sum are all the terms in a binomial distribution,
with sum 1. Thus Ny + N3 has Poisson {a + ) distribution. Repeated application of
this result for two terms gives the result for any number of terms,

Number of wins.

Suppose a gambler bets ten times on events of probability 1/10, then wenty times on
events of probability 1/20, then thirty times on events of probability 1/30, then forty
times on events of probability 1/40. Assuming the events are independent, what is
the approximate distribution of the number of times the gambler wins?

let N, be the number of wins on the first 10 events of probability 1/10, N, the
number of wins on the next 20, N3 the number of wins on the next 30, and N, the

number of wins on the next 40. The exact distribution of the gambler's winnings is
the distribution of

N = N; + Ny + N3 + N,

The random variables N;, i = 1,2,3,4, are independent, and each N; is binomial
(104, 1/104), hence approximately Poisson (1}. Thus the distribution of N must be
approximately Poisson {4), by the Poisson sums theorem.

As the example suggests, the Poisson approximation to the binomial distribution
extends to the case of independent trials with possibly different probabilities of
success. It can be shown that if N is the number of events which occur among n

independent events with probabilities P1, ..., Pn, then provided all the probabilities
Pi are small, the distibution of N is approximately Poisson (p), where

b=EN}=p +p2+ -+ Py



Chapter 3. Random Variubles.

Random Scatter

It has already been argued informally that it would be reasonable to assume a Poisson

distribution for a random variable like the number of raindrops to hit a given areaing |

given period of time. This idea will now be developed further to give a mthemxmmi
model for a random scatter of points in a plane such as in the diagram below,

The points might indicate, for example:

(i) points on a surface hit by particles of some kind, for example, raindrops, dust
particles, atomic particles, or photons;

(i) positions of cells of some kind on a microscopic slide;

(iil} positions of stars on a photographic plate.

The model is based on simple intuitive assumptions which turn out to imply that the
number of points in a fixed area will have a Poisson distribution. The same ides of
a random scatter makes sense in any number of dimensions, with length or vmiuxm,
instead of area. For example, a mist of raindrops is a three-dimensional scatter, Am:i
a process of random arrivals, like calls coming into a telephone exchange, can he
thought of as defining a scatter of points on a time line. The basic ideas will be set
out here for a scatter in two dimensions. But similar assumptions in any number of
dimensions lead to the same conclusion of Poisson distributed counts,

A random scatter has both a discrete and a continuous aspect. Counting the number
of points in a given region or interval gives a discrete variable. If you know enough
counts for different regions you can say more or less where the points are. And: the
probabilities of events determined by the scatter can be derived from assumpn@m
about the counting variables. This is the approach taken here, with assumptions
which imply the counts are Poisson distributed, On the other hand, the positions
in space or time of points in a scatter are typical continuous variables. Section 4.2

shows how the continuous distributions of these variables are related to the discrere
Paoisson distnbution of counts.

Assumptions. Consider a scatter of a finite number of points in a square, Tey dis
tinguish points in the scatter from other points in the square, call the points in {m}
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scatter hits. These are the places hit by the raindrops, particles or whatever, idealized
as points in the square.

Assumption 1: No Multiple Hits

That is to say, distinct hits define distinct points in the square.

To state the next assumption, suppose that for cach n = 4,16,64, .. ., the square is
divided into n subsquares of equal area 1/n, as in the following diagrams. Say a
subsquare is hit if it contains one or more hits of the scauer, and missed if it con-
tains no hits. Hit squares are black and missed squares while in the diagrams. For
each n, the pattern of hit squares provides some information about the scatter, This
paitern gives a digital representation of the scatter, with some loss of information.
As the number of subsquares n increases the pattern of hit subsquares becomes
more and more sharply focused on the scatter. This can be seen in the follow-
ing diagram, which shows patierns derived from a scatter of § points in the square.

Assumption 2:
Randomness of Hits on Subsquares

For each n, any one of the n subsquares is hit with the same probability, say
. independently of hits on the other n — 1 subsquares,

Note that the randomness assumption refers separately to each digital representation.
The digital representations of a random scatter for different values of n are, in fact,
highly dependent. If you know the digital representation for some value of n, the
representation for smaller vatues of n is completely determined.
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Poisson Scatter Theorem

The assumptions of no multiple hits and randomness imply there is a positive
constant A such that;

() for cach subset B of the square, the number N (B) of hits in Bis a
Poisson random variable with mean A x area(B};

(i) for disjoint subsets By,..., B;, the numbers of hits N(B1}, ..., N ( B}}
are mutually independent,

The random scatter is then called a Poisson scatter with intensity A. The in-
tensity is the expected number of hits per unit area. Conversely, (i) and fu} '
imply the assumptions of no multiple hits and randomness. '

A proof of the Poisson scatter theorem is sketched at the end of the section.

Global interpretation of the intensity A. If the scatter in the square is just pact.of
2 Poisson scatter over a larger area, the law of large numbers shows that

) is the limiting average number of hils per unit area oveET @ large area.

Local interpretation of the intensity A. This refers to sets B with small area, From
the Poisson distribution of N{B),

Plone bit on B) = Aarea(B) e *#P)  area(B) as area(B) — 0

and the probability of two or more hits on B is negligible in comparison. So

X\ is the probability of a hit per unit area, as the area tends fo zero. 'E

Sums again. The fact that sums of independent Poisson variables are again Poisson
is built into the concept of 4 Poisson scatter. For if By, ..., B; is a partition of a' uni
square into sets with areas py, ..., p;, Where Yp = 1 then the total numbag «f
hits is N = ¥, N(B;). If the scatter is Poisson with intensity A, then N is. P{nmg

(A), while the N(B;), 1 < < j, are independent Poisson variables with means Ap;,
which could be any positive numbers with sum A,

Scatters over other sets. The theorem exiends to scatters over other subsets of the

plane than a square, and scatters on the line or in higher dimensions. %ﬁniﬁﬂgﬁﬂg
or volume replaces area.

e S A
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Particle hits.

Suppose particles hit a square at random according 10 a
Poisson random scatter, with 8 particles expected in the | .
whole square. What is the probability that the four equal
subsquares in the diagram are hit by exactly 0, 1, 2, and
3 particles, respectively?

Since the numbers of hits on the four squares are inde- .
pendent Poisson random variables, all with parameter .
8 x 1/4 = 2, the probability in question is

e”220 Tl =292 293 896
x =

ol TR TR Y 12

Bacterial colonies.

Suppose 2 volume of 1000 drops of water contains 2000 bacteria, separate from
each other and thoroughly mixed in the water. A single drop is smeared uniformly
over the surface of a dish. The dish contains nutrients on which the bacteria feed
and multiply. After a few days, wherever a bacterium was deposited on the dish a
visible colony of bacteria appears. Find the distribution of the number of colonies
that appear:  a) over the whole plate, b) over an area of half the plate,

It seems reasonable 10 suppose that the positions of bacterial colonies over the
plate form a Poisson random scatter, Since 1000 drops contain 2000 bacteria, the
expected number of bacteria per drop may be estimated as 2000/1000 = 2. So the
distribution of the number of bacteria on the whole plate is Poisson with mean 2.
And the distribution of the number in half the plate is Poisson with mean 1.

Instead of thinking of the scatter over the plate 1o justify the Poisson distribution,
you might think that each of the 2000 bacteria was present in the drop smeared on
the plate with probability 1/1000, independently of the others. Then the number
of bacteria on the plate would have binomial (2000,1/1000) distribution, which is
Poisson (2) for all practical purposes. similarly, for the number on haif the plate, you
get hinomial (2000, 1/2000), which is approximately Poisson (1). But the assump-
tion of random scatter implies that the numbers in the two halves of the plate are
independent, something not so obvious by the second method.

Suppose now it is not certain that a bacterium will survive and produce a visible
colony, but that this happens with probability p for each bacterium on the plate,
independently of the others. What now is the distribution for the number of colonies?

It is intuitively clear that the scatter of colonies must still satisfy the hypotheses
of a Poisson scatter. The intensity of the colonies can be calculated from its local
interpretation. Take the area of the whole plate to be 1, 5o by the previous example
the intensity for the scatter of all bacteria landing on the plate is 2 per unit area, and
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Remark.

take a region B so small that
Plone bacterium in B) = 2area(B) ~ P(2 or more bacteria in By=0

where & allows an error of order area(B) squared. Then

P(one colony in B) = P{one bacterium in B and colony)

+ P(2 or more bacteria in B and colony)
~ 2area( B) p = 2parea(B)

S0 the scatter of colonies has intensity 2p per unit area. The number of colonies on
the whole plate therefore has Poisson (2p) distribution.

Again, the same conclusion can be obtained another way. Think of the number
of colonies as the sum of 2000 independent indicator random variables, indicating
whether or not each of the 2000 bacteria gets deposited on the plate and then
produces a colony. The chance of a bacterium getting on to the plate is 1/1000, and
the chance of it producing a colony, given that it gets on the plate, is p. So the .ovéggji
probability of being deposited on the plate and then surviving is p/1000. This makes
the number of colonies have binomial {2000, p/1000) distribution, which is Poisson
{2p) for all practical purposes. |

The last example illustrates a useful property of Poisson scatters, which can be e
rived in general by the same argument;

Thinning a Poisson Scatter

Suppose that in a Poisson scatter with intensity A, each point of the scanrer
is kept with probability p, and erased (or thinned) with probability 1 —p,
independently both of the positions of points in the scatter and of all other -

thinnings. Then the scatter of points that are kept is a Poisson scatter with 3
intensity Ap.

Similarly, the scatter of points that are thinned is a Poisson process with intensity
Ag, where ¢ = 1 p. It can be shown, moreover, that the two scatters, one of pojm:gg
that are kept, and the other of points that are thinned, are independent. This means
that any event determined by the numbers and positions of points in one scatter is
independent of any such event determined by the other. In the example with the
bacterial colonies, the numbers and positions on the plate of the bacteria th_ét sumw

to produce colonics are independent of the numbers and positions of those that do
not.

If you combine or superpose these two independent Poisson scatters, with intensities
say, a = Ap and § = Ag, you get back the original Poisson scatter with intensity
X = o+ f. So thinning can be understood as a kind of inverse to the more obviaus
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operation of superposition of two independent Poisson scatters, which gives a new
Poisson scatter whose intensity is the sum of the intensities of the component scatters,

Sketch Proof of the Poisson Scatter Theorem

Step 1. Poisson distribution for the total number of hits. Let N e the tota)
number of hits in the whole square, assumed to be of unit area. Let Nu be the
number of subsquares hit when the unit square is divided into n subsquares. Then
N, increases as n increases, because each hit on one of the n subsquares must
contribute one or more hits to all counts with more subsquares, And N, = N for
ail n large enough that the distance across one of the n subsquares is shorter than
the smallest distance between two of the hits in the scatter, since then the N hits
must fall in N different subsquares. (This is where the assumption of no multiple
hits is essential) Just how large n must be before N, = N depends on the scatter.
But whatever the scatter, N,, eventually equals N. So the distribution of N can
be found as the limit as n — oo of the distribution of N,,. {Technically, this uses
the infinite sum rule for probabilities, taken here as an axiom.) By the randomness
assumption, N, has binomial (n,p,) distribution, where Pn is the probabiity that
one of the subsquares of area 1/n is occupied. Since N, increases with n, 50 does
its expectation np,. Therefore np, converges to a limit A as n —+ oo, and you can
show that A must be finite (exercise). Consequently, the limit distribution of N, is
Poisson (A}. This is the distribution of N.

Step 2. Poisson distribution for the number of hits on a subset B, Assuming
B is a simple subset of the unit square, meaning a finite union of subsquares at
some level, this is similar to the argument above, with N replaced by N(B) and
Ny, replaced by Np(B), the number of hit squares of area 1 /n within B. ¥or large
enough n, the simple set B is the union of some number ng of subsquares of arca
1/n. In fact, ng = narea(B), since we assume the whole square has unit area, so
arca(B) = np/n. Now Ny,(B) has binomial {ng,p,) distribution, where

nBpn = npy area(B) —+ Aarea(B) as n — oo

50 in the limit the distribution of N(B) is Poisson with mean Aarea(B). The same
conclusion for more general subsets B is justified by approximation arguments or
measure theory.

Step 3. Independence of counts in disjoint subsets. This comes from the as-

sumed independence of hits in different subsquares, by letting the number of sub-
squares tend o infinity. O

Exercises 3.5

L. Suppose 1% of people in a large population are over 6 feet 3 inches tall, Approxi-
mately what is the chance that from a group of 200 people picked at random from this
population, at least four people will be over 6 feet 3 inches tall
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2. How many raisins must cookies contain on average for the chance of 2 cookie conain

4.

10

11

ing at least one raisin to be at least 99%?

. The cookie dough used by a bakery to make 2-ounce cookies contains an average of

32 raisins per pound of dough. The bakery sells cookies in bags of a dozen.

) Suppose that customers complain if ene or more of the cookies in a bag contains
no raisins. Over the long rusn, about what proportion of bags of cookies give tise
to complaints?

b) Approximately what average number of raisins per pound would ensure that only
5% of the bags give rise to complaints?

Books from a certain publisher contain an average of 1 misprint per page. What i the
probability that on at least one page in a 300-page book from this publisher there will
be at least 5 misprints?

Microbes are smeared over a plate at an average density of 5000 per square inch. T
viewing ficld of a microscope is 107 square inches of this plate. What is the chanee
that at least one microbe is in the viewing field? What assumptions are you making?

. Suppose rain is falling at an average rate of 30 drops per square inch per minute. What is

the chance that a particular square inch is not hit by any drops during a given 10-second
period? What assumptions are you making?

Suppose raisin muffins from the recycling bakery have an average of 3 fresh raising g
2 rotten raisins per muffin,

a) What is an appropriate distribution for the number of each kind of raisin, and fx
the total?

b) If you bite off 20% of a muffin, what is the probability you get no raisins?

. A Geiger counter receives pulses at an average rate of 10 per minute. What is the

-

probability of three pulses appearing in a given half-minute period? What assumptions
are you making? '

Suppose that X and Y are independent Poisson random variables with parameters !
and 2, respectively. Find:

ay P(X =1andY = 2);

X4Y

b) P& > 1)

o P(X =152 =9
Let X have Poisson (A) distribution. Calculate:

Q) E(BX 45 D Var(3X +5); o E byl

Suppose X, Y, and Z are independent Poisson random variables, each with mean 1.
Find

B) PX+Y =4) BDE[(X+Y)];, OPX+Y+Z=4)
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12. Radioactive substances emit a-particles. The number of such particles reaching a counter
over a given time period follows the Peisson distribution. Suppose two substances
emit a-particles independently of each other, The first substance gives out a-particles
which reach the counter according to the Poisson (3.87) distribution, while the second
substance emits a-particles which reach the counter according to the Poisson (5.41)
distribution. Find the chance that the counter is hit by at most 4 particles.

13. Regard the positions of molecules in a room as the points of a Poisson random scatter
in 3 dimensions. According to physics, there are about 6.023 x 10%* molecules in every
22.4 liters of air at normal temperature and pressure. (A liter is 1000 cubic centimeters.)
Let N(z) be the random number of molecules in a particular cube of air with sides of
length o centimeters.

a) Calculate the mean p(x) and standard deviation o(x) of N(z).

b} How small does « have to be in order that a(z) be 1% of u(z). so fluctuations
in density of around 1% over a cube of length x are likely to occur?

14. Assume that each of 2000 individuals living near a nuclear power plant is exposed to
particles of a certain kind of radiation at an average rate of one per week. Suppose that
¢ach hit by a particle is harmless with probability 1 - 107°, and produces a umor with
probability 107°. Find the approximate distribution of:

a) the total number of tumors produced in the whole population over a one-year
period by this kind of radiation;

b) the total number of individuals acquiring at least one wmor over a year from this
radiation.

Sketch the histograms of each distsibution, and find the means and $D's.

15. A book has 200 pages. The number of mistakes on each page is a Poisson random
variable with mean 0.01, and is independent of the number of mistakes on all other
pages.

{a) What is the expected number of pages with no mistakes? What is the variance of
the number of pages with no mistakes?

(b) A person proofreading the book finds a given mistake with probability 0.9. What
is the expected number of pages where Lhis person will find a mistake ?

(¢) What, approximately, is the probability that the book has two or more pages with
mistakes ?

16. On average, one cubic inch of Granma's cookie dough contains 2 chocolate ¢hips and
1 marshmallow.

a) Granma makes a cookie using three cubic inches of her dough. Find the chance
that the cookie contains at most four chocolate chips. State your assumptions.

b) Assume the number of marshmallows in Granma's dough is independent of the
number of chocolate chips. 1 take three cookies, one of which is made with
two cubic inches of dough, the other two with three cubic inches each. What

is the chance that at most 1 of my cookies contains neither chocolate chips nor
marshmaliows?
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17. Raindrops are falling at an average rate of 30 drops per square inch per minute,
2} What is the chance that a particular square inch is not hit by any drops during %
given 10-second period?

b) If each drop is a big drop with probability 2/3 and a small drop with pmbg_;;;ﬁig?
1/3, independently of the other drops, what is the chance that during 10 secoixs
a particular square inch gets hit by precisely four big drops and five small Gnes?

18. A population comprises X, individuals at time n = 0,1,2,.... Suppose that Xg has
Poisson () distribution. Between time n and time n + 1 each of the X, individuaie
dies with probability p, independently of the others. The population at time n 2 T
formed from the survivors together with a random number of immigrants who asrive
independently according to a Poisson (jz) distribution.

a) What is the distibution of X.?
15 What happens to this distribution as n — 0c?
19. Poisson generating function and moments, Suppose X has Poisson (42} distribution.
Using the notation and results of Exercise 3.4.22,
a) Show that G(z) = e #T#%,
) Find the first three factorial moments X.
©) Deduce the values of the first three ordinary moments of X.
@) Show that E(X — p)® = p and Skewness(X} = 1//f.
20. skewness of the Poisson{ 1) distribution. Derive the formula 174/ for the skewness

of the Poisson( u) distribution from the Poisson approximation 1o hinomial distritwiion
(you can assume the required switches of sums and limits are justified).

21. Skew-normal approximation to the Poisson distribution. Derive the skew-normu}
approximation to the Poisson () distribution stated in this section:

a) from the skew-normal approximation to the binomial (n, p) distribution (in Sec-
tion 2.2) by passage to the Poisson limit as n — oo and p — 0 with np = g

b} from the skew-normal approximation for the sum of n independent random var-
ables siated at the end of Section 3.3,

¢) For Nio with Poisson (10) distribution, find P{N1s < 10} correct to three signify-
cant figures. :

dy Find the normal approximation to P{N:o¢ < 10} with continuity but not skewness

correction, “correct” 10 three significant figures. Observe that the last two figures
are useless: the error of approximation exceeds 0.02. B

) Find the normal approximation to P(Nyg < 10) with continuity and skewnes:

correction, correct to three significant figures. [All three figures should be correct,
The actual error of approximation is about 2 x 107%] '
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Symmetry (Optional)

This section studies a symmetry property for joint distributions, and illustrates it
by applications to sampling without replacement. Let {X,Y) be a pair of random
variables with joint distribution defined by

P(mjy):P(X:w,Yny)

The joint distribution is called symmetric if P(z, y) is a symmetric function of z and
y. That is to say,

Plx,y) = P(y,z) for all (z,y)

Graphically, this means that the distribution in the plane is symmetric with respect
to a flip about the upward sloping diagonal line y = z, A glance a1 the figure on
page 148 shows that a symmetric joint distribution is obtained for X and Y derived
by sampling either with or without replacement from the set {1,2,3}. A symmetric
joind distribution is obtained more generally whenever X and Y are two values
picked by random sampling from some arbiteary list of values, either with or witheut
replacement. This is obvious for sampling with replacement, and verified below for
sampling without replacement.

In terms of random variables, the joint distribution of (X,Y) is symmetric if and
only if {X,Y) has the same joint distribution as (Y, X}. Then X and Y are called
exchangeable. If X and ¥ are exchangeable then X and Y have the same distribution.
This is true by the change of variable principle: X s a function (the first coordinate)
of (X,Y), and Y is the same function of (Y, X).

The joint distribution of three random variables X, Y. and Z is called symmetric if

Pley,2) =P(X =2,Y =y, 2 = z)
is a symmetric function of (z,y,z}. That is to say, for all (z,y, z)
P(:c,y,z} = P(x,z,y) = P(y,x, z} = P(y1z:r) = P(Z:év,y) = P(Z,y:I)

(all 3! = 6 possible orders of 2,y and 2), Equivalently, the 6 possible orderings of the
random variables,

(XY, 2), (X,28,Y), (Y,X,2), (Y.Z,X), (Z,X,Y), (2,Y,X)

all have the same joint distribution. Then X .Y, and Z have the same distribution,
and each of the three pairs (X, ¥), (X, Z), and (Y, Z) has the same (exchangeabie)
joint distribution, by the change of variable principle again.

A function of n variables, say f(z1,...,%,), is called symmetric if the value of f
remains unchanged for all of the n! possible permulations of the variables. Examples
of symmetric functions are the sum g{z1) + glza) + -~ + g{z,) and the product
gl@1)g(xz) - - g(xn) for any numerical function g(x}.
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Symmetry of a Joint Distribution

Let X1,...,Xn be random variables with joint distribution defined by
P(mls"-:zn) = P(X, =1, Xn = Tr)

The joint distribution is symmetric if P(z1, ..., Ts) is 2 symmetric function of :
(21,...,%n). Equivalently, all nl possible orderings of the random variables
X1, ..., Xn have the same joint distribution. Then Xi,..., X, are called. ez
changeable. Exchangeable random variables have the same distribution. For.
2 < m < n, every subset of m out of n exchangeable random variables Fias
the same symmetric joint distribution of m variables.

The simplest example of an exchangeable sequence of random variables is nv inde
pendent trials Xy,..., Xy. Then

Pzy,22,...,25) = plzr)p(zz) - p{Zn)

where p(z) = P(X; = z) defines the common distribution of the X;. This a svm-
metric function of (1,3, . . .,Z,) because the product is the same evaluated 'in anv

order. Sampling with replacement is a special case of independent trials. Here i% 2
more interesting example:

Sampling Without Replacement

The basic setup for sampling without replacement was described in Section 2.5,
Suppose there is some population of N individuals. Suppose the ith individual égx
the population has some attribute b;, for example the color of the ith ball in a b{jx ‘oF
the height of the ith individual in a human population. Suppose 7t items are dmﬁm?ﬁ
one by one without replacement from the population. Let X; be the attribme.é?fﬁgg
jth individual in the sample. So X}, ..., X, might represent the random Sequém:e of
colors of n balls drawn at random without replacement from a box, or the., mh&'@
sequence of heights in a sample without replacement from a human population.

Symmetry in Sampling Without Replacement

Let Xy,..., Xy, be a sample of size n without replacement from a list of vajues
{bl,. ..,by}, where 2 € n < N. Then Xy, ..., X, are exchangeable. In par-
ticular, for 1 < m < n the joint distribution of any subset of m of the X; has

the same distribution as a random sample of size m without replacement from -
the list {by,...,bx}. -
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This is proved in three stages as follows:

Proof for n = Nand b; = 4,1 <14 < n. In this case (X,,..., X,.) is an exhaus-
tive random sample without replacement from the list 1,2,.. 7, that is, 2 random
permutation of {1,2,...,n}, as in Example 3.1.6. The joint probability function was
calculated in that example and found to be symmetric. So (X1....,X5) is exchange-
able. O

Remark. The exchangeability of a random permutation is quite intuitive if you think
of generating (Xy,...,Xy) by shuffling and then dealing out in order a deck of n
cards labeled 1,2,..., n. Any particular rearrangement of the variables (X, ..., X))
then corresponds to a particular deterministic shuffle before the deal. And it is intu-
itively clear that any particular additional deterministic shuffie of a perfectly shuffled
deck must keep the deck perfectly shuffled. The exchangeability of 4 random per-
mutation (Xy,...,Xp) is not so intuitive, but sull true, for X Lree o Xp generated
by drawing balls at random one by one from an urn containing n balls lubeled
1,2..... .

Proofforn = Nand agenerallist {b;,... b, }. Now {b1,...,bo} can be any list of
values whatever, allowing repetitions of values. The values need not be numerical.
Forexample, forn =N =6, b = by = by = b, b; = bs = 7, and bg = w, might
represent a listing of the colors of balls in a box of 3 black balls, 2 red balls, and 1
white ball. A typical result of 6 draws from the box without replacement would then
he the event

{XlsX23X31X4:X5) == (b,il", w,b,b,r)

Think of 4 general list {1, . .., b, } listing the contents of 2 box, The result (X1, X))
of exhaustive sampling without replacement is a random permutation of the values in
the list, with ali n! possible permutations of the indices equally likely. Write (k) = by
Then, X; = b{Y;) where (Y;,...,Y,,) is random permutation of 1,2...., 7. So

X; =blY)) where Y1,....Y, are exchangeable

But it is intuitively clear (and a consequence of the change of variable principle),
that a function b applied to ali variables in an exchangeable sequence yields another
exchangeable sequence. O

Proof for 2 < n < N and a general list {br,..., by}, For a sample of size n
without replacement from a list of N values, the exchangeability follows by viewing
the sample of size n as the first n variables in an exhaustve sample, which is ex-
changeable by the previous case, and appealing to the general facl that subsets of
exchangeable variables are exchangeable. O

Examples. The symmetry of sampling without replacement appeared already in
Section 2.5, in the derivation of the probability of getting g good elements and b bad
elements in a sample of size n without replacement from a population of G goad
and B3 bad elements. That calculation used the fact that the prabahility of getting g
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Example 1.

Problem 1.

Solution.

Problem 2.

Solution.

Discussion.

Example 2.

Problem 1.

Solution.

good elements and b bad elements in a particular order is the same for all possible

orders. Other consequences of the symmelry appear in Example 1.4.7 and Exampie
3.1.6. Here are two more examples.

Dealing cards.

Five cards are dealt from a standard deck of 52 cards.
What is the probability that the fifth card is a King?

It is confusing in this problem to think about which of the first four cards are kings.
Rather, ignore the first four cards. The fifth card is a card drawn at random fr(;;m the
deck, just like the first card. So the probability that the fifth card is 2 king is the same
as the probability that the first card is a king, that is 1/13.

What is the chance that the third and fifth cards are black?

Ignore the first, second, and fourth cards. By the symmetry of sampling withowt
replacement, the third and fifth cards are two cards drawn at random with(}ut Te-
placement from the deck, just like the first two cards. So the probability that the: third
and fifth cards are black is the same as the probability that the first and second cards
are black, that is 2 x £,

‘This kind of intuitive argument is precisely what is justified by the symmetry of sam-
pling without replacement. Particular problems like these can be solved quickly by
symmetry” without using random variable notation. But the theoretical i.usﬁfi(;mim
is symmetry of the joint distribution involved.

Red and black balls.

Suppose 20 balls are drawn at random without replacement from a box containing
50 red balls and 50 black balls. T

‘What is the probability that the 10th ball is red given that the 18th and 19th balls are
red?

Let X; be the color of the ith ball drawn. Then (Xy, X2,.--,X20) represents

random sample of size 20 without replacement from the population of 100 red and
black balls. The problem is to calculate o

P(Xlg =red l Xlg =red and X]_g m’l"{id): P(X],[) ';7(‘;‘;{ ani‘zilz:;”e(;and -}i!l)g mﬂe‘i}
18 19 =Te

This conditional probability is determined by the joint distribution of X0, X g, and
X 19, which is the same as the joint distribution of X3, X, and X; by the symmeg;}
of sampling without replacement. So the required probability is the same as

48

P(X3=red | Xy =red and X, =red) = Q"é’
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since after drawing two red balls on the first two draws there are 48 red balls re-
maining out of 98 balls total.

Mean and Variance of the Hypergeometric
Distribution

Recall from Section 2.5 the distrsibution of the number of good elements S, in a
sample of size n tor a population of size N containing @ good elements:

9~ ((2)/(2) o5ox-

where b=n - g, B = N — G represent numbers of bad elements. The mean and
standard deviation of S, are as follows:

N-—-n
N -1V

E(S,) =np and SD(S,) =

where p = G//N is the proportion of good elements in the population, q= B/N the
proportion of bad elements in the population. Note that the mean is the same as if the
sampling were done with replacement, when the distribution of S, is binomial {n,p).
And the standard deviation is just the familiar binomial standard deviation of Vg

Tipg
multiplied by the factor %:? called the finite population correction Jactor.

Proof. Write

SﬂzI] +IZ+"+[R1

where for each j = 1,2,...,n, I; is the indicator of the event that the Jth draw yields
a good element. By the symmetry of sampling without replacement just discussed,
the distribution of I; is the same Bernoulli (G/N) distribution for every J. Thus the
expectation of 8, can be computed as

E(Sa) = E(1) + E(l) + -+ + E(Iy) = nE(l) = n%

The vasiance can now be computed, starting from @ calculation of

B(S5) = E(Y_ L))
=ED I+23 L]

j<k

=Y BU})+2Y E(L1L)
d

i<k
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FIGURE 1. Normal approximation for sampling with and without replacement. The éop'h’iew’

togram shows the binomial (100,0.5) disitibution of the number of good elements in asample o

size n = 100 with replacement fom @ population of size N = 200 conlaining G = = 100: go»:;j

slements and B = 100 bad ones. The approximating normal curve is superimposed. The boion

histogram shows the: corresponding hypergeomedtic diskibution for sampling without repinc:em%?
0-15-1 from this population, together with its normal approximation. Nofe how the two medins tre the
same, but the standard deviation is noticeably smaller for sampling without replocement i’}e(;ause
the somple size is a significant fraction half} of the population size.
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because in the first sum there are n identical terms of

G

2y 3 =

E(;) = E({;) = v

{1; is an indicator variable with value 0 or 1, so If = Ij) and in the second sum
there are (3} identical terms with value

E(IJIJC) = E(Iljg) = % . z(%_}%

the probability of getting good elements on two consecutive draws, since I I5 is one
if both Iy and I are 1, and § otherwise. Now use

Var(Sy) = E(S2) — [E(S,))

and simplify to obtain the expression for SD(S,) = /Var(8,). O

Remark. A similar argument shows that the same finite population correction fac-
tor applies for sums or averages of other kinds of variables in sampling without
replacement, not just indicator variables. See Example 6.4.7.

The normal approximation. This can be used for sampling without replacement
exactly as in the binomial case for sampling with replacement, provided the finite
population correction factor is used for the standard deviation. The approximation
is good provided the standard deviation is sufficientdy large. This can be shown by
consideration of consecutive odds ratios, just as in the hinomial case. Sce Figure 1
for an illustration.

Exercises 3.6

1. Five cards are dealt from a standard deck of 52. Find
a) the probability that the third card is an ace
b} the probability that the third card is an ace given the fast two cards are not aces,
¢} the probability that all cards are of the same suit;
d) the probability of two or more aces,

2. Cards. A deck of 52 cards is shufffed and dealt. Find the probabilities of the following

events:

4) the tenth card is 4 queen:
b) the twentieth card is a Spade;

c) the fast five cards are spades;
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3.

d) The last king appears on the 48th card.

Conditional probabilities. In the setting of Exercise 2. denote by A, B, C, and 1) the
events defined in parts a), by, ¢ and d) of that exercise. Find:

2 P(BICY, W PCIBY © P(BIA) & P(AIB) @ P(DIC) B P(CIDY

. Testing for defectives. Suppose 2 lot of 5 ilems contains two defective. items, The

items are tested one by one in random order. Let T} be the number of the teston w}mf%

the first defective item is discovered, and T3 the number of the test on which the second
is discovered.

) Display the distribution 1able of Th.

1) Without further calculation, display the distribution table of 6 — Ta.

¢) Without further calculation, display the distribution table of T%.

d) Display the joint distribution table of 11 and T5.

@) Are the random variables Ty, Th — Th, 6 = T exchangeable? Prove your answes
£y Find the distribution of T> — T.

Suppose n balls are thrown independently at random into b boxes. Let X be the number

of boxes left empty, Use the method of indicators 1o find expressions for E{X) and
Var{X). &

. Mean and SD of the number of matches. There are n balls labeled 1 through n, and

n boxes labeled 1 through n. The balls are distributed randomly into the boxes, one in
cach box, 0 that all ! permutations are equally Kkely. Say that a match occurs at P’g;@@
£ if the ball labeled # happens to fall in the box labeled 4. Let M be the total number of
maiches,

a) Find E(M). b) Find SD(M).
¢) For very large n, what do you think is the approximate distribution of Af? CGive

an intuitive explanation for your answer. Check that your answer makes sense

in view of your answers to a) and b} and the answer to Exercise 28 from tie
Chapter 2 Review Exercises.

. Suppose 7 cards are dealt from a standard deck of 52 cards. Calculate a) the expectation

and b the variance of the number of red cards among the n cards dealt.
A deck of 52 cards is shuffled and split into two halves. Let X be the number of red
cards in the first half. Find: 2) a formula for P(X = k)

by E{X); © SD{X); & P(X > 15). approximately, using the normat curve.

A population contains G good and B bad elements, G+ B = N. Elements are draws
one by one at random without replacement. Suppose the first good element appﬁg&

on draw number X. Find simple formulae, not involving any summation from 1w N
for: ’

2 E(X), b SD{X).

[Hini: Write X — 1 as a sum of B indicators.]

I VAR R
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10,

12.

13.

Success runs in sampling without replacement. Repeat Exercise 3.2.22 for the ran-
dom sequence of successes and failures obtained by a sampling n times without re-
placement from a population of G good and N — G bad elemenis, where each draw
of a good element is called success, and each draw of a bad element 4 ailure.

Sampling without replacement. Let X, be the indicator of the event that 4 pood
clement appears at place j in a random ordering of 1 elements consisting of g good
clements and 1 — g bad ones.

a) Find a formula for Pz, ..., ) = P{X; = x1,..., X, = &, ).

b} Are the random variables X, ..., X, independent? Prove your answer,

<) Are they exchangeable? Prove your answer,

Discrete order statistics. In an exhaustive random sample without replacement of
a population of N elements, containing n good and N — n bad elements, let 1 <
W < T2 <.+ < T, £ N denote when the good elements appear, Pan d) of
this exercise explains why the random variables Ty, ..., T, with possible values in
{i...., N} are discrete analogs of the order statistics of n independent uniform {0.1)
variables, studied in Section 4.6,

a) Show that {Th,..., Tu}, the random set of times when good clements appear,
is uniformly distributed over all subsets of n clemenis of {1...., N . That is o
say, the set of times when good clements appear is a simple unordered random
sample of size n from {1,..., N},

by Findaformula for P(Ty = &y,..., T =tn)for L <y <ty < --- « t, <N,

¢} Use a counting argument to find a formula for P(T, = 1) for each i = |,
andt=1,..., N.

oy T

d Ll lyy <Ug ... < Ufny denote the order statistics, that is, the values in
increasing order, of n independent trials Uy, ..., U, with uniform distribution
on {,..., N}. Let [} denote the event that the U/,,1 < i < u are all distinct,
Show thar the conditional joint distribution of Uy, ... Heny given D is iderical

to the joint distribution of Ty, . .., T, found in part b), What is P{DY? Show thay
P(D)} — 1 as N — oo for fixed n.

it follows that for fixed n, as N — oo, the limiting joint distribution of (7%, ..., 75,)/N
is the joint distribution of the order statistics of n independent uniform (0, 1) ran-
dom variables. In particular, part <) implies the asymptotic distribution of 7,/N is the
beta {i,n — i + 1} distribution, as obtained directly from the continuous model in Sec.
tion 4.6. A number of interesting results for continuous uniform order statistics can he
derived via this passage to the limit. See Chapter 6 Review Exercises 31, 32, and 33.

Discrete spacings. As in Exercise 12, let Ty < ... < T, he the places thar good
elements appear in a random ordering of n good and N — n bad elements. (In terms
of a shuftled deck of N cards with 7 aces, T, represents the place in the deck where
the ith ace lies) Let Wy = Ty — 1, the number of had clements before the fiest good
one. For 2 < i <, let Wy = T; ~ Ty ~ 1, the number of bad clements between the
(1 — L)th and ith good ones. Let Wiy = N = T,. the number of had clements after
the last good one. Think of the W; as spacings between the pood elements.

4) Find the joint distribution of Wy, .., Wit
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b) Show that the n + 1 random variables Wi, ..., Wny are exchangeable, hence
identically distributed, but not independent.

¢) Find a formula for P(W; = w) for0 < w < N.

d) Find E(Wy)for1 €i<n+land E(L)forl Sism. [Hint: Use the symmetre}
Evaluate in the case N = 52 and n = 4 to find the mean number of cards berweea
any two aces, and the mean position in the deck of the ith ace. (See Chamf:? &
Review Exercise 29 for the variance.)

¢) Show that for 1 € i < j < n + 1 the random variable Wi + W, has the same
distribution as Ts — 2. Deduce from Exercise 12¢) a formula for P(W; + W = £
for0<t< N

0 Let Dy, = Ty — T1 ~ 1, the number of elements between the first and last good
elements (including the other n — 2 good ones). Use the result of €) to find 2
formula for P(D,, = d), 0 < d < N, and find E(D,).

14. Consecutive pairs. Consider a well-shuffled deck of N cards, with 1 aces and N w=n
non-Aces.

1) Show by a counting argument that the probability that there are at least pwo
consecutive aces somewhere in the deck is 1 — (N "":‘“) / (‘:’) LHint: Lmak o
a one-to-one correspondence).

b) Check the above formula by more direct counting arguments in each of the fol-
lowing three special cases: n = 2, N = 2n ~ 1, and N = 2n.

For the following parts, assume a standard deck of 52 cards, and evaluate the probwa-
bilities of the events as decimals:

<) The ace of spades is nexs to the ace of clubs.
d) There are at least two consecutive aces somewhere in the deck.
&) There are at least two consecutive spades somewhere in the deck.
f) There is no pair of adjacent black cards anywhere in the deck.
15. Runs and Spacings. As in Exercise 13 let Wi, Wy, .., Wayy be the exchangeahis
sequence of spacings defined by a random ordering of n aces and N — n non-aces.
a) Explain why the probability evaluated in Exercise 14, that there are at least e
consecutive aces somewhere in the deck, is

1—-P(W;,>1forevery 2<i<n)

b} Show that for any sequence of n + 1 non-negative integers #;,
et tnan =1,

P[Wiztifbfe\’el‘ylgign_;_l)x(N—t)/(N)
n n

©) What special case of b) yields the result of Exercise 14?

st tn—q—q, with

16. Disiribution of the longest run. As in Exercises 13 and 15, let Wy, Wo, w2 .
be the exchangeable sequence of spacings defined by a random ordening of n -agﬁg;_m;{g

N —n non-aces. Let Wnax = max; W; wherethe max isover1 <i<n+4 1, §o ﬁrm
is the length of the longest run of non-aces in the deck. o




Section 3.6. Symmetry (Optional) 247

a) Show by using the result of Exercigse 15, and the inclusion —exclusion formula of
Exercise 1.3.12 that

P(Wnax > 1} = “Z—H(“l)iml (nm: l) (N ; t’r)/(f)

b) Denote the above expression for P(Wnax 2> 7), which depends on N, n, and r,
by P(N,n,r). Let Sn be the number of successes in N Bernoulli (p) trials and
Ry be the longest run of successes in the N trials. Fxplain why

P(Ry > 7|8y = k) = P(N,N — k,7)

and why this conditional probability does not depend on p.
¢) Show that the probability that there is a run of at least r consecutive successes in
N Bernoulli (p) trials is

N

P(Rw>1)=Y (‘:)p"u - p)¥ " P(N,N ~ k,7)

k)

d) Find as a decimal the probability that the longest run of heads in 10 fair coin
tosses is exactly r for each 0 < r < 10. What is the most likely length of the
fongest ran? What is the expected length of the longest run?

e) What is the probability that there is a run of either at least 5 heads or at least 5
tails in 10 fair coin tosses?



Chapter 3. Random Variables

Random Variables: Summary

Random variable X: symbol representing an outcome.

Range of X: sei of all possible values of X.

Distribution of X: The probability distribution over the range of X defined by: proba-
bilities P(X = z) for z in the range of X.

P(X eB)= Z P(X = z) for B a subset of the range of X,
rER

Change of variable formula: P(f(X}=y)= Z P(X = z) gives the distribution

x:f(z)=y
of a function f(X) in terms of the distribution of X.

Joint outcome (X, Y): P(z,y) = P(X =2,Y =)

PX=z)=) Plz,y) PX<Y)=) > P(z,y)

al ¢ T yrx

Equality of random variables: X =Y means P(X =Y) =1L

Equality in distribution: X and Y have the same distribution if P(X = z)} = P(Y = z) for
all z in the range of X (= range of ¥). If X = ¥ then X and Y have the same distribution,
but not conversely.

Independence: For n random variables
P(X1=$1, Xzz.’tz, vy X-n:mﬂ) = P(X1=I1)P(Xlzz:cz) L P(Xnmw“}

for all possible values z; of X, 1 =1,...,n,

» functions of disjoint blocks of independent random variables are independent,
Expectation: E(X) =} zP(X =1)

» average value of X weighted by probabilities;

e long-run average value of independent variables with same distribution as X s

» center of mass of distribution of X

* properties: generalize properties of averages: see summary on pages 180 — 181
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variance: Var(X) = E(X — p)? = E(X?) - p?  where p= E(X).
Standard deviation: SD{X) = \/Var(X): measure of spread in the distribution of X.
Scaling: Var(aX +b) = a?Var(X), SD{aX +b) = |a|SD(X).

1
Chebychev's inequality: P (X — E(X)| > kSD(X)] < 75

Sums: For independent random variables Xi,..., Xn, if Sp = X 4+ X,
Var(S,) = Var(X;) + -+ Var(X,)
= nVar{X;) if the X all have same distribution,

Compuare E(Sqn) = BE(X1) +- -+ E(X,) {true even if dependent)

= nE(Xy) if the X all have same distribution,

Square root law: For ndependent X; with same distribution, Sy, as above, and X, = S, /n
the average

SD(S,) = SD(X1)vn  SD(X,) = SD(X)1)/vn

Law of averages: X,, is nearly certain to be close 1o E(X,) for large n.

Neormal approximation: For Sy, as above, with E(X;) = u, SD{X;) = o,

Sn —ap {Xﬂ - I-L)\/'H
ovn o

has distribution which approaches standard normal as n — o¢, no matler what the com-
mon distribution of the X;.

Infinite sum rule. If event A splits into an infinite sequence of mutually exclusive cases
Ay Az Az, so A=A1UAUA3U--- . where A;NA4; =0, i#4, then

P(A) = P(A1) + P(As) + P(A3) + - -

Discrete distribution on {0, 1, 2, ...}:  defined by a sequence of probabilities Bo, PLy P2, .-
such thatp; >0 forallz,and 3} . pi=1.

Geometric, negative binomial, and Poisson distributions.
See Distribution Summaries on pages 476 — 488,
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Review Exercises

1. A fair die is rolled ten times. Write down numerical expressions for:
a) the probability of at least one six in the ten rolls,
b) the expected number of sixes in the ten rolls;
¢) the expected sum of the numbers in the ten rolls;
d) the probability of 2 sixes in the first five rolls given 4 sixes in the ten roil:,.,
¢) the probability of getting strictly more sixes in the second five rolls than in de
first five.
2. A fair die is rolled repeatedly. Caleulate, correct to at least two decimal places:
) the chance that the first 6 appears before the tenth roll;
b) the chance that the third 6 appears on the tenth roli;

¢) the chance of seeing three f's among the first ten rolls, given that there were six
B's among the first twenty rolls;

d) the expected number of rolls until six s appear;
¢) the expected number of rolls untit all six faces appear.
3. Two fair dice are rolled independently. Let X be the maximum of the two rolls, and ¥
the minimum,
) Whatis P(X = x)forz=1,..., 8
b) What is P(Y = X =3}fory=1,...,6?
¢) What is the joint distribution of X and Y7
&) Whatis E(X +Y)

4. Let X and Y be independent, each uniform on {0,1,...,100}. Let § = X + ¥ por
n=0,...,200, find: -

0 P(§=n) b P(S<n) o Skech graphs of these functions of n.

5. Someone plays roulette the following way: before each spin he rolls a die, and then he
bets on red as many dollars as there were spots on the die. For example, if ‘there were
4 spots he bets §4,
1f red comes up he gets the stake back plus an amount equal to the stake. If red does
not come up he loses the stake, In the example above, if red comes up he gﬁ;tﬂ the
stake of $4 back plus an additional $4. If red does not come up he loses his stake of
$4. The probability of red coming up is 18/38. ‘

4) What is his expected gain on one spin?

h) What is the expected number of spins it will take until red comes up for the fig
time? o

<) What is the expected number of spins it will take until the first time the persos
bets exactly $4 on one spin and wins. |

. A gambler repeatedly bets 10 dollars on red at a rouletie tabie, winning 10 dollarg wik
probability 18/38, losing 10 dollars with probability 20/38. He starts with capital of 100
dollars, and can borrow money if necessary 1o keep in the game. ' '

it s
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10.

11.

12.

a) Find exact expressions for the probabilities that after 50 plays (he: gambler is;
i) ahead; i) not in debt.
by Find the mean and variance of the gambler's capital after 50 plays.

¢) Use the normal approximation to estimate the probabilitics in a) above.

Suppose an airline accepted 12 reservations for a commuter plane with 10 seats. They
know that 7 reservations went to regular commuters who will show up for sure. The
other 5 passengers will show up with a 50% chance, independently of each other.

a) Find the probability that the flight will be overbooked, i.e., more passengers will
show up than seats are available.

b} Find the probability that there will be empty seats.

¢) Let X be the number of passengers wrned away. Find E(X).

A box contains w white balls and b black balls. Balls are drawn one by one at random
from the box, untit b black balls have been drawn. Let X be the number of draws made,
find the distribution of X

a) il the draws are made with replacement;

b) if the draws are made without replacement.

The doubling cube. A doubling cube is a die with faces marked 2.4, 8,16, 32, and 64.
Suppose two doubling cubes are rolled. Let XY be the product of the two numbers.
Find a) P(XY <1005 ) P(XY <200), o E(XY), & SD(XY).

Matching. Suppose each of n balls labeled 1 to n is placed in one of n boxes labeled
1 to n. Assume the n placements are made independently and uniformly at random (so
each box can contain more than one ball). A match occurs at place k if ball number k&
falls in box k. Find:

a} the probability of a match at ¢ and ne match at §;
b} the expected number of matches.

Data for performances of a particular surgical operation show that two operations per
thousand have resulted in the death of the patient. Let X be the number of deaths

due to the next thousand operations of this kind. Which of these three numbers is the
smallest and which is the largest

P(X <?2), P(X=12). P(X>2)0
Expiain carefully the assurptions of your answer.

Consider an unlinited sequence of independent trials resulling in success with proba-
bility p, failure with probability g. For s = 1,2,..., f = 1,2, ... calculate the probability
that s successes in a row occur before f failures in a row. [Hint; Let A be the event
in question, Py = P(A|first trial a success), and Fy = P(A|first trial a failure). Given
the first trial is a success, for A o occur, either the next s — 1 trials must be SUCCeSses,
or the first failure must come at the #th trial for some 2 < ¢ < s, then subsequently the
event A must occur starting from a faifure. This gives one equation relating Py to Py,
Find anofher by conditioning on the first trial being a failure, then solve for Py and P,
hence P{A}.]
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13. Let X and ¥ be independent random variables with E(X) = BY)=p, Var{Xi=
Var(Y) = o®. Show that Var(XY) = o (2 + &").

14. A circuit contains 10 switches, arranged as inthe figure below. Assume switches pﬁrfmm
independently of each other, and are closed with probabilities indicated in the figure.
Current flows through a switch if and only if it is closed.

A

Py

by -
Py P, Py

4) What is the probability that current flows between points A and B?
b) Find the mean and standard deviation of the number of closed switches.
15. A roulette wheel is spun independently many times. On each spin the chance of a seven
appearing is 1/38.
4) What is the exact distribution of the number of sevens in the first 100 spins?
by Give a simple approximation for this distribution.

<) What is the distribution of the number Z of spins required to produce. three
sevens?

dy What is E{Z) 7

16. Random products mod 10. Pick two successive digits from a table of random digis

from {0,1,...,9}. Multiply them together, and let D be the last digit of this andoi
praduct. For example, b

3,9 — 27 — 7
2,4 —8—8
Find the distribution of I, and calculate its mean.

17. Suppose N dice are rolied, where 1 <N < 6.

a) Given that no two of the N dice show the same face, what is the probability tha
one of the dice shows 2 six? Give a formula in terms of N '

b} In a} the number of dice N was fixed, but now repeat assuming instead that N

is random, determined as the value of another die roll. Your answer now should
be simply a number, not involving N.

18. Expected number of records. Suppose 100 cards numbered 1 to 100 are shuffied
and deal: one by one. SRR
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a) What is the fair price to pay in advance if you receive one cent for the first card
and then one cent for each card dealt whose number is greater than those of all
previous cards deall?

b) If you paid 10 cents for each play of this game, and played 25 times (meaning
you paid a total of 250 cents for 25 separate deals of the 100 card deck) what,
approximatcely, is the chance that you would come out zhead?

19, Suppose that X has Poisson () distribution, and that Y has geometric (p) distribution
on {h1,2, ...} independently of X,

a) Find a formula for P(Y 2> X) in terms of p and .
b) Evaluate numerically forp = 1/2 and p = L.

20. a) Show that for all p between Gund 1 p(l - p) < 1/4.

b) A certain university has about 12,000 students. To estimate the percentage of
students who have part-time jobs, someone takes a random sample from a list of
all students in the university. How big does the sample need to be so that the
margin of error in the estimate (i.e., the standard deviation of the percentage in
the sample ) is at most 5%7

21. suppose X and Y are independent with P(X = j) = p(1 ~ p)? for j = 0,1, ... and
PY = k)= (k+1)p*(1 - p)* for k = 0,1,.. .. Find the distribution of Z = X + V.
[Hint: Represent X and Y in terms of a biased coin-tossing sequence.|

22. The newsboy problem. A newsboy buys papers at 10 cents a copy and sells them on
the street comner at 25 cents a copy. He must buy all his papers at once. but he can sell
only as many as are demanded on the street, Left-over papers are a dead loss. Over the
last few years, demand has been fluctuating at around 100 papers per day. He has been
buying 100 papers and selling them all about half the time. Assuming that the demand
for pupers has an approximately Poisson distribution, find:

a) the newshoy's long-run average profit per day:

by how many papers the newsboy should buy each day to maximize his long-run
average profit.

23. Suppose you economize your use of toothpicks by breaking whole toothpicks in half
and only using half at a time. Starting from a full box of n oothpicks, you draw repeat-
edly at random from the box. In case you draw a whole toothpick, you use half and
throw it away, and replace the other half. In case you draw half a toothpick, you use
it and throw it away. So the box will be empty after exactly 2n draws. Suppose that
on any draw, each whole toothpick in the box bas the same chance of heing drawn,
and so does each half toothpick, but the halves have half the chance of the wholes. Let
# be the random number of half oothpicks remaining in the box after the last whole
toothpick has been drawn and half of it replaced. So H has possible values between 1
(e.g., if you draw alternately whole~half—whole—half ...) and n (e.g., if you draw n
wholes in a row, followed by n halves),

a) Find a formula for P(H = k), k=1,2,...,n
b) What happens to the distribution of H as » -+ oo

<} Find an asymptotic formula for E(H) as n — .
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d) If you start with n = 100 toothpicks, about how many halves do you expect
be left with?

¢) Forn =100, find g and bsothat Ple < H < b) = 95% with b — a as small &
possible,

24. The voter paradox.

4} Can random variables X Y, and Z be such that each of the three probabilities
P(X > Y), P{(Y > Z),and P(Z > X}, is strictly greater than 3? [Hint: Try 2
joint distribution of X, Y, and Z which is uniform on some of the 6 permutations
of (1,2,3})]

b} What is the largest that the minimum of the above three probabilities can possibly
be? Prove your answer. | Hint: The sum of the probabilities is an expectation.}

) A survey is conducted to determine the popularity of three candidates A, B and
€. Each voter is asked to rank the candidates in order of preference. When the
results are analyzed, it is found that more than 50% of the voters prefer A 10 B.
more than 50% prefer B to C, and more than 50% prefer C to A. Bow is this
possible? Explain carefully the connection to previous pars.

d) Generalize a) and b) to n > 3 random variables instead of » = 3.

€) Repeat 2) for independent X, Y, and Z. [Hint: Try  P(X =5) - ™,
PX=2=1-p, P¥Y=48=p, PY=1)=1-p
and P(Z = 3) = 1. Deduce that the three probabilities can all be as large as

the golden mean (-1 + v5)/2. This is known to be the largest possible. for
independent variables, but I don't know the proof}

25. Let Y; and Ya be independent random variables each with probability distribution de-
fined by the following table:

value 1o 1 )
probability | 1/2 | 1/3 | 1/6

a) Display the probability distribution of ¥; + Y3 in a table. Express all proba’bﬂiﬁgs
as multiples of 1/36.

b} Calculate E(3Y; 4+ 2¥3).

¢) Let X; and X3z be the numbers on two rolis of a fair die. Define a function Fso
that {F(X1), f{X2)) has the same distribution as (Y1,Yz).

26. The horn on an auto operates on demand 99% of the time. Assume that each time yow
hit the horn, it works or fails independently of all other times.

a) How many times would you expect to be able to honk the horn with. g 568
probability of not having any failures? o

b) What is the expected number of times you hit the horn before the fourth failure?

27. A cerain test is going 10 be repeated until done satisfactorily. Assume that mpeﬁﬁ@m
of the test are independent and that each has probability 0.25 of being satisfactory
The first § tests cost $100 cach to perform and thereafter cost $40 cach, regatdigsg m

the outcomes. Find the expected cost of running the tests until a satisfactory resul is
obtained. ‘
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. Let X1, Az,... be a sequence of independent trials, and suppose that each X, has
distribution £y over some range space 11. Let Wi, W, ... be the successive waiting
times between trials s such that X, is in 4, where A is some subset ©;, and et ¥, Ye, ...
be the successive values in A which appear at trials Wy, Wi + Wy, W + Wa + Wy

a) Show that W, , Wa, ..., ¥,,Y:.... are independent random variables, the W's
all having geometric disiribution on {1,2, ...} with parameter P ( A), and the Y's
all having the distribution P conditioned on A.

1) Deduce from the law of large numbers the long run frequency interpretation of
Py{B1A) as the limiting proportion of those trials which are A’s that turn out also
to he B's,

3. Polya’s urn scheme. (Continuation of Exercise 1.5.2). An urn contains w white and b
black balls. A bali is drawn from the urn, then replaced along with d more balls of the
same cotor. 5o after n such draws with multiple replacement, the urn contains w-+b- nd
halls. Let X; = 1 if the dth ball drawn is black and X; = 0 if the éth ball drawn is white.

a) Find a formula for the probability P(X; = ;...., Xo = #,.) interms of w. b, d, n
and &, where k = ry +- - - + x4, is the number of 1's in the sequence (Ty, ..., ).

b) Let Sp = X1+ -+ X, What does S, represent? Find 2 formula for PLS, = &)
for0< k< n

¢) What is the distribution of S, in the special cuse b=w=d = 17

&) Are Xy, ..., X, independent? Are they exchangeable? (Refer 1o Section 3.6.)

¢) Find a formula for P(X,, = 1), the probability of a black ball on draw n, in erms
of bw.d, and n. [Hint: The probability does not depend on all of the parameters.|

f) Find the probability that the fifth ball drawn is black given that the wenth ball
drawn is black.

s

Diagonal neighbor random walk, Let (5., T, ) denote the position after n steps of
a random walk on the lattice of points in the plane with integer coordinates, starting
from (So, To) = (0,0). Suppose that Spiy = Se + 1 and Thyy = T 4 1 where the
signs are picked by two independent 1wsses of a fair coin, independently at each step.
a) For ¢ > 0, find the limit as n — oo of the probability that (5,,7%) is inside the
square with corners at (kcy/n, key/n).

B Let Ry = /S2 + T2, the distance from the origin. Find E(R?).
¢} Find b, as small as you can, such that E{R.) < Vvbn for every n.

d} Let pn denote the probability that the random walk is at {0,0) after n steps. Find
pa as a decimal,

¢} Show that pom ~ ¢/m as m — oo for a constant e. What is ¢

1. Nearest neighbor random walk, Let (S,,, 7..) be the position afier n steps of a random
walk as in the previous exercise, but now instead of diagonal moves, suppose at each
step the move is made with equal probability up, down, left or right, 10 one of the four
nearest neighbors in the lattice, For ¢ > 0, find the limit 25 n — oo of the probability
that {Sn] < ey/n. The events |Sa] < ey/m and {T,,| < oy/7 are clearly not independent
for this random walk, but they turn out 10 be approximately independent for targe n.
Assuming the error of this approximation tends 1o zero as n — oc (something not
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32.

33.

34.

35.

obvious, but true: see Chapter 5 Review Exercise 31 for an explanation), repeat: pagt
a) of the previous exercise for this random walk. Now repeat the rest of the previos
exercise for this random walk.

King's random walk. Same as Exercise 30, but now make each move like a king onan
infinite chessboard, with equal probabilites to the & nearest or diagonal neighbors: {The
two components are still asymptotically independent. This can be proved for any step
distribution with mean zero and uncorrelated components, that is 10 say E(8:y Ty} =8}

From a very large collection of red and black balls, half of them red and half black, !
pick n balls at random and put these n balls in a bag. Suppose you now draw k balls
from the bag, with replacement and mixing of the balls berween draws.

a) Show that given that all k balls you pick are red, the chance that the n balis in
the bag are all red is

k
P(n red in bag|pick k red) = _2;7;‘}—(3(-6

where X is a binomial (n, 1/2) random variable.
by Simplify this expression further in the cases k = 1 and k= 2.
&) Find 2 similar formula assuming instead that the sample of size k is drawn from the

bag without replacement. Deduce by calculating the same quantity in a-different
way that

E(X) = (m)x/2",
where (X)) = X(X ~ 1}~ (X k1),
d) Use the identity of <) to simplify the answer to a)in case k= 3.

¢) Show by a variation of the above calcutations that for a binomial {n, p} random
variable X,
E(X) = (n)p".
Check that for k = 1 and 2 this agrees with the formulae for E{X)} and Var(X).

Probability generating functions, For a random variable X with non-negative integer
values, let Gx{z) = Yoo  P(X = i)', be the probability generating function ‘of X,
defined for |z| < 1. (Refer w Exercises 3.4.22, 3.4.23 and 3.5.19) Show that: '
ay Gx{z) = E(z%).
) If X and Y are independent, then Gx4v(z) = Gx(2)Gy(2). That is to say,
P(X + Y =k} is the coefficient of z* in Gx (2)Gr (2).

Generalize the above result to obtain the probability generating function of §, == Xy.+
... + X.. for independent X;. Now identify the gencrating function and hence the
distribution of Sn, in case the distribution of the X; is © binomial (v, p); ‘

d) Poisson {jz;);  ©) geometric {p); f) negative hinomial (r:, p);

Binomial moments and the inclusion—exclusion formula. Let X be the number

of events that oceur in some collection of events As, ..., An. S0 X = 37, I; where I,
is the indicator of A;. ’ o
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a) Explain the identity of random vartahles ( ’2‘ ) = ZN. f.d, | Hind: Think in terms
of a gambler who for every i < j bets that both A, and A will occur.  the
number of events that occurs is, say z, how many bets has the gambler won?|

(’: )] Show:

b=y P(A); be= 3 P(AA;); by 3 PlAA A andsoon.

HE) gk

b) Fork =0,1,... nthe kth binomial moment of X is by = K

¢} Notice that these are the sums of probabilities that appear in the inclusion—exclusion
formula from Exercise 1.3.12. Note also that by = 1. Deduce that

P(X =0} = Z(«--il)kfjk

k=G

d) Sieve formula. [Hard] Show that for every m = 1,2, n

PX =m)= 3" (:JM)"% and P(X 2 m) = 3 (1) (* ~ 31)"""

L
k=m kom

{Hint: P(X = m) is the coefficient of 2™ in the probability generating function
G x (z) (see Exercise 3.4.22). Consider the Taylor series of (7 x (z) about 1, and
use the fact that Gx {z) is a polynomial }

36. Moments of the binomial distribution. Let S, be the number of successes in i
Bernoulli (p) trials.

a} Use the formula for binomial moments in Exercise 3% 1 find

a simple formula
for the kth binomial moment of S,,.

b) Check that your formula implies the usual formulae for the mean and variance,
and the formula of Exercise 3.3.33 for the skewness of the binomial {n,p) distri-
bution of S,.
37. Binomial moments of the hypergeometric distribution. Let § be the number of

=" FL

good elements in a sample of size 7 without replacement from a population of (7 good
and N — ¢ bad elements,

a) Use the formula for binomial moments in Exercise 35 o find a formula for the
kth binpomial moment of S, for k= 1,2,3.

by Check that your formula implies the formulae of this section for the mean and
variance,

¢) Find the skewness of the distribution of S, .

38. Limitdistribution for the number of matches. et M. » denate the number of matches

in the maiching problem of Chapter 2 Review Exercise 28, for a randon permutation
of n items,

4} Use the method of Exercise 35 to find the kth {actorial moment of M,

) Show that for 1 < k < n this kth factorial moment is identical to the kth factorial
moment of the Poisson (1) distribution.
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¢) Show that for 1 < k < n the ordinary kth moment of M,, equals the
kth moment of the Poisson (1) distribution. Deduce that for every kia
the kth moment of the distribution of A, converges to the kth moment
Poisson (1) distribution.

d) Ht is known (though not easy to prove) that if all the moments of'
of distributions Pn on {0,1,...} converge 1o those of a Poisson (A d
then forevery k= 1,2,. Pn(k converges 1o the Poisson (A) probabilit
I the present pml)iem thl‘a implies thai as n — oo, the limiting distri
M, is Poisson (1) P(M, = k) — e '/kL Deduce this result another W
applying part 4} and the sieve formula of Exercise 35.

39. Recovering a distribution over {0 1,...,n} from its moments. Let X be.a
variable with possible values {0,1,...,n}. Assuming the results of Exercise- 3

1) For some coefficients ¢, & not depending on the distribution of X, (wh ch yee
need not determine explicitly) .

P(X =0) =) casblX"]
k=0
b} Find the valuesof g for0 < k< n <3

©) Show that for every m = 1,...n, the probability P{X = m) can be exprissed
as a linear combination { Whl{h you need not determine explicitly) of the first #
ordinary moments of X . [Exercise 40 gives a generalization. l

40. Recovering a distribution on n values from its moments. For 2 random v
Xand k= 1,2,..., let yp = E(X*), the kth moment of X. Suppose X hasnp
values @y, . .., Tn. Show that the n probabilities

riabde

po=PX=ux) (i=1..,n)

are determined by the first n —~ 1 moments. [Hind: The vector p = (L thayean
determined from the vector p = (p1,...,px) as = pM for a suitable matrix A _
that M has tank 7, because if there were a linear combination of its columm By '%;

was identically zero, there would be 4 polynomial of degree n—1 with n roots; ‘Dggdu{s&
that M has an inverse M1 so thatp = pM '] '

41. (Hoard) Suppose you toss 4 coin ten times and record the exact sequence of OULCTHIES,
e.g.,
HTHHTTHHTH.
Of course, many other sequences are possible. About how many times n would you
have 1o repeat this ten 1oss experiment

a) 1o be 90% sure of seeing this particular sequence again in these n repetitis

b) 1o be 90% sure of seeing at least one of the possible sequences twice. e
repetitions?
€) tobe 90% sure of secing every possible sequence at least once inthe n repe{"“" sy

d) to be 90% sure of secing at least once every sequence in a set wmpnmﬁg
half of all possible outcomes, where the set is specified in advance.

€} Same as 4}, but for 4 set not specified in advance.




Continuous

Distributions

The basic ideas of previous sectior.s were the notions of a random variable, its prob-
ahility distribution, expectation, and standard deviation. These ideas will now be
extended from discrete distributions to continuous distributions on a line, in a plane,
or in higher dimensions. This chapter concerns continuous probability distributions
over an interval of real numbers. One example is the normal distribution, seen al-
ready as an approximation 1o various discrete distributions. A simpler example is the
uniform distribution on an interval, defined by relative lengths. Another example,
the exponential distribution, treated in Section 4.2, is the continuous analog of the
geometric distribution. Each of these distributions is defined by 2 probability density
function, like the familiar normal curve associated with the normal distribution. The
way 4 continuous distribution can be specified by such a density function is the
subject of Section 4.1. Change of variable for distributions defined by densities is the
subject of Section 4.4.

The concept of a continuously distributed random variable is an idealization which
allows probabilities to be computed by calculus. This gives models for chance phe-
nomena involving continuous variables. Such models arise both:

(i} as limits from discrete models (e.g., the normal distribution as an approximation

to the binomial, or the exponential approximation 1o the geometric discussed
in Section 4.2), and

(i) directly from physical phenomena most naturally modeled by continuous vari-
ables (e.g., the normal distribution as a model for measurement error, or the
exponential distribution as a model for the lifetime of an atom).



Chapter 4, Continvous Distributions

4.1

Probability Densities

In Chapters 2 and 3 the normal distribution was used as an approximation to' the
distribution of a sum or average of a large number of independent random variables.
The idea there was Lo approximate a discrele distribution of many small ing\:ijﬁt.:ingé
probabilities by scaling the histogram to make it follow a continuous curve. The
function defining such a curve is called a probability density, denoted f(z) here.
This function determines probabilitics over an infinite continuous range of possible
values.

The basic idea is that probabilitics are defined by areas under the graph df"j-;{;g}f
That is, 4 random variable X has density f(z) if foralla <b

Pasx <= | " f(w)a,

which is the area shaded in the following diagram:

A

The boxes on pages 262 and 263 show the amalogy between a discrete distribution
of a random variable X defined by the probabilities P(z) = P(X = x) of individuai
values x, and a continuous distribution defined by a probability density f {x). In the
density case, it is of no use to consider P(X = x}. This probability is zero for every
z for a distribution with a density, so it gives no information about the distribution.
Rather, everything is determined by the density f(z), which gives the pr()babiiify.pef
unit length for values near z. The individual probability P(x) of the event (X =x)is
replaced everywhere by the infinitesimal probability f(z)dz of the event (X edr),
and sums are replaced by integrals. Here (X € dx) stands for the event that X falls
in an infinitesimal interval of length de near z, for example, (z < X < z +dx}, or
(r-dr<X <x)

Assuming f is continuous at x, the area representing P(X € dx) is essentially a
rectangle of sides f(x) and dx. bence area f{z)dr. Note well that it is I (ﬂ?)d:z:,nm
just f(z}, which is the analog of P(z). It may well be that f(z) > 1 for some values
of z. Thus f(z) is not a probability, but a probability density. When multiplied by
small lengths, f(z) gives approximate probabilities of small intervals near x If yQ;;
cut the interval [e, 4] into Jots of tiny intervals between e and b, add the probabmﬁm
of all the tiny intervals, and pass to the limit as the interval widths tend to zﬁgm;&@
get the integral formula for P{a £ X < b). So when integrated over an intervai;_ f(::}
gives the exact probability of the interval. A probability density f(z) thus describes
4 continuous distribution of probability over a number line. '
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Mean, variance and standard deviation, These are defined just as before in terms
of expectations,

E(X) = / " f(@)da

0

E(X?) = f " 2 (e)de

e 0

If the second integral is finite, then so is the first, and then E(X?) and E(X) can be
used to calculate Var{X) and SD(X) in the usual way

Var(X) = B(X*) - {B(X)]*  $D(X)= /Var(X)

The basic properties of expectation, variance, and standard deviation are the same
as in the discrete case. For example, Chebychev's inequality holds just as well for
X with a density as for a discrete random variable X. Proofs of such things parallel
the discrete case, using properties of integrals instead of properties of sums,

Independence. Numerical random variables X and Y are called independent if the
events (X € A) and (Y € B) are independent for any choice of two intervals A
and B, or more generally any choice of subsets A4 and 8 of the line for which the
probabilities of these events are defined. That is to say

P(X € A)Y € B)= P(X € AYP(Y € B)

Only for discrete random variables can this definition be reduced 1o the case A4 =
[z, z] and B = [y, y], when the rule becomes simply

PX =2,Y =y) = P(X = 2}P(Y =y).

If X has a distribution with a density, then P(X = z) = 0 for every i, which implies
P(X =2, =y)=0=P(X = 2)P(Y = y) forall z and y for any random variable
Y whatever. See Section 5.2 for a more careful treatment of independence of X and
Y v ith densities in terms of their joint distribution. Independence of several variables
is defined by a similar product rule. The basic properties of independent random
varfables are the same in the density case as in the discrete case. In particular, if
X and Y are independent and both B(X ) and E(Y) are defined and finite, then
E(XY) = E(X)E(Y). The addition rule for the variance of 2 sum of independent
random variables follows from this.
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Discrete Distributions
Point Probability:

Y/—-HwArea P(z)
Aty :i:]

T L3 ) 1

z

P(X =1) = P(z)
So P(z) is the probability that X has integer value z.
Interval Probability:

N -

¥ ¥

a b

Pla< X <b) = Z P(z)

nsr<hb

the relative area under 2 histogram between @ — 1/2 and b+ 1/2.

Constraints: Non-negative with Total Sum 1

Plzy>0 forallz and z Plx)=1

alt ¢

Expectation of a Function g of X, e.g., X, X2:

E(g(X)) = g{z)P(z)

al z

provided the sum converges absolutely.
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Distributions Defined by a Density

Infinitesimal Probability:

heighr. flz)
area: f(z)da

T T+ dr

P(X € dz) = fiz)dz
The density f(x) gives the probability per unit length for values near .
Interval Probability:

o — b
b
Pla< X <b) = f flz)dx
a
the area under the graph of f(z) between o and b.

Constraints: Non-negative with Total Integral 1

flz}y>0 forallz  and / flz)dz =1
Expectation of a Function g of z, e.g., X, X*:
E(g(X)} = a(x) f(x)dx

=00

provided the integral converges absolutely.
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Special densities. There are a few particularly important probability densities which
appear over and over again, both in theory and applications. Most notable are the
uniform, normal, exponential, gamma, and beta densities. Why these few should be
so important is not at first obvious, but emesges gradually after study of their proper
ties and relationships, both with each other and with other discrete distributions. This
section introduces only the uniform and normal densities. Further developments and
examples involving other densities follow in subsequent sections. Also, summaries
of these distributions are given in an Appendix. These include formulae for means,

variances, etc., which are used routinely in calculations and which you are expected
to look up as necessary.

The Uniform Distribution

A random variable X has uniform distribution on the interval (a, b), if X has density
f(z) which is constant on (g, b), and 0 eisewhere. The uniform {a, b} density is

[ 1ftb—a) if a<z<b
/(@) ”{ 0 otherwise

The constant value ¢ of the density on {a,b) is 1/(b — a}, because the total area of
the rectangle under the density function must be 1:

(b—a)=1 == c=1/(b—a)

c=1/(b-a)

i

a b

As suggested by the verticals at ¢ = a and £ = b, the values of f(z) at these endpoims
do not affect the probabilities defined by areas under the graph. The area of a line
is zero, and so is the probability that any continuously distributed random Vdnaizée
X takes any particular real value. This is an idealization based on the idea that 2
real number is specified with infinite precision. In practice, it would only ever he
possible to know that X was equal to  to some finite number of decimal places.

For X distributed uniformly on (a,b), and @ < x < b, this event would always have
strictly positive probability. T

For a uniform distribution, probabilitics reduce to relative lengths. So if X has uns
form (a,b) distribution, then fora <z <y <b, -

length (z,y) y-—2%
P < X < - 2 =
(@ ) length (a,b) b—a




Section 4.1. Probability Densities 265

as is obvious from the diagram.

7] x Y b

For example, if X has uniform (0,2} distribution, the probability that X is 1.23
correct to two decimal places is

1.235 — 1.225
2

A simple rescaling transforms the interval (a, b} into (0,1). The uniform (a, b) distri-
bution then transforms into the uniform {0, 1) distribution, whose density is simply
1 on {0, 1), and 0 elsewhere. In terms of random variables, any problem involving
a uniform (a, b) random variable X reduces easily to one involving a uniform {0, l)
random variable U defined by

P{1.225 < X < 1.235) = = 0.01/2 = 0.5%

U={(X —a)/(b—-a) so X=a+(b-a)lJ

This kind of scaling or linear change of variable, is a basic technique for reducing
problems to the simplest case to avoid unnecessary calculation, To iilustrate, the
expected value of X is

E(X) = E(a+ (b—a)U)
— 4t (b a)E)
:a+wm@%:m+mm

This is obvious anyway by symmetry, since {a -+ b}/2 is the midpoint of (a, b). The
variance of X is

Var(X) = Var{a + (b — a)U)
= (b~ a)? Var(U)
= (b~ aP’[B(U?) — (BU))* = (b — a)*[1/3 - (1/2)%] = (b~ 0)?/12
Here E(U) = 1/2 without calculation, but E{U?) requires an integral;

Ewﬂ=fwfﬂmm

—O

1
= / w’du  since U has density f(u)=1for0<u < 1, 0 otherwise
0
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The Normal Distribution

A random variable Z has standerd normal distribution if Z has as its probabitiy
density the standard normal density

1 1,2

P(z) = Ee“ﬁz (~o0 < 2z < 0)

G4r
gs
g -+
3
3
g
g
0.0 1 1 5 + f } e o
—4 -3 -2 -1 0 1 2 3 A

The constant 1/v2x is put in the definition of the standard normal density. so the
total area under the standard normal curve y = ¢(z) is 1. This is the first ing&gmg »
the following box: _

Standard Normal integrals

f: o=t [~ sofyds=o / =1

— -0

The first and third of these integrals are evaluated in Section 5.3. The second and
third integrals show that the standard normal distribution has mean 0 and _3&(};}{;
moment 1, hence variance 1. The mean of this distribution is 7€10, because’ éfﬁig

symmetry about zero of the standard normal curve, The third integral in the box éan
be reduced to the fisst integral by integration by parts. ‘

There is no simple formula for the standard normal probability of an intervaj.

[
(e,b) = Pla< Z < b) = j $(2)dz

Instead, this probability is found, as in Section 2.2, using a table of the standard
normal c.d.f. Standard

b
B(b) = ®(~00,b) = P(Z < b) = / #2)dz

JR— e 55
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Normal (1, %) Distribution
If Z has standard normal distribution and woand o are constants with o >0,
then
X=pu+al
has mean g, standard deviation o, and variance g2, The distribution of X is
called the normal distribution with meen y and varignee o2, abbreviated nor-

mal (j2,02). S0 X has normal (g, o) distribution if and only if the standardized
variable

Z={X~-pfo

has normal {6, 1) or standard normal distribution. To find Plc < X < d),
change to sandard units and use the standard normal taple

P(c<X<d)r_—P(a<Z<b)=<I>(b)~<1>(a)

where  a={c-pulfo Z=(X- pifo b={d-u/e

Formula for the normal (1, 0%) density. For o > 0, the formula is

Jolte = /o) = —

mo

e~ Flmmn)?fo?

{(~0 <2 <o)

This is the transformation of the standard normal density ¢(z) corresponding to the
linear change of variable from Z 10 X = K+ oZ. See Section 4.4 for details of this
kind of transformation. This formula is rarely used in caleulations. It is always simpler
o transform to standard units as in Example 1 below. If 6% = ( the normal (p, 02)
distribution is just the distribution of the constant random variable with value H, with
probability one at p. For 62 > 0, the normal (1, #%) distribution piles up around p
for smalt values of 2, and become more and more spread out as ¢? increases, See
Figure 1 on the next page.

Normal approximation to an empirical distribution, The normal distribution is
often fitted to an empirical distribution of observations, The parameters g and o are
usually estimated by the mean and standard deviation of the list of observations. This
is justified by the integral approximation for averages discussed later in this section.
How well such an approximation works depends on the source of the data and the
measurement technique. Examples of the kinds of observations where the normal
approximation has been found to be good are weighings on a chemical balance,
and measurements of the angular position of a star,
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FIGURE 1. Some normal (1, 0*) densities.

0.6+

051

04+

0.3 +

Probability density

The central limit theorem. The appearance of the normal distributicjn-',gg}imany
contexts is explained by the central limit theorem, stated in Section 3.3. Agix rding
to this result, for independent random variables with the same distribution ani %

variance, as n — oo, the distribution of the standardized sum (or avé;:’;ge'_)
variables approaches the standard normal distribution. It can be shown thar this
happens no matter what the common distribution of the random variables summed
or averaged, discrete or continuous, provided the distribution has finite Vananm
In particular, the central limit theorem implies that the distribution of the ‘s
average of a large number of independent measurements will typically tend to follow
the normal curve, even if the distribution of the individual measurements Ao o

This mathematical fact is the basis for most statistical applications of ‘the' nofmat
distribution.

History. The nommal distribution is also known as the Gaussian distributién,  and
in France as Laplace’s distribution. Gauss (1777-1855) and Laplace (1749~
brought out the central role of the normal distribution in the theory of errors .

servation. Quetelet (1796—1874) and Galton (1822—1911) fitted the normal dj

tion to empirical data such as heights and weights in human and animal poptilati

But the normal distribution was actually first discovered around 1720 by.Ab
De Moivre (1667—1754), as the approximation to the binomial {(n,p) diszfibﬁﬁi
large n described in Section 2.2. h
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Repeated measurements,

Suppose a long series of repeated measurements of the weight of a standard kilogram
yield results that are normally distributed with a mean of one kilogram and an SD
of 20 micrograms.

About what proportion of measurements are correct to within 10 micrograms?
By converting to standard units, this is P(~0.5 < Z < 0.5) = 2$(0.5) ~ L = 38.29%.

In 100 measurements, what is the probability that more than 45 measurements will
be correct to within 10 micrograms?

It seems reasonable to assume that each measurement is correct to within 10 micro-
grams with chance 38.29%, independently of all others. Out of 100 measurcments,
the number correct to within 10 micrograms has the hinomial (100, 0.3829) distribu-
tion. This is approximately normal, with

p=3829 o =/100 x 0.3829 x (1 — 0.3829) = 4.86

The probability that more than 45 measurements are correct to within 10 micrograms
is approximately

45.5 — 38.
1_¢(55 38.29

o= . o G
o ) 1 - ®(1.48) = 6.94%

In the long series of measurements, some errors are positive and some are negative.
What is the approximate average absolute size of these errors?

Here X = observed weight ~ 1 kilogram, in micrograms, and has normal (0, 202)
distribution. We want E|X|. It terms of a standard normal variable Z, X = 202, so

E|X| = 20E|Z| = 20 / ” |z]p(z)dz

o +]
= 40 / z¢(z)dz by symmetry
0

= 40 /w 2 1 ek dz
0 V2ﬁ“
40 12 40
— — 2 e

0
—=€ = — == 15,96 micrograms,
5 e micrograms
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Example 2.

Problem 1.

Solution.

Problem 2.

Solution.

Problem 3.

Solution.

Problem 4.

Solution.

Further Examples

Radial distance.

Suppose a bacterial colony appears at a point uniformly distributed at random o a
circular plate of radius 1. Let R be the distance of the point from the center of ithe
plate.

Find the probability density of R.

The basic assumption is that the probability of the colony
appearing in any particular region of the plate is propor-
tional to the area of the region. From the diagram, for
D<r<l,

P(Redr)= Area of annulus from r to r +dr

Total area
w{r + dry? —ar?
w

by ignoring the term involving (dr)?. So R has density

f(r)::{ zr D<r<i

otherwise

= 2rdr

Find Pla<R<b) forf<a<b<l

b b
P(aSRﬁb]m] rdr = r?| =b* - q?

4

3

(This can also be done using areas in the plane.)

Find the mean and variance of R.

o 1
ﬂ@z/ ﬁmw=f2ﬁﬁ=§3_§
oo o o
& 1 1
E(Rz) = ] Tzf(?')dT :/ 2r3dr = %fr“ = %
oo o o
— 2y _ 21 4 1
Var(R) = E(R) ~ (E(R) = 5 - 5 = =

Suppose 100 bacterial colonies are distributed independently and uniformly ar ran-

dom on a circular plate of radius 1. What is the probability that the mean distance
of the colonies from the center of the plate is at least 0.7? o

The problem is to find P{Ajgp > 0.7) where

Aygo = (R1+ By + - + Rygp)/100
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and the R; are independent random variables with the same distribution as that of
R calculated in Problem 1. Basic formulae for means and SDs derived in Chapter 3
still apply to give E(Aig) = E(R) = 0.667

_ — (1 1 o

Using the normal approximation, the required probability is approximately

0.7 — 0.667
— P e 2 ] — 1.40) = &8.7Y9
1 tb( o ) B(1.40) = 8.7%

A distribution with infinite mean.
Suppose that X has probability density

0 otherwise

fla) = { 1/(1+x)2 ifx>0
Find P(X > 3).

] 1
~ ) o — = ——
PX>3) fd 1+ )2 14z

o0

1

N 4

Let Xy, Xa, X3, X4 be independent random variables with the same distribution as
X . Find the chance that exactly two of these variables are greater than 3.

Since P(X; > 3) = P(X > 3} = 1/4, and the random variables X; are independent,
the events (X; > 3),4 = 1,2, 3,4, are four independent events, each with probability

1/4. The number of these events which occur is therefore a binomial {4, 1/4) random
variahle. Calt this random variable N. The required probability is then

- QW (-3

Find E(X).

EX) Z[wa”i’“-g“s&?d“fom (113 - ﬁix)ﬁ)‘”

o 1 020
:[3 1+wd:{;—1:l()g(l+$)

—1 =00
0

The long-run interpretation is that the average (X + --- + X,)/n of independent
randiom variables chosen according to this distribution will, with overwhelming prob-
ability, tend to increase beyond all finite bounds as n — oo,
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Fitting a Curve to an Empirical Distribution

The empirical distribution of a data list (z;, ..., 2,) can be displayed in a histogram,
as in Figure 4 at the end of Section 1.3. This histogram smoothes out the data
display the general shape of the empirical distribution. Such a histogram often fﬁﬁ%ﬁ
a4 smooth curve, say y = f(x), as shown in Figure 2. Since histograms are non-
negative it is natural to assume that f(z) > 0 for every .

FIGURE 2. A smooth curve fitted to a data histogram.
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The basic idea is that if (a,b) is a bin interval, then the area of the bar over {a,b)
should approximately equal the area under the curve from a to b. Summing such
approximations over bins, and interpolating between the cut points, suggests a more
general approximation: for any interval (a,b) the proportion of data in the interval
should be approximately the area under the curve from e to b. Since the area under
the curve can be evaluated as an integral, this amounts to the foltowing:

Integral Approximation
for Empirical Proportions

If a histogram of an empirical distribution follows the curve y = f(r), then the
proportion P,(a,b) of observations between a and b is approximated by '

B
Pa(a,b) [ i) dz

since Py(-00,00) = 1, whatever the empirical distribution, any reasonable apgrox-
imation f{z} to a data histogram must satisfy '

L,o flz)de =1 n
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Then f(x) is a probability density function, and the empirical distribution of the data
is approximated by the theoretical probability distribution with density f(z).

Averages and Integrals

Given a data list (1, ..., Zn) and an interval (g, b}, the method of indicators provides
a uscful way 1o express the proportion of values in (a,b) as an average. Define the
indicator function of (a,b) by

_J1 if x € (a,b)
Tapy(z) = { ] otherwise

Given a list (x1,...,2n), the number of ¢ such that z; € (a,b) can be calculated by
going through the list and for each ¢ adding 1 if z; € (g, b} and adding 0 otherwise,
The term added for the ith element of the list is I, py(x;). The empirical proportion
of values in (a, b) is therefore

1<
P’n(a:b) = ; ZI(“J’)(:“)
=1

In words: the proportion of z-values in (a, b) is the average of Fiapy{) as @ ranges
over the n values in the list. Suppose now that the empirical distribution is well
approximated by a theoretical distribution with density f(x). The integral approx;-
mation for empirical proportions becomes an integral approximation for un empirical
average:

1 e . b o
;;I(tx,b){xi) =Pﬂ(a.,l.'w)m/!I f(’“)d"J:[me(a.b)(:r)f(m)dx

where the last equality holds because I, 4)(x) = 0 for z outside (a,b). The point of
writing the integral approximation this way is that it suggests a very useful general-
ization for other functions ¢(z) besides g(x) = I, ().

integral Approximation for Averages

If the empirical distribution of a list (23, ..,%,) is well approximated by the
theoretical distribution with density f(z), then the average of a function g(x)
over the n values in the list is approximated by the integral of g(z) times the
density f(x} over all values of z:

%;Zlg(mi)”/

00

g{z)flx) dx
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Notice that the left-hand average is E{g(X)] for X picked at random from thii;;'_;iii_‘s:iﬁf
n values {(x1,...,%,). The right-hand integral is E[g(X)! for a random variable- X
with density f(z).

Apart from indicator functions g(x), the integral approximation is most commondy
applied to the powers g(z) = z*-

_1.2 xi‘z/ =¥ f{z) da
n=

-0

The left side is the average value of z* as x ranges over values in the data list andis

called the kth moment of the empirical distribution. The right side is called the'kth
moment of the theoretical distribution with density f(z). The casesk =1 and k =2
together imply that the mean and variance of the empirical distribution are clmgw
the mean and variance of the theoretical distribution. Thus if a data histogram looks

like 2 normal curve, then the mean and variance of the data can be used 1o 'eéstimate
the parameters of the normal curve.

Heuristic derivation of the integral approximation for averages. For. g(ir) the
indicator of an interval, this is just the integral approximation for proportions. A
step function g{z) that has a finite number of different values on a finite number of
disjoint intervals can be written as a finite linear combination

glz) = erlig (@ 4+ e, 0,2}

of indicator functions of intervals. So for a step function g(z) the integral - approx-
imation for the average follows by combining the integral approximatior “for the
proportions F,(a:, b;), using the linearity properties of sums and integrals. The g‘;}
proximation for a more general function g(z) is obtained by approximating g{g}} by

a step function, much as in the usual approximation of integrals by Riemann sms.
o

How good is the integral approximation for an average? This depends both
on how closely the empirical distribution conforms to the theoretical densityaf(‘x}‘
and on bow rapidly g(z) varies as a function of z. (If g(z) grows too rapidiy for
large absolute values of z the integral {7 g(z)f(x) dx might not even be defined )
Provided a data histogram follows the density curve closely, and g(z) is a fairly
smooth function of z that does not grow too rapidly for large |z], the dara aﬁexﬁa&t
= 3°7 g(a;) will be well approximated by 2 glx) f(z) da. -

The law of averages. This is a probabilistic way to make the statemeng Of. the
previous paragraph more precise, If the data list (z4,...,») is obtained byapg;,
cess of repeated measurements of some kind, it may b Wiy

e reasonable 10 asstumeitiat
(x1,...,25) is the result of independent random sampling of points from the theo..
retical distribution with density f(z). More formally, (x3,...,%,) is regarded-a'g Ehe
observed result of (X,,...,X,) for a sequence of independent random Varmm%

Xi, each distributed like X with density f(z). According to the law of averages of
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Section 3.3, which holds just as well for X with a density as for discrete X, provided
the integral that defines Elg(X)] is absolutely convergent, for large n it is highly
probable that

%Zg(){i) ~ Elg(X)] = f B 9(x)f(z)dx

gl -

Assuming Var[g(X)] < oo, Chebychev's inequality gives for any € > 0

'
Provided n is large enough that Ver[g(X)]/ne? is small, the integral approximation
for the average of n values of g{X;) will probably be correct to within ¢. Note that
the variance of g(X) will tend to be small provided g(z) does not vary too rapidly
over the typical range of values x of X, and provided g(z) does not grow too rapidly
for less typical values x in the tails of the distribution of X. So the factor Var{g|X})
in the above probability estimate captures nicely the idea of the previous paragraph
that the integral approximation for averages will tend to work better for smoother
functions g(x). The estimate given by Chebychev’s inequality is very conservative,
More realistic approximations to the probability of errors of various sizes in the
integral approximation for averages are provided by the normal approximation.

The Monte-Cario method. It may be that the integral ff"m g(z) f{z)dz is difficult
to evaluate by calculus or numerical integration, but it is £asy o generate pseudo-
random numbers X; distributed according to density f(x). The value of the integral
can then be estimated by the average value of g(X;} for a large number of such
Xi. For instance, the value of j;,l g(z)}dz can be estimated this way using X; with
uniform {0, 1) distribution. Assuming that some bound on Varlg(X)] is available
(e.g., if g(z) is 2 bounded function of x), error probabilities can be estimated using
Chebychev’s inequality or a normal approximation. The same method can be applied
in higher dimensions to approximate multiple integrals.

2y o)~ [ e

>€) < Verlg(X)]

- ne?

Exercises 4.1

1. What is the probability that a standard normal random variable has value
a) between 0 and 0.0017  b) between 1 and 1.0012

2. Suppose X has density f(z) = c/z? for x > 1, and f(z} = 0 otherwise, where ¢ is a
constant. Find  ale; b)Y E(X); o Var(X).

3. Suppose X is a random variable whose density is f(x
F{x) = 0 otherwise. Find:

a) thevalue of ;. b) P(X < 1/2): o P(X < 1/3),

)= ex(l-x)for0< z < 1, and



Chapter 4. Continuous Distributions

5.

10.

11.

12.

d) P(1/3 < X <1/2); e the mean and variance of X.

Suppose X with values in (0,1} has density f(z) = ex®(1 - ) forl<z < 1 Rind:
a) the constant ¢;  b) E(X); o Var(X]).

Suppose that X is a random variable whose density is

1
1@ = 50 Iy

(~o0 < & < 00)

a) Draw the graph of f(z). b) Find P(-1 < X < 2).
¢ Find P(1X{> 1}. d) Is E(X) defined?

Suppose X has normal (y, o) distribution, and P(X < 0) = 1/3, P(X < 1).= 2/8.
4) What are the vatues of 4 and 0?  b) What if instead P(X < 1) = 3/42

Suppose the distribution of height over a large population of individuals is approsi
mately normal. Ten percent of individuals in the population are over 6 feet tall; whilke
the average height is 5 feet 10 inches. What, approximately, is the probability thatins
group of 100 people picked at random from this population there will be two o mos
individuals over 6 feet 2 inches tall? o

Measurements on the weight of a lump of metal are believed 1o be independent and
identically distributed; each measurement has mean 12 grams and 5D 1.1 gram.

a) Find the chance that a single measurement is between 11.8 and 122 gm,_m
assuming that individual measurements are normally distributed.

b) Estimate the chance that the average of 100 measurements is between 11.8 and
12.2 grams, For this calculation, is it necessary to assume that individiral) roes-
surements are normally disuibuted? Explain.

Suppose Xi, X2, X3, X4 are independent uniform {0,1) random variables, and- let

Ss = X7 + X2 4+ X3 + X4 Use the normal approximation to calculate P(8y" > 3)
approxirately.

The distribution of repeated measurements of the weight of an object is approximatety.
normal with 2 mean of 9.7800 gm and a standard deviation of 0.0031 gm. Calculate:
2} the chance that the next measurement will be between 9.7840 dnd980[}{)%
b) the proportion of measurements smaller than 9.7794 gm;
¢) the weight that the next measurement has a 10% chance of exceeding.

A large lot of marbles have diameters which are approximately normally distribured
with a mean of 1 cm. One third have diameters greater than 1.1 em. Find:

a} the standard deviation of the distribution;
b) the proportion whose diameters are within 0.2 ¢cm of the mean;
¢) the diameter that is exceeded by 75% of the marbles.

Consider a point picked uniformly at random from the area inside one of the fdliﬂwmg
shapes: '
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0,2 0, 0,
@) (0,2) (0,2} ) {0,2)
i j (2,1)
(-2,0) (2,0) XTI (~1,0 Q
(1, —1)

(O! "ZJ
In each case find the density function of the z ¢oordinate.

13. Suppose a manufacturing process designed to produce rods of leagth 1 inch exactly, in
fact produces rods with length distributed according to the density graphed below.

0.9 10 11
For quality control, the manufacturer scraps all rods except those with length between
.925 and 1.075 inches before he offers them to buyers,
a) What proportion of output is scrapped?

b A particular customer wants 100 rods with length between .85 and 1.05 inches.
Assuming lengths of successive rods produced by the process are independent,

how many rods must this customer buy to be 95% sure of getting at least 100 of
the prescribed quality?

14. Another manufacturer produces similar rods by a process that produces lengths with the
same mean and standard deviation as in Exercise 13, but with a distribution following the
normal curve. This manufaciurer uses the same quality control procedure of scrapping
rods noat within 0.075 inches of 1 inch in length.

a) What propostion of output is scrapped by this manufacturer?
b} If you were the customer with requirements as in part b} in Exercise 13, which

manufacturer would you prefer? Explain.

15. Standard normal c.d.f. in terms of the error function. Many mlculamrs and com-
puter languages have built in the error function erf(z) = (2/ /%) fn ~tt
2) Find g and o2 so that P(1X| < z) = erf(x) if X has normal (,u‘az) distribution.
b) Express erf(z) in terms of the standard normal c.d.f. &(z).
¢) Express ®(z) in terms of erf(x).
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4.2 Exponential and Gamma Distributions

One of the things most commonly described by a distribution with a densm? 363
rendom time of some kind. Some examples are:

(i) the lifetime of an individual picked at random from some biological pepuiéﬁa}ﬁ;
(i) the time until decay of a radicactive atom;
(iii) the length of time a patient survives after an operation of some kind;,
(iv) the time it takes a computer to process a job of some kind.
Such random times will be regarded as random variables with range the interva

[0, 00). Assume the distribution of a random time T is defined by a probability density
flt)yfor0<t< oo, so0forl<a<b<oc

P(a<T§b):fbf(t)dt

If T'is interpreted as the lifetime of something, the probability of the thing surviving
past time s is

P(T > s) mfw f{t)dt

This is 2 decreasing function of s, called the survival function. By the difference mle
for probabilities ‘

Pla<T <b)=P(T >a)—- P(T > b)

S0 the probability of the random time falling in any imerval can be found from e
survival function.

The simplest model for a random time with no upper bound on its range is ke
ezponential distribution. This distribution fits the lifetimes of a variety of inaninae
objects that experience no aging effect. More importantly, many models for Syst@ms
that evolve randomly over time, called stochastic processes, are built up from some
combination of independent exponential random times. A case in point is the Pois-
sor process on a time line, which models the times of successive arrivals of SGW
kind, such as the times customers arrive at a store. In this model, the succésgi;,gé in-
terarrival times are independent exponential random variables. And the time of the
rth arrival has a gemma distribution. These exponential and gamma disnibﬁéim_
studied in this section, are the continuous analogs of the geometric and ne tive

! ‘ IS 56 _ negativé:
binomial distributions of Section 3.4,

The following section introduces the concept of a death or hazard rate associated
with a random time. For the exponential distribution this is constant over time bt
g *
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for more general distributions the death rate varies over time, indicating an aging
effect.

Exponential Distribution

A random time T' has exponential distribution with rate A, denoted exponential (A),
where A is a positive parameter, if T has probability density

@ =xe (>0
Equivalently, for 0 < e < b < o0

b [
Pla<T<b= / de Mt = e M| = M _ oAb

@

To see that f{t) is a probability density on {0, 00). let a = 0, and let b — a0 to find
the total probability of 1 on [0, 00). Seta =t and let b — o0 10 get the next formula
for the survival function. Calculation of the mean and SI) are left as an exercise,

Exponential Survival Function

A random time T" has exponential distribution with rate X if and only if T has
survival function

PT>t)=e (£>0)
Mean and SD: E(T) = 8D(T)

i

1
x

Note that the rate A is the inverse of the mean, so an exponential random tme with
a large rate is likely to be small, and onc with 2 small rate is likely 1o be large. A
better interpretation of A as a hazard rate will be given shortly.

Memoryless Property
of the Exponential Distribution

A positive random variable T has exponential () distribution for some A >
if and only if T has the memoryless property

PIT>t+s|T>H=P(T>s) (s>0, (>0)

In words: Given survival 1o time ¢, the chance of surviving a further time s is
the same as the chance of surviving 1o time s in the first place,
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FIGURE 1. Exponential densities for A = 0.5,1,2.
Am=2
A=1
=1/2
0 1 2 3 4 5 o

The memoryless property follows immediately from the formula for the “survival
function, as you should check. The converse hinges on the fact that if T has the

memoryless property then the survival function G{t) = P(T > t) must be.a saluﬁm
of the functional equation

G(t + 8) = G(t)G(s) t>0, s>0)

with G(t) decreasing and bounded between 0 and 1. It can be shown th?;;;éw;?
such function G{t) is of the form e for some A.

Thinking of T as the lifetime of something, the memoryless property is this:"
ever the current age of the thing, the distribution of the remaining iife’ﬁi

an aging process.

Interpretation of the rate A. For something with an exponentially distributed 'ﬁ&m
time, ) is the constant value of the instantaneous death rate or hazard rate,
say, A measures the probability of death per unit time just after time £, gi
up to time t. To see why, for a time ¢ and a further length of time A, (:a.lcu_ _

P(T<t+ AT >t)=1-PT >t+A|T > 1)

=1-P(T > A} by the memoryless properry:
=1 e—-'\&
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:1-»[1_m+%,\2a%---]

~ A for small A

where & is an approximation with error negligible in comparison to A as A — 0.
Less formally, for an infinitesimal time increment dt, the result of this calculation is
that

PT<t+dtiT >t) = Adt  or
P(t < T <t+dt)/dt = AP(T > )

Since the left side is the density of T at time ¢, this explains why the exponential (A}
density at ¢ is the death rate X times the probability e=** of survival 1o time t. The
characteristic feature of exponentially distributed lifetimes is that the death rate is
constant, not depending on t. Other continuous distributions on (0, 0o} correspond
to a time-dependent death rate A{t): see Section 4.3.

Reliability.

Under suitably constant conditions of use, some kinds of electrical companents, for
example, fuses and transistors, have a lifetime distribution well fitted by an expo-
nential distribution. Such a component does not wear out gradually. Rather, it stops
functioning suddenly and unpredictably. No matter how long the component has
been in use, the chance that it survives a further time interval of length A is always
the same. This probability must then be e~*A for some rate A, called the failure rate
in this context, The lifetime distribution is then exponential with rate . Roughly
speaking, so long as it is still functioning, such 2 component is as good as new.

Suppose the average lifetime of a particular kind of transistor is 100 working hours,
and that the lifetime distribution is approximately exponential. Estimate the proba-
bility that the transistor will work for at least 50 hours.

Since the mean of the exponential distribution is 1/, put
1/A=100 so A=0.01

and caleulate  P(T > 50) = =290 = ¢-05 _ 606 . ..

Given that the transistor has functioned for 50 hours, what is the chance that it fails
in the next minute of use?

From the interpretation of A = 0.01, as the instamaneous rate of failure per hour
given survival so far, the chance is about 0.01 x 1 /60 =~ 0.00017.

Radioactive decay.

Atoms of radioactive isotopes like Carbon 14, Uranium 235, or Strontium 90 remain
intact up to a random instant of time when they suddenly decay, meaning that they
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split or turn into some othet kind of atom, and emit a pulse of radiation orpamm
of some kind. This radioactive decay can be detected by a Geiger counter. . Let T he
the random lifetime, or time until decay, of such an atom, starting at some arbitrary
time when the atom is intact. It is reasonable to assume that the distril::yu;;ic{}i; 6T
must have the memoryless property. Consequently, there is a rate A > 0, the roie
of decay for the isotope in question, such that 7" has exponential (A) distribution:
P(T>t)=e

Probabilities here have a clear interpretation due to the large numbers of atoms typ-
ically involved (for example, a few grams of a substance will consist of arouncd 107
atoms). Assume a large number N of such atoms decay independentdy of .-e'achi_{;zﬁﬂg‘
Then, by the law of large numbers, the proportion of these N atoms that survives
up to time 1 is bound to be close to e~ the survival probability for each individus
atom. This exponential decay over time of the mass of radioactive substance hias
been experimentally verified, confirming the hypotheris that lifetimes of individual
atoms are exponentially distributed. The decay rates X for individual isotogés.l‘gy‘m
be measured with great accuracy, using this exponential decay of mass. These rates

A show no apparent dependence on physical conditions such as temperature amt
pressure.

A common way 1o indicate the rate of decay of a radioactive isotope is by the hall

life h. This is the time it takes for half of a substantial amount of the isotope o
disintegrate. 5o A

e ™M =1/2 or h=log(2)/X
In other words, the half life h is the median of the atomic lifetime distribution
P(T<h)y=P{T >h)=1/2
The median lifetime is smaller than the mean lifetime 1/X, by the factor of log (2} =

0.693147 . . .. This is due to the very skewed shape of the exponential distribution.

Numerical illustration. Strontium 90 is a particularly dangerous coiﬁp@‘}hgmﬂ{}f
fallout from nuclear explosions. The substance is toxic, easily absorbed into b
when eaten, and has a long half-life of about 28 years. Assuming this valuéa fa}» fﬁ{f
half-life h, let us calculate: o

a) The decay rate A: From above, this is

log (2
A= fﬁhil = 0.693147.../28 = 0.0248 per year

b) The mean lifetime of o Stronttum 90 etom: This is

1 h 28

3 = m}m = TE0saT = 4(}.4 years
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¢) The probability that a Strontium 90 atom survives at legst 50 yeary: This is

P(T > 5@) — em)\50 e €*0<3248X50 — 0.29

d) The proportion of one gram of Strontium 90 that remains after 50 years, This
proportion is the same as the above probability, by the law of large numbers.

e} The number of years after a nuclear explosion before 99% of the Strontium 90
produced by the explosion has decayed. Let y be the number of years. Then

e 0O 17100 so y = log(100)/0.0248 ~ 186 years

Relation to the geometric distribution. The exponential distribution on (0,00) is
the continuous analog of the geometric distribution on {1,2,3, .. .}. For instance, in
the formulation of the memoryless property it was assumed that s and £ Fange over
all non-negative real numbers. This property for integers s and ¢, and an integer-
valued random variable T', is a characterization of the geometric distribution. An
exponential distribution is the limit of rescaled geometric {p) distributions as the
parameter p tends to 0. More precisely, if G has geometric (p) distribution, so that
P(G > n) = (1~ p)*, and p is small so that E(G) = 1/p is large, then the rescaled
variable G/E(G) = pG has approximately exponential distribution with rate ) =

P(pG > t) = P(G > t/p) ~ (1 ~ p)'/? (only ~ because t/p may not be an integer)
t

~ e

by the usual exponential approximation {1—p) & e~ for small p. This approximation
has been used already in the gambler's rule example in Section 1.6. The factor of
log (2} which appeared there was the median of the exponential distribution with
rate 1.

Relation to a Poisson process. A sequence of independent Bernoulli trials, with

probability p of success on each trial, can be characterized in two different ways as
follows:

1. Counts of successes. The distribution of the number of successes in n trials
is binomial (n,p), and numbers of successes in disjoint blocks of trials are
independent.

11. Times between successes. The distribution of the waiting time until the first
success is geometric (p), and the waiting times between each success and the
next are independent with the same geometric distribution.

After a passage to the limit by discrete approximations, as in Section 3.5, these
characterizations of Bernoulli trials lead to the two descriptions in the next box of a
Poisson arrival process with rate A. This means a Poisson random scatter of points,
as in Section 3.5, for points now called arrivals on the interval {0,2¢) interpreted
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Example 3.

as a time line, instead of hits on a region in the plane. In the diagram‘:-"'i; si¢
box, arrivals are at times marked x on the time line. Think of arrivals repre
something like calls coming into a telephone exchange, particles arriving ata ¢
or customers enlenng a siore,

Two Descriptions of a Poisson Arrival Proces
1. Counts of arrivals. The distribution of the number of arrivals N{(J

fixed time interval 1. of length ¢ is Poisson (At), and numbers of arrivals. i
disjoint time intervals are independent. 1
N(I)y=2 i
fixed interval I “'
x x x i y 9 l_. o 4
W1 W2 W3 “’rq_ Ws Wﬁ ;

II. Times between arrivals. The distribution of the waiting time W; untilith
first arrival is exponential (A), and W1 and the subsequent waiting times WY
W3, ... between each arrival and the next are independent, all with'thg__.sg
exponential distribution.

These two descriptions of a random arrival process ate equiva!em.

Probabilities of events defined by a Poisson arrival process can be calculated from
whichever of these two descriptions is more convenient. -

Telephone calls.

Suppose calls are coming into a telephone exchange at an average rate’ of 3 per
minute, according to a Poisson arrival process. So, for instance, N(2, 4), the o1
of calls coming in between ¢ = 2 and ¢ = 4, has Poisson distribution with’ :
A{d~2) =3 2=16; and W3, the waiting time between the second and third gm
has exponential (3) distribution. Let us calculate: o

a) The probability that no calls arrive between t = 0 and t = 2: Since NV (0, 2] the
number of calls arriving in this interval has Poisson (6) distribution, thisis’

P(N(0,2) = 0) = e~ % = 0.0025

b) The probability that the first call after t = O takes more than 2 minutes o
arrive. From the exponential (3) distribution of Wy this is

P(Wl > 2) = 6_3)(2

The answer is the same as in a) because the events are, in fact; identica.
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¢y The probability that no calls arrive between t =0 and t = 2 and at most four
calls arrive between t = 2 and t = 3. By independence of N(0,2] and N(2,3],

this is

32 33 3
PN(0,2]=0)- P(N(2,3] € 4)=¢ %731+ 3+ o + 30 o+ -4—!) = 0.0020

d) The probobility that the fourth call arrives within 30 seconds of the third. This
is

P(W, <05y =1~ P(W;>05)=1—e " = 07769

¢) The probubility that the first call after ¢ = 0 takes less than 20 seconds to
arrive, and the waiting time belween the first and second calls 15 more than 3
minutes. By independence of Wy and Wy, this is

P(Wy < 1/3) P(Wy > 3) == (1 — e7#*20/60)g-3x3

£y The probability that the fifth call takes more than 2 minutes to arrive. Since
the arrival time of the fifth call is the sum of the first five interarrival times,
the problem is to find P(W), + Wy + Wy + Wy + W5 > 2) where the W; are
independent, all with exponential (3) distribution. The general technique for
finding the distribution of a sum of continuously distsibuted random variables
is not discussed until Section 5.4. But this particular problem is sofved casily
by recoding it in terms of the Poisson distributed counts. The fifth call takes
more than 2 minutes to arrive if and only if at most four calls arrive between
t =0 and t = 2. So the required probability is

PWy+ Wy + Wi + Wy + Wy > 2) = P(N(0,2] < 4)
62 6% 6

— b 6= 6”6,
= e (46 + o or + o5) = 02851

Gamma Distribution

As in the previous example, let Wy, Wy, ... be independent exponential {2} vari-
ables, and interpret the W; as the waiting times between arrivals in a Poisson process
with rate A, The method used in the Jast part [} of the example can be used w find
the distribution of the time T, of the rth arrival, for any r = 1,2,.... Herc is a
general statement of the result:
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Poisson Arrival Times (Gamma Distributi D)
If 7, is the time of the rth arrival after time 0 in a Poisson process with ra
if Tpe=W,4+Wot- - -+ W, where the W; are independent with exponentia
distribution, then T, has the gamma {r, A) distribution defined by either (¥ ok
(D forallt =20 -

At r—1
() Density:  P(T; € di)/dt = P(Ne =7 = )A=e™™ E;__z 5
where N,, the number of arrivals by time t in the Poisson process with rate:
has Poisson {M) distribution. In words, the probability per unit time that 3
rth arrival comes around time ¢ is the probability of exactly r — 1 arrivals by |
time t multiplied by the arrival rate. T

r—1 T
(9) Right tail probability: P(T, > t) = P(Ny £ 7-1) = Ze“’d'&% &

k=0 (
because T >t if and only if there are at most r—1 arrivals in the interval (0, #]. -

(3) Mean and SD: E(T,)=r/A  SD{T,) = Vr/A

Formula (2) is the extension of the numerical example ) above from the cage v
5, A = 3,t = 2 to general 1, A, and ¢. Formula (1) for the density can be erived
from (2) by calculus. But here is a neater way. For the rth arrival to come i an
infinitesimal interval of time of length di just after time ¢, it must be that: o

A: there is an arrival in the time dt,
where P{A) = Adt, by the local interpretation of the arrival rate A;

and (since the possibility of more than one arrival in the infinitesimal intervabcan
be safely ignored), that

B: there were exactly » — 1 arrivals in the preceding time £,
where P(B) = P(Ny = r— 1) = e (M)} /(r — 1}!

These events 4 and B are defined by arrivals in disjoint time intervals, ‘so 1
are independent by the basic assumptions of a Poisson process. Multipl' :
probabilities gives formula (1) for P(AB) = P(T; € dt). The formulae (3)
mean and SD are immediate from the representation of T as asum of r inde)
exponential (A) variables, and the formulae for the case r = 1, when the S
(1, A) distribution is just exponential (). = gamnm

The full extent of the analogy between Bernoulli trials and a Poisson p
brought out in the display on pages 288 and 289. In this analogy the‘:cdtix :
gamma (7, A) distribution of the time until the rth arrival corresponds to the (ilscm%‘:
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negative binomial (r, p) distribution of the number of tials until the rih succe
derived in Section 3.4. As the display shows, the formulae relating the gamma 1o the

Poisson distribution are like similar formulae relating the negative binomial to the
binomial distribution.

S8, 48

FIGURE 2. Gamma density of the rth arrival for r = 1 to 10. Nofe
the right ond fiatten out as r increases, in keeping with

ond $D. Due to the central limit theorem, the gammao
notmal as ¥ — oo,

how the distributions shift 1o
the formulae r/X and /7/A for the mean
(r, M) distribution becomes asymptotically

1.0

Probability dunsity in multiples of A
]
R

O.G t I | t 1 J ¥ i 1 ¥

10 15 20
time in multiples of 1/)
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0

Summary of Properties of a Bernoulli ( p) Trials Process

Lot w4 :
i ] |

<~ Wy Ty W, Ty Wy Ty W Tt ——— Wy~
ob0 L o0 0 0 0 0 10 1 08 0 1 0 U 0

\

A

Ng=1 T, =4+6+2+4=16
1. ) The probability of success per trial is p.

b) The events of successes on different trials are independent.

¢) The long-run average success rate is p.

9 ) The number Ny, of successes in n wials has binomial (n, p) distribution
with

P(Nn:.k)ﬁ(:)ﬁ"a“"k (£=0,1,...n n=12..)

E(Nﬂ) = Tp and SD(NH) = /npq where q m 1 —p

b} As n — oo the asymptotic distribution of (N — E(N,W)}/ SD(Nﬂ)h
standard normal.

3. The waiting times Wy, Wy, ... between successes arc independent geomietsic
{p) random variables with S
P(W} > n) = P{no successes in n trials)
= P{Np =0)=¢" (n=1,2,...)
P(W;, = n) = P{no successes in first n — 1 trials and trial n is a success)
= PN,y =0p=¢""'p (n=12,..)

E(W,) = % and SD(Wy) = —\;j (k=1,2,...)

4. a) The waiting time Ty = Wy + - + W, until the rih success has negative
binomial (r,p) distribution shifted to {r,r +1,...} with o

P(T, > n) = P(N, <r) n=12..., 7=12,...)
P(T, = n) = P(r - 1 successes in first 7 — 1 trials and trial n is a success)
= P{(Npe1=7-—1)p
-
E(T,) = 5 and  SD(T;) = —é—g (r=12...)

b) As r — oo the distribution of (T, — E(T:}} /S D(T,) converges 1o
standard normal. i
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Summary of Properties of a Poisson ()) Arrival Process

—~— Wm-i- T't-'i-—wm l‘Vz — T2 ~t W; 7, w’\z

i kY h VA
T [ kS

.

Y

ENO N

v

Ny

2

1. a) P(arrival in interval Af) = AAt  as At — 0.
b) The events of arrivals in disjoint intervals are independent,

¢) The long-run average rate of arrivals per unit time is A
2. a) The number N, of arrivals in time ¢ has Poisson {At) distribution with
PN, =k)=e ™M)kl (k=0,1,.., t>0)

E(Ng) =AM  and  SD(N,) =X

b) As ¢t — oo the asymptotic distribution of (N, — E(V,)) [SD(NY)
is standard normal.

3. The waiting times Wy, Wa,... between arrivals are independent exponential
(A) random variables with

P(Wy. > t) = P{no arrivals in time ¢)
=P(Ne=0)=e™ (120
P(Wi € dt) = P{no arrivals in time ¢, arrival in time dt)
= P(N, = 0}P(artival in time dt) = e"™Xdt (1 > ()

1
EWe)=3 and  SD(Wi) = (k=1,2,..)

3ed

4. a) The waiting time 7 = W1 + -~ + W, undl the rth arrival has gamma
(r, A) distribution with

P(T.>t)=P(Ny<r) (t20, r=12,..)
P(T, € dt) = P(r — 1 arrivals in time ¢ and arrival in time dt)
= P(N; = r — 1)Adt

E(T) = 3 and  SI{T,)= % (r=1,2,..)

) As 7 - oo the distribution of (T3 — E(T}))}/ SD(T,} converges to
standard normal.
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Example 4.

Problem.

Solution.

Discussion.

Sum of two lifetimes.

A component with lifetime that is exponentially
distributed with failure rate 1 per 24 hours is put
into service with a replacement component of the
same kind which is substituted for the first one
when it fails. What is the median of the total time
to failure of both components?

The problem is to find m such that P(Tz 2 m) =
1/2, where Ty = Wy + Wy is the sum of two inde-
pendent exponential lifetimes with rate A =1 /24
per hour. But from formula (2) on page 286

P(Ty > m) = P(Nm < 1) = e ¥ (1+Am)

where N, has Poisson (Am) distribution. Put & =
Am. Then m = z/A where x solves

1/2=e"*(1 + 2}
e =242

Some trial and error with a calculator gives z =
1.675. So the median is about 1.675/(1/24) =~
40.3 hours.

Note how the Poisson formuta for P(T; > t) can be used here for the gamma {2 By
distribution of the sum Tp = Wj 4+ Ws of two independent exponential (A} Vanabie:,,
even though these exponential random variables are not originally defined as inter-
arrival times for 2 Poisson process. Technically, this is because the dlstnbuum of
a sum of independent random variables is determined by the distributions’ @f the
individual variables. Section 5.4 goes into this in more detail. Intuitively, you mag a5
well suppose the two lifetimes Wy and Wy are just the first two inan infinite Sequem:f:
of independent exponentially distributed lifetimes of components replaced one after
another. In that case the times of replacements would make a Poisson process: with
N, representing the total number of replacements by time 2.

Gamma Distribution for Non-Integer Sha
Parameter

A gamma distribution is defined for all positive values of the parameters 7 and X'by
a variation of the density formula (1) on page 286 for integer r. A random vaariable
T has gamma distribution with parameters r and A, or gamma (7, A) dtstnbugm; i

g;«mmusfmm&m
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T has probability density

[F(?.Hml,\rtr—lewr\t t>0

= apga — T~
fr,.\(t}"“{ 0 t<0 where I'(r) mfg et

is a constant of integration, depending on r, called the gamma function. The parame-
ter r is called the indez or shape paramejer. And 1/ X is a scale parameter. Comparison
with formula (1) on page 286 shows that

Pr) =(r -1} (r=12..)

You should think of the gamma function I'{r} as a continuous interpolation of the
factorial function {r — 1)1 for non-integer 7. Integration by parts gives the following:

Recursion formula for the gamma function: Fr+1) =rlr) (r>0)

Since it is easy to see that I'(1) = 1, the recursion formula implies I'(r) = (r — 1)1
for integer » by mathematjcal induction.

But there is no explicit formula for I'(r) except in case r is a positive integer, or
4 positive half-integer, starting from ['(1 /2) = /7. Sec Exercise 5.3.15. Section 5.3
shows that for half integer r the gamma distributions arise from sums of squares of
independent normal variables.

As will be shown in Section 5.4, several algebraic functions of gamma random VaTi-
ables have distributions which are €dsy to compute. See the gamma distribution
summary for a survey. In applications, the distribution of a random variable may be
unknown, but reasonably well approximated by some gamma distribution. Then re.
sults olrained assuming a gamma distribution might provide useful approximations.

For non-integer values of r the gamma (r, A) distribution has a shape which varies

continuously between the shapes for integers 7, as illustrated by the following dia-
grams:

In Figures 3, 4, and 5, both horizontal and vertical scales change from one figure to
the next. Figure 3 shows how the gamma (r, A) density is unbounded near zero for
0 <r <1, Asr - 0 the distribution piles up more and more near zero, approach-
ing the distribution of a constant random variable with value 0. This is a discrete
distribution, which does not have a probability density, but assigns probability one
to the point zero, and may be thought of as the gamma (G, A} distribution.
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FIGURE 3. Gamma {r, A) densities for A = 1 ond r a multiple of 1/4, 0 <7< 1.
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FIGURE 4. Gamma {r, X) densities for X =1 and r amdltiple of 1/4, 1< 7T <20
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Exercises 4.2

1. Suppose a parsicular kind of atom has a half-life of 1 year. Find:

2,

®

a) the probability that an atom of this type survives at least 5 years;
1) the time at which the expected number of atoms is 10% of the original;

¢} if there are 1024 atoms present initially, the time at which the expected number
of atoms semaining is one:

d) the chance that in fact none of the 1024 original atoms remains after the tume
caleulated in ©).

A piece of rock contains 10%° atoms of a particular substance. Each atom has an expo-
nentially distributed lifetime with a hali-life of one century. How many centuries must
pass before

a) i1 is most likely that about 100 atoms remain;

b) there is about a 50% chance that at least one atom remains. What assumptions
are you making?

Suppose the time untl the next earthquake in a paricular place is exponentially dis-
tributed with rate 1 per year. Find the probability that the next earthquake happens
within

ay one year;  b) six months; ¢} two years, ) 10 years.

. Suppose component lifetimes are exponentially distributed with mean 10 hours. Find:

ay the probability that a component survives 20 hours;
) the median component lifetime;
<) the 5D of component lifetime;

d) the probability that the average lifetime of 100 independent components oxceeds
11 hours;

e} the probability that the average litetime of 2 independent components exceeds
11 hours.

. Suppose calls are arriving at a telephone exchange at an average rate of one per second,

according to a Poisson arrival process. Find:

a) the probability that the fourth call after time ¢ = 0 arrives within 2 seconds of the
third call

1) the probability that the fourth call arrives by time £ = § seconds;
¢) the expected time at which the fourth call arrives,
A Geiger counter is recording background radiation al an average rate of one hit per

minute. Let Ty be the time in mimites when the third hit occurs after the counter is
switched on. Find P{2 < T; < 4).

Let & < p < 1. For the exponential distribution with rate A, find a formula for the 100pth
percentile point £, such that P{T < £;) = 100p%.
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8. Transistors produced by one machine have a lifetime which is exponentially distribuied
with mean 100 hours. Those produced by a second machine have an exponentially dis-
tributed lifetime with mean 200 hours. A package of 12 transistors contains 4 produced
by the first machine and 8 produced by the second. Let X be the lifetime of a transistor
picked at random from this package. Find:

2 P(X > 200 houss), B E(X);  © Var(X}).
9. Gamma function and moments of the exponential distribution. Consider the
gamma function I'(r} = fﬂm z" e dr (r>0)
4) Use integration by parts to show that  F(r + 1) = rI°(r) (r>m
b) Deduce from a) that T'(r} = (r— 1)}! (r=1,2,...)

&) 1 T has exponential distribution with rate 1, then
E(T™) = n! (n=10,1,2,...) and SD(T) =1

d) If T has exponential distribution with rate A, then show AT has exponential
distribution with rate 1, hence

E(T™) = alfA" (n=0,1,2,...) and SD(T)=1/X
10. Geometric from exponential.

a) Show that if T has exponential distribution with rate A, then int(T), the grearess
integer Jess than or equal to T', has a geometric (p) distribution on {0,1,2, .. 1,
and fingd p in terms of A

by Let T, = int{mT)/m, the greatest multiple of 1/m less than or equal 10 7.
Show that 7' has exponential distribution on (0,00) for some X, if and only i
for every m there is some pp such that mTm has geometric (pm ) distribution on
{0,1,2,...}. Find pin in terms of A,

&) Use b) and Tw < T € T + 1/m to calculate B(T) and SD(T), from gw
formulae for the mean and standard deviation of a geometric random variabile,

11. Suppose the probability that a given kind of atom disintegraies in any particuiar s
crosecond, given that it was alive at the beginning of the microsecond, is A x 1%
where A > 0 is a consmant. Let T be the random lifetime of the atom in seconds.

a) Show that the distribution of T’ is approximately exponential with parameter 3,
| Hint Consider P(T' > 1) for t a multiple of 107°.]

b) What is the chance that the atom has a lifetime of between 1 and 2 seconds#

12. Gamma distribution. Derive the following features of the gamma (r, A} distribution
for all positive T '

2) Forr > 1 the mode (i.e., the value that maximizes the density) is {r ~ 1) /X, Wha
Hh<r<l? '

b) For k > 0, the kth moment of T with gamma (r, A} distribution is

E(Tuk) . w}mr‘(T + k)

Mk T{r)
In particular E(T} =7/A.
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13.

14,

15.

186.

17,

<) SD(T) = /r/X and Skewness(T'} = 2//7.

Suppose that under normal operating conditions the operating time until failure of
a cerain type of component has exponential {A) distribution for some A > 0. And
suppase that the random variables representing lifetimes of different components of
this type may be regarded as independent.
a) The average lifetime of 10, 000 components is found to be 20 days. Estimate the
value of A based on this information.

b) Assuming the exponential lifetime model with A = 5% per day, let Ny be the
number of components among 10, 008 components which survive more than d
days. Find E(Nq) and SD(Ng) for d = 10, 20, 30.

Interpretation of the rate. In Exercise 13, the exponential model with A = 5%
day implies the probability of a component failing in the first day of its use is:

W exactly 5%;  b) approximately 5%, but slightly less;

¢) approximately 5%, but slightly more.  Without doing any numerical calculations,
pick out which of a), b), or ¢) is true, and explain your choice. Confirm your choice by
numerical caleulation of the exact probability.

per

Satellite problem. Suppose that  system using one of the components described in
Exercise 13, with failure rate 5% per day, is sent up in a sateflite together with three
spare components of the same type. Assume that as soon as the original component
fails, it is replaced by one of the spares, and when that component fails it is replaced
by 2 second spare, and so on. The total operating time of the component plus three
spares is then Tig = T3 + Ty + T5 + Ty where T; is the operating time of the first
component, T3 is the operating time of the first spare, and sq on, Assuming that the
satellite launch is successful, and normal operating condition
i5 in orbit, calculate:

D E(Tpall: D) SD(Tow):  © P(Tiwa 2 60 days).

s obtain once the satellite

In the satellite problem of Exercise 15, how many spares would have to be provided
wr make P(T,.g > 60 days) at least 90%?

Another type of component has lifetime distribution which is approximately gamma
{2, A) with A = 10% per day.

a) Redo Exercise 15 for this type of component, making similar independence as-
sumptions. After calculating the answers 10 2) and b), guess without calculation
whether the answer 1o ¢} should be larger or smaller than under the original
assumptions of the satellite problem. Confirm your guess by calculation.

b) Redo Exercise 16 for this type of component.
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4.3

Hazard Rates (Optional)

Let T be a positive random variable with probability density f(t), where t ranges
over {0, 00). Think of T as the lifetime of some kind of component. The hazerd rafe
A(t) is the probability per unit time that the component will fail just after tirne i,
given that the component has survived up to time t. Thus

P(T € dt|T > t) = A{t)dt
where (T € dt) stands for the event (t < 1" < ¢+ dt) that the component fails in an

infinitesimal time intesval of length dt just after time t. As usual, this is shorthand for
a limit statement:

o P(Te{t+ AT >t
A = m PLECLE )T > 1)

Depending on what lifetime 7' represents in an application, the hazard rate A{f}
may also be called a death rate or failure rate. For example, T might represent the
lifetime of some kind of component. Then A(t) would represent the failure rate for
components that have been in use for time ¢, estimated, for example, by the numbwr
of failures per hour among similar components in use for time ¢.

In practice, failure rates can be estimated empirically as suggested above. Often it
is found that empirically estimated hazard rates based on large amounts of dum
tend 1o follow a smooth curve. It is then reasonable to fit an ideal model in which
A(t} would usually be a continuous function of ¢. The exponential distribution of thw
previous section is the simplest possible model corresponding to constant faiture cate
(L) = X for some A > 0. Other distributions with densities on (0, oc) correspond
time-varying failure rates. The following box summarizes the basic terminology and

analytic relationships between the probability density, survival function, and hazard
rate,

Formulae (1), {2), and (3) in the box are simply definitions, and (4) is the usyal
integral for the probability of an interval. Formulae (4) and (5) are equivalent by the
fundamental theorem of calculus. Informally, (5) results from

fltydt = P{T" e dt) by ()
= P(T' > t) — P(T > t+dt) by the difference rule
=G -GE+dt) by(2)
= —d(z(t)
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Random Lifetimes
Probability density: P(T € dt)y = f(t)dt (D
Survival function; P(T > t) = G(t) (23
Hazard rate: P(TedtiT>t) = At)dt 3)
Survival from density: G{1) = / flu)du 0
St
d{t
Density from survival: fity = - —?ﬁl (M
. . LG
Hazard from density and survival: At) = E’T(ﬁ (6)
!
Survival from hazard: G(t) = exp (“/ /\(u)a’u) (7
0

To obtain (G), use P(AIB) = P(AB}/P(B), with A = (T'e dt), B = {(T" > 1). Since
Ac B AB=A

¥

Nt)dt = P(T ¢ dt[T > 1) = AL €4 _ fit)at

P(T>1) G

by (1} and (2).

The most interesting formula is (7). To illustrate, in case A(L) = A is constant

1

i
f Alw)du = At
0
s0 (7) becomes the familiar exponential survival probability
PT > t) = e M it T has exponential {)) distribution.
In general, the exponential of the integral in (7) represents a kind of continuous
product obtained as a limit of discrete products of conditional probabilities. This is

explained at the end of the section. Formula (7) follows also from (5) and (6) by
calculus as you can check as an exercise.
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Example 1. Linear failure rate.

Problem.  Suppose that a component has linear increasing failure rate, such that after 10 hours
the failure rate is 5% per hour, and after 20 hours 10% per hour.

(a) Find the probability that the component survives 20 hours.
(b) Calculate the density of the lifetime distribution.

{c) Find the mean lifetime.
Solution, By assumption,
Aty = (£/2)% = t/200

{a) The required probability is by (7)

P(survive 20 hours) = G(20) = exp (— A(u)du)
0

The integral inside the exponent is

j'Zﬂudu__ 1
L R0 T 400"

Thus P(survive 20 hours) = ¢ = 0.368

=
0

{b) Put t instead of 20 above ta get

G(t) = exp (—#*/400)
Now by (5}

16 = - 260)

b e (L E
200 P \ 400
You can sketch the density by calculating a few points, as in the following
table and graph:

t+ lo| 5 10 | 15 | 20
Ff&) 1 o] 002370039 | 0.043 | 0037
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{}

10

20 30 40 a0 60

{c) The mean can be calculated from

E(T) = fo " L) di

but there is a shortcut for examples like this where the survival function G(t)
is simpler than the density f(t). This is to use the following formula:

Mean Lifetime from Survival Function

E(T) = jﬂ " 6t de (8)

This follows by integration by parts from the previous formula for E(T), using
dG(t 4
it( ) = —f(t}. It is the continuous analog of the formula

E(T)= i P(T' > n)
=1

valid for a random variable 7' with possible values 0,1,2,.... In the present
example, (8) gives

E(T) = fo ” exp{—#*/400) d¢ (9)

Now the problem is that you cannot integrate the function exp (—¢2 /400) in

closed form. But you should recognize this integral as similar to the standard
Gaussian integral

[+ o] o
—2g =lf g L [T
/0' € z 5 nwe z 5 T 3

1/ t \?
Since #2 /400 = 3 (m) , make the change of variable 2 = t/10v2, dz =

dt/10v2, dt = 10v/2dz in (9) to get

E(T) = 10v2 f e /2 dy = 10%5‘/? ~ 17.72
0
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Derivation of the formula G(t) = exp (- jg M) du). Recall that the exponertial
of a sum is the product of exponentials. An integral is a kind of continuous. s,
50 an exponential of an integral is a kind of continuous product. In this case, the
continuous procuct is a limit of discrete products of conditional probabilities. To see
how, divide the time interval {0, ] into a very large number N of very small intervals
of length say & = t/N_ Survival to time t means survival of each of the N successive
intervals of jength A between 0 and ¢

G(t) = P(T >t) = P(T > N&)
= P(T>A,T>2),--,T>NA)
= P(T > A)P(T > 2A1T > A)---P(T > NAT > (N — 1A}
=[1-PT <A1 -PAST<2A|T > )]
m {1~ AM0)| [1 — AMAN L~ AA24A)]---[L — AA ((N —1)A)Y]
for small A, by the definition of A{t)

r g OM0)gBAA) |, L~ ANIN-1)B)

for small A, by the approximation 1 — ¢ = ¢™* for small

N-1
= exp {WA Z /\(iﬁ)}

1=

exp [-" /ﬁ L Au) du]

for small A, by a Riemann sum approximation of the integral.

2

As A -+ 0, the errors in each of the three approximations = above tend to zer:.
So the approximate equality between the first and last expressions not involving A
must in fact be an exact equality, This is (7).

Note how the exponential appears here, as always, as the limit of a product of more
and more factors all approaching 1 in the limit.

Exercises 4.3

1. For T with survival function G(¢) = P(T" > 1}, find:
a  PT <b); b Pla<T<h),

2. Use the forrmilae of this section o show that the hazard rate A{t) is constant if and onhy
if the distribution is exponential {A) for some A o

. Business enterprises have the feature that the longer an enterprise has been in business
the less likely it is to fail in the next month. This indicates a decreasing failure mz{,
One that has been successfully fited 10 empirical data of lifetimes of businesses i;
M) = a/(b+ 1), where a, b, and ¢ are greater than 0. For this A{t}: .
2 find a formula for G{E);  b) find a formula for f(t).

N UTRANHE
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4.

7.

B.

9.

Weibull distribution. Show that the following are cquivalent:
(i) A(t) = Aat®™!  for constants A > fand o > 0
(i) G{t) = e M"
Gid f{t) = Aat* " te M

This is called the Weibull distribution with parameters A and o. This family of distri-
hutions is widely used in engineering practice. It can be verified both theoretically and
practically that the distribution of the Jifetime of a2 component which consists of many

parts, and fails when the first of these pans fails. can be well approxinated by u Weibull
Jdistribution.

Moments of the Weibull distribution, Let T havkc the Weibull distsibuion described
in Exercise 4. a) Show that E(T*) = ['(1 + £)A~=  b) Find B(T) and Var(T).

. Suppose that a2 cornponent is subject to [ailure a1 constant rate 5% per hour for the first

10 hours in use. After 10 hours the component is subject (o additionai stress producing
a failure rate of 10% per hour.

a) Find the probability that the component survives 15 hours.
b} Calculate and sketch the survival probability function,
¢} Caleulate and sketch the probability density function,

d) Find the mean lifetime.

Second moment from survival function.
a) Show that E(T?) =2 [ 1G(t) dt
b} Use this formula to calculate the SD of the component in Example 1.

c} 1f 100 components of this type operate independently, what approximaiely is the
probability that the average lifetime of these components exceeds 20 hours?

Suppose the failure rate is A(f) = gt + § for > @,
2) For what parameter values a and b does this make sense?
b) Find the formula for G(t). ¢ Find the formula for f{1).
d) Find the mean lifetime.  €) Find the SD of the lifetime.
Calculus derivation of G(t) = exp{~ [, A(u)du} (Formula (7))
a) Use (5) and (6) to show AM¢) = -4 log G(1).
b) Now derive (7) by integration from 0 to t.

10. Suppose a component has failure rate A(¢) which is an increasing function of ¢,

a) For 8, >0, is P(T > s+ T > s) larger or smatler than P(T > t)?

b} Prove your answer,

¢} Repeat 1) and b) for A(t) which is decreasing.
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4.4

Example 1.

Change of Variable

Many problems require finding the distribution of some function of X, say ¥ = g{ X'},
from the distribution of X. Suppose X has dunsity fx (z), where a subscript i
now used 1o distinguish densities of different random variables. Then provided the
function y = g(x) has a derivative dy/dz which does not equal zero on any interval
in the range of X, the random variable ¥ = g(X) has a density fy(y) which can be

calculated in terms of fx () and the derivative dy/dz. How to do this calculation i
the subject of this section.

Linear Functions

To see why the derivative comes in, look first at what happens if you make a #énear
change of variable. For a linear function y = az + b, the derivative is the constam

dy/dz = a. The function stretches or shrinks the length of every interval by the same
factor of lal.

Uniform distributions.
Suppose X has the uniform (0,1) distribution, with density

fx(:r)={é O<z<l

otherwise

Then for & > 0, you can see that ¥ = a¢X + b has the uniform (b, b + a) density

[ 1/a, b<y<bta
frl) = { ¢ otherwise

Similarly, if & < 0, then Y = aX + b has the uniform {5 + a, b} distribution

_ [ Ylel, bta<y<b
friv) = { 0 otherwise

You might guess the density of ¥ = aX + b at y was the density of X ay the
corresponding point # = (y — b)/a. But this must be divided by |a], because. the
probability density gives probability per unit length, and the transformation fmm,g
to ax + b multiplies lengths by a factor of {aj:

Linear Change of Variable for Densities

fox+s(y) = —l—fx (y — b)

|al a
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FIGURE 1. Linear change of variable for uniform densities. The graphs show the densities of
Y = aX + b tor vorious @ and &, where X has uniform {0, 1) distribution. Naotice how if a > 1
the range is spread out and the density decreased. And i 0 < a < 1 the range is shrunk and the
density increased. Adding b > 0 shifts to the right by b, and adding b < 0 shifts 1o the leh by —b.

Density of X

Density of 2X

Density of 2X —~ 1

24 9]
11 14 14
0 1 T 0 T T [3 ¥ T
-1 0 1 2 -1 0 1 -1 0 1 2
: Density of 0.5X Density of 0.5X +1 Density of —0.5X
2 2 m— 2
14 11 i
U 1 T T (] T T 1 0 T T T
-1 0 i 2 -1 0 1 2 -1 0 ; 2
Example 2. Normal distributions.

Take X with standard normal density ¢(x), @ = ¢ > 0, and b = u. The lincar

change of variable formula then gives the density of the normal (i, o2) distribution,
displuayed on page 267,

One-to-One Differentiable Functions

Let X be a random variable with density fx(«) on the range (e, b). Let Y = g(X)
where g is either strictly increasing or strictly decreasing on (g, b). For example, X
might have an exponential distribution on (0, co), and ¥ might be X2, VX, or 1/X.
The range of Y is then an interval with endpoints g(a) and g(b).

The aim now is to calculate the probability density function fy-(y) for y in the range
of Y. For an infinitesimal interval dy near g, the event (Y € dy) is identical 1o the
event (X € dz), where dz is an infinitesimal interval near the unique x such that

Yy = g(z). See Figure 2, where each of the two shaded areas represents the probability
of the same event

P(Y € dy) = P(X €dx) where y=g(x)
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Example 3.
Problem.

Solution.

This idemity P(Y € dy) = P(X € dz), where y = g{z), makes
Frwdy = fx(z)dz
and 5o Fro) = x@ G = fx(@) [ where y = g(a)

The case of a decreasing function g is similar except that the calculus derivative
dy/dz now has a negative sign. This sign must be ignored because it is only the
magnitude of the ratio of lengths of small intervals which is relevant, To summarize;

One-to-One Change of Variable for Densities

Let X' be a random variable with density fy(z) on the range (g, b).
ket ¥ = g(X) where g is either strictly increasing or strictly decreasing on |
(2,b). The range of ¥ is then an interval with endpoints g(a) and g(b). And
the density of Y on this interval is

)= px@) [ |2 where y=gla)

The equation y = g(z) must be solved for z in terms of ¥, and this value of

z substituted into fx(z) and dy/dz. This will leave an expression for fy-(yy 2
entirely in terms of y.

Square root of an exponential variable (illustrated by Figure 2)

Let X have the exponential density, fx(z) = ¢~ {z>0)
Find the density of Y = /X,

Stepl.Findtherangeofy:here0<:r<00,y::\/5,500<y<oo.

Step 2. Check the function is one-to-one by solving for x in terms of ¥: here ¢ =R

d
Step 3. Calculate Ey—: here -‘—iy- e i\/— = 2_1_
z

T dz ~ dz¥" NE)

Step 4. Plug density of X and the result of Step 3 into fy (y) = fx(=x) / l g.% .

fr(y) = e / i

Step 3. Use result of Step 2 to eliminate  from the right side

friy)=ev / L e (y>0)

2V
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FIGURE 2. Change of variable formula for densities. The diagram shows the graph of y = g()

for the increasing function g(z) = /x, = > 0. Density fx {(x} is grophed upside down bgiow the
z-oxis. Density fy (y) is graphed on the side of the yaxis. The densities ore os in Exomple 3.

y+dy=gx+di
Sty = g {a)

fx{'i’:z ol la+ dx

‘Example 4. Log of uniform.
Let X have uniform (0,1) distribution.
Problem 1. Find the distribution of Y = —A~! log (X ), where A > 0,
Solution.  This follows the steps of the previous example in a slightly different order. Here
y = —A~"tlogx has

é dy 1
: Ea;———x%—<0 for Dzl

$0 y decreases from oc to 0 as & increases from 0 1o 1. The density of Y is then

fr(y) ﬂfx(w)/lj—i = 1/%{; = Az

where —A7tlogzr=y, or z=e M, so

e =™ (y>0)
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Discussion,

Problem 2.

Solution.

Discussion.

Conclusion: Y is exponentially distributed with rate A

This way of obtaining an exponential variable as a function of a uniform (0, 1} van-
able is a standard method of simulating exponential variables by computer. "The mex
section shows how any distribution on the line can be obtained as the distribasion
of a function of a uniform variable.

Find the distribution of —A~!log (1 — X)), where A > 0.

Clearly the technique used to solve Problem 1 could be repeated. But this is unneces.
sary. It is intuitively clear (and easy 10 check) that X' =1-X isalsoa uniform (0,1}
random variable, so A~ log (1 — X) = —A ! log (X’) has the same distribution as
— X~} log (X). Therefore, =3 log (1 — X) also has exponential (A} distribution.

The justification of the shost argument in the last solution is the change of variable
principle. This principle, stated for discrete random variables in Section 3.1, is wonh
restating here. The principle can ofien be used as in the last example to eliminae

calculations by reducing a change of variables problem to one whose solution, s
already known:

Change of Variable Principle

I X has the same distribution as Y, then g(X) has the same distribution as
g(Y), for any funciion g.

Many-to-one functions. Suppose the function y = g(x) has a derivative that i
zero at only 4 finite number of points. Now some values of y may come from mere
than one value of z. Consider ¥ = g(X) for a random variable X. As shown in the
diagram, Y will be in an infinitesimal interval dy near y when X is in one of p(:mgﬁﬁsg-
several infinitesimal intervals dz near points z such that g(z) = y. )

4 y= g(z)

'1!’

T A

{mgle) =yl -
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Now
P(Yedy)= Y P(X €d)
{z:g(x)=y}

This gives

dy
fr(y) = fx(x) [ ==
’ {x=5;;zy} //|dm

Density of the square of a random variable.
Suppose X has density fx{(z). Find a formula for the density of Y = X2.

Here, for y > 0, there are two values z such that 2° =y,

namely, z = fy and x = — /3. Since dy/dr = 2x, y gz g
)= Y, fx(@)/l2s]
(z=47}
= [fx{(v9) + Fx(—v¥l/ 2. s
T=—Vy =4y

Expectation of a function of X. If you just want 1o calculate the expectation of
Y = g(X), it is not necessary to calculate the density of Y, and usually simpier not
to. For instance, there is no need 1o use the linear change of variable formula for

densities to calculate E(Y) or SD(Y) for Y = aX +b. Instead use the simple scaling
rules

E(@X +b)=aBE(X}+b and  SD(aX +b) = |a|SD(X)

whenever E(X) or SD(X) are defined. More genenally, if Y = g{X}, where both
X and ¥ have densities, then

oo

E(}")ﬂfcm yfv(y)dyzf 9(2) fx (z) dz

— o — 0

Often the second integral is easier 1o evaluate than the first. The equality of the two
integrals is the density analog of the basic discrete formula for the expectation of a
function of X that was derived in Section 4.1. The equality of integrals can also be
checked by the calculus technique of substitution

y = g{z), dy = ¢'{z)dx.
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Example 6.

Problem 1.

Solution.

Problem 2.
Solution.
Problem 3.

Solution.

Problem 4.

Solution.

Example 7.

Problem 1.

Further Examples

Here are some more geometric problems solved by the same basic technigue of
finding the probability in an infinitesimal interval by calculus,

Projection of a uniform random variable on a circle.
A point is picked uniformly at random from the perimeter of a unit circle.
Find the probability density of X, the z-coordinate of the point.

From the diagram, since two places on the circle

map to one z-value,
P(X € dx) = 2|d8| /2w = |df/x ;
d
where z = cosf, 0 <0 <7 %0 g v
d — e
-&%w—sinez%\/lwxz dz
o 1
dr  J1-4?
P(Xeds) 18] 1 lezel)
dx Comide| aV/i-2? ‘
Find E(X).

Easily, E(X) = 0, since the density of X is symmetric about 0.

Since two & values +y and —y, with the same probability density, map to any given
value of y with 0 < y < 1, P(Y € dy) = 2 x P{X € dy), and so "

2
friy) = ﬁ D<y<t)
Find E(Y).
9 i

2/1 y
z — —dy = — a1 2| =
T Jo Vl«-y"’y 3 v

E(Y) =

!

Projection of a uniform random variable on a sphere.

Let © be the latitude, between —7 /2 and 7/2, of a point chosen uniformly at random
on the surface of a unit sphere. o

Find the probability density of 8.
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From the diagram:

Indicated Aren 2 cos Bdé
P(®edf)= Total Surface Area 47
cos 8 T T

Let Y be the vertical coordinate of the point on the sphere, between —1 and 1. Find
the probability density of ¥,

P(Y € dy) = P(© € df) with y = sin8, which implies that dy = cosfdé and

0sfdf  d
P(Y € dy) = P(O € d6) = fo(0)df = ii’lr = 33’ (~1<y<1)
Conclusion: Y has uniform (—1, 1) distribution.

This calculation shows that the surface area of the sphere between two parallel
planes cutting the sphere depends only on the distance between the planes, and not
on exactly how they cut the sphere. This fact was discovered by Archimedes. The
formula 47r? for the total surface area, used in Problem 1, is a consequence,

Exercises 4.4

1. Suppose X has an exponential {)) distribution. What is the distribution of ¢X for a
constant ¢ > 0?

2. Scaling of gamma distributions. Show that a random variable 7" has ganuya (r, A}
distribution, if and only if 7' = T} /), where T} has gamma (r, 1) distribution.

3. Suppose U has uniform (0, 1) distribution. Find the density of 72,
4. Suppose X has uniform distribution on {1, 1). Find the density of ¥ = X2,

5. Suppose X has uniform [1, 2] distribution. Find the density of X2,
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6. Cauchy distribution. Suppose that a particle is Yy
fired from the origin in the {z, y)-plane in a straight {L
line in 2 direction at random angle @ to the x-axis, <
and let Y be the y-coordinate of the place where (11}5)

the particle hits the line {# = 1}. Show thatif & has
uniform (—m/2, w/2) distribution, then

1
(1 -+ y?) 1

friy)=

This is called the Cauchy distribution. Show that
the Cauchy distribution is symmetric about 0, but
that the expectation of a Cauchy random variable is
undefined.

7. Show that if I has uniform (0,1) distribution, then @n{x¥ — «%) has the Canchy
distribution, as in Exercise 6.

8. Arcsine distribution, Suppose that Y has the Cauchy distribution as in Exercise &
Let £ = 1/{1+Y?).

a) Show Z has density

fz(2) = e (p<z<l)

A/ 2(1 = 2)
b) Show P(Z < z) = (2/m)arcsin{y/z) {0 <z < 1)
<) Find E(Z). ) Find Var(Z).
[This arcsine distribution of Z is the special case r = s = 1/2 of the beta(r, &} dis-
tribution. This distribution arises naturafly in the context of random walks. I §,, =
Xy 4 -+ X, for X; with values =1 determined by tosses of a fair coin, and f«‘;a i

the last time k < n such that Sy = 0, then the limit distribution of Ln/n as n — oc

is the arcsine distribution. See Teller, An Introduction to Probability Theory and Jis
Applications, Vol. L ' ‘

9. Weibull distribution.

2) Show that if T has the Weibull {, o) distribution, with density
Flt) = dat™te M (1> 0)

where A > 0and @ > 0, then T° has an exponential (A} distribution. (Note the
special case when a = 1)

b) Show that if I/ is 2 uniform (0,1) random variable, then T = (—A"*log 1713
has a Weibull {), o) distribution. '

10.

Let Z be a standard normal random variable. Find formulae for the densities of each of
the following random variables:

a) |Zk, 2% oYz, d1/zE

11. Explain how the calculations of Example 7 imply the formula 47v* for the surface asres

of a sphere of radius r.
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4.5 Cumulative Distribution Functions

One way to specify a probability distribution on the line is to say how much prob-
ability is at or 10 the left of each point z. In terms of a random variable X with the
given distribution, this probability is a function of z,

F(z) = P(X < 1)

called the cumulative distribution function (c.d.f.) of X. For example, the standard
normal ¢.d.f. is the function F(z) = ®(x) used in calculations with the normal distri-
bution. But the cumulative distribution function can be defined for any distribution
of a random variable X over the line, whether continuous, discrete. or neither,

If you can deline or calculate the c.df. of X then, by using the rules of probahility,
you can find the probability of any event determined by X, for example, the prob-
ability that X falls in an interval, or the probability that X is an even integer. To
clarify terminology, the distribution of X refers broadly to the assignment of prob-
abilitics to all such events determined by X. Technically, this means probabilities
defined for a collection of subsets of the line, satisfying the rules of probability, now
including the infinite sum rule of Section 3.4. The c.d.f. just gives the probabilities
of the intervals (—oc, ] as a function of the point .

Interval probabilities. The formula Pla < X < b) = F(b)--F(a), 2 consequence of
the difference rule for probabilities, is familiar from the special case of the standard
normal c.clf. Because probabilities must be non-negative, this shows that a c.d.f
F(z) must be a nondecreasing function of z

FIGURE 1. Graph of a confinuous c.d.f

possible values of X

The distribution is called continuous if the ¢.d.f is 4 continuous function. Then it
can be shown that

PX=z)=0 forallz

s0 it makes no difference in formulae involving the c.d.f. whether incqualities are
strict or weak. For example, using the rule of complements,

P(X >z)=1—-F(z) whatever the distribution of X

P(X >z} =1~ F(z) if the distribution of X is continuous
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More generally, it can be shown that the c¢.d.f. determines the probability of avery
interval, and also the probability of more complicated sets by the addition rule. Fo
summarize:

A probability distribution over the line is completely determined by its c.d.f.

Most distributions of practical interest are either discrete or defined by densities.
These two cases will now be discussed in more detail.

Discrete Case

Here is an illustration:

FIGURE 2. Individuat probabilities ond the c.d.f. for an indicator variable, Consider the ¢.d
of an indicator variable X which is 0 with probability 0.3 and 1 with probebility 0.7, The value o
F(z) is 0 for 3 < 0 because there is no chonce for X < a for o negative z. The value of Fiz)
0.3 for 0 < x < 1, because for such an z the event (X < 1) is the same as the event (X = )
which has probability 0.3. And the value of F(z) is 1 for 1 < 7 < o0, becouse for these = s
event (X < ) is cerfain. Thus Fi(z} jumps by 0.3 = P{0)atz =0 and by 1~ 0.3 = 0.7 = P{1}
abapo== 1.

1
Plx)
U 1 T
0 1 &
1
Fa)
0 i 1
0 1 x

In general, the c.df. of a discrete random variable X looks like a staircase with =
rise of Pz} = P(X = z) at each possible value ¢ of X:

Flz)= 3" P(y)

y<x

and P(z) is the jump of the c.df at g

P(z) = F(z) - Fla—)

e e e e m sty e S
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where F(z-) = P(X < x) is the limit of values of F approaching & from the lefi.
Figure 3 gives a more interesting example,

FIGURE 3. The c.d.f. and individual probabilities for the binomial (100,0.5) distribution. Here
F(z) is the probability of gefting « or less heads in 100 fair coin tosses, P(z) is the probobility
of exactly z heads. The value of F(z) is simply the sum of valves P(y} over ol inlegers y less
than or equal fo z. Boch integer 2 infroduces o new term P(z) into the sum. Thus the graph of
jumps by P(z) ot each integer 2, and is flat between. Put ancther way, the probability P{r) of an
individual volue = shows the difference between F{x) and F(z-), where Flo—}y=Flr -1
the valve of F{y) for ony i in the interval iz ~ 1, ).

1.0

30 40 a0 6t} 70

P(a) 0.2

0.1

0.(3 T.illillkl!'ii]lil;.. N
30 40 () 6d) ()

Density Case

As usual in this case, sums become integrals. 5o if X has density f{z), then F(x) is
the area under the density function to the left of

F@) =PX <a)= [* flg)ay
-0
Similarly, discrete differences become derivatives,
dF(z) = Flz + dz) — F(z) = P(X € dz) = f(z)dr

_ dF(z)

0 f@) =

= P'(z)

That is ro say, the density f(z) is the slope at z of the c.df, This is an instance of
the fundamental theorem of calculys, Conversely, it can be shown that if the ¢.d.f. is
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everywhere continuous, and differentiable at all except at perhaps a finite number of
points, then the corresponding distribution has density f(z) = F'{z). In this densiy
case, F'(z) is a particular choice of an indefinite integral of f{xz), namely, the ofe
which vanishes at —oc.

FIGURE 4. The c.d.f. and density for the normal (50, 25) distribution. This distribution, with mece:
50 and variance 25, is the usual normal opproximation fo the preceding binomial distribution.
c.d! and density are just scale changes of the standard normal ones plotted in Section 2.2.

1.0
F(z) ]
0.5- :
0.0 ; } } iE1
30 40 50 60 T
0.1
fey ]
0.05-
0.0- 4 f i ; T
30 40 50 60 T4

A distribution with a density can be specified by a formula for the density f{x}, os

by a formula for the c.d.f. F(z). Either of these functions can be obtained from
other by calculus, '

You might think that every continuous distribution has a density, but this turns ow
not to be so. Still, you don't have to worry about continuous distributions withouw
densities in this course. The famous mathematician Poincare thought such distrib
tions “were invented by mathematicians to confound their ancestors”. For a nice
picture of one, see Mandelbrot's book, The Fractal Geometry of Nature.
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The uniform (0, 1) distribution.
The density is
1 for0<z <t
flo)= { 0 otherwise b
and the c.df. is f(z)
x for0<z<1
Flz}=4<¢ 0 forz<0
1 forz>1 x
Here is an application: If U is uniform (0, 1), 1
then so is X = 2|U —- 1|, because
1 F@)
ngﬂzp(ﬂumagm)

as defined above. This technique is an alternative 1o the method of the previous

section for calculating the distribution of a function of 4 random variable,

Uniform on a disc.

Let (X, Y) be a point chosen uniformly at random from the unit disc
{(z,¥) : 2% +3? < 1}. Calculate the c.d.f. and density function of X

It is easiest to find the density function first. Sup-
pose x| < 1. The event {X € dx) is shaded in
the diagram. For small dx the event in question
is approximately a rectangle with height 24/1 - 2
and width dx. Dividing by the total area # gives its
probability, then dividing by dr gives the density

ﬂﬂ:{%lmﬂ lz] <1

0 otherwise

as graphed on the right. This is half an ellipse ob-
tained by rescaling the upper semi-circle. The c.d f.
F(z), which represents the relative area of the disc
to the left of x, is now obtained by calculus

F(z) = [: f(2)dz = l/:12\/1 ~22dz

w
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This is not a very easy integral. Still, because F(x) has derivative f(z) which you
know, and F(x} is 0 for £ < —1 and 1 for £ > 1, you should be able to sketch the
graph of F(x) and see it must have the shape shown below. Some more. calcuhis
(or consulting 4 table of integrals) gives

Fz) = -:12- +-71; [:1: 1—22) + arcsin:c} (z] < 1).

i
F(x)
0 t ¢ I,
-] 0 1

Maximum and Minimum of independent
Random Variables

Cumutative distribution functions make it easy to find the distribution of the ‘maxi-
mum and minimum

Xmax = max(Xy,. .., X,) and Xonin = min (X, ..., n)

of a collection of independent random variables X 1, X2,..., Xy. Let F; der;ma the
cdf of X;, ¢ =1,... n. The c.d.f. of cither the maximum or the minimum of the

X’s can be written in terms of the individual distribution functions F;, once. you
notice the following key facts: :

For any number x:

(@) Xmax i5 less than or equal to z if and only if all the X's are less than Or
equal to ; o

(b) X, is greater than x if and only if all the X’s are greater than .

The c.d.f of the maximum is then
Frn(®) = P(Xpix < 2)  (~xo<z< o0) by definition
= P{X, <z,X2%7,...,X, <) by (a)
= P(X1 <z)P(X;<xz)-- -P(X, <zx) by independence
= Fi(x)Fy(z) - Fo(x)
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Example 3.

Problem.

Solution,

Example 4.

The c¢.df. of the minimum is
Frin(z) = P(Xmin € 1) {~00 < I < )
=1 — P(Xqin > 1)
=1-PX;>z,Xo>z,.... X > x) by (b)
=1-(1-F(z)( - Flz)) - (1 - Fa(x)).

It is best not to try and memorize these formulae. Just remember (a) and (b), and
derive the formulae when you need them.

Minimum of independent exponential variables is exponential.

Let Xy, X3,..., Xn be independent random variables, and suppose X, has expo-
nential distribution with rate A;, i =1,...,n.

Find the distribution of Xy, the minimum of Xy,..., X,,.
Fori=1,...,n, the cdf of X; is

] 0 fz<0
Fi(z) = { 1 - g A% ifer>0

Since the X's are non-negative, so is their minimum. So X, has ¢.d.f

Fain(z) =0 (z <0}

Forx 2 1},
Foin(z) =1 — e MTgm AT A

= 1 — e~ tMtAzttAn)e

This is the ¢.d.f. of the exponential distribution with rate Ay + Ag + - +- An. S0
the minimum of independent exponential variables with rates ), is simply a new
exponential variable with rate the sum of the rates ;.

Expected lifetime of a circuit.

An electrical circuit consists of five components, connected as in the following dia-
gram. The lifetimes of the components, measured in days, have independent expo-
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Problem.

Solution.

nential distributions with rates indicated in the diagram.

3 7‘] 3

What is the expected lifetime of the circuir?

We want E(L), where L denotes the lifetime of the circuijt, Let Lip and § —

denote the lifetimes of the top and bottom parts of the circuit. Then Liop and £,
are independent, and

L= maX(me, Lb(m()m)

since the top and bottom parts are linked in parallel.

Now Lyop i the minimum of three independent exponential lifetimes, since the 1p
consists of three components linked in series. By Example 3, Liop has exXponential
distribution with rate 0.3 + 0.4 +0.3=1. So the top is expected to last aboyg 1 day.

By a similar argument, Lyggen has exponential (6.2 distribution, so the bottom
expected to last about 1/6.2 = 5 days.

Since L is the maximum of Liop and Ligger, its c.d.f is

0 <40
FL(.’L‘) = { (1 - e-—::)(]_ _ e-l).z:z:) i 20

Since L is a positive random variable
(> +]
B~ [0 - Fuo))ds

(See Exercise 9 ) For >0,

Friz)=1-e=_ g0 | o122
1- FL(I) =g T etz _ g1-2x

S0

E(L) = /ﬂ (€ ™ — e 20 1 4 (1/02) - (1/1.9) = 5.17

So the circuit is expected 1o last about 5.17 days.
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Once you have the c.df. of L, you can, of course, compute its expectation by first
differentiating to find the density, then using the density to find the expectation by
integration. But that involves more work than the method used here,

Suppose now that in addition to being independent, the X's are conlinuous random
variables with the same density. For example, the X's could be a sequence of ran-
dom numbers produced by a uniform random number generator. Let f denote the
common density function of the X’s, and F the common ¢.d.f. The maximum X,

and minimum X, are also continuous random variables, whose densities can be
obtained by differentiating their c.d.f.'s

Fraxl(z) = (F(z))" (~o0 < & < 00)

folt) = - (F@" =n(F@" 1 1e) (-0 << )
by the chain rule of calculus. Similarly,
Fan(@) =1- (1= F@)" (-0 <z <)
fon(@) =n(1=F@)" f(&)  (~00 <z < o)

These densities can also be found more directly by a differential calculation explained
in the next section.

Percentiles and the Inverse Distribution
Function

Given a distribution of X and a value z, the c.d.f. F(x) gives the probability that X
is less than or equal to . Often the question gets wrned around. For instance: For
what value of £ is there probability 1/2 that X is less than or equal to =2 Such an =
is a median of the distribution. More generally, given a probability p, for what =x is
P(X < z) = p? By definition of the c.d.f. this z must solve the equation

Flz)=p

In the case of F(z) given by a formula, the formula can usually be rearranged to
express ¥ in terms of p. In general, assuming this equation has a unique solution, as
it does for most continuous distributions of interest and 0 < P < 1, the solution of
this equation defines the inverse ¢.d.f.

z=F"(p)
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Example 5.
Problem 1.

Solution,

Problem 2.

Solution.

FIGURE 5. Relation between a c.d.f. and its inverse.

o
z‘a‘
[
fal
g
=
F{x) - <
{} A_m_m—m_T:m:_ﬂ..jr__m'___ _____ ] Mmt,‘
T F~1(p} = pth quantile values of X

See Figure 5. This point x, such that P(X < z) = p, is called the pth guantie (}f ther
distribution of X. This term is a generalization of the more common guartile, decils,
and percentile in case p is expressed as a multiple of 1/4, 1/10, or 1/100.

Finding percentiles.
For the exponential (A) distribution, find a formuia for the pth quantile, ¢ < p < L

Since the ¢.d.f. is F(z) =1 - e * for > 0, the required point « is found from
1
1—eM=p so :c:-»:\—log(lmp)

Find the 75th percentile point of the standard normal distribution.

This is ®~1(0.75) where ® is the standard normal c.d.f. Just as there is no simple
formula for ®, there is none for ®~1. But numerical values of &1 are eas_ﬂy;fgﬁﬁgi
by backwards lookup in the tble of values of ®. Inspection of the table gives
&(0.67) = 0.7486 and $(0.68) = 0.7517, so &~ (0.75) = 0.675.

Simulation via Inverse Distribution Function

Given a distribution on the line, how can you create random variables with this
distribution? This problem arises in computer simulation of random variables, The
random number generator on a computer provides a sequence of numbers between
0 and 1, say U1, U, ..., which behaves in most respects like 2 sequence of indepen-
dent uniform (0, 1} random variables. For example, the long-run proportion of values
U, in any subinterval of [0, 1} will be very close to the length of the subinterval. How
can these variables be transformed into a sequence simulating independent randdm
variables with some other distribution? The problem is to find a function g such that
if U has uniform (0, 1} distribution, then X = g{U) has a prescribed c.d.f., say F{:{}

Plg(UY< g} = F(z} forallz
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There are many ways to solve this problem by tricks depending on the desired
distribution. Which method is best depends on considerations such as computational
efficiency, not discussed here. One method will now be described which works no
matter what the required distribution. Here is a simple example to illustrate the
method.

Simulating a binomial (2, 0.5) random variable.

The left graph shows the required c.d.f. The right graph shows a function g from
{0,1) w0 {0,1,2}. This graph should be read on its side as a kind of inversion of
the graph of the c.d.f. The staircase is the same in both graphs. Imagine U picked

at random from the vertical unit interval. Then g(U) € {0,1,2} has the required
distribution.

l__ l_] I“"w
F(.ZT) -t & - - ¥ u . y . ._“ ~~~~~
l
1 A
e A [ """" ]
0 : H T 0 1 4 T -
0 lx 2 0 1 2

In detail, as it would be programmed on a computer, the rule for getting from the
uniform {0, 1) variable U to the binomial (2,0.5) variable g(U/) is

f0<U <025 then ¢/} =0
if0.25 <U <0.75 then g(U)=1
if0.78<U <10 then gU)=2

This g does the job because by construction the intervals on which g 1akes the values

0, 1, and 2 have lengths 0.25, 0.5, and 0.25, respectively, as required by the binomial
(2,0.5) distribution.

Simulation of a discrete distribution. The method of the previous example gen-
eralizes easily 10 any discrete distribution. For example, to get a random variable
with discrete distribution on 1,2, ... defined by probabilities py, p,, . . . define

glu)=k if pr+-+pro1<u<prteeFpet+pr

Then if U has uniform (0, 1) distribution

P(Q(U)=k)"‘“"P(P1+"'+Pk—1 <U<pi+- +pr + Pr) o= Py
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since this is the length of the interval of U-values that make g(U) = k. This mears
g(U) has the given discrete distribution.

The inverse distribution function. The function g(u) defined in the discrete case
above is always a kind of inverse of the c.d.f. F(z), in the sense that

g(F(z)) = = for all possible values x

Check this inverse relation in the example above for z = 0,1, 2. Given any c.cl.f. F,
not necessarily continuous or strictly increasing, a function g satisfying the above
inverse relation can be defined. Because of the inverse relation, g(u) is usually de-
noted F~1(u), and called the inverse c.d.f. In general, the inverse c.d.f. F~1{x) can
be defined as the least value = such that F(z) > u. This function has the following
important property:

Inverse c.d.f. Applied to Standard Unifonﬁ.

For any cumulative distribution function F, with inverse function F~1, if U’ ;:kﬁa;.;
| uniform (0, 1) distribution, then F~Y(U) has c.df. F.

To restate this result more intuitively, if you pick a percentage uniformly at random

on {0, 100}, then take that percentile point in a distribution, you get a random variable
with that distribution.

Proof. The discrete case has already been treated. The continuous case: js- mm
interesting. Assume, for simplicity, that F(z) is a continuous and strictly in

function of z. Then F~1(u) is the usual inverse function of F(«), as discussed: eama
and

w<er <= Flw) < Flz)

The events (F~Y(U) < x) and (F(F-YU)) < F(z)) are therefore identical, But

since F(F~1(u)) = u for every u in (0, 1), by definition of the inverse functmm e
can calculate

P(FH(U) <) = P(F(F~1(U)) < F(x))
= P(U < F(z))
= F(z) fromthe c.d.f. of U
Thus the random variable F~1(U) has cd.f. F. O

T
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The method of generating random variables via F~! is efficient computationally in
simulations only if F~! turns out to be a fairly simple function to compute, as it is
for the uniform distribution on (e,d) for any ¢ < d, or the exponential distribution.
But F~! is laborious to compute for the normal distribution. In this case it is quicker
and nearly as accurate to approximate using the central limit theorem, using, for
instance, a standardized sum of 12 independent uniform (0,1) variables. See also
Exercise 5.3.13 for another method of generating normal variables from uniform

ones.

Exercises 4.5

1.

For the exponential (A) distribution:

a) Show the c.df. is F(z) =1~ e~ forz > 0.  b) Sketch this c.d.f, for A = 1.

. Find and sketch the cumulative distribution functions of:

a) the binomial {3,1/2) distribution;

b) the geometric {1/2) distribution on {1,2,...}.
let (X, Y} be as in Example 2.

a) Find fy and Fy. [Hint: No calculations required!]

b) Let R =+ X? 4 Y72 Sketch the event {R < r} as a subset of the circle. Deduce
a formula for the c.d.f. of R, and check by differentiating that you get the same
density for R as in Example 4.1.2,

- Let X be a random variable with c.df. F(z). Find the c.d.f. of aX + b first fora > 0,

then for g < 0.
Find the c.df. of X with density function fx (z) = %e”“i (=00 <z <o)

let X be a random variable with c.d.f. F(z) = z* for 0 < 7 < 1, Find;
a) P(X > £); D) the density function f(z): ) E(X).

d) Let Y1, ¥z, Y3 be three points chosen independently and uniformly on the unit

interval, and let X be the rightmost point. Show that X has the distribution
described above.

. Let T have the exponential distribution with parameter A, and let ¥ == /T

1) Find the density of V.
b) Find the expectation of Y, correct to two decimal places, for A = 3.

) Arandom number generator produces uniform [0, 1] random numbers. How could
you use these to generate random numbers which have the distribution of Y?
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8. Components in the following series-parallel systems have independent exponentiaily
distributed lifetimes. Component ¢ has mean lifetime g;. In each case, find a_formuh
for the probability that the system operates for at least t units of time, and sketch the
graph of this function of ¢ in case p; =4 for each 4.

1 l
Y 1] L2}
1 . f :
i 5] ¢ — ER
{1z} — : 3
L2 ]

9. Expectation from c.d.f. Let X be a positive random variable, with c.df. F, as in the
following diagram for example:

lru
N
0 x

) Show, using the representation X = F~}(U) for a uniform [0, 1} random variable
{7, that E(X) can be interpreted as the shaded area above the c.df. of X, byoth,
for X with a density, and for discrete X. Deduce that

E(X):fm[1~F(x)]d$:me(X>:z:}d:r:
o 0

b) Deduce that if X has possible values 0,1,2, ..., then B{X) = T“:'l P(X > ns

¢) Use these formulae to rederive the means of the exponential and geometric- dis.
tributions.

d) Show that for a random variable X with both positive and negative values {eithe
discrete or with a density), E(X) = E(X1) - F(X-) where X, = X (X >0,
and X = (-X}(X <0}, so E(X) is arca (+) minus area (-} defined in temms
of the c.df as indicated helow:
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Order Statistics (Optional)

Let X, X3, ..., X, be random variables. Let Xy denote the smallest of the X's,
X(q) the next smallest, and so on, so that

Xy £ X =5 X

This relabeling of the X’s corresponds to arranging them in increasing order, as
shown below, for one particular ordering of five values Xy, ..., X5,

r X, X, X, X, X,

Notice that
X(]) = min(Xy,...,X,)
Xy = max(Xy,...,X,)

In general, X4 is called the kth order statistic of Xy,..., X,

This section deals with properties of order statistics of independent and identically
distributed random variables. Beta distributions appear as the distributions of order
statistics of independent uniform (0, 1) random variables.

Let X, X3, ..., Xy be independent random variables, all with the same density func-
tion f and cumulative distribution function F. For example, the X's could be a se-
quence of random numbers produced by a uniform random number generator. The
object is to find a formula for the density of the kth order statistic X (k). This has
been done already in Section 4.5 in the case of the maximum X,y and minimum
X1y by first finding the c.d.f., then differentiating. But here is another argument in
these special cases which generalizes more easily. First of all, it can be shown tha
in a sequence Xy, ..., Xy of independent continuous random variables, all n values
are distinct with probability 1. Taking this for gramied, here is a calculation of the
density of the maximum X,

Jmy(@)dz = P(X () € dz)
= P(one of the X's € dz, all others < )
= P{Xy € dx, all others < z) + P(X; € dx, all others < )
+ -+ P{X,, € dz, all others < 1)
= nP{X; € dz, all others < x) by symmetry
=nP(X; € dz)P(all others <) by independence
= nf(z)ds (F(z))"
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in agreement with the previous calculation in Section 4.5. Similarly,
f(;)(ﬂi) dr = P(X(l) € dz)
= P(one of the X’s € dz, all others > T)
= nflz)dz (1 - F(z))"*

The same method can be used to derive a formula for the density of the kth order

statistic of X1, ..., Xn. Recall that X, is the kth smallest of X1,...,Xn. The densiy
fue{x) of Xy is found as follows. For —o0 <& < 00

fuo(z)de = P{X ) € dx)
= P(one of the X's € dr, exactly k — 1 of the others < z)
= nP(X; € dz, exactly k ~ 1 of the others < )
= nP(X, € dx)Plexactly k — 1 of the others < z}

= nfehia( ) (P} 0 F™

using the binomial formula. To summarize:

Density of the kth Order Statistic

Let Xy denote the kth order statistic of X3, X2, ..., X5, where Xy, ..., X, are

independent, identically distributed random variables with common densiry j’
and c.df. F. The density of X(x) is given by

fio@ =ni@ (1) F@ T - P@)™ (oo <z < oo)

It is best not to memorize the formula, but to remember how it is derived.
Order Statistics of Uniform Random Variables

Let X1,...,Xn be independent random vasiables each with uniform distribution on
(0,1). The common density of the X's is '

f(:c)“—*—{é U<x<l

otherwise

Their common c.d.f is

] z<0
Flz)=¢ 2 0<z<1

1 z>1
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By the boxed formula above, the density of the kth order statistic of the n uniform
random variables is

RN kg on—k
fyla) = n(kml);v (1-z) D<z <l

0 otherwise

Some of these densities are graphed in Figure 1 on the next page.

Notice how as n increases, the density for the minimum gets more concentrated
near (). the density for the maximum gets more concentrated near I, and the density
for the middle value of the X's gets more concentrated near 1 /2. This is what you
would expect intuitively.

Notice also the functional form of the density: a constant, times z raised to a power,
times 1 ~ z raised to a power. This simple form for a density on (0, 1) appears in
many settings. Here is a general definition:

Beta (r,s) Distribution
For r,s > 0, the beta(r, s) distribution on (0,1) is defined by the density

B(: s)a:‘"‘l(l -zt (0<z<i)

where X
B(r,s) = f 2 H1 - 2)*ldy
o

is the normalizing constant which makes the density integrate to 1.
Viewed as a function of r and s, B(r, s) is called the beta Junction.

A comparison of the last two boxes shows the following:

Beta Distribution of Uniform Order Statistics

The kth order statistic of n independent uniform {0,1) random variables has
beta (k,n — k + 1) distribution.

A nice corollary of the formula for the density of X, (k) derived above is that for
integers r and s, the beta function B(r, 5) is evaluated. Since fixy is a density it must
integrate to 1 over [0,1). So

/1 Ik—l(l _ Z)"_kdx - nIMI - (k — l)f(n R k)]
0 n{}")) nl
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FIGURE 1. Densifies of order statistics of independent uniform variables. for n = 1,2, ...§
ond k = 1,2, ....n, the density of the kh order slatistic of n independent unitorm (0, 1) Fomdam
variables, which is the beta density with porometers k and n - k + 1, 15 plotted as the k?hgmp%z
in the nith row of the diagrarm. '
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Substitute r = k and s = n—k+1 and recall that I'(r) = (r — 1)! for positive integers
r 10 get the following result for integers r and s:

Evaluation of the Beta Integral

For positive » and s

B{?‘, S) = ,[gl 351‘“1(1 - x)svld&;‘ = II;‘\((_M;)_:(:))

The beta (r, s} distribution is defined, and the above evaluation of the beta integral
is valid, for all positive r and 5, not necessarily integers. See Section 5.4, especially
Exercise 5.4.19 for a proof of this and explanation of the connection between the
beta and gamma distributions.

Momenits of the beta distribution. The expectation and variance of a beta random

variable with integer parameters are now easy to calculate, If X has beta distribution
with positive integer parameters r and s,

E(X)::/::z:v

1

= B(i 5) -/B x(r-{-i)—l(l _ I)s—-ldz
B(r +1,s)

- B(r,s)

ri{s - 1)! ~ (r+s—1)

(r+s)  (r—1)l(s - 1)t
T

r+ 8

7l o ya—1
B(r,a)x (1—=z)"de

E(X?) can be calculated in the same way, and used to find a formula for the variance
of X. This is left ag an exercise,

The kth order statistic of n independent uniform (0,1} random variables has beta
distribution with parameters k and n — k + 1, s0

k
n+i

E(X () =

Thus the smallest of four uniform random numbers is expected to be around 1/5,
the next smallest around 2/5, the third smallest around 3/5, and the largest around
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4/5. In other words, if you think of picking four points at random from: [0,1] &
cutting the interval into five pieces

i N N 5 N
I A A AN A 1

all the pieces are expected to have the same length, In fact, more is true: Tt can b
shown that when an interval is split at random like this by any number of indepes-
dent uniform random points, the length of each piece has the same beta distribution
as the length of the first piece. See Chapter 6 Review Exercise 32

Exercises 4.6

1.

Four people agree to meel al a cafe at noon. Suppose each person arrives at & thme
normally distributed with mean 12 noon and S 5 minutes, independently of atf e
others.

a) What is the chance that the first person 1o arrive at the cafe gets there - bwfose
11:50?

b} What is the chance thal some of the four have still not arrived ar 12:152
¢} Approximately what is the chance that the second person to arrive gets there
within ten seconds of noon? '
Let X have beta {7, s} distribution.
a) Find E(X*), and us¢ the formula for E(X) given in this section 10 find Var{X:
1) Find a formula for E(X*), for integers k > 1.
et Ugryy oo, Uy be the values of n independent uniform (0, 1) variables arranged in
increasing order. Let ) < # < y € 1. Find simple formulae for:
a) P(Upy > xand Up,y <) by P(Uy > @ and Uy > yh
) P(Upy < zand Upy <)y & P(Uyy <o and Uy > w1
e) PUyy <cand Upyyy >y)for 1<k<n-1
D P{Ugy <eandUpysy > y)for 1<k<n-2
Let X = min(3,T) and Y = max(S, T for independent random varahles & and 7
with a common density f. Let 2 denote the indicator of the event § < T,

a) What is the distribution of Z7

b) Are X und Z independent? Are ¥ and Z independent? Are (X, Y') and 2 inge-
pendent? '

¢) How can these conclusions be extended to the order statistics of three or more
independent random variables with the same distribution? '

C.df. of the beta distribution for integer parameters.

a) Let Xy, Xy, ..., X, be independent uniform (0, 1Y random variables, and Tet X
be the kth ordt-:r statistic of the X's. Find the c.d.f. of X by expressing thé e
Xy < # in terms of the number of X; that are < z.

£y
IR
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b) Use a) to show that for positive integers v and s, the c.df of the beta (r, s)
distribution is given by

r+s-1

b (H : - l)r’(l ok A (R §

i=mr

¢) Expand the power of (1 —x) in the beta density using the binomial theorem, and
then integrate, to obtain the following alternative formula for the ¢.d{. of the beta
(r,s) distribution:

a1

A Z(SQI)(””“"’ (r+9)  O=esl)

i=0

{Equating the results of these two calculations yields an algebraic identity that is not
easy 1o prove directly.]
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Continuous Distributions: Summary
For a random variable X with probability density f(z):

Differential formula: P(X ¢ dz) = f(z)dzx.
nmgmmmMumngwz/fMM
4

Interpretation: f(z) is the chance per unit length for values of X near .
Properties of f{z): Non-negative, total integral 1.

Expectation of a function g of X

=

E () = |

-

¢(@)f(z)dz provided ] " @l f@)z < 0o

Uniform, exponential, normal distributions: See Distribution Summaries.

Hazard rates
Let T be a positive random variable with probability density f. Think of T as the lifetime of
a component. The hazard rate (or fatlure rate, or death rate) function X(t) is the pmbahﬁ_;m
per unit time that the component will fail just after time ¢, given that it has survived: ‘ap o
time ¢

P(T g dt|T > t) = A(t) dt

For relations between A and the density, survival function, etc., of T, see the table “Random
Lifetimes™ on page 297.

Expectation from the survival function: For a non-negative random variable T,

Mﬂ:/ G(t)dt
0

where G(t) = P(T > t) is the survival function of T.
One-to-one change of variable for densities

Let X be a random variable with density fx(z) in the range (e, b).

Let Y = g(X) where g is either strictly increasing or strictly decreasing on {a, b) m

range of Y is then an interval with endpoints g(a) and g(b). And the density of Y on 'this
interval is
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rO=1 ) |E o amgryy

where dy/dz is the derivative of y = g(z), and ¢!

is the inverse function of g.
Linear change of variable for densities:

fax4p(y) = ifx (y - b)

e a.

Change of variable principle: If X has the same distribution as ¥, then 9(X) has the
same distribution as g(Y), for any function g.

Cumulative distribution function of X : Flz}= P(X < z)
If the distribution has a density f(x), then

Fa)= [ r)ay
X3
and the density function at x is the derivative of the ¢.d.f at x

#e) = 2O _ iy

provided F'(z) is continuous at z.
Percentiles

The &th percentile point of a distribution is the value z such that F(x) = k/100, written
x = F~(k/100), where F~1 is the inverse c.d.f.

Transformation by the inverse c.d.f,
IfU has uniform (0, 1} distribution, then f~
Order statistics

Xy, .., X, are independent w
statistic X (k)» that is, the kth sma

Y(U) has cdf. F.

ith common density f and c.df F the

n the kth order
llest value among the X, .,

.y X, has density

Pxn(®) =nf(@) (3 1) () 1 - s

If the X; have uniform (0,1) distribution, then X(xy has beta (k,n ~ k + 1} distribution.



Review Exercises

1.

&

Suppose atoms of a given kind have an exponentially distributed lifetime with rate 3
Let X; be the number of atoms still present at Jime § > 0, starting from X == 1. Find
formulae in terms of n, ¢, and A for ) E(Xy);  b) Var(X:).

Find the constant ¢ which makes the function f{z) = c{z+7*)for0 <z < 1 the density
of a probability distribution on {0, 1). Find the comesponding c.d.f. Fi(x), Skeuch the
graphs of f(z) and F(z). Find the expectation y and standard deviation o of a random
variable X with this distribution. Mark the points p, j¢ + & on your graphs.

Let ¥y, Yz, and Y be three points chosen independenty and uniformly from {0, 1), and
let X be the rightmost (largest) point. Find the c.d.f., density function, and expecrarion
of X.
Let X be a random variable with density f(z) = 0.5 1% (—00 < » < o0). Find:

a) P(X <1); b E(X)and SD{X); ¢)the c.df of X2

An ambulance station, 30 miles from one end of a 100-mile road, services accidens
along the whole road. Suppose accidents occur with uniform distribution along. the
road, and the ambulance can travel at 60 miles an hour. Let T minutes be the response
time {hetween when accident occurs and when ambulance arrives).

a) Find P(T > 30).

b) Find P(T > t) as a function of ¢. Sketch its graph.

¢} Caleulate the density function of T,

d) Calculate the mean and standard deviation of T,

€) What would be a better place for the station? Explain,
Electrical components of a particular type have exponentially distibuted lifetimes st
mean 48 hours. In one application the component is replaced by a new one- if it faiks
before 48 hours, and in case it survives 48 hours it is replaced by a new one anmt

Let T represent the potential lifetime of a component in continuous use, and {7 the s
of such a component in use with the above replacement policy. Sketch the graphs of

a) the c.df of T, b)the c.df. of U. Is U discrete, continuous, or nefther?

¢} Find B(U). [Hint: Express U as a function of T

d) Does the replacement policy serve any good purpose? Explain.
Two-sided exponential distribution. Suppose X with range (—o0, 00} has Qensiy
f{z) = ae™?1*! where @ and @ are positive constants.

a) Express o interms of 8. b) Find E{(X) and Var(X) in terms of 3.

<) Find P({X{>y) intermsof y and 8. d) Find P(X < 2) in terms of x and A
The principle of ignoring constants. In calculating the density of a random vam&ga@
X, a quick method is to ignore constant factors as you go zlong, to end up with 4n
answer of the form P(X € dr)/dz = f(z) with f(z) = ¢ h{z) for 2 known funciion

h{zx) and mystery constant ¢. The point is that provided your caleulation has been
consistent with the basic rules of probability, the density of X must integrate 1o 3

fch(:c)dx:jf(z)dzzl

»
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a) Use this identity to evaluate ¢ in terms of [ h(x) dz.

b} You can often recognize at the end of a calculation that h{z) = ¢ fi{x) for some
named density fi () (e.g. one of the densitics displayed in the ble on page 477
and some constant ¢; . Deduce that then ¢ = 1/¢) and f{x) = fi(x).

Use this method to evaluate the constant factor ¢ that makes ch(ir) a probability density
for each of the following functions h(x}, assumed © be zero except for the indicated
range of z, and find E{X) and Var(X} in cach case from the wble on page 477
Lo
e’ 2" (-oo<r<oe) Dz D)
bl (0<z<l) De™ (z>0)
9. Use the method of Exercise 8 to evaluate the constant factor ¢ that makes f(#) = ch{x)

a probability density for each of the following functions fi(z), assumed 10 be zero except
for the indicated range of x, where g and b are positive parameters. Also find F(X)
and Var(X) in each case:

202
~(x-a) (oo <z <o)y Me T (oo p <o)

a) e
o e e > 0), dDe™™ (—oo <a < )
ey r'(1-2)" (O<z<l)y De'(h—-2)* ©@<z<bh)

10. Evaluate the following integrals:

o 1 o0 o
. - —_ [
@) / e““‘zdm; b)/ e dr; c)/ Te 2oiu:: d)f e zd.r_
0o 0 0 o

Evaluate the following integrals:

o0 2 o i1}
Y] / e dey b / e ¥ <) / 22100 z)dr.
i} 4] [\]

12. A Geiger counter is recording background radiation ar an average rate of 2 hits per
minute; the hits may be modeled as a Poisson process. Let T be the time (in minutes)
of the third hit after the machine is switched on, Find P(1 < T < 3).

11

13

Local calls are coming into a telephone exchange according to a Poisson process with
T Ag,e calls per minute. Independently of this, long-distance calls are coming in at a
rate of Ay calls per minute. Wiite down expressions for probabdlities of the following
events:

4) exactly 5 local calls and 3 long-distance calls come in a given minute;

b) exactly 50 calls (counting both lacal and long distance) come in a given three-
minute period;

¢) starting from a fixed time, the first ten calls to srrive are local.

14

*

Panicles amive al a Geiger counter according 10 a Poisson process with rate 3 per
minute.

) Find the chance that less than 4 particles arrive in the time interval 0 to 2 minutes,

b) Let T, minutes denote the arrival time of the nth particle. Find

P(T1<l, L~-T <. Tz-Ty< i)



15.

16.

17.

18,

19,

20.

21.

¢) Find the conditional distribution of the number of arrivals in 0 to 2 minutes,
given that there were 10 armivals in 0 to 4 minutes. Recognize this as a named
distribution, and state the parameters.

Two Geiger counters record arrivals of radioactive particles. Particles arrive at Counter

I according 10 a Poisson process, ai an average rate of 3 per minute. Independently,
patticles arrive at Counter II at an average rate of 4 per minute, also according w x
Poisson process. In a particular one-minute period, the counters recorded ar wotal of §
arrivals. Given this, what is the chance that each counter recorded four arrivaly?

Cars arrive at a tll booth according to a Poisson process at a rate of 3 arrivails per
minute.

4) What is the probability that the third car arrives within three minutes of the firs
car?

bY Of the cars armriving at the booth, it is known that over the long run 60% aw
Japanese imports. What is the probability that in a given ten-minute interval,
15 cars grrive at the booth, and 10 of these are Japanese Imports? State youwr
assumptions clearly.

Show that 1" has exponentia! distribution with rate A if and only if
PT<t)=1-¢ forall 0<t<oo

Bus lines A, B, and (7 service a particular stop. Suppose the lines come as i!}dﬁpﬁﬁm
dent Poisson processes with rates A4, Ag, and A¢ buses per hour respectively. Find
expressions for the following probabilities:

a) exacly one 4 bus, two B buses, and one  bus come to the stop in a given
howr;

b} a towl of 7 buses come 10 the stop in a given two hour time period;

<) starting from a fixed time, the first A bus arrives after ¢ hours.
A piece of rock contains 1% atoms of a panticular substance, each with a haif-life of
one century. How many centuries must pass before:

a) most likely about 100 atoms remain;

b) there is about a 5 chance that at least one atom remains.
Hazard rates (refers to Section 4.3). Suppose 4 component with constant failure e
A is backed up by a second similar component. When the first component burns our the
second is installed, and is thereafter subject 1o failure at the same rare X, independently

of when it was installed and how long it has been in use. Let T be the Iotai.im 0
failure of both components. Find for T ‘

a) the density function;  b) the survival function; <) the hazard rate function,
d) Suppose A = 1 per hour. Given T > 2 hours, what is the approximate 'pi-oha&ggg@
of failure in the next minute? )
Suppose Ry and Hp are two independent random variables with the same ‘density
function f{z) = xcxp(w*%:tz) for r > 0. Find o

(@) the density of Y = min{R;, Rz}; b the density of Y3, ) B(Y?).
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22.

23.

24.

25.

26.

27.

28,

Let X be a random variable that has a uniform distribution on the imerval {0,a).
a) Find the cdf of Y = min(X,a/2).
b) 1s the distribution of Y cantinuous? Explain.  ¢) Find E(Y).
An earthquake of magnitude M releases energy X such that M = log X. For canh-

quakes of magnitude greater that 3, suppose that M — 3 has an exponential distribution
with mean 2.

a) Find E(M} and Var(M) for an earthquake of magnitude greater than 3.
b) For an earthquake as in part a), find the density of X.

) Consider twa earthquakes, both of magnitude greater than 3. What is the proba-
bility that the magnitude of the smaller earthquake is greater than 4?2 Assume that
the magnitudes of the two carthquakes are independent of cach other.

Suppose stop lights at an intersection alternately show green for one minute, red for
one minute (ignore amber). Suppose a car arrives at the Jights at a time distributed
uniformly at random relative to this cycle. Let X be the delay of the car at the lighs,
neglecting any delay due to traffic congestion.

a) Find a formula for the c.df, of X, and sketch its graph.
by Is X discrete, continuous, or neither?  ¢) Find E(X) and Var{X).

d} Suppose that the car encounters a succession of ten such stop lights. Make an
independence assumption and use the normal approximation to estimate the
probability that the car will be delayed more than four minutes by the lights,

Suppose the random variable U is distributed uniformly on the interval {0, 1), Find.

a} the density of the random variable ¥ = min {{/,1 U} tindicate wi
density is positive);

b) the density of 2Y; ¢} E(Y) and Var(Y).

wre the

Suppose that the weight W, of 2 tumor after time ¢ is modeled by the formula W, =
Xe'” where X and Y are independent random variables, X distributed according to
a gamma distribution with mean 2 and variance 1, and ¥ distributed uniformly on 110
L.5. Find formulae for: a) E(W,).  b) SD{W,).

Suppose Uy, Us, ... are independent uniform (0, 1) variables, and let N be the first
n 2 2 such that Uy > Up—1. Show that for 0 < u < 1

a) PUh<uwand N =n) = ut! v n> 9
1= - N ) T I
by P(U; Suand Niseven)=1—¢™¥,

o) E(N) =e.

A point is chosen uniformly at random from the circumference of a circle of diameter
1. Let X be the length of the chord joining the random point to an arbitrary fixed point
on the circumference. Find: a) the c.d.f of X:  b) E(X), o Var{X).
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Review Exercises

29. A gambling game works as follows. A random variable X is produced; you;win:}'_sg g
X > 0 and you lose $1 if X < 0. Suppose first that X has a normal (0, 1) distributios.
Then the game is clearly “fair”. Now suppose the casino gives you the following optics.
You can make X have a normal (b, 1) distribudon, but 1o do so you have to pay $cb
which is not returned to you even if you win. Here c > 0 is set by the casing, bt vou
can choose any b > 0.

a) For what values of ¢ is it advantageous for you to use this option?

b) For these values of ¢, what value of b should you choose?

30. A manufacturing process produces ball bearings with diameters which are indeper
dent and normally distributed with mean 0.250 inches and SD 0.001 inches. In fa‘}ﬁiﬁgﬁ}»ﬂ
precision application, 16 hearings are arranged in a ring, The specifications are ‘that:

(i) each bearing must be between (.249 and 0.251 inches in diameter;

(i) the sum of the diameters of the 16 bearings must be between 3.995 and 4.065
inches.

) What is the expected number of bearings which must be produced by the process
to obtain 16 satisfying specification (D7 '

b) Given 16 bearings obtained like this, what is the chance that they meet specifi-
cation (ii)?

[Hint for b): Write z2¢(z) = z[zé(z)] and use integration by parts 1o show that
f p?(z)dr = 2®(z) ~ 1 — 2z¢(2). |
31. The skew-normal pseu;;density. Referring o the end of Section 3.3, let
2o(2) = B() - 2(° ~ DLe)

This is the substitute for the normal c.d.f. ®{z) which for % # 0 typically gives a betier

approximation than &(z) to the c.d.f. of 2 random variable with mean zero, variance 1
and third moment &.

2) Let gy (z) = £ Pp(2). Show do(z) = [L ~ §(3z ~ 2)(2)-
b) Show that for every 6

[ aerie =1, [~ om0 [~ toterie=1: [ Sonerae =

oo - O
[So ¢pg(z) is very like the probability density of a distribution with mean’ zem,
variance 1 and third monent #. This explains the choice 8 = Skewness(X} =
E{X?) in the skew-normal approximation to the distribution of a standaidized
variable X, = (X — p)/o ] "

¢) Show that ¢e is negative for large negative z if 8 > 0, and ne'gal:i\'rejffbf__iw
positive z if § < 0. o for & # 0, ¢e(z) is in fact net a probability density: 18 may
be called instead a pseudo-density, '

d) Find a probability in the Poissor(§) distribution whose normal approximation
with continuity and skewness corrections is a negative number.

) Explain carefully why, despite ¢) and d) the functions ¢, ja(z) and @, salz) Pro-
vide practically useful approximations to the Poisson(9) and other distributions
which are roughly normal in shape but slightly skewed.




Continuous Joint

Distributions

The joint distribution of a pair of random variables X and Y is the probability
distribution over the plane defined by

P(B)=P((X,Y) € B)

for subsets B of the plane. So P{B) is the prabability that the random pair (X,Y)
falls in the set B. Joint distributions for discrete random variables were considered
in Section 3.1. This chapter shows how these ideas for discrete random variables
are extended to two or more continuousty distributed random variables with sums
replaced by integrals.

Section 5.1 concems the simplest kind of continuous joimt distribution, a uniform
distribution defined by relative areas. Section 5.2 introduces the concept of a joint
density function. Joint probabilities are then defined by volumes under a density
surface. The important special case of independent normal variables is studied in
Section 9.3. Then Section 5.4 deals with a general technique for finding the distribu-
tion of a function of two variables.
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5.1

Uniform Distributions

The uniform distribution on an interval was discussed in Section 4.1. Th@:fiﬂéa;:ﬂgw
tends 1o higher dimensions with relative lengths 1eplaced by relative areas or }é{iﬁﬁ@e
volumes. For example, a random point {X,Y) in the plane has uniform distribation
on D, where D is a region of the plane with finite area, if:

() (X,Y) is certin to lie in I

(i) the chance that (X,Y) falls in a subregion C of D is proportional to' the area
of C

area ()
area (1)

PU{XY)eC)= for CCD

Here is an important observation:

Independent Uniform Variables

If X and Y are independent random variables, each uniformly distributed ‘on '
an interval, then (X,Y) is uniformly distributed on a rectangle. ]

To see why, suppose X and Y are independent and uniformly distributed on, say,
(0,a) and {0,b), respectively. For intervals A and B the event (X e AY e B} i
the event that {X,Y) falls in the rectangle A x B, as shown in the following Venn
diagram: o

(X € A)

} (YehB)

—(Xe4, YeB)

0
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So for any rectangle A x B
P{{X,Y)e AxB)=P(X €AY €B)

= P(X € A)P{Y € B) by independence of X and Y
' 1

length (4) engtlt: (8) by assumed uniform distributions of X and Y

a
area (A x B)

ab
Thus the probability that (X,Y) € C is the relative area of €' in (0,a) x (0,b) for
every rectangle C. The same must then be true for finite unions of rectangles, by
the addition rule of probability and for area, hence also for any sct C whose area

can be defined by approximating with unions of rectangles. Conclusion: (X,Y) has
uniform distribution on the rectangle {0, 2} x (0,b).

The above observation allows probabilities involving two independent uniform vari-
ables X and Y to be found geometrically in terms of areas, The key step is correct
identification of areas in the plane corresponding to events in question. Skill at doing,
this is essential for all further work in this chapter,

Example 1. Probabilities for two independent uniform random variables.
Suppose X and Y are independent uniform (0,1) random variables,
Problem 1.  Find P(X?+Y?2 < 1),

Solution.  Proceed by 3 steps as in the diagram below:

!

Draw 2 unit square with coordinates X, Y.

Notice that X 4+ Y2 =1 gives the equation of a circle of radius 1.

Recognize (X2 + Y2 < 1) as the region inside both the square and circle.

Use the formula for the area of a circle to get P(XZ2 4 Y2 < 1) = z.

~{X‘Z+ ‘yﬁt 1} w(}(fﬂ! o VQ < 1)

Problem 2. Find the conditional probability P(X? +Y2 < 1|X + Y > 1).
Solufion.  After first identifying X2 + Y2 < 1 as above, next:

— Recognize (X + ¥ = 1) as the line through the points (0,1) and (1,0).
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— Deduce that (X + Y > 1) is the shaded region above this line.

1
(X?+ Y 1)

Y

L (X+ ¥=1) (X+Yz1

] I—
0 1
— Now compute the required relative area:

P(X?+Y2< Y >
PX2+Y2 <X +Y > 1) = (XP+Y?<LX+¥V21)

P(X+Y >1)
_m4-12 T
T2 2

Problem 3.  Find P(Y < X?).

Solution.
~ Graph Y = X2
— Recognize (Y < X?) as the region under this graph.

- Compute the area of this region by calculus.

1 .

1
PY < X% = f e = 23
0 3

Discussion, Note well how only in the last of these problems was it necessary w
resort to calculus to find the area, Always sketch the relevant regions first, then look
out for familiar shapes, rectangles, triangles, and circles. If all else fails, use Cﬁl{lﬁiﬁ;’i‘?

Example 2. More probabilities for two independent uniform variables,

Let X and Y be independent random variables, each uniformly distributed on {8, 1}
Calculate the following probabilities: v
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a)

b)

¢)

Example 3.
Problem.

Solution,

P(|X ~ Y| £ 0.5) = indicated arca

1
=1--=075
4

P(li-fmzlgo.s) :P(%Xngzx)

= indicated area

_ 1 1+g__5
- 2\2 "3/ 712

P (Y > XY > %) = indicated area/%

(D)3

Probability of meeting.

Two people try to meet at a certain place between 5:00 PM. and 5:30 P.M. Suppose
that each person arrives at a time distributed uniformly at random in this time interval,
independent of the other, and waits for the other at most § minutes. What is the
probability that they meet?

Let X and Y be the arrival times measured as fractions of the 30 minute interval, siars-
ing from 5:00 PM. Then X and ¥ are independent uniform (0, 1) random variables,
The people meet if and only if | X — Y] < 1 /6.

i

0

0 1

Desired probability = indicated area = 1 — ( 87 =4



Chapter 5. Continuous Joint Distributions

Uniform Distribution over a Volume

This is the extension of the idea of relative lengths in one dimension and rels-
tive areas in two dimensions (o relative volumes in three and higher dimensians, ¥
Us,..., U, are n independent random variables, with U, uniformly distributed on an
interval {a;, b;), then the same argument given carlier forthe case n = 2 Shpws'{haz
the joint distribution of (U7,,...,U,) is the uniform distribution defined by relative
volumes within the n-dimesional box

(alabl) x (ﬂg,bg) X X (an:bn)

whose n-dimensional volume is the product (b, ~ a1 )by —ag)--- (b, — 8y ) of the
lengths of its sides.

To illustrate, a random point in the unit cube (0,1) x (6, 1) x (0,1), with approx:-
mately independent coordinates, is obtained by three successive calls of a pseude-
random number generator, say (RND;, RND,, RNDj3). For any subvolume B of the
unit cube bounded by a reasonably smooth surface (e.g,, the portion of a box, pvra-
mid, or sphere that lies inside the unit cube) the long-run frequency of times that
{RNDy, RND;, RND;) is in B will be approximately the volume of B, that is P{B
for the uniform distribution on the unit cube. For exampie, the long-run frequency
of triples (RND}_,RNDE, RND3) with

(RND; — £)% + (RND; ~ })? + (RND; ~ 3)* < 1/4
is approximately the volume of the subset of the unit cube
{(z,y,2) : O<z<t, O<y<l, O<2<l, (2 ~ P+ -1+ (2= 3)%<1/4)

This is the volume of a sphere of radius % centered at (-%, %, %), which is %w ( %}3 =%

Exercises 5.1

1. Let (X, Y have uniform distribution on the set
{(:r:,y):0<n:<23ndG<y<4andx<y}.
Find:  a) P(X < 1); by P(Y < X?).

2. A menl rod is I inches long. Measurements on the length of this rod are
random error. Assume that the errors are uniformly distributed over the
o +0.1 inch, and are independent of each other

equal 1o § plus
fange -0 1 jnch

2) Find the chance that a measurement is less than 1/100 of an inch away from i,
b) Find the chance that two measurements are less than 1/100 of an inch '3‘;}3:)-;"

from
each other.
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3.

- Let X and ¥ be two independent uniform (0, 1) random variables. Let M be

» A triangle problem. Suppose a straight stick is broken in three

suppose X and Y are independent and uniformly distributed on the unit imervai (0, 1).
Find:

P{Y > %;Yg 1 —2X).

. Let X and Y be independent random variables each uniformly distributed on (0,1),

Find:

D PUX -Y]<025); ) PX/Y - 1) <0.25), o) P(Y > X[V > 0.25),
A very large group of students takes a test. Fach of them is told his or her percentile
rank among all students (aking the test,

a) If a student is picked at random from all siudenis taking the test, what s the
probability that the student’s percentile rank is over 90%

b} 1If two students are picked independently at random, what is the probabifity that
their percemile ranks differ by more than 10%7

+ A group of 10 people agree to meet for lunch a1 a cafe between 12 poon and J2:15

P.M. Assume that each person arrives at the cafe at a time uniformly distribuied between
noon and 12:15 PM., and that the arrivat times are independent of each other.

4} Jack and Jill are two members of the group. Find the probability that Jack arrives
at least two minutes before Jill.

b} Find the probability of the event that the fitst of the 10 persons (0 arrive docs so
by 12:05 PM., and the last person arrives afier 12:10 PM.

the simatler
of XandY. et <z < 1,

4) Represent the event (M > x) as the region in the plane, and find PLAT > 5 o
the area of this region.

b} Use your resulk in a) 1o find the ¢.d.f, and density of M. Sketoh (he graph of these
funciions,
Let Uy, ..., Uny be the values of n independent uniform (0,1) random variales
arranged in increasing order. Let 0 < x < y <1
a) Find and justify a simple formula for PUpy > xand Uy, < 3).
b) Find a formala for P(Uqyy < x and Uy < ).
al two points chosen

independently at random along its fength. What is the chance that the three sticks S0
formed can be made into the sides of a triangle?
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5.2

Densities

The concept of a joint probability density function f(z,y) for a pair of randon
variables X and Y is a natural extension of the idea of a one-dimensional prnhaha%
ity density function studied in Chapter 4. The function f{z,y) gives the density of
probability per unit area for values of (X, Y) near the point {z, ).

FIGURE 1. A joint density surface. Here a particular joint density function given by the famuls
flz,y) = Blaly ~ 2)(1 — 7) (0 <z <y < 1) isviewed os the height of a surface v
the unit square 0 < = < 1,0 < y < 1. As explainad loter in Example 3, two rondom variables X
and ¥ with this joint density are the second and fourth smallest of five independent unifarm. £0, 13
variables. But for now the source and special form of this density are not important, Just view i o
o typical joint density surfoce.

T
e R R,

= NN
RN

o
Zoyaaw -

o
Caawab e

o S VoL e v
e
C S

R

Examples in the previous section show how any event determined by two randam
variables X and Y, like the event (X > 0.25 and Y > 0.5), cotresponds 1o a region
of the plane. Now instead of a uniform distribution defined by relative areas, the

probability of region B is defined by the volume under the density surface over B
This volume is an integral

Pxv)eB) = [[ vy
B
This is the analog of the familiar area under the curve interpretation for probabitities
obtained from densities on a line, Examples to follow show how such integ:ﬁis;m
be computed by repeated integration, change of variables, or Symmetry arguments
Uniform distribution over a region is now just the special case when f(z, %) is éon-
stant over the region and zero elsewhere. As a general rule, formulae involvis Jont
densities are analogous to corresponding formulae for discrete joint dlStl‘lbumm
described in Section 3.1. See pages 348 and 349 for 2 Summary.

LRSS e T
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FIGURE 2. Volume representing a probability. The probability P(X > 0.25 and v > 0.5),
for random variobles X and ¥ with the joint density of Figure 1. The set B in this case is
{{z) : 2> 02 0ndy > 05} You can see the volume is about half the total volume unr
der the surface. The exact value, found loter in Example 3, is 27/64.

e “‘\\\‘%.\“: DS
S \\\\\ \\\\\§,€

N
N

Informally, if (X,Y) has joint density f(z, ¥}, then there is the infinitesimal proba-
bility formula

P(X ede,Y € dy) = fz,y)dx dy

This means that the probability that the pair (X,Y) falls in an infinitesimal rectangle

of width dx and height dy near the point (x,y) is the probability density at (z,y)
muktiplied by the areq dz dy of the rectangle,

df%'%&“y
P(Xeds, Yedy)
= f(z, y)dedy

= volume of box . height f(z,y) of
density surface
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Discrete Joint Distribution
Probability of a point:

P(X =1z,Y =y) = P(z,y)

The joint probability P(x, ) is the probability of the single point {z, y).

Probability of a set B: The sum of probabilities of points in B

P((X,Y)eB)= Y P(z,y)
{(z,9)EB

Constraints: Non-pegative with total sum 1

P{z,y) >0  and E ZP(m,y) =]

alt z alt g

Marginals:
P(X =2)=} P(z,y)
all y
P =y) =) P(z,y)
all »

Independence:  P(z,y) = P(X =z)P(Y =y) (for all z and v

Expectation of a function g of (X,Y), e.g., XY,

E(g(X,Y)) =33 oz, 9)P(z,y)

all xall v

provided the sum converges absolutely.
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Joint Distribution Defined by a Density

Infinitesimal probability:

P(X € dz,Y € dy) = f(z,y)dzxdy

The joint density f(z,y) is the probability per unit area for values near {(z,v).

Probability of a set B: The volume under the density surface over B

P((X,Y) € B) = f ]B 1(z,5) dz dy

Constraints: Non-negative with total integral 1

flz,y) 20  and fm /m flz,y)dxdy =1

Marginals:
fx(x) = f Fz,y)dy

00

fr (y) = f(z,9)dz

O

Independence: Hz,y) = fx(z)frly) (forall z and )

Expectation of a function g of (X,Y), e.g., XY

E(g{X,Y)) = / / 9(z,y}f(z, y)dz dy

provided the integrai converges absolutely.
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The infinitesimal probability formula
P(X €dz,Y € dy) = f(z,y)dx dy

is really shorthand for a limiting statement about the ratio of probability . per
area for small areas, which, strictly speaking, holds only at points (z, y) sui:: ! 'ﬁm'
the joint density is continuous at {z,%). But the infinitesimal formula . comreys ahe
right intuitive idea, and can be manipulated to obtain useful formulae ‘which tun
out to be valid even without assuming that the joint density is contmuous

Marginal densities. If (X,Y) has a joint density f(z,y) in the plane then each
of the random variables X and Y has a density on the line. These are cal}eﬂ The
marginal densities. As shown in the preceding display, the marginal densities ¢ can
be calculated from the joint density by integral analogs of the discrete formulae for
marginal probabilities as row and column sums in a joint distribution table. Pmbg.
bilities of discrete points are replaced by densities, and sums by integrals,

Independence. In general, random variables X and Y are called mdependﬁm i

(1) P(X € A,)Y € B) = P(X ¢ A)P(Y € B) for all choices of sets 4 and B,

Joint Density for Independent Variables E

Random variables X and Y with joint density f(z,y) are independent xf anrj
only if the joint density is the product of the two marginal densities:

(2) flz,9) = fx{@) fy (v) (for all £ and p)

Intuitively (2) follows from (1) by taking A to be a small interval (z, z + di) neur g,
B a small interval (y,y + dy) near y, 1o obtain

3) P(X € dz,Y € dy) = P(X € dz)P(Y € dy)
so  flz,y)dedy = fx(z)dz fy(y)dy

Cancelling the differentials dz and dy leaves the product formula for densities, Con-
versely, (1) is obtained from (2) by integration.



Section 5.2. Densities 351

Uniform on a triangle,
Suppose (X,Y) is uniformly distributed over the region {{z,y):0 <z <y < 1}.
Find the joint density of (X,Y). ¥
By the assumption, f(z,y}) =cfor <z <y <1 1“ .
and 0 elsewhere. Because the triangle has area -%, S
=2
y==r
e N
Find the marginal densities fx(x) and fy (y). 0 1

fx(z) = F flz,y)dy

y=1
= / 2dy since flx,y) =2for0 <z <y<l, Oelsewhere
y=:l'

= 2(1 — ) for0 <z <1 andO elsewhere,

o0

fr(y) = [z, y)de

— 0

r=y
= / 2dzr since f{z,y) =2for0<z <y <1l 0 eclsewhere
z=0

=2y for0 <y <1l andO0 elsewhere.

Are X and Y independent?

No, since f(z,y) # fx{z)fr (y).
Find E{X) and E(Y).
1

E'(X):/;00 :cfx(:r)dx=-/‘o 2x(1—x)dx:%

o0 1
BV = [ unt = [ wtay -]

Find E(XY).

1 Y 1 a
E(XY)mf[ :cyf(x,y)dscdym2f dyf Tyde =2 vy—dymi
R2 y==0 x yz=0 2 4

=0

You can show that the joint distribution of X and Y considered here is that of
X = min(U,V), Y = max(U, V), where U and V are independent uniform 0,1
variables. Example 3 gives a more difficult derivation of this kind.
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Example 2.
Problem.

Solution.

Remark.

Example 3.

Problem 1.

Independent exponential variables.

Let X and ¥ be independent and exponentially dis-
tributed random variables with parameters A and g,
respectively, Calculate P(X < Y).

The joint density is
Fl@y) = (A ) (pe V) = Ape Y

by independence. And P(X < Y is found by integra-
tion of this joint density over the set {(z,y) 1 z < y}:

PX <Y)= ]] Mre MR AT dy
Y

00 e
— [ dr )\'ule-—}\:::ﬁpydy

o] Y=
oo
- f Ae—-)‘mwprdw
x=0
A
At

Done in the other order, the integral is

oo Y
f dy Appe ™ MY
y

=0) o =)

Yo

Sy

which simplifies to the same answer, As a general rule, provided the integrand is-
positive, as always when finding probabilities, double integrals done in either ordet

produce the same result.

Joint distribution of order statistics.

Suppose Uy < Uy < -+ < Upyy are the order statistics of 5 independent uniform

(0,1) variables Uy, ..., Us, so Uy, is the ith smallest of Uy,

in the following diagram:

Find the joint density of Uy and Uy,

..., Us, as, for example,
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This is very like the calculation of the density of Uy done in Section 4.6. The
following diagram shows one way of getting Uppy in dz and Ugyindy for 0 < o <
y < 1

Es]
1S

-

=X
il @ &
o X

Uy

i

fas)

P(Uy € dz, U € dy}

= P(one U; in (0, 2), one in dz, one in (x,y), one in dy, one in (y, 1) )
= 58! P(Uz € (0,x),Uq € dz, Uz € (z,4),Uy € dy, Us € (y,1))

=58lzdz{y — z)dy(l — y)

Here the 5! is the number of different ways of deciding which variables fall in which
intervals. The conclusion is that the joint density of Uz and Uy is

Sla(y —z)(1-1) for0<r<y<1
P(lUz) € dz, Uy € dy)/dzdy = { 0 elsewhere

This is the density surface shown in Figure 1 on page 346.
Find P(Ugy > 1/4 and U,y > 1/2).

The volume representing this probability is shown in
Figure 2 on page 347, This is the volume under the den-
sity surface over the area shaded in the diagram at right.
This area is the intersection of:

(1) the region representing the event; and
(i) the region where the density is strictly positive.

This determines the ranges of integration. The required
probability is thus

1 Y
5!] / 2y — o)(1 - ) dz dy
y=1/2 Je=1f4

1 1 1 y
= 5!/ (1—y)dy [wmzy - —:c?']
y=1/2 2 3 1/4
¥ 3
y y 1 27
= 5! l—gidy 5% - % - ———— | = ==
/y:m( y) 9[6 % 3x 25} 64

by straightforward integration of the polynomial.
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Exercises 5.2

1.

7.

8.

- Minimum and maximum of two independent exponentials, Let X =

Suppose that (X, Y] is uniformly distributed over the region {(x,y) : 0 < l¥] << 1.
Find: :

a) the joint density of (X,Y);  b) the marginal densities fx(z) and fy(y}
©) Are X and Y independent?  d) Find E(X) and E(Y).
Repeat Exercise 1 for (X, ¥) with uniform distribution over {(z, y} : 0 < |&] +lyl < 1}

A random point (X,Y’) in the unit square has joint density f{z,y) = c{x2’+'i§:¢§3"§w
0<z<landd<y< L, for some constnt ¢.

a4y Evaluatec. b)Find P(X <a), 0<a< 1. c¢)Find PY<b), o<hel
For random variables X and Y with joint density function
flo.y) =677 (2,9 >0)
and f(z,y) = 0 atherwise, find:

) P(X <z.Y <yk b fxlak o friy):
d) Are X and Y independent? Give a reason for YOUr answer.

» Let X be exponentially distributed with rate ), independent of Y, which is exponerndially

distributed with rate u. Find P(X > 3Y).

let X and Y have joint density

] 0y-1® O<z<y<i
fzy) = { 0 otherwise
a) Find P(Y > 2X). b) Find the marginal density of X,
©) Fill in the blanks (explain briefly):

The joint density f above is the joint density of the and __
ten independent uniform (0, 1) random variables.

of

Two points are picked independently and uniformly at random from the
a circle. Let By and R be the distances of these points from the
Find P(Rz S R1 /2)

region ingice
center of ;h@;;:ﬁth

Random variables X and ¥ have joint density
Porfe? —y<a<
fx,y{a:,y)z{g(y z7)e y<x<y, y>o0

otherwise
Here ¢ is a constant.
a) Show that Y has a gamma density, and hence deduce that ¢ = 1/8,
b) Find the density of 43,
¢} Explain why E(1X|) is at most 4.

min(s, 7}

and Y = max($, T} for independent exponential(A)} variables § and T'. Jet ZEYLx
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a} Find the joint density of X and Y, Are X and Y independeny?
b) Find the joint density of X and Z. Are X and Z independent?
¢} Identify the marginal distributions of X and Z.
10. Minimuom and maximum of n independent exponentials. Let X, Xo, ..., X, be

independent, each with exponential (A} distribution. Let V' = min (X, Xa... ., X2
and W = max(X1, X2,..., X.). Find the joint density of V and W,

11. Suppose X and Y are independent random variables such that X has uniform (0, 1)
distribution, ¥ has exponential distribution with mean 1. Calculate:
1) E(X+Y); b)Y B(XY); O E[(X - Y); d) BE(X2eY).

12. Let 71 and 7% be the times of the first and fifth arivals in a Poisson process with rate
A, as in Section 4.2, Find the joint density of T1 and 1.

13. Uniformspacings. Let X = min (U, V)andY = max(U, V) for independent uniform(0,
variables ¥ and V. Find the distriibutions of
Li) X', b)le; C-)YWX.

14. Let Uy, Uz, Us, Us, Us be independent, each with uniform distribution on {0, 1). Let R
be the distance between the minimum and the maximum of the U;'s. Find

a) E{R),
b} the joint density of the minimum and maximum of the U;'s;
¢y P(R > 0.5)
15. Cd.£’s in two dimensions. The cumulative joint distribution function of random
variables X and Y is the function of z and y defined by F(z,y) = P(X < &,Y < 3).
a} Find a formula in terms of F{z,y) for Pla < X <6, c < Y < d).
b) For X and Y with joint density f(z,y), express F(z,y} in terms of f.
¢} For X and ¥ with joint density f({z,y), express (i, y) in terms of F.

These are analogs of formulae of Section 4.5 for cumulative distribution functions in
one dimension. They are not used much, as there are few joint distributions for which
there is an explicit formula for F(x,y). But here are two examples.

d) Find F(z,y) in terms of the marginal c¢.d.f's for independent X and Y.
e} Find F(z,y) for X the minimum and Y the maximum of n independent uniform
{0,1) variables, and 0 < x < y < 1. Deduce the joint density of X and Y.

16. Suppose X1, X2,X; are independent exponential random variables with parameters
A1, Az, A respectively. Evaluate P(Xy < Xg < X3).

17. Let (X, Y} be picked uniformly from the unit disc R* < 1, where R? = X? +¥?. Find:
a} the joint density of R and X;

b} repeat a) for a point (X,Y, Z) picked at random From inside the unit sphere
R? <1, where now R? = X2+ V2 4 22

18. Suppose Xy, X2 are independent random variables with the same density function.
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2) Evaluate P(X; < X2).

b) Continuing, suppose X1, X2, Xa are independent random variables with the same
density function, Evaluate P(X, < Xy < X,,) where (i1,12,%3) is 2 given
permutation of (1,2,3).

19. Let Lat be the latitude, Lon the tongitude of the point of impact of the next’ meteonie
that strikes the Eanth’s surface. Measure Lat in degrees from —90° (South Pole) o F90°
(North Pole), and measure Lon similarly from —180° to +180°. Assuming the pmnt of
impact is uniformly distributed over the Earth's surface, find '

a) the density of Lon;,  b) the density of Lat;
¢) the joint density of Lat and Lon.  d) Are Lat and Lon independent?
20. Let X and Y be independent and aniform (0,1) and let R = v X* + ¥Z. Show that:

%T 0<r<il
2 fn(r) = or E - arccos(l/r)] 1<r<V2

Lot 0

1
b) Frir)= 4
(") Vit 14 BE - arccos(l/r)] r 1<r<v?2

) Show without explicitly calculating E(R) that

1 2
\/;<E(R)< 3

&) (Hard) Show that E{R) & 0.765.

A
1A

r

21. Suppose two points are picked at random from the unit square, Let D be the disparwe
between them. The main point of this problem is to find E(D). This is_hard 1o do
exactly by calculus. But some information about E(D) can be obtained as follows.

a) It is intitively clear that E{D) must be greater than E{ Dcenter), where Dcem s
the distance from one point picked at random to the center of the ‘g,qmu-.aF and
less than E{ Deomer), the expecied distance of one point from a paﬁigiﬂg; mm
of the square. Assuming this 10 be the case, find the values of these bounds on
E(D) using the results of Exercise 20. o

b) Compute E(D*) exactly.

¢) Deduce from b) a beuer upper bound for E(D) .

d) Computer simulation of 10,000 pairs of points gave mean distance 0.5197, and

mean square distance 0.3310. Use these results to find an approximate 95% con-
fidence interval for the unknown value of E{D).
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Independent Normal Variables

The most important properties of the normal distribution involve two or more inde-
pendent normal variables. Suppose first that X and Y are independent, each with
standard normal density function

1
{a) $(z) = ce™ 3% where the formula ¢ = ——

Ver

taken for granted up to now, will be verified in this section. The joint density of X
and Y is given by

(b) flz,y) = ¢()d(y) = e 3"+

The key property of this joint density is that it is a function of r2 = 2% + y? where 7
is the radial distance from the origin of the point (z,y). This makes the graph of this
joint density a round bell-shaped surface over the {z,y) plane, with cross sections
proportional to the standard normal curve.

FIGURE 1. Perspective plot of the joint censity of X ond ¥.

The rotational symmetry of this bivariate distribution obtained from two indepen-
dent normal variables is a very special property. It can be shown that this property
distinguishes the normal distribution from all other probability distributions on the
line. And this rotational symmetry is the key 1o understanding several important
propertiies of the normal distribution, now considered in turn.
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Evaluation of the Constant of Integration

The value of the constant ¢ in the normal density (a) is found as a byproduct of
calculating the distribution of the random variable

R=+X21Y?

which is the distance from the origin of a random point (X, Y) with joint densiy

o(z)é(y).

FIGURE 2. Geometry of X, Y, and R.
¥

(Re dr)

4 dr

The event (R € dr) corresponds 10 (X, Y') falling in an annulus of mflmtesunaiimégg
dr, radius 7, circumference 2xr, and area 2nr dr, as in Figure 2. And P(R € dpr m:ﬁw
volume over this infinitesimal annulus beneath the joint density. But on the annihs
the joint density has nearly constant value

B(x)d(y) = 2o~ 3 HY) o (Zemir”

so the volume in question is just this nearly constant value times the area of the
annulus. Thus

P(Redr)=2xrdrcle i {r>0)
This shows that R has probability density function
frlr) =2mre et

The integral of this density from § to oo must be 1:

had 1.2 2 o«
1= / 2nrcte " gr = —2ncle i = 22
0 0
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This makes
2me? =1 and c= 1/v2n

So the constant of integration in the normal density involves 7, due to the fact that

the joint density of two independent standard normal variables is constant on circles
centered at the origin.

The distribution of R appearing here, with density function

(c1) frr)=re ¥ (r>0)

and c.d.f.

(c2) Fgr(r) = / se ¥ s e 1 — o8 (r>0)
0

is called the Rayleigh distribution.

FIGURE 3. Density of the Rayleigh distribution of &.

a

Calculating the Variance of the Standard
Normal Distribution

Since E(X) = 0 by symmetry, the variance of a standard normal random variable X
is

o
o? = E(X?) = le? / e 1% 4y

This integral can be reduced by an integration by parts to the integral of the standard
normal density (exercise). But two independent standard normal variables X and Y
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Example 1.

Problem 1.

Solution.

can also be used to show that o2 = 1. This, too, involves the radial random varishlz
R. Because R? = X2 +Y?,

E(RY) = E(X?) + E(Y?) = 2B(X?)
using the fact that X and Y have the same distribution. So
ol =E(X*) = {Rz)

But S = R? has density given by the change of variable formula

Isle) = fal) [ (s =12 >0)
= re‘%rz/er (s=7*>0) by (c1)

1
58”%5 (s >0)

Since this is the exponential density with parameter A = 1/2,

E(RH=E(S)=1/A=2 so o’=1

Shots at a target.

An expert marksman firing at a target produces
a random scatter of shots which is roughly
symmetrically distributed about the center of
the bull’s eye, with approximately 50% of the
shots in the bull’s eve, as in the diagram.

What is the approximate fraction of shots inside a circle with the same center as the
bull's eye, but twice the radius?

Suppose that the marksman’s shots are distributed approximately like (X, Y), where
X and Y are independent normal random variables with mean 0 and variance o2,
This would give such a symmetric distribution. By measuring distances in stamij;gﬁ
units, that is, relative to o, we may as well assume ¢ = 1. Then the formulae obkained
above for the distribution of R = v/ X? 4 Y? apply directly. Let 7 denote the radius

of the bull's eye, measured in standard units. Using the normal approximation; e
probability of each shot hitting the bull's eye would be o

Fr(r)=1-¢"%"

from formula (¢2) on page 359. Estimating this probability as 50% from the empitica!
data gives e

eI = 1/2  so  r=+/2log(2) = 1.177...standard units
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Similarly, the fraction of shots inside a circle of twice the radius of the bult's eye
should be approximately

I

2 1
Fp(r)=1-¢ 300" o) (e 44 o - (1/2)1 = i% = 1.9375

What 15 the approximate average distance of the marksman’s shots {from the center
of the bull’s eye?

Using the law of large numbers, this average should be approximately

oo 0
E(R) = ] rfr(r)dr = / 2737 dr by (c) on page 3569
0 0

1™ ba?

-1 / 2re™ 1%y by symmetry
2%

- "‘““f? f D ¢(x)de by definiton of ¢(z)

because standard normal variance is 1

I
o

== 1.253 standard units

=~ 1.253/1.177 = 1.065 times the bull’s eye radius »

Linear Combinations and Rotations

Linear combinations of independent normal variables are always normally distributed,
This important fact is another consequence of the rotational symmetry of the joint
distribution of independent standard normal random variables X and Y. To see
why, let Xg be the first coordinate of (X|Y) relative to new coordinate axes set up
at angle # relative to the original X and Y axes, as in Figure 4.

As the diagram shows,
Xog=Xcos8+ Y sinf

But due to the rotational symmetry of the joint distribution, it is clear without caleu-
lation that the probability distribution of X must be the same as that of X, namely,
standard normal, no matter what the angle ¢ of rowation. For example, the cvernu
r £ Xg < x-+ Az corresponding to (X,Y), falling in the area shaded in the left
diagram of Figure 5, must have the same probability as the event r < X < & + Az
corresponding to (X, Y), falling in the area shaded in the right diagram, because the
shape of the bivariate normal density is the same over the two shaded regions, So,

Ple<Xg<a+Ar)=Plz <X <r+ Az
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FIGURE 4. Projection X; onto axis at angle 8 to X-axis: Xg = X cos@ + Y “sind.

FIGURE 5. Events (z < X¢ < -+ Az) and {z < X € v+ Az). Rotational symme!sy,ofi;?}hgéﬁ’gg@
density implies these two events have the same probability. ‘ '
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for every = and Azx. This shows that Xp has normal (0,1) distribution, for every
f. Since cos@ and sin@ may be arbitrary numbers o and 3, subject only to the

constraint that o + §2 = 1, the rotational symmetry of the joint distribution of wo
independent normal variables X and ¥ implies that

(d) If X andY are two independent normal (0, 1) random variables, then a X +3Y
has normal (0,1) distribution for oll & and 8 with o® + 82 = 1.

In particular, taking & = 8 = 1/v/2, corresponding to rotation by 45°;

(&) If X and Y are independent normal (0, 1) random variables, then (X +Y)/ V2
has normal (0,1} distribution.

If Z has normal (0,1) distribution, then 0 Z has normal (0, 0?) distribution. Taking
o =+2, (e) implies:

O If X and Y are independent normal (0, 1) random variables, then X + Y has
normal (0,2) distribution.

This argument extends to give the following general conclusion, which includes (d),
(e), and (f), as special cases.

Sums of Independent Normal Variables

If X and Y are independent with normal (A, 0®) and normal (u, 72) distribu-
tions, then X + Y has normal (A + 1,02 + 2) distribution.

Proof. Recall that X has normal (A,0?) distribution if and only if (X — A}/g has
normal (0, 1) distribution. Transform all the variables to standard units by letting

~ X+Y —(A+p)
U={(X-AJo and V=(Y~pu)/r and W = \/mu

Then U and V are independent normal (0, 1) random variables. By algebra,

2 2

o T
——— and Ji =
o+ T

W=alU+8V where o =
o BV  where o o

so a4+ 8% =1

Apply (d) above with (U, V'} instead of (X, Y') to deduce that W has normal (0, 1)

distribution. So X +Y = (A+p)+vo? + 72W has normal (A+p, 0% +72) distribution.
0
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Example 2.

Problem 1.

Solution.

Problem 2.

Solution.

Several Independent Normal Variables

The result that the sum of two independent normal variables is normal extends o
sums and linear combinations of several independent normal random vasiables, by
repeated applications of the result for two variables. For example, if Xy, ... X}, are
independent and normal (0,1), then X; +--- + X;, has normal (0,n) distributi
with standard deviation /7.

Linear combinations of normals,

For ¢ = 1,2, 3 suppose X, has normal (0, ¢%) distribution, and these three mndgm
variables are independent.

Find P(Xy1+ Xo+ Xa < 4).

Let § = X; + X3 + X3. Then § has normal (0,12 + 22 + 3%) distribution, and if
Z = 8/+/14 is § standardized, the problem is just to find

P(§ < 4) = P(Z < 4/V14) = ®(4/V1d) ~ 0.857

Find P(4X) — 10 < Xz + X3).

Rearranging the statement of the inequality shows this is the same as
P{4X1-X2_X3<1U)FP(L<19) whereL=4X1-X2-X3

Since the linear combination L has normal distribution with mean 0'and variance
£ x 12+ (—1)2 % 22 + (—1)* x 32 = 29, the probability is

P(L < 10) = ®(10/v/29) = 0.068

The Chi-Square Distribution

By the same calculation as in two dimensions, the joint density of n independen
normal variables at every point on the sphere of radius r in n-dimensional’ s
is (1/v27)™ exp (—3rZ). This joint density is symmetric with respect to arbit rgm-
tations of the coordinates in n-dimensional space, or spherically symmetric. Sia
cloud of points (or a galaxy of stars), in ordinary 3-dimensional space;
proximately independent normally distributed coordinates with common;v

appears spherical when viewed at a distance, from any perspective. For independent
standard normal Z; let e

denote the distance of (Zy,...,Z,) from the origin in n-

dimensional space. The
dimensional volume of a thin spherical shell of thickness et 41

dr at radius r is ¢, pn=1 g/

AT
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where ¢, is the (n — 1)-dimensional volume of the “surface” of a sphere of radius 1
in n dimensions. (For n = 3, ¢z = 4m, by the formula 4nr? for the surface arca of
a sphere of radius v in 3 dimensions.) The same argument used in two dimensions
shows that

2

1
P(R, €dr)=c, vt (1/VIx) e 27 dr (v > 0) (1

A change of variable allows the constant ¢, to be evaluated by recognizing that
the density of RE = ZZ+4 -+ Z2 is the gamma (n/2,1/2) density introduced in
Section 4.2:

fra(£) = @21 (nf2)) "1 W/D-1e-t/2 (t > 0) (2)

Exercise 15 and Chapter 5 Review Exercise 26 give formulae for e, and I'(n /2}.

Statisticians call this gamma (n/2, 1/2) distribution of R% the chi-square distribution
with n degrees of freedom. The chi-square distribution provides a useful test of goad-
ness of fit, that is, how well data from an empirical distribution of n observations
conform to the model of random sampling from a particular theoretical distribution.
If there are only two categories, say success and failure, the model of independent
trials with probability p of success is tested using the normal approximation to the
hinomial distribution. But for data in several categories the problem is how 10 com-
bine the tests for different categories in a reasonable way. This problem was solved
as follows by the statistician Karl Pearson (1857--1936). For a finite number of cat-
egories mn, let N; denote the number of results in category 4. Under the hypothesis
that the N; are counting results of independent trials with probability p; for category
i on each trial, it turns out that no matter what the probabilities P, for large enough
n the so-called chi-square statistic

m

Z (Ni —np;)?
i=1 P

that is the sum over categories of (observed — expected)? Jexpected, has distribution
that is approximately chi-square with m — 1 degrees of freedom. In statistical jargon,
a value of the statistic higher than the 95th percentile point on the chi-square distri-
bution with m —1 degrees of freedom would “reject the hypothesis at the 5% level”.
Unusually small values of the chi-square statistic are sometimes taken as evidence
to suggest that an observer fudged the data to suit the hypothesis. The exact joint
distribution of the N; under the hypothesis of randomness is multinomial with pa-
rameters 7 and py, . .., Pra. The above result can be derived from a multivariate form
of the normal approximation to the binomial. The joint distribution of Ni,... N,
is essentially m — 1 dimensional due to the constraint Ni+ + N = n This is
why the relevant chi-square distribution has m ~ | degrees of freedom.

For tables of the chi-square distribution, and similar chi-square tests of other hypothe-
ses such as independence, consult a statistics book, The mean, standard deviation
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and skewness of the chi-square distribution of R% with o degrees of freedom are
easily calculated (Exercise 15):

E(R%) =n, SD(R2)=+v2n  and Skewness(R2) = 4/ v/ e
For large n the chi-square distribution is approximately normal, by the centra firwi

theorem. Because the skewness is quite large even for moderate values of the
normal approximation with skewness correction gives the better approximation

P(R: <x) = ®(2) - :?%( 2~ 1D¢(z) where z=(z— n)/vV2n and & 30

TABLE 1. Distribution of radial distance in three dimensions. The probability that o pai?l;‘f)'g%gé}%
independent slanderd normat coordinates in three dimensions fies inside o sphere of radius r,
thot is, P(Rs < r) = P(R} < %), was obtained by numerical infegration of the density
These probabilifies are shown along with their approximations obtained using the skew-—noma

approximation to the chisquare (3) distribution of R%. The approximations are surprisingly’ good
considering the small valve of n.

radius 1 2 3 4

probability P(Rs <r) | 0.199 | 0.739 | 0.971 | 0.999 °
skew-normal approximation { 0.233 | 0.741 | 0.966 | 1.000

Exercises 5.3

1. Continuing Example 1, calculate the following, where all distances are measured in
standard units:

a) the probability of a shot falling inside a circle of radius 1 /2

b) the probability of a shot falling in the region of the positive quadrant. berwess
radii 1 and 2;

) the approximaie average absolute distance of the shots from the horizontit Tiew
through the center of the bull's eye; '

d) the probability that a shot hit within distance 7 of the vertical axis lthrcmgﬁ the
center (r = radius of bull's eye in standard units);

e) the probability of hitting a square touching the outside of the bull’s eye;
f) the probability of hitting a square touching the inside of the bull’s eyﬁ;

I

i
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g) the probability of hitting a rectangle of sides r and 2r positioned as shown relative
o the bull’s eve.

fet X and Y be independent random variables, with
E(X) =1, E(Y}=2 Var(X) = 3,and Var{Y) = 4.

a) Find E(10X* + 8Y? — XY +8X +5Y - 1).

b) Assuming all variables are normally distributed, find P(2X > 3Y -5},
W. X,Y and Z are independent standard normal random vanables. Find (no integra-
tipns are necessary!)

Q) PW+X>Y+Z+1); b)PAX+3Y < Z+ W),

) E(4X +3Y —222 —W? +8);, &) SDH3Z-2X +Y +15}.
Suppose the true weight of a standard weight is 10 grams. It is weighed twice inde-
pendently. Suppose that the first measurement is 4 normal random variable X with

E(X) = 10 g and SP{X} = 0.2 g, and that the second measurement is a normal
random variable ¥ with E(Y) = 10 gand §D(Y) = (1.2 .

a} Compute the probabitity that the second measurement is closer to 10 g than the
first measurement.

by Compute the probability that the second measurement is smaller than the first,
but not by more than 0.2 g.

Let X and Y be independent and normally distributed, X with mean 0 and variance I,
Y with mean 1. Suppose P(X > Y} = 1/3, Find the standard deviation of Y.
iet X and Y be independent standard normal variabies. Find:

a PBX +2Y >35), bYP(min(X,Y) <1);

o) P(fmin(X,Y)j<1); d)P(min(X,Y) > max(X,Y}-1)
Suppose the AC Transit bus is scheduled to arrive at my corner at 8:10 A.M., but its actuul
arrival time is a normal random variable with mean 810 A.M., and standard deviation

40} seconds. Suppose I ry to arrive at the corner at 8:09, but my arrival time is actually
normatly distributed with mean 8:09 A M., and standard deviation 30 seconds.

a) What percentage of the time do I arrive at the corner before the bus is scheduled
to arrive?
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8.

10.

11.

b) What percentage of the time do [ arrive at the corner before the bus does?

) If T arrive at the stop at 8:09 A M. and the bus still hasn’t come by 8:12 A.Miwhﬁ
is the probability that [ have already missed it? )

(State your assumptions carefully.)

Peter and Paul agree to meet at a restaurant at noon. Peter arrives at a time normaly
distributed with mean 12:00 noon, and standard deviation 5 minutes. Paul a a
a time normally distributed with mean 12:02 PM., and standard deviation’ 3 minutes.
Assuming the two arrival times are independent, find the chance that

a) Peter arrives before Paul; b} both men arrive within 3 minutes of noon;

¢} the two men arrive within 3 minutes of each other.

Suppose heights in a large population are approximately normally dnstnbutedw;m &
mean of 5 feel 164 inches and an SD of 2 inches. Suppose a group of 100 people i
picked at random from this population.

a) What is the probability that the tallest person in this group is over 6 feet 4 inches
talf?

b) What is the probability that the average height of people in the group is:pver 5
feet 10.5 inches? -

<} Suppose instead that the distribution of heights in the population was fiot nor-
mal, but some other distribution with the given mean and SD. To which of the
problems a) and b} would the answer still be approximately the same? Explain
carefully,

In a Jarge corporation, people over age thirty have an annual income whose distribwition
can be approximased by a normal distribution with mean $60, 000 and stand%ifid d;m,
ation $10, 000. The incomes of those under age thinty are also approximately nérsmal,
but with mean $40,000 and standard deviation $10, 000.

a) Two people are selected at random From those over age thiny. What is the ‘chance
that the average of their two incomes is over $65, 000? B
b} One person is selected at random from those over thirty, and independently, one

person is sefected at random from those under thirty. What is the chance thatthe
younger's income exceeds the older's?

€) What is the chance that the smaller of the two incomes in b) exceeds $5{)‘m

Einstein’s model for Brownian motion. Suppose that the X coordin
performing Brownian motion has normal distribution with mean 0 and varian,
time 1. Let X, be the X displacermnent after time {. Assume the displacement o
time interval has 2 normal distribution with parameters depending only on e |
of the interval, and that displacements over disjoint time intervals are independen;.

a) Find the distribution of X,.

ate Of;a:f particie
ce ¥ at

b) Let {X¢, Y} represent the position at time ¢ of a particle ‘moving in mm
sions. Assume that X, and Y, are independent Brownian motions Starting ‘ay i s

time £ = 0. Find the distribution of R, = m, and give the m Pan and
standard deviation in terms of o and ¢. ST

— "w@-‘mﬂw&m&
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¢) Suppose a particle performing Brownian motion (X, ¥y) asin b) has an X coor-
dinate after one second which has mean 0 and standard deviation one millimeter
(mm). Calculate the probability that the particle is more than 2 mm from the point
(0,0) after one second,

2. Suppose two shots are fired at a target. Assume each shot hits with independent nor-
mally distributed coordinates, with the same means and equal unit variances.

a) Find the mean of the distance between the points where the two shots strike.

b) Find the variance of the same random variable.

3. Independence of radial and angular parts. Let X and Y be independent normal
{0, 0?) random variables. Let (R, ) be (X.Y) in polar coordinates, so X = Rcos @,
Y = Hsin®©.

a} Show that R and 8 are independent, and that © has uniform (60, 2m) distribution.

b} Let R and © now be arbitrary random variables such that Rjo has the Rayleigh
distribution (c1), © has uniform (0, 27) distribution, and R and © are indepen-
dent. Explain why the random variables X = Rcos® and Y = Rsin © must be
independent normal (0, 0?).

¢} Find functions b and & such that if U and V are independent uniform {(0,1)
random vatiables, then X = oh(lU/)cos(k(V)j and ¥ = ah{U) sin [k(V}} are
independent normal (0, o%). [This gives a means of simulating normal random
variables using a computer random number generator, Try generating a random

scatier of independent bivariate normally distributed pairs if you have random
numbers available. It should look like the scatter in Example 1.]

1. Let X and Y be independent standard normal variables, Suppose they are transformed
into polar coordinates, X = Rcos@and ¥ = Rsin® with 0 < 6 < 27 and ) < R<
oo, as in Exercise 13.

a) Derive the distribution of 20 mod 2r. [The quantity * mod a denotes the
remainder when z is divided by a.]
b) Derive the joint distribution of R c0s20 and Rsin26.
<) Show that both
2XY and X? —y?
VXTI T VXY

have the standard normal distribution. Are they independent?

3. Chi-square distributions. These are the special case of half-integer gamma distribu-

tions which come from sums of squares of independent standard normal variables.
Show;

a) If Z has standard normal distribution, then 22 has gamma (1/2,1/2) distribution,

and T(1/2) = /7.

-1y
b) If nis an odd integer, then ~ T'(n/2) = gm({z?%?
A

c) ¥ X has normal (0, ¢%) distribution, then X? has gamma (1/2,1/26%) distribu-
tion.
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16.

i7.

i8.

d) If 2y, ..., Z, are independent standard norma! random variables, then z - i
Z,,* has gamma (n/2, 1/2) distribution, 2lso known as the chi-square distribution
with n degrees of freedom, or chi-square (n) distribution.

e} ¥ Y1,..., Yo are independent chi-square random varables with ki, ..., de

grees of freedom, respectively, then Y1 4 -+ - +- Y, has chi-square (ky + -+~ 4 §_}
distribution,

) The mean, variance and skewness of the chi-square (n) distribution are a5 Staied
on page 366.

Poisson formula for the chi-square 2m) c.df. Form = 1,2,... let R, have chi
square {2m) distribution. Use the connection between the gamma distriburion and the
Poisson process to find formulae in terms of appropriate Poisson probabilities fon

a) the c.df. of R:,.: D) the cdf of Ram.

¢} Check that your formulae agree with the formulae in the text for m = 1. Now
make a table of PRy < riforr=1,...5

Skew-normal approximation to the chi-square distribution. Let R% have chi
square (n) distribution.

a) Find the approximation to P{R; < r) for r = 1,...5 obtained from the skew-
normal approximation 1o the distribution of R}. Compare to the exact results
found in Exercise 16.

b} Find both the plain normaj approximation and the skew-normal Approximation
to P(R}, < 9.34) = 0.500. Which approximation is better?

Suppose a large number n identical molecules are distributed independently at. random
in a box with sides of 1 centimeter. Let X, Y, Z be the coordinates in centimeteys of
the center of mass of the » molecules at a particular instant, relative to the center of the
box. Thus, S

X=(X14+--+Xa)/n
and so on, where {X;,Y;, Z;} are the coordinates of the ith molecule in centimetess.
let R = vX?+ Y2+ Z% be the distance of the center of mass of the n_molecules
from the center of the box. Given that for the chi-square distribution with 3 degreesof

freedom the 95th percentile is at 7.82, find approximately the vatue of ¢ such that R i
85% sure to be smaller than 7.

Py R
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Operations (Optional)

Many applications require calculation of the distribution of some random variable Z
which is a function of X and Y, where X and Y are random variables with SOMe
joint density f(z,y). Here the function of X and Y might be, for example, X + Y,
XY, X/Y, max(X,Y), min (X,Y), or vVXZ +YZ. This kind of calculation has been
done in special cases in previous sections. For example, maxima and minima in
Section 4.5, sums and v X2 + Y2 for normal variables in Section 5.3. This section
gives a general technique for computing such distributions by integration.

Calculating the whole distribution of a function of X and Y can sometimes be
tedious. So keep in mind that for some purpaoses it may be enough o calculate an
expectation. The expectation of a function of X and ¥ can always he expressed as
an integral with respect to the density of (X, Y). For example, for the product XY,

EXY) = [[ayfe, v dy
= EB(X)E(Y) it X and Y are independent

despite the fact that there are very few examples where the whole distribution of 3
product of independent random variables can be found explicitly.

One method of finding the distribution of Z = g(X,Y) is to find the ¢.df. P(Z < z2)
by integration of f(z,y) over the region in the (z,y) plane where g(z,¥) < =z
Provided this integral can be evaluated fairly explicitly, the density of Z can then
be found by differentiation of the c.d.f. Usually a quicker method of finding the
distribution of Z is to anticipate that Z will have a density function fz, and to find
this density fz(z) = P(Z € dz)/dz by integrating the joint density of X and Y over
the subset (2 € dz)} in the (X,Y) plane. This technique gives integral formulae for
the: density for the sum X +Y, for other linear combinations like X - Y, and for the
product XY, and ratio X/Y. The formulae for sums and ratios will now be worked
out in detail. Results for other operations are similar and left as exercises.

Distribution of Sums

A good deal has already been said on this topic. Recall the addition rule for expec-
tation

E(X +Y)= E(X)+ E(Y) whatever the joint distribution of X and ¥

the addition rule for variances in the case of independence, and the central limit
theorem governing the asymptotic distribution for the sum of a farge number of
independent and identically distributed terms. Also, the exact distribution of sums

has been computed in special cases by a variety of methods. The following table
reviews some important examples:
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Distribution of terms Distribution of sum

n independent Bernoulli (p) binomial (n, p)

independent Poisson {p;) Poisson () 3.5
independent normal (p;, 0%) normai (L, Bo?) 5.3
r independent geometric (p) negative binomial (r, p) 34
r independent exponential (A) | gamma (r, A) 4.2

In the discrete case the distribution of the sum of random variables is determined
by the formula

PX+Y=2)=) PX=2Y=z2-1)
all x

found in Section 4.1. The following display gives the corresponding formula for
densities:

Density of X+ Y

If (X,Y) has density f(z,y) in the plane, then X + Y has density on the line -
@ = [ o2

Density Convolution Formula
If X and ¥ are independent, then

Fear@) = [ " 1@ fr(e - 2)de

Note: If the random variables X and Y are non-negative, then the lower firnis 2
of integration in the convolution formula can be changed from —oo to Q.Smcx: '
fx(x) = 0forall z < 0, and the upper limit can be changed from oo o z, '
since fy(z—xz)=0forz > z. o

The convolution formula is the special case of the formula for the
when f(2,y) = fx(z)fy(y) by independence. This operation on
functions fx and fy is called convolution. 1t leads o a new den
the sum of random variables X and Y, assumed independent.

density of Xty
probability densisy
sity, the density of

To avoid confusion about limits of integration in particular examples, sketch the. Stib-
set of the plane where the joint density is strictly positive, and the line of mtegmngﬂ
corresponding to X +Y = z, as in examples below,

........



Section 5.4. Operations 373

Derivation of the density of X + Y. et Z = X + Y. The event (£ € dz) is shaded
in the following diagram:

A
24 dz
= (X & dr)

(Xedr, Zedz)

(Z & dz)

zZ |z+ds N\ 7+ dz

The event (£ € dz) can be broken up into vertical slices according to the values of
X, as suggested by the vertical shading in the diagram. The heavily shaded paral-
lelogram contained in the event (Z € dz) near the point (z,z ~ z), represents the
intersection of the events (X € dz) and (Z € dz), and has area dz dz. The probability
density near this little parallelogram is f{x,z — z), so

(a) P(X €dr,Z € d2) = f(z,2z — z)dz dz

This formula gives the joint density of X and Z. The marginai density of Z = X +Y
is therefore obtained by integrating out the z-variable

o0

(a2) P{Z € dz) = [ flz, =2 —m)dx] dz

=

This gives the boxed formula for the density of 2 = X + V. Intuitively, you can
think of (a2} as obtained by summing over infinitesimal paralletograms as in (al).03

Sums of independent exponential variables.

In Section 4.2 a Poisson process argument was used 1o show that the distribution
of the sum of r independent exponential (X) random variables is gamma (r, A): If
Sra(t) denotes the density of such a sum, then

Fea(t) = ’ AT -1 mM (t > 0)

1
(r—1)
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This fact can also be derived using the convolution formula. Here is the calculation
forr=2. -

Suppose T and U are independent, each exponentially distributed with rate: A. By
independence, the joint density of 7 and U at (¢, u) is o
f(tw) = fr(Dfulu) = e e = MmN (3w > 0)

Note how this joint density is a function of t + u. You can see the effect of this in

Figure 1,

The density of § = T+ U at s is given by the convolution formula

fsls) = j " () fuls - Ot

= [s fr(t) fu (s —t)dt since fT(tj =0ift<0
0
and fu(s—t)=0ift>s

= / Aem M e~ gy
0

5
= ] A2e A8 gy
8]

= Age > (s> 0)

See Figure 1. For small s the factor of s makes the density grow linearly near zero
For large s the exponential factor ¢ brings the density down to zero Ve(Y"mbigiigf\

Another way to derive this density is to argue infinitesimally: Let s > 0. The pm&
ability of (§ € ds) is the integral of the joint density over the infinite stmp {(tu}
s <t+u < s+ ds) We need only integrate over the (approximately) recfaﬂéﬁ,i‘;g:;;
segment ({t,u) : s < t+u < s+ds, t > 0,u > 0), where the joi:it dem,wgﬁ
nonzero. This segment has length v/2s and width ds/+/2, and the joint densty has
nearly constant value A2e~ %) = X263 for points (t, u) in this Segment; ' so the
desired probability is S

P(S € ds) = V25 -ds/vV2- N = XseMds (s> 0)

The fact that the sum of r independent exponential (A) variables has gammma: (?‘RE

distribution can be derived from the convolution formula by mathematical indvition
onr. S
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FIGURE 1. Distribution of the sum of two independent exponential variables. Here is i random

scatfer of points suggesfing the joint density of independent exponential variables T and 17, along
with graphs of the densities of T, U, and § = T + U.
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Sums of independent gamma variables.

Recall from Section 4.2 that the gamma (r, A} distribution is defined for every real
r > (1 by the density

T ~Lyryr—-1 —At .
fralt) = { ([] lme z zg where T(r) = / e dt
o 0

If T, and T; are independent random variables with gamma (r, ) and gamma
{s,A) distributions, respectively, then T, + T has gamma (r + s, A) distribution.

Proof for positive integers r and s. This case follows from the representation of a
gamma variable as the sum of independent exponential variables. To see how, note
first that the density of an independent sum 7. + T} is determined by the densities
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of T, and T, by the convolution formula. So it is enough to derive the result for Ay
convenient pair of independent random variables with gamma (r,A) and gamma
(s,A) distributions. But the conclusion is obvious if we consider '

T, =Wi+-+W, and T;—":W£+...+W;
defined by 7 + s independent exponentials Wy ..., W, Wi, ..., W,. Because then
Tr+T;=W1-§-"'+WT+W{+...+W;

is the sum of r + s independent exponentials, with gamma (r + s, A) distribution.

positive integers n and m can be derived almost the same way, using the resulf found
in Section 5.3 that the gamma (n/2, 1/2) distribution is the chi-square distribﬁ;‘i{m of
the sum of squares of n independent standard normal variables. Adding the sum of
squares of n variables to the sum of squares of m variables gives the sum of ‘iqum
of n+m variables. Changing the rate parameter 1/2 to a general A is just a-matter of

multiplying of the chi-square variables by 1/(2}). (See Exercises 5.3.15 and 4:4.%
I

Proof for positive halfintegers r and s. The case 7 = n/2 and § =" mjﬂfm

Proof for general positive r and s, Forr > 0, 5 > 0, let T, and T, be independen,
with gamma (r, A} and gamma {s, X} distributions, and let Z =T, +7. Then bythe
convolution formula o

fale) = fo (@) fr (2 — )z

z 1 1
= —_ AT r—l A ©E —_ s—1 —Alz—=2)
fo NG SR Y ) (z—z)"e de

2
1
— >\r+s r—1 . s—1 _—Ax
,/{]_W(T)P(S) 2"z - x)¥ T e e

1
== /U I‘(T)F(s)k “7’5(2:11.) 1(z - zu)" 1€ AZ y dos (2) u Zﬂ,dx‘ - zdu)

— 1 Ar+szr+sw~1€-Az [1 F(’f‘ +5)
I(r+s) o T'(r)I(s)
'Tr+s) ,,
— Pl W AP sl
fT"*“K.A(Z)‘/i; F(T)F(S)u (1 U) du
where fr1q(2) is the gamma {r+s, A) density. The integral on the right is'a constan:

which does not depend on z. Since both fz{z) and fr4.1(z} are probability densities
on {0,c0), integrating both sides with respect to z from 0 to co gives -

w1~ u)* ldu

= lwur“i __ase1
1=1x TR (1 —u)* " du
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So the integral must equal 1. Therefore Z has the gamma {r+ s,A) density. (3

The last line of the previous argument evaluates an important integral:

The Beta Integral

B(r,s) = /O 1 w1 - ) = %%)-f_i:)l (r>0,5>0)

This evaluation of B(r, s} in terms of the gamma function agrees with the evaluation

in Section 4.6 for integer r and s because I'(r) = {r — 1}! for positive integers r,

Example 3. Sums of independent uniform variables.

Two terms. Suppose X and Y are independent, each with uniform (0,1} distribu-
tion. To find the density of X 4+ Y it is simpler to work directly with a diagram than

to use the convolution formula. Here (X,Y) has uniform distribution on the unit
square. See Figure 2 on page 380.

For0 < z < 1, the evenl (X + Y € dz) is rep-
resented as in the diagram by 2 shape of area
zdz + 1(d2)?, by splitting the area into a paral-
lelogram with altitude z perpendicular 1o sides
of length dz, plus half a square of side dz.
Ignoring the (dz)? as negligible in comparison
to dz, gives simply

P(Zedz)=z2dz

since the total area is 1. Similarly, for 1 <z,
4
P(Zed:)=(2-2)dz
f42) Thus Z=X+Y hasa tent-shaped density,
! _ z 0<2<l
0 1 2 2 Ja(z)=¢ 2-2 1<z<2
0 otherwise

Three terms. Consider now T = X +V 4+ W where X .Y, and W are independent
uniform (0, 1). The joint distribution of (X, Y, W) is now uniform on  unit cube, and
the density of T is proportional to the areas of slices through the cube perpendicular
to an axis passing through the long diagonal. As you can convince yourself by
handling a real cube, there are now several cases depending on which faces of the

cube cut the slicing plane. ‘This 3-dimensional geometry is tricky, but it reduces to
two simpler two-dimensional problems.
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To compute the density of T' = X +Y + W where X, Y, and W are independerns
uniform (0,1), write T = X +Y + W = Z+ W, say, where the density of Z =X +¥
was found before. The convolution formula gives the density of T = Z 4 W as an
integral

Fr(t) = [ Y ) fwlt - 2

1
= fz(2)dz since fw(t—z)=Lfort—1<2<4, 0 else
t—1

=Pt-1<Z<1) by definition of fz

So the probability density of T at £ wrns out in this case to be a probability defined
in terms of Z and f. This probability is represented by the shaded areas under the
density fz(z) in the diagrams that follow. There are 3 cases to consider.

Case 1.0 <t <1l Thent—1<0,s0

fi"{’“‘)"_“’f')(t"“1<Z<t)x:%t2

by the formula for area of a triangle.

t~10 4 1 2

Case 2.1 <t < 2 Then 0 <t —1 < 1. The relevant area is a unit square less twio
triangles, hence

frity =Plt-1< Z <t)

1
=1~§m—ﬂ2—§umn2

—

3
= ~t% 4+ 3t— =
* 2
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Case 3. 2 <t < 3. Then 1 <t —1< 2 The relevant area is now another triangle

fT(t)ZP(t~1<Z<t):%{3mt)z

f z(z)

I b T 1
& 1 t—1 24
To surnmarize, the density of the sum T = X +Y + W of three independent uniform
(0,1) variables is fr(t), as defined above by quadratic functions of ¢, on each of the
intervals (0, 1), {1,2), and (2, 3), and zero elsewhere. See Figures 2 and 3. Note the
symmetric bell shape of the density of T

A

fAB)

1 t b
0 1 3/2 2 3

IMustration of Example 3 by numerical calculations. Let T = X + Y + W where
X. Y, and W are independent with uniform {0, 1) distribution. Let us find:

ay P(T <3/2)=1/2 by symmetry of the density of T about 3/2,

b P{1/2 < T < 3/2)=P(T <3/2)- P(T <1/2)

Ve 23
=1/2— / —dt == — by a) and Case 1 on page 378
o 2 48

) P{T>5/2)=P(T <1/2)=1/48 by integral evaluated in b);

d) E(T)=3/2 by symmelry;

e) SD(T) = v3SD(W) where W is uniform (0, 1), by the square root law
=3-1/V12 by calculation done jn Section 4.1
= 1/2
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FIGURE 2. Distribution of the sum of two independent uniform (0, 1) variobles X a
joint density of (X, Y) is suggested by a scatier, along with graphs of the densifies of X
X+Y.

Joint density of (X, ¥)

Density of Y

a9

Density of X

EGURE 3. Distribution of the sum of three independent uniform (0, 1) varicbles X, ¥ ;¢
The joint density of (X + Y, W) is suggesied by a scatter, glong with graphs of the den
X+Y, W, and X +Y + W,

ties.

Joint density of (X + Y, W)

-

—— e

Density of W

Densityof X + ¥

SR
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FIGURE 4. Density of the sum of n independent uniform (0, 1) varicbies. The graphs re all
centered at the mean with a constant horizontal distance on the page representing one standord
unit in each groph. This shows how rapidly the shape of the distribution becomes nomal as n
increases.

o
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Example 4.
Problem.

Solution.

Roundoff errors.

Suppose three numbers are computed, each with a roundoff error known to be
smaller than 107% in absolute value. If the roundoff errors are assumecd mﬂem
dent and uniformly distributed, what is the probability that the sum of the rounded
numbers differs from the true sum of the numbers by more than 2 x 10~8?

Let X; be the error in the ith number in multiples of 1078, so the X; are i}.’ldﬁ‘;’gé_nde_m
uniform (—1,1}. To reduce to previous calculations, let U = (X; + 1)/2, so the U,
are independent uniform (0, 1). The problem is to find

P(!Xl +X2+X3| > 2) = 2P(X1 + X2+ X3 > 2) b}" symmetry
=2P(QU; —1+2U; — 1+ 2U; ~1 > 2)
= 2P(Uy + Uz + Us > 5/2)

= 2/48 by numerical calculation ¢) of Example 3 above.

Distribution of Ratios
Let Z =Y/X. The event (Z € dz) is shaded in the following diagram, for z > .

-«-—-(Xe.dm'}

The event (Z € dz) is broken up into vertical slices according to values of X,
The heavily shaded region, near (z,zz), represents the event X € dz, Z.¢ dz}
For small dz and dz this region is approximately a parallelogram, The left side has
fength {xidz, and there is distance dx between the two vertical sides, so the ‘ares of
the paralielogram is approximately |z|dz dz = |z|dx dz. The probability-aengi@f:'é‘w
the small parallelogram can be taken to be f {Z,xz), so as dx and dz tend 1o zem
we obtain the formula

P(X € de,Y/X € dz) = f(z,22)|z|dz dz

This works just as well for z < 0, thou

gh the picture looks a litde different. Integrating
out g yields R
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Example 5.

Probltem.

Solution.

Remark.

o0

® Frrx@ = [ loli(as2)de

—oC

As a special case, if X and Y are independent positive random variables, () reduces
o fy;x(z) =0for 2 <0, and

® Frix(2) = [0 T efx(@fr(z)de  (0< 2 < o)

Ratio of independent normal variables.

Suppose that X and Y are independent and normally distributed with mean 0 and
variance 2.

Find the distribution of X/Y.

We may assume ¢ = 1, since

X X
— = -—~/£ and both X/o and Y/o are standard normal.
Y Yo

By symmetry between X and Y and (f) above

o0

P (@) = Feyxle) = f el fxy (z, z2)dz

-0

0

That is, X/Y has Cauchy distribution (see Exercise 4.4.6).

This calculation illustates the general method, but is a bit heavy handed. In fact
the distribution of X/Y is Cauchy whenever the joint distribution of X and V is
symmetric under rotations. See Exercise 14 below.
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TS

Exercises 5.4

1,

2.

ﬁl

Let X1 be uniform (0, 1) independent of X, that is, uniform (0, 2). Find:
a) P(X;+ X; <2);  b)the density of Xy + X3;  ©) the c.df. of Xy + Xa.

Let S, be the sum of n independent uniform (0, 1) random variables. Find
a) P(S; <1.5); b)P(5<15);, o P8 <11);
dy P(1.0 < 85 < 1.001) approximately,
A computer job must pass through two queues before it is processed.: Suppose the

waiting time in the first queue is exponential with rate a, and the waiting lime in_ the
second queue is cxponential with rate 3, independent of the first.

a} Find the density of the total time: the job spends waiting in the two queues. Sketch
the density in case a = 1 and 7= 2. "

b} Find the expected total waiting time in terms of & and 3.

¢} Find the SD of the total waiting time in terms of o and 3.

A system consists of two components. Suppose each component is subject to failure at
constant rate A, independently of the other, up to when the first component fails. Afer

that moment the remaining component is subject to additional load and o failure at
constant rate 2.

a) Find the distribution of the time until both components have failed.
by What are the mean and variance of this distribution?
¢) Find the 90th percentile of this distribution.

Let X be the number on a die roll, between 1 and 6. Let ¥ be a random number which
is uniformly distributed on [0, 1), independent of X Let Z == 10X + 10Y.

3) What is the distribution of Z? Explain,
b) Find P(29 < Z < 58).

Suppose X1, X2,..., X, are independent and X, has gamma (r;, A) distribution, What
is the distribution of X; 4+ Xz + .- + X7 Explain.

Let X and Y have joint density f(z,y). Find formulae for the densities of each of the
following random variables: 2 XY: B X -V, o X +2Y. B

Let X and Y be independent exponential variables with rates o and 3. Find the cidf
of X/Y. ' '

Find the density of X = UV for independent uniform (0, 1} variables {7 and V..
Find the density of ¥ = U/V for independent uniform (0, 1) variables U and V.

Find the distribution of min (U, V)/ max(U, V} for independent uniform(0, 1) vmm
Uand V.
Let U,V be independent random variables, each uniform on (0, 1).

(a) Find the density of X = -log{U{1 - V)}. b Compute E{X) and Var{x:
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13.
14.

15.

16.

17.

18,

19.

Find the density of Z = X — Y for independent exponential (A} variables X and Y

Let X and Y have a joint distribution which is symmetric under rotations {e.g.. uni-

form on a circle around 0, or uniform on a disc centered at ), By changing 1o polar
coordinates, show that

a) the distribution of X/Y is Cauchy (see Exercise 4.4.6);
b) the distribution of X2 /{X* + Y*) is arcsine (see Exercise 4.4.8).

Let Z = min(X,Y)/ max(X,Y) for independent exponential (A) variables X and ¥
a) Explain with little calculation why the distribution of Z does not depend on A

b) Let 0 < z < 1. Ideniify the set (Z < z} as a subset of the {x,y) plane, and
calculate P(Z < z) by integration of the joint density over this subset,

¢) Find the density of Z at zfor 0 < z < 1.
Consider the c.df. of T with gamma (r, A} distribution, F(r, X1} = P(T < t). see-

tion 4.2 gives a formula for F(r, X, 4} for integer v, but for r not an integer there is no
simple formula for Fiv, A, t).

a) show that for fixed r and t, F(r, A, t} is an increasing function of A, [ Hint: Rescale
1o the gamma (r, 1) distribution.)

b) Show that for fixed A and ¢, F(r, A1) is a decreasing function of 7. [Hint: Use
sums of independent gamma variables.]
Take a unit cube in three dimensions. Cut the cube by a plane perpendicular 1o the line
from its corners (0,0,0) and (1,1, 1), that cuts this line at the point (t/3,4/3,1/3).
) What is the cross-sectional area of this slice through the cube?

b) Check your answer by describing geometrically the shape of the cross section in
the case whent < 1 andt = 3/2.

Let f» be the density function and F, the c.d.f. of the sum Sn of n indepe
(0, 1) random variables.
a) Show that fo(x) = Fy1(2) - Foer(z — 1),
b} Show that on each of the n intervals i-Li)fori=1ton, fr s equal 0 a
polynomial of degree n — 1, and F,, is equal 1o a pelynomial of degree n.
¢ Find fo(z) and Fu(z) for0 <z < 1,
d) Find fo(x)and Fy(z)forn—-1<z < n.

Findalso: e PO S, <1); HPI<S, 2 PSS <),

ndent uniform

Let X and Y be independent variables with gamma (r, A) and gamma (s, A) distribution,
respectively. Show that X/(X +Y') has beta (7, s) distribution, independently of X + Y.
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Continuous Joint Distributions: Summary

Differential Formula for Joint Density

P(X €dx,Y €dy) = flz,y)drdy

The density f(z.y) is the probability per unit area for values near (z,y). See pages 348
and 349 of Section 5.2 for propersties of joint densitics, and comparison with joint diste-
butions in the discrete case.

Central Limit Theorem
Let X3, Xo,... be a sequence of independent, identically distributed random variables,
each with mean g and variance ot Let 8§ = X1+ -+ + X, Provided 0? < o0, the hmg;
distribution, as » — oo, of the standardized sum Z, = [Sa — nul/(v/ne) is the standard
normal distribution.

Formmula for Densityof X +Y
If (X,Y) has density f(z,y) in the plane, then X + Y has density on the line

fxv(z) = /:30 fx, 2 — r)d.

Convolution Formula
if X and Y are independent, then

fxsvi{z) = —[-00 fx(z)fy(z — o)dae.

Exact distribution of various functions of particular variables. See distribution summmaries

The Rayleigh Distribution

If X and Y are independent standard normal variables, then R = v X2+ Y2 has the
Rayleigh distribution, with density h

frln) = Te“%rg, r >0,

and distribution function
FR(?‘)‘—:lhe“%‘"z, r >0

The variable R represents the distance from the origin of the random point (X, ¥Y).
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Review Exercises

1.
2.

For X and Y’ independent and uniform (0, 1), find P(Y > 1/2]Y > X?),

For X and Y independent and both uniform {-1,1), find
2) P(X + Y} < 1); b EGX +Y).

3. Coin in a can. A coin of diameter 1 inch is tossed in the air and caught in an empty

10.

soup can of bottom radius 3 inches. The coin lies flat on the bottom.
a) What is the chance that the coin covers the cemter poini of the bouom of the can?

Suppose that instead of the soup can, the coin is dropped into a box whose bottom is
a square with sides of length § inches.

b) What is the chance that the coin covers the center point of the bottom of the box?

¢} Consider one of the main diagonals of the bottom of the box. What is the prob-
ability that part of the coin crosses that diagonal line?

State any assumptions you make,

Let X and Y be independent with uniform (-1, 1) distribution. Find
a) P(X*4+Y*)<r% b)the cdf of B = X2 4 Y2 ¢} the density of B2,

A point is chosen uniformly at random from a unit square. Let [) be the distance of the
point from the midpoint of one side of the square. Find a) P(D > ;-); b) E(D?).

For a particular kind of call, the phone company charges 31 for the first minute or any
portion thereof, and one cent per second for time after the first minute, Calculate the
approximate value of the long-run average charge per call assuming the distribution of

call duration is:
a) expanential with mean 1 minute;
b) exponential with mean 2 minutes;
¢) gamma with shape parameter 2 and mean 1 minute.
Suppose that Xy, X,,..., X150 are independent random variables, with normal (g, 1)

distribution, representing 100 measurements whose average X = {X; 4. +X 100}/ 100
should be close to the number . Calculate the probability that | X - ) > 0.25.

Supposethat X, .., Xiqp are independent random variables with common distribution
with mean ¢ and variance 1, but not necessarily normally distributed. Repeat Exercise 7
with these assumptions. Explain why the answer will be approximately the same.

Let X be the number of heads in two fair coin tosses. Suppose U has uniform distribu-
tion on (0, 1), independently of X,

a) Find the density of X + U and sketch its graph.

b) Find an alternate distribution for U such that for any integer-vatued random vari-

able X independent of U, the graph of the density of X + 1/ is simply the usual
histogram of the distribution of X .

Let X, Y be independent exponential random variables with parameters A and .
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11.

12.

13.

14.

15.

16.

1?0

18.

19.

a) Find the density function for Z = min(X,Y).
b) Calcutate P(X > Y).
¢) Calculate P(% < X/Y < 2), in the case A = u. (Hint: Use the result ()F_b};'}

Let U and V be two independent uniform (0, 1} random variables. lLet X = {J V.

a) For 0 < x < i, calculate P(X > x).

b} Find the c.d.f. F of the random variable X . Sketch the graph of F.

) Find the density function f of X. Sketch the graph of f.
A marksman fires a1 the center of a target: he hits a random point (X ,Y) (measured
refative to the center of the target) such that X and Y are independent normal (0, o
random variables. A second marksman fires, and hits at (X', Y") where X' and ¥

are independent with normal (0, §*) distributions. What is the chance that the second
marksman hits closer 1o the center of the target than the first marksman?

Suppose (X, Y') is uniformly distributed according to relative arc length on the circum.
ference of the circle {(z,4) : 2 + ¢* = 1}. Find the c.df. of
DX, WY, 0X+Y.

Suppose Uy, Uz, Uy are independent and uniform (0, 1), Find: &) P{(Uy < Uy < Us);
b) E(thilUs), ¢) Var(UyUsUs); d) P(ThUs > Us): ) P(max(Uh, Uy) >’_:U;,“),‘
Repeat Exercise 14 for Z; instead of U, where the Z; are independent nonMi {’3 '1}
random vartables. Find also; '

D PZI+Z3>1) @ P+ 22+ 25 <2),
hy P{Z1/Z2 < 1), 1) P(32; ~2Z; < 4Z3 +1).

A point is picked randomly in space. Its three coordinates X, Y and Z are in

standard normal variables. Let R = /X2 + Y2 4 Z2 be the distance of the
the origin. Find

dependent
point from

a) the density of R?, b} the density of R; <) E(R); Var(R).

Let Xy, Xz,..., be independent normally distributed random variables having mean 0
anl variance 1. Use the normal approximation to find: '
a) P(X{+ X3+ 4 Xb > 80):

b) a number ¢ such that P(100 — ¢ < XT + -+ + X{pe < 100 + ¢) & 0.95.

For X and Y independent normal (0, 1) variables, show that for » ™ 0

PlaX + bY <ry/a® +b2 for all a,b > 0) = ®(r) ~ %e"%‘":

Independent Poisson processes. Suppose particles of d different kinds
1,2,....d, arrive a1 a counter according to independent Poisson processes 'at;;;-até}g_'h,
Let Wy be arrival time of the first particle of kind k. Let K, be the kind of ‘the firs
particle to arrive, K2 the kind of the second particle to asrive, and so on, S0 the K,
are discrete random variables with values in the set {1,....d}.

» Jabeled k =

a) Bxpress the event (K7 = k) in terms of the random variables Wi, W,
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20.

21.

22,

23.

24.

b) Use this expression to find pr = P(K) = k), 1 < k < dinterms of X;,.. ., A,
<) Explain informally why K3, Kz, ... are independent with identical distribution.

d) Assuming the result of ), derive the formula for pi. in another way after filling in
the blanks in the following statements ), Y and g): Afier a very long time T,

¢) the number of arrivals of type & shouid be about

£ the number of all ammivals of all types should be abow

&) the fraction of all arrivals that are of type k should be about
Minimum of independent exponential variables. Let 77 and T, be two independent
exponential variables, with rates Ay and Az, Think of T; as the lifetime of component 1,
i =1, 2. Let Tiyy represent the lifetime of a system which fails whenever the fim of the

two components fails, 50 Tiin = min(T},T2). Let Xy designate which component
failed first, 50 Xmin has value 1 if Ty < Tp and value 2 T < T, . Show:

a) that the distribution of Ty, is exponential (A; + Aa);

b) that the distribution of Xnin is given by the formula P(Xpun = 1) =
= 1,2;

for

A,
AL+ Ay
¢) that the random variables Tinin and Xy are independent;
&) how these results generalize simply to describe the minimum of n independent
exponential random variables with rates Ay, ..., A,.
Closest point. Consider a Poisson random scatter of points in a plane with mean
intensity A per unit area, Let R be the distance from 0 10 the cosest point of the scatter.
a) Find formulae for the c.df. and density of R, and skelch their graphs.
k) Show that v2An R has the Rayleigh distribution described in Section 5.3
¢} Use b} 1o find formulae for the mean and 5D of B from results of Section 5.3,
d} Find the mode and the median of the distribution of A,
In Maxwell's model of a gas, molecules of mass m are assumed 1o have velocity com-
ponents, Vy, ¥y, V, that are independent, with a joint distribution that is invarant under

rotation of the three-dimensional coordinate system. Maxwell showed that V., V, W
must have normal (0, 5%} distribution for some o. Taking this result for gramcd

a} find a formula for the density of the kinetic energy
1 o 1 .1
K= »ém‘l/’I + imV; + é-me

b) find the mean and mode of the energy distribution.
Let Y be the minimum of three independent random variables with uniform distribution
on (0,1}, and let Z be their maximum. Find:

D PZ<3Y>3) BPZ<EY<i).
A coin of diameter d is tossed at random on a grid of squares of side s. Making appro-
priate assumptions, to be stated clearly, calculate:

a) the probability that the coin lands inside some square (i.e., not touching any line),
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by the probability that the coin lands heads inside some square.

Suppose now that the coin is tossed four times. Let X be the number of times, it ands
inside a square, Y the number of heads. Assume d = s/2. Calculate:

Q) P(X =Y} dP(X <Y} e) P(X >Y).
25. Joint distribution of order statistics. Let V] < Vi < --+ <V, be the order: WS
of n independent uniform (0,1) variables. (Refer to Section 4.6) let 1 < k <'m <;ﬂ‘
a) Find the joint density of Vi and V.

Now show that each of the following variables has a beta distribution, and idemify the
parameters: b)Y Vin ~ Vis O Vi/Vin;

26. Averages of order statistics. Let Vi,..., Va be the order statistics of n .ihd;gcm
uniform (0,1) variables. Let
A =Vit- +Va)/n
Aln = U/], + Vn)/2
Amid = Vint1)/2 the middle value, where you can assume 7 is odd.

2) Show that for sufficiently large n, each of these three variables is most likely very
close to 1/2. '

b) For all large enough values of n, one of these variables can be expected o 'be
very much closer to 1/2 than either of the two others, Which one, and . _},?

¢) Confirm your answer to b} for n = 100 by finding for each of the’ A‘s a gond
approximation to the probability that it is between (.49 and 0.51.

27. A box contains n balls numbered 1, ..., n. Balls are drawn at random until the first draw
that produces a ball obtained on some previous draw. Let Dy be the random: niumber
of draws required. So the possible values of Dy, are 2,.... % + 1.

a) Check that for 0 < = < o0,
lim P(Dn/vn>z) = o= 2

n—+oo

That is to say, the limit distribution of D, /+/n is the Rayleigh distribution.

b) Assuming a switch in the ordes of the limit and integration can be jusﬁﬁed (itc:m
but do not worry about that), deduce that

l}m E(D./yn)=+T
¢) There seems to be no simpler expression for E{D),) than a sum of sz,‘or_n_g. ;
terms. But the terms can be arranged in some interesting ways. Show by Wik
E(D,.) as the sum of the tail probabilities P{(D. > k) in reverse or.der,shat;

E(D,) = P(X. < n)nin""e"
where X, is a Poisson random variable with mean n.

d) Deduce the limit of P(X,, < n) as n -+ co from the centrat limit thecrem, then
combine b) and ¢} to give a derivation of Stirling’s formula

e 2
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€) Derive the following formula, which is surprisingly simple in view of ¢
E(D:-D))=12n
P Transform the identity €) as in the caleulation ¢) 1o detive the formula

2nn+l

E(}Xn - n|) = P

and give yet another derivation of Stirling’s formula, much as in d) above, this
time using the central limit theorem instead of a).

3. Volumes in higher dimensions. Use the derivation of the chi-square distribution to
detive part a3, then use a) for the remaining parts;

a) Find the constant ¢, such that the {n — 1)-dimensional volume of the “surface”
of a sphere of radius » in n-dimensional space is cor™™ 1.

b) Find dn so the n-dimensional volume inside a sphere of radius r is dor™.

¢} An n-dimensional sphere of radius r is packed inside an n-dimensional cube with
sides of length 2r. What proportion p,, of the volume of the cube is inside the
sphere?

&) Use Stirling’s formula Is) ~ v275°~"2e™" a5 5 ~ o0 10 find a simple approxi-
mation for p,, for large n. What is the limit of p, as n — x?

€) Interpret p, probabilistically in terms of n independent uniform {~1,1) variables.

9. A needle is tossed at random on a grid of equally spaced parallel lines, Assume the
needie is so much longer than the spacing between the lines that the possibility of the
needle not crossing any line can be neglected. Let X be the distance between the center
of the needle and the closest point at which the needle crosses one of the lines. Find:

4) the distribution function of X
b) the density function of X.

0. Random walk inside squares. Draw a square centered at (0, 0) with sides of length
2 paraliel 1o the axes, so the corners are at (£1,%1). Let (X1, Y1) be picked uniformly
at random from the area inside this square. Given {X 1, Y1}, draw a square centered at
{X1,Y1), with sides of length 2 parallel to the axes, s6 the corners are at (X131, X2:1).
let (Xz,Y2), be picked uniformiy at random from the area inside this square, and so
on: Given (X1,Y1),...,(Xn, Ya) let (Xn41, Yas1) be picked uniformly at random from
the area inside the square with comers at (X, :£ 1, Y, + 1). For n = 300, use a normal
approximation to find the following probabilities:

©) The probability that (X, Ya) lies outside the square with corners at (+10, £10).
d) The probability that (X, ¥..) lies outside the circle of radius 10 centered at (0,0).

1. Random walk inside circles. Fix r > 0. Draw a circle centered at {0,0) with ra-
dius 7. Let {X),Yy) be picked uniformly at random from the arca inside this cir-
de. Given (X1,Y)), draw a circle with radius = centered at (X1,Y1). Let (X2,Y3),
be picked uniformly at random from the area inside this circle, and so on. Given

(X1, Y1), (Xa, ¥y), let (Xni1, Yas1) be picked uniformly at random from the area
inside the circle around (Xn, Y) with radius +.
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32.

33.

34.

a) Find 7 so that for large n the distribution of X, in this problem is nearly the same
as in Exercise 30 for a square of side 2 instead of the circle of radius r. [Hint
Find E[X{] by considering E{Y?] as well}

b) Are X, and V), independent?

c) The point (X,,Y,} is projected onto the line rotated an angle ¢ from'the X-
axis at X, cos 8 + Y, sin @ measured from the origin along this line. Use the
normal approximation for sums of independent random variables to show that
with r as in part a), for every 6 € [0,2x] and for large n, the distribution of
Xncosf + Y, sinf is nearly the same for both the circle of radius » and the
square of side 2,

d) It is known that a joint distribution of (X, Y) in the plane is determined by the
distributions of all the projections X cos 8 + Y sin# as @ ranges over [0, 27}, In
particular if X cos@ + Y siné has standard normal distribution for every @ then
X and Y are independent standard normal variables. An approximate version of
this result is also true: if X cos 8+ Y sin # has approximately the standard nofmal
distribution for every 6, then X and ¥ are approximately independent standard
normal variables. Apply this result and part ¢) to approximate the probabi_{ity thar
for r as in part a), and n = 300, the point (X, ¥») defined using circles of radius
r lies outside the circle of radius 10 centered at the origin.

Random walk on circles. Repeat Exercise 31 for the motion defined by picking pains
at random according to the uniform distribution on the perimeter of the circle of radiys
r, so each new point is at distance 7 from the previous one, in 2 random direction.’

Mixture of discrete and continuous. Repeat Exercise 31 for the motion defined by
repeatedly picking points at random according to the uniform distribuiion (pmpgmgm;
to length) on the perimeter of a square centered at the current point with sides Of}t’:n;gth
2r. Note that the distribution of X, in this case is neither discrete nor continuous by 4
mixture of the two kinds. The second moment of X, is defined by adding the discrete
and continuous pars. It can be shown that the usual method of calculating the second
moment of X,, is sill valid, and that the normal approximation is still correct in the
limit of farge n. Following parts a) to d) as in Exercise 31,

e) Caleulate and plot the graph of the distribution function of X 1-

B Calculate and plot the graph of the distribution function of X,

g) What is the total probability in the discrete pant of the distribution of X,
Ratios of sums of squares.

a) Use the result of Exercise 5.4.19 to show that if X Y and Z are independen:

normal (0, 1) random variables, then X2 JX24Y? 4 Zz) has betg (1;{2, 1).&&;,
tribution, independent of X? + Y2 4 22, T

b} Suppose that (U, V, W) has uniform distribution on the surface of the unit sphere
in three dimensions. Deduce from a) that {72 JUP+ V24 W?) has beta (1{2‘ B
distribution. o

€) What is the distribution of U?/(U? + V2 4 W2y if (U, V, W) has uniform. disyri-
bution over the volume inside the unit sphere in three dimensions?

&) Suppose that Uy, Us,.. U, are independent uniform (—1,1) variables,

Forl <
k< m et S = U} + - 4 UZ Find the the conditional distribution of §, /5,
given that S, < 1. =



6.1

Dependence

This chapter treats features of a joint distribution which give insight into the nature
of dependence between random variables. Sections 6.1 and 6.2 concern conditional
distributions and expectations in the discrete case. Then parallel formulae for the
density case are developed in Section 6.3. Covariance and correlation are introduced
in Section 6.4. All these ideas are combined in Section 6.5 in a study of the bivariae
normal distribution.

Conditional Distributions: Discrete Case

This section translates into the language of random variables the conditioning ideas
of Section 1.4. The dependence between two variables X and ¥ can be understood
in terms of the marginal distribution of X and the conditionai distribution of Y given
X =z, which may be a different distribution for each possible value z of X. Given
this information, the distribution of ¥ is found by the rule of average conditional
probabilities, and the conditional distribution of X given ¥ = y is found by Bayes'
rufe.
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Example 1.  Number of successes in a random number of trials.

Suppose a fair die is rolled. Then as many fair coins are tossed as there are spos
showing on the die.

Problem 1.  Find the distribution of the number of heads showing among the coins.

Solution. Let Y denote the number of heads showing among the coins, The problem. is 1o
calculate the probabilities

P(Y = y) = P(y heads) (¥=0,1,2,...,6)

Let X represent the number showing on the die. If X = x, that is to say the die rolls
z, then 2 coins are tossed, so the chance of y heads given the die rolls o iS-_.gi‘ggjﬂ
by the binomial formula for the probability of y successes in T trials with probabitioy
1/2 of success on each trial:

Py heads{die rolls z} = P(y heads in x fair coin tosses) = (m)z”“"
Yy
where (Z) =0if 2 < y. In random variable notation,

fmyzzyfxzmsz=(z)2—w

This formula states that the conditional distribution of Y given X = z is the binomial
distribution with parameters n =z and p = 1/2.

FIGURE 1. Conditional distribution of Y given X =z for z = 1,2,...,6 in Excmpie 1.

bl D

01 12 0123 01234 012345 01234»5'
X=1 X=2 X=3 X=1 X=5 X<=6
The assumption that the die is fair specifies the unconditional distribution of X

P(X =z)=Pldierolls 1) =1/6 (2 =1,2,...,6)
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These ingredients are combined by the rule of average conditional probabilitics to

give P(Y =y}, the unconditional probability of getting y heads:

6
P(Y =y) = P(y heads) == Z P(die rolls x and y heads)

et |

fi
E

P(y headsidie rolls z) P(die rolls )

e
il

1

PY =4} X = z)P(X = 1)

6
méZ(z)T“’ (0 <y<6)
gl

where (7) = 0 if & < y. For example,

i
NE

&
1l
-

97 92 26 64 384

1(/4V 1 by 1 6y 1 29
P =05 (e (D ()] -

| 1 1 1 : 33
P(Y:O):‘é‘[—+“:;+--~+ ]mgxﬁ‘i- 0

and so on. Continuing in this way we obtain P(Y = y) for cach y = 0,1, 2,

45 shown in Table 1.

TABLE 1. Probobility P(Y = y) of getting y heads.

P(Y — ?J) 63 120 99 29

83 S o | =l
384 | 384 | 384 | 3®4 | 34 | IWE | 3w

y |oj 1l 231471516
14

Example 1 introduces the important idea of conditional distributions.

SN 3

Conditional Distribution of Y Given X = x

z, called the conditional distribution of Y given X = r.

For each possible value = of X, as y varies over all possible values of y, the
probabilities P(Y = y{ X = z) form a probability distribution, depending on

The given value = of X can be thought of a as parameter in the distribution of ¥
given X = r. In Example 1, the distribution of Y given X = z is the binomial

distribution with parameters n =z and p = 1/2.

According to the rule of average conditional probabilities, the unconditional distri-
bution of Y, found in Example 1, is the average or mirture of these conditional
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Example 1 introduces the important idea of conditional distributions.

Conditional Distribution of Y Given X = x

For each possible value = of X, as y varies over all possible values of y,. ﬂw-
probabilities P{Y = y! X = «} form a probability distribution, dﬁpendmg ‘on
z, called the condftwnal distribution of ¥ given X = x.

The given value z of X can be thought of as a parameter in the distributmn of ¥
given X = z. In Example 1, the distribution of ¥ given X = =z is the binomial
distribution with parameters n = @ and p = 1/2.

According to the rule of average conditional probabilities, the unconditional distri-
hution of Y, found in Example 1, is the average or murture of these conditionat
distributions, with equal weights 1/6 defined by the uniform distribution of X This
distribution of Y may be called the overall, marginal, or wnconditional dlSt[’lbi}Ii{}ﬁ
of Y, to distinguish it from the conditional distributions used to calculate it. The key
step in the caleulation of Example 1 was the following: -

Rule of Average Conditional Probabilities

PY = y) ZP{}f~y;¥ =) P(X =)

This is just a basic rule of probability expressed in random variable notation.. The
rule holds for every pair of discrete random variables X and Y defined in the sanw
probabilistic setting. The method of finding the distribution of a random variable ¥

by using this formula is called conditioning on the value of X. Note that in the sum
for P(Y = y) the term o

P(Y =yl X =)P(X =2) = P(X =2,Y =)

is the generic entry in the joint probability table for X and Y. See Table 2 for exarmple.

You can use the above formula to calculate the distribution of a random vari:abié Y i

you can find a random variable X such that you either know or can easily.,g‘;éléﬁmw,
(i) the distribution of X

(i) the conditional probabilities P(Y = y| X = z) for all possible values ¢ of ¥

i
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If Y is determined by some two-stage of multistage process, the distribution of Y
can often be calculated this way by letting X be the result of the first stage.

" (Continued.)

As in the previous example, let Y be the number of heads in X fair cOin LOSSCS,
where X is uniformly distributed on {1,...,6}.

Find the conditiona! distribution of X givenY =y fory= 0.1,...6.

The problem now is 10 find P(X = z|Y = y)asz varies, for each possible value y of
Y These conditional probabilities are calculated using Bayes’ rule, as in Section 1.5.
All that is new here is the random variable notation and terminology. As a start, the
division rule for conditional probabilitics gives

P(X=1zY =4y)

PX =zlY =¥ = —Fry =y

where the joint probabilities
P X =Y =y)=PY =ylX =z)P(X =)
are the individual terms in the sum used previously to calculate P(Y = y). sub-

stituting the values of P{(X = g)yand PY =y | X = z), the joint probabilities
P(X =z,Y = y) are displayed in Table 2.

TABLE 2. Joint distribution table for {X,Y).

Possible values x for X
Marginal
1 2 3 4 b 6 distn. of Y
0 1T 11 11 13X 1L 1L B
§5 84 68 616 632 664 384
1 11 12 13 14 15 18 120
62 64 68 616 632 084 384
: 11 13 16 110 1 18 94
Possible 2 0 &3 €% 816 632 684 384
11 14 110 120 4
values y 3 0 0 §§ 616 &3 664 384
r1 15 115 28
for Y 4 0 0 0 516 53 ©@4 384
1L 16 B
3 0 0 Y 0 §% 664 381
13 A
6 0 0 0 0 0 i5a 584
- i 1 1 1 1 1
Margmal g i % € 3 g 1
distn. of X
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in column z of the table you see numbers proportional to the binomial (:c, 142
probabilities forming the conditional distribution of ¥ given X = z. The’emmm
of proportionality is 1/6, which is the marginal probability of (X = z). S ‘
row y of the table you see numbers proportional to the conditional d:strlbutmn_mf X
given Y = y. The conditional probabilities themselves are obtained by dlvgdmg the
numbers in the row y by the constant factor P(Y = y), their sum, which ag
the margin. For example, the conditional distribution of X givenY =2 is dlspiaye&
in Table 3.

TABLE 3. Conditional distribution of X given Y = 2.

T 1121314715

PX=z|lY=2)0{ 2 ¥ 2 2

r:{ =

So, given two heads, the number of coins tossed is equally likely 1o be either 3o
4, and these are the most likely values.

Similar tables of the conditional distributions are easily made for other values yof

Y. Here is a graphical display of all seven of these conditional distributions:. using
histograms.

FIGURE 3. Conditional distribution of X given Y = .

H:bhmrflbfﬂ-ﬂ"lrrmr[ﬂrﬂ

123456 123456 23456 3456 456 6
V=0 Y=1 Y=2 Y=3 Y=4 Y=5 ¥Y¥=6

Exercises 6.1

1. Suppose | toss three coins. Some of them land heads and some land tails, 'Ihx;m thist
land tails I toss again. Tet X be the number of heads showing after the first tossmg' ¥
the total number showing after the second 1ossing, including the X heads app
on the first tossing. So X and Y are random variables such that 0 < X < Y c: 3 10
matter how the coins land. Write out distribution tables and sketch histograms for each
of the following distributions:

a; the distribution of X

1) the conditional distribution of ¥ given X=xzborr= 0,1,2,3;
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¢} the joint distribution of X and Y {(no histogram in this case);
d) the distribution of Y

[

—

the conditional distribution of X given Y =y fory=10,1,2,3

f} What is the best guess of the value of X given Y = y for y = 0,1, 2,3 That is,
for each y, choose & depending on 7 o maximize P(X = Y = y).

) Suppose the random experiment generating X and Y is repeated independently
over and over again. Each ime you observe the value of Y, and then guess the

vatue of X using the rule found in ). Over the long run, what propornion of times
will you guess correctly?

. Ina particutar town 10% of the families have no children, 20% have one child, 40% have

two children, 20% have three children, and 10% have four. Let T represent the 1ol
number of children, and G the number of girls, i a family chosen at random from this
own. Assuming that children are equally Jikely to be bays or girls, find the distribution
of G. Display your answer in a table and skeich the histogram,

. Suppose the names of all the children in the town of Exercise 2 are put into a hat, and

a name is picked out at random. S0 now a child is picked at random instead of a family
being picked at random. Let U be the total number of children in the family of the child
chosen at random.

a) Find the distribution of U. Why is this distribution different from the distibution
of T in Exercise 2?7

b) What is the probability that the child picked at random comes from a family
consisting of two girls and a boy?

¢} 1s this the same as the probability that a family picked at random consists of two
girls and a boy? Calculate and explain.

Let A, .. ., A2e be independent events cach with probability 1/2. Let X be the number
of events among the first 10 which occur and let ¥ be the number of events among the
fast 10 which occur. Find the conditional probability that X = 5, given that X +V = 12,

- Let X and X be independent Poisson random variables with parameters A; and Ay,

a) Show that for every n 2 1, the conditional distribution of X, given X+ X3 = n,
is binomial, and find the parameters of this binomial distribution,

b) The number of eggs laid by a cenain kind of insect follows a Poisson distribution
quite closely. It is known that two such insects have laid their eggs in a particular
area. If the total number of egps in the area is 150, what is the chance that the
first insect Jaid at least 90 eggs? (State your assumptions, and give approximate
decimal answer.)

Conditioning independent Poisson variables on their sum. Let N, be independent
Poisson variables with parameters A;. Think of the N, as the number of points of 3

Poissson scatter in disjoint parts of the plane with areas A,, where the mean intensity
is one point per unit area.

a) What is the conditional joint distribution of (Ny, ..., N, ) given Ny + ... +N,, =
n? Hfint: See Exercise 5 for a special case |
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7.

10.

h) Suppose now that .V has Poisson(A) distribution, and given N = n _the.con-
ditional joint distribution of some rm-tple of random variables (Ny, ..., N} is
exactly what you found in part 2). What can you conclude about the uncondi-
tional distribution of (Ny,..., Np)?

Poissonization of the binomial distribution. Let N have Poisson () distribution.
Let X be a random variable with the following property: for every n, the conditicna:
distribution of X given (N = n) is binomial (n, p).

a) Show that the unconditional distribution of X is Poisson, and find its parameser.

It is known that X-rays produce chromosome breakages in cells. The number of such
breakages usually follows 2 Poisson distribution quite closely, where the paramewer
depends on the time of ¢xposure, ete, For a particular dosage and time of exposure, the
number of breakages follows the Poisson (0.4) distribution. Assume that each breakage
heals with probability 0.2, independently of the others.

b) Find the chance that after such an X-ray, there are 4 healed breakages,
Independence in Poissonization of the binomial distribution. Suppose you il
a random number of dice. If the number of dice follows the Poisson (A) distributian,
show that the number of sixes is independent of the number of nonsixes. [,Hiﬁt:‘lm N
be the number of dice, X the number of sixes, and ¥ the number of nonsixes. Exercise

7 gives you the marginal distributions of X and Y. To show that the joint distribution
of X and Y is the product of the marginals, show

PiIX=oY=9)=PN=z+yX=2Y=y)
and then use the multiplication rule.]

Conditional independence. Random variables X and ¥ are called conditionally
dependent given Z if given the value of Z, X, and Y are independent. Thaz is,

PX=2.Y =ylZ=z2}=P(X=u|Z=2)PY = y|Z = 2)

for all possible values z. y, and z. Prove that X and ¥ are conditionally independent
given Z if and only if the conditional distribution of ¥ given X =rand 2 =5 &5 a
distribution which depends only on z:

PY=ylX=a2,Z=2)=PY =y|Z =2z)

-

for all possible values x, y, and z. Give a further equivalent condition in terms of the
conditional distribution of X given Y =y and Z = 2.

Conditional independence (continued). Suppose as in Example 5 of Section ‘3.1
that two sequences of n draws with replacement are made from a box containini; an
unknown number of red tickets among a total of 10 tickets. Regard the number of red
tickets in the box as the value of a random variable R, with probability diémbuti(}ﬁ
P(R=r)=m, 7 =201,...,10. Let X; be the number of red tickets in f;;'g: first
n draws, and X, the number in the second n draws. Assuming that X 1-and X are
conditionally independent and binomially distributed given R = r, find expressions for
the following; o

a) P(R:T,le:ﬁa,XQ“:ﬂJz); b) P(R=1r|X{ =1y},

¢} PXp=xlR=1r X; =#1); DPXy=2:]X1 = z1),

€) Calculate numerical values for the conditionat probabitities in d) Assumi

that
m=1/11forr =0,1,...,10 and n = 1. Are X, and X independeny ®
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Conditional Expectation: Discrete Case

Conditional expectations are simply expectations relative 1o conditional distributions.

Conditional Expectation Given an Event

The conditional expectation of a vandom verioble Y given an event A, de-
noted by E(Y | A), is the expectation of ¥ under the conditiona probuability
distribution given A:

E(Y[A) =3 yP(Y =y|A)

3oy

This is just the definition of E(Y'}, with probabilities replaced by conditional proba-
bilities given A, Intitively, E(Y | A) is the expected value of V. given the information
that event A has occurred.

Conditioning on at most 2 heads on 4 coin tosses.

Let ¥ be the number of heads in four tosses of a fair coin. Caleulate the conditional
expectation of ¥ given 2 or less heads. What is the long-run interpretation of s
quantity?

Here the conditioning event is 4 = (Y < 2). Since ¥ has o

§ o

e binomial (4, 1)

distribution e
4
PlY=y)= (q) /2‘1 (y = 0w 4)
PY <2)={1+4+14 +6)/16 == 11/16
Hence
R 4 .
Py :yil’ii!}m(y>/31 v =0,1.2)
and
2 /4
EYlY < 2} = Zy(@)/ll = {14 -{-2-6)]]] = 16/11
y=0 *

The long-run interpretation is that if you repeatedly toss four fair coins, the long-
run average number of heads, averaging only over the trials that produce 0. 1, or 2
heads, will be 16/11.
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Properties of Conditional Expectation

For a fixed conditioning event A, conditional expectation has familiar propemeﬁ of
expectation like linearity. For instance, there is tie addition rule

E(X +Y|A) = E(X|A) + E(Y ] A)

and so on. For a fixed random variable Y, as A varies, there is a useful geperal
ization of the rule of average conditional probabilities, a rule of average conditionai
ezpectations: If A,, ..., A, is a partition of the whole outcome space, then

E(Y) =Y E(Y|A)P(A)
i=]

In the special case when Y is an indicator random variable, say Y = I'n, the indicator
of event B, this reduces to the rule of average conditional probabilities

P(B) =) P(B|A)P(A:)
i=l

The general case can be derived from this special case by linear operations; It is most.

convenient for applications to express the general rule as follows, for the pantition
generated by values of a discrete random variable X ‘

Rule of Average Conditional Expectations

For any random variable Y with finite expectation and any discrete rdﬁdmz_
variable X o

E(Y)=Y E(Y|X =2)P(X = x)

al x

This formula is also called the formula for E(Y) by conditioning on X . This formuia

gives a usefui method of calculating expectations, as shown by the examples betow.
The next box introduces a useful short notation: ' o

Definition of E(Y1X)

The conditional expectation of Y given X, denoted E(Y|X),is the function
of X whose value is E(Y | X =z2) if X = . ' ]

A A S e
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Here E(Y | X) is actually a random variable, since by definition it is a pasticular
function of X, and a function of 2 random variable defines another random varialle,
It can be shown that E(Y | X) is the best predictor of Y based on X, in the sense of
mean-square error. That is to say, E(Y | X) is the function g{X)} that minimizes the
mean square prediction error E[(Y - g{X))?]. See Exercise 17. Because E(Y | X) is
a random variable, it makes sense to consider its expectation. The result is stated in
the next box.

Expectation is the Expectation
of the Conditiocnal Expectation

E(Y) = E[E(Y|X)|

This is a condensed form of the rule of average conditional expectations, obiained
by application to g(z) = E(Y | X = x) of the formula

Elg(X)} =" g(zx)P(X =z)

all =

Examples

Tossing a random number of coins.

As in Example 1 of the previous section, let Y be the number of heads in X tosses
of a fair coin, where X is generated by 4 fair die roll,

Find the conditional expectation of ¥ given X = x.

Since the conditional distribution of ¥ given X = 2 is binomial with parameters
n =z and p = 1/2, the conditional expeciation of Y given X = x is the mean of
the binomial(n,p) distribution, that is np, for n = z and p=1/2

EY{|X =z)=x/2 (r=1,2,...,6)
Find E(Y).
Since from the previous solution E(Y | X) = X/2, and E{(X) = 3.5
E(Y) = E[E(Y | X)] = E(X/2) = E(X)/2 = (3.5)/2 = 1.75

Of course, the expectation of Y can also be calculated from the distribution of Y,
shown in Table 1 of Section 6.1. But the method of conditioning on X gives the
result more quickly, Also, the method of computing E(Y'} by conditioning on a
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Problem 3.
Solution.

Example 3.

Problem.

Solution.

Remark.

Example 4.

Problem,

suitable random variable X c¢an be applied in problems where it is difficult to obtain
a formula for the distribution of Y.

Find E(X|Y = 2)

There is no simple formula for E(X |Y = y) as a function of y in this  problem.
But these conditional expectations can be calculated one by one from the various
conditional distributions of X given Y = y for y = 0 to 6. Using the conditionat
distribution of X given Y = 2 displayed in Table 3 of Section 6.1 gives

E(X|Y = 2) = (2x16 + 3x24 + 4x24 + 5x20 + 6x15)/99 = 390/99 =~ 3.94

Number of girls in a family.
Suppose the number of children in a family is a random variable X with mean u, and

given X = n for n > 1, each of the n children in the family is a girl with probabitity
p and a boy with probability 1 - p.

What is the expected number of gitls in a family?

Intuitively, the answer should be pu. To show this is correct, let G be the random
number of girls in a family. Given X = n, G is the sum of n indicators of events
with probability p, so

E(G|X =n)=np

Note that this is correct even for n = 0. By conditioning on X,

E(G)=) E(G|X=n)P(X=n)=pY nP(X =n)=pyu

i

In short notation,
E{GIX)=pX

E(G) = E[E(G|X)] = E(pX) = pE(X)

Success counts in overlapping series of trials.

Let 8, be the number of successes in n independent trials with probability p. of
success on each trial. '

Caleulate E(S,,| S, = k) form < n.
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Since S8m o= X1+ + X,, where X 4 is the indicator of success on the Fth trial
E(Sw|Sn=k) =Y E(X;|S, =k) where
J=1

E(X;|Sn =k} = P(jth trial is a success| S, = k)
_ P{jih uial is a success, Sy, = k)

P(Sp = k)

_ P(jth trial success, k ~ 1 of other n ~ 1 trials are SUCCESSCS)
N P(Sn = k)
(iR - pyk using independence and
N (D)pF(1 — pym—F the binomial distribution

k
= — %0

n

ik

E(Sm| Sy = k) = =

In short notation, the conclusion is that for 1 < m <n
m
E(Sm l Sn) = Esﬂ‘.

This is 4 rather intuitive formula. It says that given 8, successes in n trials, the number
of successes 1o be expected in m of the trials is proportional o m. The formula can

be derived in other ways. By symmetry, E{X;[8,) must be the same for | J, aned
equal to E(X;|8,). Since

Su = E(Su]Sp) = Y E(X;|8,) = nE(X, | S,,)

=1

it follows that £(X1[S,) = 8, /n and hence

E(Sm|Sn) = 3 E(X;|8.) = mE(X,|8,) = =S,

i=1

This argument shows that formula
m

holds whenever S, is a sum of n independent and identically distributed variables
Xi1,..., X, In fact all that is required is that the variables X 1« Xy are exchange-
able, as defined in Section 3.6, This is an example where a conditional expectation

can be calculated using symmetry and lincarity, even though there is no nice formula
for the conditional distribution,
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Example 5.

Problem.
Solution.

Treating a conditioned variable as a constant. When computing : conditions}
probabilities or expectations given X = z, the random variable X may be treafged a5
if it were the constant z. Intuitively, this is quite obvious: on the restricted outcome
space (X = z), the random variable X has only one value, namely, z. To-illustrate,
if g is a function of two random variables X and Y, the conditional dxstnbutm of
9(X,Y) given X = z, is the same as the conditional distribution of g(z, ¥}  given
X = z. And if ¢ has numerical values

Elg(X,Y)|X = 2] = Ejg(z,Y)| X = 2]

For instance
EXY|X =z| = EzY|X = 2} = 2E[Y | X = 7]
which reads in short notation
E[XY|X]= XE[Y|X]
Another example is
EeX 4+ b0Y|X =z]= Elaz + bY | X = z] = ax + bE[Y | X = z]
which reads in short notation

ElaX +bY| X] = aX + bE[Y | X]

Conditional expectation of a sum given one of the terms.
Suppose X and Y are independent.

Find E(X +Y1X = z),

EX+Y|X=z)=EX|X=z)+E(Y|X =1x)
=z+ E(Y)

Here E(X | X = z) = r because X may be treated as the constant  given X = .
And E(Y'| X =z} is the mean of the conditional distribution of Y given X' ="%, and
by independence this is just the unconditional distribution of Y with mean - EfY I3

Exercises 6.2

1. Let X; and X; be the numbers on two independent fair-die rolls. Let X be the minimusn
and Y the maximum of Xy and X3, Calcukate: @) E(VIX =z} b)) B(X]y = 9.
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2. Hepeat Exercise 1 above, with x 1 and X, independeng and uniformly distributed
{1,2,.,.,7L}.

3. Repear Exercise 1 with x 1 and Xy two draws without Teplacement from {12, » }

4. An ilem iy selected randomly from 4 collection labeled L2 oy Denote iy ype
X. Now select an integer ¥ uniformly at rande, from {1, x }. Find:

W EY), m E(Y?, o SDY). o PX+y=n

F Iy

5. Suppose an event A i independen; of 2 pair of random variables X, apg Xy, whoge
cdfsare By and £, Define 3 random variahle x by:

X - { X, if A ocours
A if A does 1ol oceyr
Find and justify formulae for:
) the cdf Flz)of X, in lerms of p (). Fala), and p=DP(4),
b E(X} in terms of B(X)), E(X3), and .
< Var(X) in terms of E(X,}, E(X>), Var{Xx)), Var(X,) and .

e

Suppose that N is 4 Poisson random variable with paramerer 5. SUppose that given N o
1t random variables X1, Xo.. X are independent with uniform (0, 1) distribug, W, So
there are g random number of Xs,

a) Given N = 7, what is the probability thay all the X's ype less than 1

D) What is the (uncundi:ionai) Probability thar a4 the X7s are jegs than 17

) Let Sy = X+ 3 X N denote the Sum of the randor number of X7 UEAN == g

then Sy = 0.) Fipd P(Sx = ). Explain,
@ Find E(Sy).

7. Suppose thar v is a countip random vatiable, with values {03, 1
P i 1

o}, and thay given
(N = &), for & = 1, there are defined random vagiables X,

v Xi such that
BGIN=b <1 (<jep
Define 2 random variable Sy by
Sy = { Xt Xov g x, TN=k) 1<k,
0 if (N = g)
Show that E{Sy) = E(N),
8. Suppose that cach individual i 5 Population prodyces a4 mandom nump

and the distribution Of the number of children has meqp, 14 Starting with
show, using the resyly of Exercige ¥, that the expected numbe

ndividual in the nth generation js u"

one individua!,
rof descendans of tha

9. et 7; pe the place a1 which the #h go0d elemeny 4PPeaTs in 4 rando ordering of
N — & bad clements ang good ones. Use the results of Exercjge 3.6.13 10 calelare,

2 B(T\[T; = j), B B(DTy = jy,
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o) E(TWT, = j) first for h< i, thenforh >,

10. What is the expected number of black balls among n < b+w +d balls drawn dt fandom
from a box containing b black balls, w white balls, and d balls drawn at Mndqui;_"fh:im
another box of by black balls and wo white balls? Assume all draws are made withéu
replacement.

11. A deck of cards is cut into two halves of 26 cards each. As it trns out, ‘the top half
coniains 3 aces and the bottom half just one ace. The top half is shuffled, then cut into
two halves of 13 cards each. One of these packs of 13 cards is shuffled into the botrom.
half of 26 cards, and from this pack of 39 cards, 5 cards are dealt. What is the. expected
number of aces among these 5 cards?

12. Conditional expectations in Polya’s urn scheme. An urn contains 1 black and 2
white balls. One ball is drawn at random and its color noted. The ball is replaced in
the um, together with an additional ball of its color. There are now four balls in the
urn. Again, one ball is drawn at random from the urn, then replaced along with an
additional ball of its color. The process continues in this way. '

a) Let By, be the number of black balls in the urn just before the nth bal} is. drawn,
(Thus By is 1.) Forn > 1, find E(Bp41|Ba).

b) Forn z 1, find E(Bn). |Hint: E(Bg} = 1; now use part a) and induction onnl

c) Forn > 1, what is the expected proporion of black balis in the urn just before
the nth ball is drawn?

13. Conditioning on the number of successes in Bernoulli trials, Let S, = Xidans
Xn be the number of successes in of n independent Bernoulli(p) trials X, »Xay o X

ceh

4) For 1 < m < n, show that the conditional distribution of §,,, the number of
successes in the first m rials, given S, = k, is identical to the distribution of the
number of good elements in a random sample of size m without replacemens
from a population of k good and n — k bad elemerts.

b} Use the result of a) 1o rederive the result of Example 4 that
B{Sm |80 = k) = mk/n.

¢) Find Var(8..18, = k).

14. Sufficiency of the number of successes in Bernoulli trials. Let Sa=Xy 4.4 Xn
be the number of successes in n independent Bernoulli (p) trials X1, Xg,. .. 2 X As
a continuation of Exercise 13, show that conditionally given S, = k, the Se(i{;gﬁge"@‘
zerosand ones X, ..., X, is distributed like an exhaustive sarnple withour repl{ii;é};lém
from a population of & anes and n — k zeros. [Note that this conditional disttibution
does not depend on p. In the language of statistics, when ? is an unknown, pﬁfﬁmﬂe{
n is called a sufficient statistic for p. If you want to estimate an unknown P given
observed values of Xy,...,X,, and are committed 1o the assumption of Berﬂé@jf{gg}
trials, it makes no sense 1o use any aspect of the data besides 5, in the ésﬁn-,‘mg},;
problem, because given §, = k, the parameter p does not affect the distribution of the
data at all. One natural estimate of p given the data is S, /n, the observed proportion
of successes. But other functions of S, may be considered. See Exercise 6.3.15]
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15.

16.

17.

18.

Let IT be a random proportion between 0 and 1, for example, the proportion of black
balls in an urn picked at random from some population of urns. Let § be the number
of successes in n Bernoulli trials, which given I = p are independent with probabiliry
p, for example, the number of black balls in n draws at random, with replacement from
the urn picked at random.

a) Find a formula for E{S) in terms of n and £ (11}
b) Find a formula for Var(8) in terms of n, E(I1), and Var({l).

¢) For given n and E(11) = p, say, which distribution of 17 makes Var{S) as larpe
as possible? Which as small as possible? Prove YOUF dnswers using your answer
to b,

Expectation of a product by conditioning. Lct X and ¥ he random variables. and
let h be a function of X. Show that

EX)Y] = EWX)E(Y|X)]

[Hmnit: Look at E(h{X)Y|X = x).) Remark: This identity, for indicator functions hix),
is used in more advanced weatments of probability 10 define conditional expectations
given a continuous random variable X

Prediction by functions. Suppose you want to predict the value of a random variable
Y. Instead of just trying to predict the value of ¥ by a constant, as was done in Sec-
lion 3.2, suppose that some additional information pertinent to the prediction of ¥ i
available. For instance, you might know the valve of some other rndom variable X
whase joint distribution with Y is assumed known. The problem here is 1o predict the
value of Y by a funciion of X, call it g(X}. Onee the value ¢ of X is known, the value
g{x) of g(X) can be calculated and used o predict the unknown value of ¥

One measure of the goodness of the predictor g(X) is its mean square ervor ( MSE)Y

MSE(g(X)) = E[(Y - g(X})?]

[tis 2 measure of, on average, how far off the prediction is. Show that g{ X) = E{Yix)
minimizes the MSE. [Hint: Condition on the value of X

E[(Y ~ g(X)*) = Y " E[(Y - g(X))*|X = 2]P(X = 2)

and minimize each term in the sum separately ]

Conditional variance. Define Var(Y{X ), the conditional variance: of Y given X,
o be the random variable whose value, if (X = ), is the variance of the conditional
distribution of ¥ given X = z. So Var(Y|X) is a function of X, namely 2{ X)), where
h(z) = B(Y*|X = 2) - [E(Y|X = z)]?. Show thai

Var(Y) = E[Var(Y[X)} + Vﬂfr{E(YﬁX}I

In words, the varfance is the expectation of the conditional variance plus the variance
of the conditional expectation,
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6.3

Conditioning: Density Case

This section treats conditional probabilities given the value of a random variable X
with 2 continuous distribution, In the discrete case, the conditional probability of sin
event 4, given that X has value z, is defined by ’

P(4,X =z)

P = T e

WX == 25—

whenever P(X = £) > 0. In the continuous case P(X =) = 0 for every 2. 'so the
above formula gives the undefined expression 0/0. This must be replaced, as in the
usual calculus definition of a derivative dy/dz, by the following:

Infinitesimal Conditioning Formulg

Intuitively, P(A] X = 2} should be understood as P(A} X € dz), the <hance of
A given that X falis in a very small inierval near z. It is assumed here that. in the
limit of small intervals this chance does not depend on what interval is chosen negr
Z. 50, like a derivative dy/dz, P(A [X € dz) is a function of z, hence thée notation
P(A]X = z). In terms of limits,

i P4, X € Ar)

p(A[sz)zgigﬂP(A]XeA:c)xm_,ﬂ P(X € Ar)

where Az stands for an interval of length Az containing the point 2. It is assumed
here that the limit exists, except perhaps for a finite number of exceptianai.fpgims ¥
such as endpoints of an interval defining the range of X, or places where the density
of X hasa discontinuity. See the book Probability and Measure by P. Biﬂf}ag;siéy Eour
4 rigorous treatment of conditioning on a continuously distributed variabfﬁ-‘:

Most often, the event A of interest is determined by some random variable: f}f";ffm
instance, A = (Y > 3), If (X, Y') has a joint density f(z,y), then PAIX =2y can

be found by integration of the conditional density of Y given X = 2, defined 45
follows:
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Conditional Density of Y given X = x

For random variables X and Y with joint density f(z,y), for each z such that
the marginal density fx(z) > 0, the conditional density of Y given X = z is
the probability density function with dummy variable y defined by

fr(y| X =z} = f(z,y)/ fx(2)

Inwitively, the formula for fy(y| X = z) is justified by the following caleulation of
the chance of (Y € dy) given X = :

P(Y edy|X =) = P(Y ¢ dy| X € dz)
_ P(X edz,Y edy)
P(X € dzx)
_ flz,y) dzdy
fx(z) dz
= fr(y| X = z)dy
The formula [ f(x,y)dy = fx(z), the marginal density of X, implies that

ffv(y|X=$)dy-‘w1

So for each fixed x with fx(x) > 0, the formula for fy (y X = z) gives a proba-
bility density in y. This conditional density given x defines a probability distribution
parameterized by x, called the conditional distribution of Y given X = . In exam-
ples, this will often be a familiar distribution, for example, a uniform or a normal
distribution, with parameters depending on z.

The conditional density of Y given X = z can be understood geometrically by
taking a vertical slice through the joint density surface at z, and renormalizing the
resulting function of y by its total integral, which is fx (z). Conditional probabilities
given X = z of events determined by X and Y can be calculated by integrating
with respect to this conditional density. For example

P(Y>b1X=m)=]; fr(y| X = x)dy

P(Y)QXIX::::)=war(ﬂx“—“z)dy

Such expressions are obtained formally from their discrete anzlogs by replacing a
sum by an integral, and replacing the probability of an individual point by the value
of a density times an infinitesimal length. See the display at the end of this section
for details of this analogy.



412  Chapter 6. Dependence

FIGURE 1. Joint, marginal, and conditional densities.
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Key to Figure 1
Top: Joint density surface. This is a perspective projection of the surface

z = f(z,y)
defined by a particular joint density function f(z, y).

Middle left: Slices for some values of X and the marginal density of X. Here
are seven slices, or cross sections through the density surface for given values X
ranging from 1/8 to 7/8. (The last two are so low that they are invisible ) The
probability that X falls in a short interval of length A near z is the volume of such
a slice of thickness A, which for small enough A s essentially A times the arca of
the slice at x. This area equals

f fle,y)dy = fx{x)

the height of the marginal density of X at z, graphed at back. This murginal density
shows how probability is distributed between slices according to the distribution of
X. The heights of the vertical segments shown in the graph of the marginal density
are proportional to the areas of corresponding slices.

Middle right: Slices for some values Yand the marginal density of Y, FHere
perpendicular slices through the density surface for given values of Y. The
the slice at y equals

are
arew of

ff(m,y) dx = fy (y),

the height of the marginal density of Y at y, shown at right.

Bottom left: Conditional density of Y for some given values of X. Rescaling
each section of the diagram above by its (otal arca. the marginal density of X a
z, gives the conditional density of Y given X = 2z, shown here using the same
vertical scale as for the marginal densities in the middle diagrams. Given X =z Y
is distributed with density proportional to the section of the density surface f{z,y)
through . Dividing by the total area of the section through = gives the conditional
density of ¥ given X = z. Note how the shape of the two invisible sections in
the middie left diagram can now be seen, due 1o the normalization of cach section
by its total area. The marginal density of Y (see middle right) is the average of all
the conditional densities of ¥ given X = g weighted according 10 the nuarginal
distribution of X (middle left),

Bottom right: Conditional density of X for some given values of Y, These

A
interpreted just as above, with the roles of X and Y switched.
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Example 1.

Problem.

Solution 1.

Solution 2.

Uniform on a triangle.

Suppose that a point {X,Y) is chosen uniformly at random from the triangle
((z,y) : £ 2 0,y 2 0,2 +y < 2} Find P(Y > 1| X =x).

To illustrate the basic concepts, three slightly different solutions will be presented.

Informal approach. Intuitively, it seems obvious that given X = z, the random. point
(X,Y) should be regarded as uniformly distributed on the vertical line sggmem
{(x,y) : y = O,z +y < 2} with length 2 - &, This is the conditional distribution
of (X,Y) given X = x. If z is between 0 and 1, the portion of this segment above
y = 1 has length (2 )~1=1-z Otherwise, no portion of the segment is ‘above
y = 1. So the answer is

mY>HX=ﬂz{{%4M@~ﬂ p<z<l

0 otherwise

Definition of conditional probability. To see that solution 1 agrees with the forma
definition

Py > 1|X=g)= fim P(Y >1|X €Az
Ax—0

look at the following diagram which shows the evems (Y > 1) and (X € Az) =
(z<X<z+ Azx):

A
S

0 1 9 -
(X j&m} \

Since the triangle has area 2, the probability of an event is half its area. So, for
0<z<1,z+ Az <1, there are the exact formulae o

P(X € Az) = %m,-(z - %Am)
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Solution 3.

Discussion.

1
P> 1,X € Ar)= ZAa(l ~ - %M)
Therefore, for0 < x < 1,

P X
P(Y >1|X e Az) = PX > 1, X € Ar)

P(X € Ax)
_ l—mm%&m
IEETTEVY:
— ;:: as Az —0

This verifies the formula of Solution 1 for 0 < x < L The formula for z = 1is
obvious because the event (Y > 1,X € Az) is empty if £ > 1.

Calculation with densities. Let us recalculate P(Y > 11X =x) using the conditiongl

density fy(y|X = z). The uniform distribution on the triangle makes the joint
density

_J 12 r20,y>0zty<2
flzy) = { 0 otherwise

Sofor0<z <2,

) 00 22
te@)= [ ey = [ lay- Lo g

and
flz,y) 1 0<y<2-z
r(glX =2) = fx(z) 2-zx - ’
0 otherwise

That is, given X = 2 for 0 € 2 < 2, ¥ has uniform (

0,2 z) distribution, as is 1o be
expected intuitively. So

fgmz @y _l-z 0<z<l
PY>1|X =z)= , 2-z 2-%2 =T

0 otherwise

as before,

The point of the first solution is that conditional distributions are often intuitively
obvious, and once identified they can be used to find conditional probabilities very
quickly. The second solution shows how this kind of calculation is justified by the
formal definition. This method is not recommended for routine calculations, The
third solution is essentially 2 more detailed version of the first. While rather pedantic
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Example 2.

Problem 1.

Solution.

Problem 2.

Solution,

in the present problem, this kind of calculation is essential in more difficult problems
where you cannot guess the answer by intuitive reasoning.

Rules for conditional densities. These are analogs of corresponding rules-in the
discrete case. Note that every concept defined by the distribution of a real-valued
random variable Y, in particular, the notions of density function, distribution fuane-
tion, expectation, variance, moments, and so on, can be considered for conditional
distributions, just as well as for unconditional ones. There is just an extra parameter,
z, the given value of X.

When the density of X is known, and a conditional density for ¥ given: X = & is
specified for each x in the range of X, the joint density of X and Y is calculated by
the following rearrangement of the formula fy(y| X = x} = f(x, 9}/ fx ().

Multiplication Rule for Densities

flzy) = fx(@)fr (W X =2}

Gamma and uniform.

Suppose X has gamma (2, ) distribution, and that given X = z, ¥ has unifomm
(0, z) distribution.

Find the joint density of X and V.

By the definition of the gamma distribution

_f Azemr x>0

and from the uniform (0, x) distribution of ¥ given X = x

oy ] 1= D<y<z
fy(y]X—-:c)_{ 0 otherwise

So by the multiplication rule for densities
Me ™ O<y<z
0 otherwise

few) = fx@fr )X =) = {

Find the marginal density of Y.

Integrating out z in the joint density gives the marginal density of ¥ for y >'¢

fY(y)m./; flz,y)dz = /m e > dp = N\e— MW
¥
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The density is of course 0 for y < 0. That is 1o say, Y has exponential {A) distribution.

Show that X and Y have the same joint distribution as b and Ty, where Ty is the
first arrival time and T3 is the second arrival time in a Poisson arrival process with
rate A

That X has the same distribution as Te, and that ¥ has the same distribution as T,
follows from the above caleulation and the result of Section 4.2 that the ith arrival
time in a4 Poisson process with rate A has gamma(i. A) distribution. That the Jomnt
distribution of X and Y is the same as the joint distribution of Ty and 1) requires
tittle more calculation, because a joint distribution is not determined by its murginals.
The simplest way to vetify this is to observe that for 0 < y<r

PlIy € dy. Ty € da)
is the probability of no arrivals in the time interval [0, y] of tength y, one arrival in
time oy, no arrivals in the time interval [y + dy, 2] of length & — g — dy = » -y,
and finally one arrival in dz. By independence and Poisson distribution of counts in
disjoint intervals, and neglecting a term of order (dy)?. this event has prohuhiliny

e Xdy e 21 A dp = A2 M dy dar

Dividing the last expression by dydz shows that the joint density of (75,7 ) at (2
with (t <y < x is identical to the joint density found in Problem 1. Since oby
P(T) < T3) = 1, the joint density of (73.71) can be taken to be zero except if
0 <y < » Thus (T, T1) has the same joint density funciion as (X, Y'). hence 1he
same joint distribution.

Ly
iousty

For Ty and T the first two arrival times in a2 Poisson process with rate A, find the
conditional distribution of T} given T» = 2.

Since according to the solution of the previous problem, T3 and T have the same
joint density as X and Y, found in Problem 1, the conditional distribution of T
given T = & is identical to the conditional distribution of ¥ given X

= r. which
was given at the start, that is to say, uniform on (0, 7).

Averaging Conditional Probabilities

For a random variable X with density fyx, the rule of average

conditional prohahil-
ities hecomes the following:

Integral Conditioning Formula

P(A) = f P{A| X = x) f{r) da
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Example 3.

Problem 1.

Solution.

The integral breaks up the probability of A according to the values of X:
P(A|X = z)fx{z) dz = P(A| X e dz)P(X & dr) = P(A, X € dx)

Just as in the discrete case, P(A | X = z) is often specified in advance by the
formulation of a problem. Then P(A) can be calculated by the integral conditioning
formula, assuming also that the distribution of X is known, Bayes’ rule then gives
the conditional density of X given that A has occurred:

P(X edn)P{A|X =1) _ fx(z)P(A]X =x)

P(X € dzA) = 0 = A}

dx

The following example shows how the integral conditioning formula arises naturally
by taking limits of discrete problems. In this example, as is often the case, the limits
defined by integrals are much easier 1o work with than the discrete sums. The ex-
ample makes precise the idea of independent trials with probabilty p of success in
a setting where it makes clear sense to think of p as picked at random from some
distribution before the trials are performed. In the first problem p is picked from 2
discrete uniform distribution on N + 1 evenly spaced points in {0, 1]. Passing to the
limit as N — oo leads to p that is uniformly distributed on [0, 1]. Bayesian statisticians
view this as a model for independent trials with unknown probability of success.

Discrete uniform—binomial.

Suppaose there are N + 1 boxes labeled by b= 0,1,2,. .. ,N. Box b contains b black
and N — b white balls. A box is picked uniformly at random, and then n balls are
drawn at random with replacement from whatever box is picked (the same box for

each of the n draws). Let S, denote the total number of black balls that appear
among the n balis drawn.

Find the distribution of S;,.

Let IT denote the proportion of black balls in the box picked. Let G denote the
grid of N + 1 possibie values p of II:

2 N -1
— 1}

1
Gy = —— L
~n = {0, NN TN

For each p € Gy the binomial formula for n independent trials with probability p of
success on each trial gives

P(S, = kit =p) = (o1 -

Averaging with respect 1o the vniform distribution of 1 over the N + 1 values in
G, and substituting p = b/N, gives the unconditional distribution of Sy, '
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Problem 2.

Solution.

n -k 1 .
reEGy

_{n 1 kaN bnm—k
“’(k)(NH)Nn;} (N - 8)

It is hard 1o simplify this expression further. But the expression is easily evaluated
for small values of n and N. To illustrate, for N = n = 2 the result is shown in the
next table. The limiting behavior for large N is the subject of the next problem.

Distribution of Sy for N = 2

k
P(S; = k)

1
S -
21 12

el ©
-

For a fixed value of n, find the limiting distribution of §,,, the number of black balis
that appear in n draws, as the number of boxes N tends to oo

EBxpression (1) for P(S, = k) is (}} times a discrete approximation to the beta
integral

1
Bk+ln-k+1) = / (1~ p)* *dp
i)

The approximation in (1) is obtained by taking the average value of the function
p*(1—p)»~* at N+1 evenly spaced points p, beween 0 and 1. In the limitas N — o0,
the discrete average converges 1o the continuous integral. Using the expression for

the beta integral in terms of the gamma function, and I'(m + 1) = m! for integers m,
gives

T(k+1 - -t
Blk+l,n—k+1)= (B + Dl Ml)—(n) e (2)

Tk+1+n—k+1) \k/ n+1

The conclusion is that as N — oo

~1
nyfn 1 1
P(Snm;ﬁ)_}(k)(k) n+l n+1

for every 0 < k < n. That is, the limiting distribution of &), as N — oo is uniform on
{0.1,...,n}.
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Example 4.

Problem 1.

Solution.

Discussion.

Problem 2.

Solution,

Problem 3.

Solution.

Continuous uniforim—binomial.

Suppose that I is picked uniformly at random from (0, 1). Given that IT = p, let S

be the number of successes in n independent trials with probability p of success on
each trial.

Find the distritustion of S,,.

By the limiting result obtained in the previous example as N — 0o, the answer must
be uniform on {0,1,...n}. This can be derived directly in the continuous model
using the integral conditioning formula. Since the density of II is Su(p) = 1 for
0 <p <1, and 0 otherwise,

P(S, = k) = f P(S, = k|IL = p) fu (p)dip 3
=]0 (z)p"(lﬁp)"“’“dp
_ I
T p1

by evaluation of the beta integral as in the previous problem,

Note the close parallel between the expression (3) for P(§, = k) obtained by
the integral conditioning formula for I1 with uniform distribution on {0,1), and the
corresponding expression (1) for P(S, = k) in the previous example for I with
uniform distribution on the set of N + 1 values in Gp. All that happens is thar the
sum is replaced by an integral, and 1/(N + 1), which is both the probability of each
point in Gx and the difference berween adjacent points in G, is replaced by the

caleulus differential dp representing the prabability that the uniform variable fajls in
an infinitesimal length dp near p.

Find the conditional distribution of I given that S, = k.
Using Bayes rule, for 0 < p < 1,
Pl € dp)P(S,, = k|1l = p)
Plledpls, =k) =
ny —
- <n+1)(k)p'~(1 - by rdp

This is the density at p of the beta distribution with parameters k-+1 and k41, times
dp. Conclusion: the conditional distribution of II given Sy, = kis beta(k+1, n=k+1)

In the above setup, given that n trials have produced k successes, what is the proh-
ability that the next trial is a success? '

Given Il = p and S, = k, the next trial is a success with probabitity P, by the
assumption of independent trials with constant probability p of success given [T = Py
Given just 8, = k, the value of Il is unknown. Rather, I1 is a random variabje with
beta(k+1, n—k+1) distribution, By the integral conditioning formula, the required
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probahility is the conditional expectation of II given S, = k, which is (k+1)/(n+2),
by the formula a/(a + b) for the mean of the beta (a, ) distribution. In detail:

P(next trial a success| Sy, = k)

1
£ f P(next trial a success| Sy, = &, = p) fr(p! S, = k)dp
0

‘ k41
"“*/0 pfi(p|Sn = k)dp = E(I1| S, = k) = "

In parnticular, for k = n, given n successes in 4 row, the chance of one more success
is (n -+ 1)/(n 4+ 2}. This formula, for the probability of one more success given a
run of n successes in independent trials with unknown success probability assumed
uniformly distributed on (0,1), is known as Laplace’s law of succession. Laplace
illustrated his formula by calculating the probability that the sun will rise tomorrow,
given that it has risen daily for 5000 years, or n = 1,826,213 days. But this kind
of application is of doubtful value. Both the assumption of independent trials with
unknown p and the uniform prior distribution of p make little sense in this context.

Simulation of uniform-binomial,

Suppose you have available a random number generator which you are willing 10
believe generates independent uniform (0, 1) variables Uy, Uy, .. ..

How could you simulate a pair of values from the joint distribution of 11 and S,
considered above, with I uniform on (0, 1), and 8, binomial(n, p} given 11 = p?

Set

n
1= Uy, and 8, = Y I{U; < Uy)

izl

where I(U; < Up) is an indicator variable that is 1 if (U; < Up) and 0 otherwise, if
II = p, then 8y = 3.7, I{U; < p) is the sum of n independent indicator variables,
each of which is 1 with probability p and 0 with probability 1--p, exactly as required.

Use this construction to calculate P(S, = k) without integration.
By construction of 5, from Uy, Uy, ..., U,
{Sp = 0) if and only if Uy is the smallest of the Uy, Uy,..., U,
(S = 1) if and only if Uy is the second smallest of the Uy, Uy, ..., U,

(8y = n) ff and only if Uy is the largest of the Ug, Uy, ..., U,

Since all {n-+1)! possible orderings of the Uy, Uy, ..., U, are equally likely, cach of
these events has the same probability 1/(n + 1).
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Remark.

This calculation is closely related to the distribution of order statistics treated in
Section4.6. Forj=1,... ,n+1, let Uy; denote the jth smallest of the n+1 Va_ri;abi%
Us,...,Upn. Then the event S, = j ~ 1, that there are exactly j — 1 values U; less
than Uy, is identical to the event Uiy = Uy, that the jth smallest of the U; equals
Uo. The solution of Problem 2 in Example 4 now translates into the following: the
conditional distribution of Uy, or of U4y, given that Uiy = Uy, is beta (§,n — J+ 2y
By symmetry, the same is true for Uy, instead of U forany 1 < & < n. Consequently,
the distribution of Uy, the jth smallest of n-+1 independent uniform (0,1) variables,
is beta (j,n — j + 2), independently of K, where K is the random index & such that
Up = U(;y. This agrees with the result of Section 4.6, with the present n + 1 and ]
instead of n and k in that section.

Independence

In the continuous case, just as in the discrete case, it can be shown that each of the
following conditions is equivalent to independence of random variables X and Y:

* the conditional distribution of ¥ given X = z does not depend on =z:
¢ the conditional distribution of X given Y = y does not depend on 3.

By integration with respect to the distribution of X , the common conditional distri-
bution of ¥ given X = z then equals the unconditional distribution of ¥ That is 1o
say, for all subsets B in the range of ¥

PY € B|X =z) = P(Y € B)
Similarly for all subsets A in the range of X

P(X € AlY =y) = P(X € A)
These are variations of the basic definition of independence of X and Y, which is

P(X € AY € B) = P(X € A)P(Y € B)

for all subsets 4 and B in the ranges of X and ¥ respectively. When X and ¥ have
densities, X and ¥ are independent if and only if f;

y(Wi1X =z} = fy(y) foratt &
and y, and again if and only if Fx(z|Y =y) = fx(z) forall z and y. S0 the geners)
multiplication rule for densities reduces in this case to the formula

fy) = fx () fy (y)

for independent variables X and Y. This formula was applied in Section 5.2
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Conditional Expectations

The conditional expectation of ¥ given X = z, denoted E(Y|X = z), is defined as
the expectation of Y relative to the conditional distribution of ¥ given X = x. More
generally, for a function g, assuming that Y has a conditional density fy(y| X = z)

Elg¥)1X =l = [ g)fr (vl X = 2)y

Taking g(y) = y gives E(Y | X = z). And integrating the conditional expectation
with respect 1o the distribution of X gives the unconditional expectation

Blg(Y)] = [ E[g(Y)|X = alfx(z) de

These formulae are extensions (o general functions g of the basic conditional prob-
ability formulae, which are the special cases when g is an indicator. As a general
ruie, all the basic properties of conditional expectations, considered in the discrete
case in Section 6.2, remain valid in the density case.

Uniform distribution on a triangle.

Suppose, as in Example 1, that (X,Y) is chosen uniformly at random from the
triangle {(z,y) : 2 > 0,y > 0,z +y < 2}. Find E(Y1X)and E(X|Y).

As argued before, given X = 2, for 0 < z < 2. Y has uniform distribution on
(0,2 ~ z). Since the mean of this conditional distribution is (2—-=x)/2,

EY|X=2)=(2-12)/2
In short notation
EY|X)=(2-X)/2
Similarly, because joint density of X and Y is symmetric in z and g,

EX|Y)y=(2-Y)/2
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Conditioning Formulae: Discrete Case

Multiplication rule: The joint probability is the product of the marginal
and the conditional

PX=z,Y=y)=P(X=2)P(Y =y|X ==z)

Division rule: The conditional pmbaﬁility of Y =ygiven X =z is

PY =y|X =2) = P();(:XE;Y; .
Bayes' rule:
PX =gy =y) = DX =YX = 2)P(X =2)

P(Y =y}

Conditional distribution of Ygiven X = z: Sum the conditional proba-
bilities
PYeB|X=x)=) P(Y =y|X =)
yeB

Conditional expectation of g(Y) given X = x: Sum g against the con. -
ditional probabilities

'

E(g(¥)|X =2) = S gl) P(Y = y{ X = z)
all y

Average conditional probability:

P(B)=) P(B|X =2)P(X =1z)

all x

PY =y)=3 P(Y =y|X = 2)P(X = z)
all ¢
Average conditional expectation:
E(¥Y) =Y E(Y|X = 2)P(X = )

all x
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Conditioning Formulae: Density Case

Multiplication rule: The joint density is the product of the marginal and
the conditional

fwy) = fxte)fy (y] X = =)

Division rule: The conditional density of ¥ at y given X = z is

) = 1(EY)

Baves’ rule: | )
o | X =) fx(z)

IxtlY =) = fr(y)

Conditional distribution of Y given X = x; Integrate the conditional
density

P(Y € B|X = 1) =Lfy(y3Xm$)dy

Conditional expectation of g( Y) given X = z: Integrate g against the
conditional density:

EG)1X =2) = [ g)fviyi X = )iy
Average conditional probability:
P(B) = fP(BIX = 2)fx(z) dz
friy) m]fy(ylx = 1) fx(z) dr
Average conditional expectation:

E(Y)= [ E(Y|X = 2)fx(z) d
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Exercises 6.3
1. Suppose X has uniform {0, 1) distribution and P(AX = 1) = 2°. What is P(A)?
2. Let X and Y have the following joint density:

7 ) 2w+ 2y - oy forf<r<land0<y <1
{r.y) = §] otherwise

2) Find the marginal densities of X and ¥.
b Find fy-(y|X = 3). O Find B(Y X = }).

3. Let (X,Y) be as in Example 1. Find a formuia for PlY <4 X = x).

4. Suppose X, Y are random variables with joint density

: Naxe M forQ <o <y
flay) = { Q otherwise
) Find the density of ¥, What is E(Y)? by Compute B(X|Y = 1).

5, Suppose {X,Y) has uniform distribution on the triangle shown in the diagram. For x
between -1 and 1, find:

Y

a) P(Y = X =) 1

by P{Y < £|X =

o E(Y|X =1

d) Var{Y1X = z). .
—1 of 1

6. Suppose X, Y are random varizbles with joint density
Txy(z.y) = S S— D<z<y)

2my/xiy — 1)
2) Find the distribution of Y. [Hint: For integration use the substitution x = g 5}

b Compute E{X|Y = 1).

7. Suppose that ¥ and Z are random variables with the following joint density:

g kz-y) fori<y<z<1l
fly.2) = { 0 otherwise
for some constant k. Find:
a) the marginal distribution of Y5 by P{Z < 2| = §).
8. The random variable X has a uniform distribution on (0, 1), Given that X = g ihe
random variable Y is binomial with parameters n = S and p = . ‘
a) Find E(Y) and B(Y?). B Find P(Y =yand 7 < X < 7 +dz).

<) Find the density of X given Y = . Do you recognize it? If yes, as whae

by o o]
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9.

10.

11,

12,

i3.

14,

15.

Let A and B be events and let Y be a random variable uniformly distributed on {0, 1).
Suppose that, conditional on Y = p, 4 and B are independent, each with prabability
. Find:

a) the conditional probability of A given that B occurs;

b} the conditional density of ¥ given that A occurs and B does not,
Conditioning a Poisson process on the number of arrivals in a fixed time. 1ot T

and T5 be the time of the first and fifth arrivals in 4 Poisson process with rate A, 4s in
Section 4.2.
a) Find the conditional density of Ty given that there are 10 arrivals in the time
interval (0, 1},

b} Find the conditional density of T given that there are 10 arrivals in the tme
interval (0, 1},

¢} Recognize the answers to a) and b) as named densities, and find the paramelers,

Suppose X has uniform distribution on (~1,1) and, given X = z, ¥ is uniformly

distributed on (~v/1 ~ 27, VT~ 2?). Is (X, Y) then uniformly distributed over the unit
disk {(z,y) : #* + y* < 1}? Explain carefully,

Suppose there are ten atoms, each of which decays by emission of an a-particle after
an exponentially distributed lifetime with rate 1, independently of the others. Let 7; be
the time of the first a-particle emission, T the time of the second. Find:

a) the distribution of Ty

b} the conditional distribution of T} given Ty,

¢} the distribution of 1.
Let X and Y be independent random variables, X with uniform distribution on {0, 3),
Y with Poisson (A) distribution. Find:

a) a formula in terms of A for P(X < Y):

b} the conditional density of X given X < ¥, and skeich its graph in the cases
A=12,38

c E(X

X <Y).

Bayesian sufficlency. let S, = X; + -+ + X, be the number of successes in a
sequence of n independent Bernoulli (p) trials X1, X,,.. ., X,, with unknown SUCCESS
probability p. Regard p as the value of a random variable T whose prior distribution
has some density f{p) on (0, 1). Show that the conditional (posterior) distribution of T
given Xy = z1,..., Xn = 2, for any particular sequence of zeros and ones z,, .. .| i
with x3 + « - + 2, = k, depends only the observed number of successes k in the n
trials, and not on the order in which the k successes and n — k failures appear, Deduge
that this conditional distribution is identical to the posterior distribution of II given

Sn = k. [This is another expression of the fact that S, is a sufficient statistic for p. See
Exercise 6.2.14.]

Beta-binomial. As in Exercise 14 let 8, = X, 4+ .. + X n be the number of successes
in 2 sequence of n independent Bernoulli (p) trials X 1L X2, X, with unknown
success probability p, regarded as the value of a random variable I1.
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16.

a) Suppose the prior distribution of I is beta (r, s) for some r > 0 and s > 0. Show
that the posterior distribution of I given Sn = k isbeta (r + k,8 + n - k). [Hint
for quick solution: It is enough to show that the posterior density is proportiena
to the beta (r + &, s + n — k) density. See Chapter 4 Review Exercise 8.]

b) Using the fact that the total integral of the beta (r + k, s +n — k) density is 1, find
4 formula for the unconditional probability P(S, = k).

¢) Check your result in part b) agrees with the distribution of 8, found in Example 4
inthe case r =s = 1.

d) For general r and s find the posterior mean E(I1] S, = k) and the posterior
variance Var({Il1}5, = k).

¢) Suppose n is very large and the observed proportion of successes p = k/n is nor
very close to either 0 or 1. Show that no matter what r and s, provided n is Yare
enough, E(11| S, = k) = j and Var(I1} S, = k) = p(1 — p)/n.

fit can be shown that the posterior distribution of IT given S, = k is approximately
normal under the assumptions in e). $o

for large enough n, the conditional distribution of the unknoun velue of p, given the
observed proportion of successes b in n trials, is approvimately normal with mearn §i
and standard deviation \/H{1 - §)/ V7,

regardless of the prior parameters ¥ and s. The same conclusion holds for any strictly
positive and continuous prior deasity f(p) instead of a beta prior. In the long run, any
reasonable prior opinion is overwheimed by the data. The halicized assertion shouid
be compared to the following paraphrase of the normal approximation 1o the binomial
distribution:

Jor large enough 7, the distribution of preportion of successes # inn triels, given
the probability p of success on each trial, is approzimately normal with mean p ard
standard deviation \/p(l — p)//m.

While the assertions are very similar, and both true, it is not a trivial matier o pass
from one 10 the other. There is a big conceptual difference between, on the onpe hand,
the: distribution of p for a fixed and known value of p, which has a clear frequency
interpretation in terms of repeated blocks of n trials with the same p, and on the ol
hand, the posterior distribution of p given #, which while intuitive from a subjective
standpoint, is almost impossible to interpret in terms of long-run Fequencies, Long-run
frequency of what? The problem is that for large n. in any model of repeated blocks of
n trials, the exact value of p observed in the first block will typically not be observed
even once again until after a very large number of blocks have heen examined. The
number of blocks required to find the first repeat is of order v/n if the same p is used in
each block, and order n if p is randomized for each block using the prior distriburion.
this is because the probability of the most likely values of § is of order 1 /" in the
first case, by the normal approximation to the binomial, and order 1 /m in the second
case, as typified when the prior is uniform on (0, 1) and the distribution of P is uniform
on the n + 1 possible multiples of 1/n. Either way, it is hard to make a convincing

frequency interpretation of the conditional distribution of P given an exact observed
value of p) |

Negative binomial distribution for number of accidents. Consider a large popuia.
tion of individuals subject to accidents at various rates. Suppose the empirical distriby-
tion of accident rates over the whole population is well approximated by the gamma
(r, &} distribution for some r > 0 and o > 0. Suppose that given an individual has
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accident rate A per day, the number of accidents that individual has in ¢ ditys has
Poisson (At) distribution. Let A be the accident rate and N be the number of accidents
vt days for an individual picked at random from this population. S0 A has gamma
{r, a) distribution, and given A = ), N has Poisson {At) distribution,

a) Show by integration that

PN =Fk)= Eu%?%pqu (k=0,1,2. ) where p = af(t+a), = L/ (t+er)

b Evaluate T(r + k)/T(r) as a product of & factors. Deduce that if 7 i a positive
integer, the distribution of N is the same as the distribution of the numiber of
failures before the rth success in Bernoull; () wiads, as found in Section 3.4,

{in general, the distribution of N defined in a4} is called the negaiwe boomial(r,p) dis.
tribution, now defined for arbitrary r > 0 and 0 < p < 1. The terminology is explained
by the following relation between this distribution and the hinomial expansion for the
negative power —r.]

<) show, either by conditioning on A, or from a) and b), that N has genening
function

EGCY)=p"(1-2¢)" (2] < 1)

d} Find E(N) and E{N?)} in terms of r and p by conditioning on A. Deduce a for
mula for Var(N}. Check for integer r that your results agree with those obtined
in Section 3.4,

¢} Derive E(N) and Ver(N) another way by differentiating the generating function,
{Refer to Exercise 3.4.22)

D Show that for each integer k > 0, the conditional density of A given N -

S 8 |
gamma density, and find its parameters,

7. Sums of independent negative binomial variables. Consider, das in Exercise 16, 4
farge population of individuals subject 10 accidents ot various rates. Suppose now that
an individual picked at random from the population is subicct 10 one kind of docident
at rate Ay per day, and another kind of accident at rate Az per day. where Ay and Ay
are¢ independent gamma variables with parameters {re.or) and (re, r¥) for some o = 0
Assume that given A1 = Xy and Ag = A the two types of accidents oceur according to
independent Poisson processes with rates A, and Ay, Let Ny and Ny be the numbers
of accidents of these two kinds the individual hus in t days.

4} Describe the joint distribution of N, and Ny,

b)Y What is the distribution of Ny + Na? {Hint: No calculation required. Use results
about sums of independent random variables with gamma or Poisson distribw-
tions.] Check your conclusion is consistent with the mean and

viriance foromsae
of Exercise 16.

) Suppose X;,1 < ¢ < k are k independent random variables, and that X, has
negative binomial (v, p) distribution for some r, > 0, ¢ < p < 1. What is the

distribution of Xy -+ - -4 X .7 Explain carefully how your conclusion follows from
parts a) and b),

&) Derive the result of ¢) another way using generating functions

fsee Chapter 3
Review Exercise 341
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6.4

Covariance and Correlation

Covariance is a quantity which appears in calculation of the variance of a sum of
possibly dependent random variables. This quantity is useful in variance calcula-
tions, but like variance is hard 1o interpret intuitively. Correlation is a standardized
covariance which is easier to interpret. It provides a measure of the degree of Jinear
dependence between two variables, In Section 3.3, the formula

Var(X +Y) =Var(X)+Var(Y)  if X and Y are independent
was derived from the more general formula
Var(X +Y) = Var(X) +Var(Y) + 2E[(X — px)(Y — pry)]
where px = E(X) and py = E(Y). For independent random variables, the las

term vanishes. In general, for two random variables X and Y with finite second
moments, there is the following:

Definition of Covariance
The covariance of X and Y, denoted Cov{X,Y), is the number

Cou(X,Y)=E[X - px)}(¥Y — py)]
where  ux = B(X), py = E(Y)
Alternative Formula

Cov(X,Y) = E(XY) — B(X)E(Y)

Variance of a Sum

Var(X +Y) = Var(X) + Var(Y) + 2Cou(X,Y)

Proof of alternative formula for covariance. Expand

(X = px}(Y = py) = XY — ux¥ — Xpy + pxpy
and take expectations.0

Variance. Notice that Cov(X, X) = Var(X)

» 80 these formulae for covariance are
extensions of old formulae for variance.

Independence. If X and Y are independent then Co(X,Y) =0
Warning. Cou(X,Y} = 0 does not imply X and Y are independent. See Exereises.
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indicators

Let X = I4 be the indicator of event A, and Y = I the indicator of another event
B. These could be events in any outcome space, where there is given a probability
distribution P. In this case

AY = IIpg = Iup
is the indicator of the intersection of the events 4 and B. Thus
BA)=P(A);  E(p)=P(B)  E(lalg) = P(AB)
Cov{la, Ip) = P(AB) — P(A)P(B)

This covariance is

positive  iff  P{AB) > P(A)P(B), when A and B are called positively dependent,
zero iff P(AB)= P{A)P(B), when A and B are independent;
negative iff P(AB) < P{A)P(B), when A and R are called negatively dependent.

In the case of positive dependence, learning that B has occurred increases the chance
of A

P(A|B) > P(A) and vice versa P(B|A) > P(B)
For negative dependence, learning that B has occurred decreases the chance of A.
P(A|B) < P(A} and vice versa P(B|A) < P(B)
These formulations of positive and negative dependence are easily seen to be equiy-
alent 10 those in the box, by using the formula for P(A|B), and rearranging ineqgual-
tties. The most extreme case of positive dependence is if 4 is a subset of B, with

0 < P(A) < P(B) < 1. Then, given that 4 occurs, B is certain to oceur. In this case,
given that B occurs, 4 is more likely to occur than before

P(A|B) = P(AB)/P(B) = P(A)/P(B) > P(A)
The most extreme case of negative dependence is if A and B are mutually exclusive

events B with P(A) > 0 and P(B) > 0. Then, given that A occurs, B cannot occur,
and vice versa.




endence

Draws with and without replacement.

Consider two draws at random from a box of b black balls and w white balls, where
b >0, w > 0. Let Black; and White; denote the events of getting a black or a white
ball on the ith draw, i = 1,2. Then you can check that the dependence between
pairs of these events from different draws is affected by whether the sampling is
done with or without replacement, as shown in the following table.

Dependence Between Events on Different Draws

Pairs of events | Sampling with replacement | Sampling without replacement
Blacky, Black, independent — dependent
Blacky, White, independent + dependent
Whitey, Whiteg independent — dependent
Whitey, Black, independent + dependent

The Sign of the Covariance

As a general rule, the sign of Cov(X,Y) is positive if above-average values of X
tend to be associated with above-average values of Y, and below-average values of
X with below-average values of Y. The random variable (X — px }(Y — uy-} is then
most likely positive, with a positive expectation.

The sign of Cov(X,Y') is negative if above-average values of X tend to be associated
with below-average values of Y, and vice versa. Then (X ~ px}Y - py) is most
likely negative, with a negative expectation,

Cou(X,Y) is zero only in special cases when there is no such association between

the variables X and Y. Then (X — ux)(Y — py) has positive values balanced by
negative values, and expected value zero. ‘

While the sign of the covariance can be interpreted as above, its magnitude is hard
to interpret. It is easier 1 interpret the correlation of X and Y, denoted here by
Corr(X,Y}, which is defined as follows:

Definition of Correlation

Cov(X,Y)

Corr(X,Y)= __—"SD(X)SD(Y)

Assume now that neither X nor Y is a constant, so SD(X}SD(Y) > 0. The sign of
Cov(X,Y) is then the same as the sign of Corr(X,Y).
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Conditions for X and Y to be Uncorrelated

The following three conditions are equivalent:
Corr(X, Y)Y =0
Cov(X, Y} =0

E(XY) = E(X)E(Y)

in which case X and Y are called uncorrelated. Independent variables are
uncorrelated, but uncorrelated variables are not necessarily independent,

Let X* and Y™ now denote X and Y rescaled to standard units. So
X* = (X - px)/SD(X) and Y™ = (¥ - uy)/SD(Y)
Then
E(X"})=EBE(Y*)=0 and SD(X*)= SD(Y*)=1
by the scaling properties of E and §D. And you can check that
Corr(X,Y) = Cov(X*,Y*) = E(X*Y™)

So correlation is a kind of standardized covariance that is unaffected by changes of
origin or units of measurement, See Exercises.

Correlations are between -1 and +1

~-1< Corr(X,Y) <1

no matter what the joint distribution of X and Y.

Proof. Since E(X*%) = B(Y*?) =1
0SE(X*-Y')P =1+1-2B(X*Y")
0S B(X"+Y")? =1+1+2E(X*Y*)

Thus —1 < E(X*Y*) < 1, and Corr(X\Y) = E(X*Y*) by the preceding
discussion. [
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Example 2.

Correlations of + 1. The proof that correlations are between =1 shows Corr{ X, ¥} =
+1 if and only if E(X* — Y*)? =0, that is, if and only if X* = ¥* with probability
one. This means there are constants @ and b with @ > 0 such that

Y=aX+1b

with probability 1. That is ta say, a comrelation of +1 indicates a deterministic linear
relationship between X and ¥ with positive slope. Similarly, a correlation of -1
indicates a deterministic linear relationship between X and ¥ with negative slope.
Correlations berween —1 and +1 indicate intermediate degrees of linear association
between the two variables.

Empirical correlations.

Like expectation and variance, covariance and correlation are generalizations 1o ran:
dom variables of corresponding notions for empirical variables. Suppose (23, 11 ),. ..,
(%4, ¥n) is a list of n pairs of numbers, and (X,Y’) is one of these pairs picked vni-
formly at random. Then the joint distribution of {X,Y") puts probability 1/n at each
of the pairs, as suggested by the scatter diagram:

¥
A

E(X)=z% and SD(X)= \l }T; Z(mk - F)2
k=1
and similarly for Y instead of X Also

1 n
E(XY) = szkyk SO
k=1

Cou(X,Y)

Cov(X,Y) = E(XY) - E(X)E(Y) and SD(X)SD(YS

Corr(X,Y) =
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can be computed from the list of number pairs. If the list of number pairs is a list of
empirical measurements, or a sample of some kind, these may be called empirical or
sample quantities. These quantities are all defined in terms of averages, which may
be expected to converge to theoretical expectations as the sample size n increases,
under conditions of random sampling. For example, the empirical correlation of n
observed values of independent random variables (X1, Y;), (X3, ¥a),... (X, Y..).
all with the same joint distribution, will most probably be close to the theorctical
correlation of X; and Yy, provided = is sufficienily large. Thus a correlation in a
theoretical model is often estimated by an empirically observed correlation based
on a random sample. In particular, the empirical correlation of two variables over 4

large population can be estimated this way by the procedure of random sampling.

Correlation and distribution of the sum.

This example shows in a simple case how the distribution of the sum of randon:
variables X and Y is affected by their correlation. Suppose a gambler can bet on
the value of a number U chosen uniformly at random from the numbers 1,2,...,8
The gambler can choose any set A of four numbers, such as A = {1,2,3,4}, and
place an even-money bet of §1 on A. So the gambler wins $1 if U/ € A, and loses
31if U € A°. Let $X denote the gambler's net gain from this contract. Then, X has
value +1i( U € A, ~1if U € A% In terms of indicators,

X =21 A—1
Clearly E(X) = 0. The bet is fair no matter what set A the gambiler chooses, because
P(A) = P{A*) = 1/2 for every set of four numbers A.

Suppose now that in addition to placing 4 bet on A, the gambiler is also free to

place at the same time a similar bet on a second set of four numbers B for example
B =1{1,3,57} Let

Y =2Ip-1

denote the net gain to the gambler from this second bet, Then the gambler's overall
gain from the placement of the two bets is the sum

S=X+Y

Notice that the distribution of X and the distribution of ¥ are the same, uniform on
{-1,1}, regardless of the gambler's choice of sets A and B. But the distribution of
$ is affected by the degree of dependence between X and Y, which is governed in
trn by the amount of overlap between A and B. Clearly, E(S) is zero no muatter
what the choice of A and B. But SD(S) is affected by the gambler's choice of 4 and
B. This standard deviation gives an indication of the likely size of the fluctuation in
the gambler’s fortune due to the combined bet,
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Find how the standard deviation of § is determined by the choice of 4 and 1.

Use the addition rule for variance
Var(S) = Var(X} + Var(Y) + 2Cov( X, Y)
=2+ 2Corr(X,Y)
because SD(X) = SD(Y) = 1, so Corr{X,Y) = Cov(X,Y) in this case. Because

X =2I4-1,Y =2Ig - 1, and the correlation coefficient is unchanged by linear
transformations,

Corr(X.,Y) = Corr(l4, I5) = ng’;’ggﬁf}g) = (P(AB)—&) / % =4P(AB)-1

This used P(A) = P(B) = 1/2, which makes SD(14) = SD(Ig) = 1/2. Using the
carlier expression for Var(§) this gives

SD(S) = \/8P(AB) = \/#(AB)

where #(AB) is the number of points in the intersection of A and B, so P{(AB) =
#(AB)/8.

The formula shows that the larger the overlap between 4 and B, the larger will be
the likely size of the fluctuation in the gambler's fortune as a result of betting on
both A and B. This is intuitively clear if you think about the following special cases:

Case #(AB) =0, Corr(X,Y) = ~1, $D(S) = 0. This means B = A¢. Then ¥ =
—X, because whatever is gained on one bel is lost on the other, So § =
X +Y = 0. This is a strategy of extreme hedging, with zero resulr,

Case #(AB) = 1, Corr{X,Y) = —1/2, §D(S) = 1. Intuitively, this is still hedg-
ing. The two bets tend to cancel each other

Case #(AB) = 2, Corr(X,Y) =0, 8$D(S) = /2. In this case A and B are inde-
pendent. Therefore, so 100 are the indicator random variables I4 and I, and
the random variables X = 214 — 1Y = 215 — 1 representing the net gains
from the two bets. So the net effect of betting on both 4 and B in one game
is the same as the effect of betting on 4 in one game, then betting on 4 again
in a second game, independent of the first. The distribution of § in this lcag‘
is the familiar binomial (2,1/2) distribution, but centered at 0 and rescaled by
a factor of 2, because '

S=X+Y32(IA+IB)—2

where I, + I is the number of successes in two independent trials with
probability 1/2 of success on each trial, with binomial (2, 1/2) distribution.
The appearance of v/2 as the standard deviation in this case illustrates the

square root law for the standard deviation of the sum of n = 2 indepéndent
variables. ' -
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Case #(AB) = 3, Corr(X,Y)} =1/2, SD(S) = v3. This is a bolder strategy.

Case #{AB) =4, Corr(X,Y) =1, SD{S) =2. Now A = B All the gambier's
eggs are in one basket. This is the boldest strategy for the gambler, effectively
doubling the stake on A from §1 to $2,

Red and black.

Let Np be the number of reds that appear, Ng the number of blacks, in n spins of a
roulettc wheel that has proportion r of its numbers red, proportion b black, and the
rest of its numbers green. (So r + & < 1. For a Nevada roulette wheel, as described
at the end of Section 1.1, r = b = 18/38.)

Find Corr(Ng, Ng}.

Notice first, without calculation, that the answer ought to be negative for the usual
case withr+b = 1. If r+b = 1 (no green numbers on the wheel) then N = n—~ Ny
which makes Corr(Ng, Ng) = ~1. For r +b = 1 this relation is still approximately
correct, 50 you should expect a correlation close to ~1. Since Ng is a binomial (n, r)
random variable,

E(Ng) = nr and SD(Ng) = /nr(1 —7)
ard similarly for Ng, with b instead of r. Since

Couv(Ngr, Ng} = E(NpNp)—~ E(Np)E(Ng)
to caleulate

Cov(Np, Ng)

Corr(Ng,Ng) = SD{Ng)SD(Ny)

the only missing ingredient is E(NgNg}. You might try to calculate this from the
joint distribution of Ng and Ng, but you will find this a frightful task. It is difficult
to calculate even the variance of Ny directly from its binomial distribution, and the
covariance with Ng is worse. The way around this difficulty is 10 use the connection
between Cov{Ng, Ng) and the variance of Ng + Ng

VQT(NR + NB) = V(I.’!‘(NR) + Var{Ng) +2 CO’U(NR, N]g)
The point is that Ng + Ng is just the number of spins which are either red or black,

which is a binomial (n, r +$) random varable, with variance n(r + b)(1 — r ~ b).
Rearrange the equation and substitute all the variances to get

Cov(Ng,Np) = %n {(r+ 81 ~r—~b) = r(l —r) - bl ~ b)] = —nrb,



Chapter 6. Dependence

Discussion.

Example 5.

Problem.

Solution.

Example 6.

hence,

—nrb rb -
Corr(Ng, Ng) = Vnr(l —r)/nb(1 - b) o (1-r)(1~¥)

In particular, for a Nevada roulette wheel,
r(l-r)=b/(1-b)=18/20=09 so
Corr(Np,Ng)=—-0.9

Note the interesting fact that the correlation does not depend at all on the number
of spins n, only on the proportions of red and black, Also, the correlation is always
negative, no matter what the proportions r and b,

Correlations in the multinomial distribution.
Suppose the joint distribution of (Ny, ..., Ny,) is multinomial with parametess n and

(pl} e st)'
Find Corr{N;, N;).

Call results in category { red, results in category j black, and results in all other
categories green. Then the joint disiribution of N; and Nj is is the same as the
joint distribution of Ny and Npg in the previous problem, for r = p;, b= p;. Since
the correlation between two variables is determined by their joint distribution by
definition of correlation and the change of variable principle) this choice of 7 and
b makes Corr(N;,N;) = Corr(Ng,Ng). That is to say, from the solution -of the
previous problem, '

N P
Corr(Ny, NJ) - d(l - p,-)(; —Pj)

Correlation and Conditioning

An important connection between the ideas of correlation and conditioning

is brough
out by the following example.

Sharkey’s Casino.

At Sharkey’s Casino the roulette wheels spin an average of one thou

sand times 2
day. Every day, Sharkey records the total numbers of red and black spins;tbr*“thélﬁay
on a computier. One day he notices that over the years he has been keeping data th

: ping data, the
correlation between the number of reds and number of blacks has come out arousnd
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+0.8, rather than around —0.9 as predicted by the above calculation. Sharkey is very
concerned that his roulette wheels are not obeying the laws of chance, and that
someone might take advantage of it.

Should Sharkey get new roulette wheels?

Despite the fact that no matter what the number of spins n, the correlation between
numbers of reds and blacks is ~0.9, this does not imply that the same is true for a
random number of spins, say N, the number of spins in a day picked at random
at Sharkey’s. While the expected value of N may be estimated as 1000 based on
the long-run average of 1000 spins a day, it is reasonable to expect some spread in
the distribution of N due to fluctuations in the number of customers and the rate
of play. Since to a first approximation Ng ~ %%N , Np = é—%N . both Ng and Ny
are positively correlated with N. If there is enough spread in the distribution of N .
this will make for a positive correlation between N B and Np. S0 Sharkey need not
be concerned, provided his data give a standard deviation of N consistent with a
correlation of +0.8 between Ng and Ng.

To find the precise relation between SD(N) and Corr(N rNpg), for Ng and Ny,.
now numbers of reds and blacks in a random number N of spins, use the formula

Cov(Ng,Ng) = E(NpNg) —~ E(Ng)E(Npy)

where each expectation can be computed by conditioning on V. First, if N is treated
as a constant, then by previous calculations,

E(NR)=NT E(NB)=Nb
E(NrNg) = E(Ng)E(Ng) + Cov(Ng,Ng) = N*rb - Nrb

For random N, these are conditional expectations given N. Bul since expectations
are expectations of conditional expecations, this gives

E(Nr}=E(N)r,  E(Np)= E(N)
E(NpNg) = E(N*)rb - E(N)rb,  hence
Cov(Ng, Np) = E(NgNp) — E(Ng)E(Ng)
=rb [E(N?) - E(N) - [E(N))?)
=rb{Var(N) - E(N)
In padicular, Cov(Ng, Ng} will be positive provided Var(N) > E(N). Thus for

E(N) = 1000, if SD(N) > /1000 » 32, there will be a positive correlation between
Ng and Ng. The same method of calculation gives

Var(Ng) = * Var(N) + b(1 - b)E(N)
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For b = r this gives
B{Var{N) - E(N)]
2 Var(N) + b(1 — b)E(N}
9Var(N) - 9000 i 18

0Var(N) + 10,000 sz E(N)=1,000

If Var(N) = 0 this simplifies to —0.9 as before. But as Var(N) increases the correlz-
tion increases, and approaches 1 for large values of Var(N). Set Corr(Ng, Ng} = p
and solve for SD(N) = /Var(N} 1o get

9000 + 10, 0000
SD(N) = \/ 9(1 — p)

17.000
- i f - -8
1/ 9% 03 or p=10

= 100

Corr(Ng,Ng) =

S0 a correlation of 0.8 between Ny and Ng is consistent with a standard deviation
of about 100 for the number of spins per day. Provided that is the case, Sharkey
need not be concerned.

The example makes the important point that two variables, like Ng and Ny, may
be positively correlated due to association with some third variable, like N, even if
there is zero or negative correlation between the two variables for a fixed value of N
Bere is another example. For children of a fixed age, the correlation between heigh
and reading ability would most likely come out around zero. But if you looked at
children of ages from 5 1o 10, there would be a high positive correlation berween
height and reading ability, because both variables are closely associated with age. For
data variables, looking at distributions or relationships between some variables for
a fixed value of another variable, ¥V say, is calied controlling for N. In a probabilite
model the corresponding thing is conditioning on N. Whether or not you cgndgﬁ_@

or control on one variable typically has major effects on relationships between other
variables.

The calculations in the example show in general that for two mutually exclusive
outcomes in independent trials, like red and black at roulette, the counts of results
of the two kinds that occur in any fixed number of trials will be negatively correlated,
If the number of trials N is random, the two counts will be positively or negmévggy
correlated according to whether Var(N) > E(N) or Var(N) < E(N). In the case
where Var{N) = E(N), the two counts will be uncomrelated. In particular this is the
case if N has a Poisson distribution. Then the two counts are actually independent.
See Exercise 6.1.8.
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Variance of a Sum of n Variables

The general formula involving covariance for the variance of a sum of two random
variables has the following extension 10 n variables. The formula shows that thy
simple addition rule for the varance of a sum of independent random variahles
works just as well for uncorrelated ones, but in general there are (3} covariance
terms to be considered as well.

Variance of a Sum of n Variables

Var (Z .xk) =Y Var({X;) + 2 CoulX; X,)
k k

i<k
where 32, denotes a sum of n terms from k = 1 to n, and 37 ek denotes a
sum of () terms indexed by jand k with 1 < j < k <n.

Proof: The variance of the sum is by definition the expectation of

]

H

- 2
ZX;@——Z,ukl where yg = E(X),)
Lk k

=) (X - mc)]
%

=D (X = wel + 23 (X5~ 1) (X~ )
k <k

by the algebraic identity
2
(Zak) = Zai +2 Z ajay
k iwk

applied 1o ay = Xy — . Now use the linearity of expectation and the definition of
Cov{X;, Xi;). In the sum over all § < k, there are exactly ('2‘) terms, one for each
way of choosing two indices 7 < k from the set {1,2, ... ,n} O

Variance of sample averages.

Let 2(1),2(2),...,z(N) be a list of N numbers. Think of x(k) as representing the
height of the kih individual in a population of size N. Let

= % Sa(k) and ofs= %iiﬂf(k) -
k=1 kel
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So Z is the population mean, and a? is the population variance. Let X1, Xa, ..., Xe
be the heights obtained in a random sample of size n from this population. More
formally, for i = 1,2,...,n, the ith height in the sample is X; = z(K;)}, wher
Ki,K;,..., Ky, is 2 random sample of size n from the index set {1,2,..., N}, This
random sample might be taken ecither with replacement or without replacement.
Either way, each random index K; has uniform distribution over {1,2,..., N}, by
symmetry, So each X; is distributed according to the distribution of the lst of heighis
in the total population, with

E(X;)=2 and SD(X;)=ga (i=1,2,...,n)
Let
}an(X1+X2+...+Xn)/TL

be the sample average. This is the average height of individuals in the sample of
size n. Note that this is a random variable: repeating the sampling procedure will
typically produce a different sample average. Whereas Z, the population average, is
a constant. Since E(X;) = 7 for ¢ = 1,2,...,n, the rules of expectation imply tha
also

EX,) =7

still no matter whether the sampling is done with or without replacement. In the

case with replacement, the random variables X; are independent, all with standard
deviation o, so

SD(X,)=o/vn  (with replacement)

by the square root law of Section 3.3. So the average height in 2 random sample of
size n is most ikely only a few multiples of ¢ /+/n away from the population average
Z. If o can be bounded or estimated, this gives an indication of the quality of e
sample average X, as an estimator of the unknown population average .

Intuitively, for sampling without replacement, X,, should provide a better estimate of
Z than for sampling with replacement. In this case, the random variables X, . ., X
turn out to be negatively correlated, which alfects the formula for SD(X,). The
problem is how to correct for the dependence.

Calculate S X,,) for sampling without replacement,
let S, = X1 +---+ X, 50 Xn = Sp/n. Then
Var(Sa) =Y Var(X;) +2 Y Cov(X;, Xy)
i i<k

=no’ +a(n - 1) Cov( Xy, X2),
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because Cov(Xj;, Xi) = Cov{ Xy, X3) by the symmetry of sampling without replace-
ment discussed in Section 3.6: (X;, X&) is for every j < k a simple random sample
of size 2, with the same distribution as {X;, X2). This formula for Var(S,,) holds for
every sample size nwith 1 <n< N.Butforn=N

Sy =z +x2+- 4N
is constant, because in a complete sample of the population cach clement appears

exactly once, so the sum defining Sy is just the sum on the right done in a random

order. Thus Var(Sy) = 0. Comparison with the previous formula for Var({§,), in
the case where n = N, shows

Cov(Xy, Xz) = —~0* /(N - 1)

hence

Var(S,) = no [1 an]

and

SD(Xy) = SD(S.)/n = 7= =

This shows that the standard deviation for the average in sampling without replace-
ment is the corresponding standard deviation for sampling with replacement, re-

duced by the correction factor / ‘}f,:‘;‘ The same is true for the sum as well as the
average, by scaling.

The same correction factor appears in the formula for the variance of the hyperge-
ometric distribution, calculated in Section 3.6. Though covariances are not used in

that calculation, it is still a special case of the current example, with z; =0 or i for
every j.

It is remarkable that the same correction factor works no matter what the distribution
of the empirical variable z. The correction factor takes care of the slight negative
correlation between terms, which also does not depend on the distribution of z;

X0 Xi
Corr(X,;, Xy) = sgﬁcﬁ)sn (’;()k) = ~1/(N 1)

The correlation is negative because observation of a large value of X; removes a
large value from the population, and tends to make large values of X less likely,
Similarly, small values of X; tend to make small values of X, less likely. This means
there is a greater tendency for the deviations X; — E(X;) to cancel each other out
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for sampling without replacement than for sampling with replacement, whenﬂm
deviations are independent. This reduces the likely size of the deviation for the ‘sum

Sn — E(Sp) = _}: (X; — E(X;))

Ultimately, for n = N, the deviation of Sy is zero, which was the key to caiculéiing
the cormrection factor.

Bilinearity of Covariance

The following formulae for covariances of linear combinations of variables are easily

derived from the definition. These formulae can often be used to simplify covariance
calculations.

Cov(X, Y +Z) = Cov(X,Y) + Cov(X, Z}
Cov(W + X, Y) = Cov(W,Y) + Cov(X,Y)
For constants z and &

Cov(eX,Y) =aCou(X,¥) and Cov(X,bY) = sCou(X,Y)

and so on for linear combinations of several variables. For example

Cov(aW +bX, c¥ +dZ)=a cCov(W, Y )+ad Cov(W, Z)+bcCov(X, Y )+bd Cov(X, Z)

To summarize:

Covariance is Bilinear

Cov (Z a:iX; Zbﬁ’,—) =YD aib;Cov(X,, Y;)

t 7

Here the a; and b; are arbitrary constants. If there are n terms in the sum overiand
m terms in the sum over j there are nm terms in the double sum on the right side.
Takingn =m, q; = b; = land X; = Y; for 1 <i < n, this formula reduces to the
formula for the variance of §, X,.

e Wi e s o g o
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Exercises 6.4

1.

10.

11,

Suppose A, B are two events such that P({A4) = 0.3, P(B) =04, and P(AUB) = 0.5.
a) Find P(A|B). b)Are Aand B independent, positively or negatively dependent
¢ Find P(A°B). d)Let X =4, Y = I5. Find Corr(X, Yy

Use the formula P(A) = P(A|B)P(B) + P(A|B°)P(B°) 10 prove:
a) if P(A|B) = P(A|B¢) then A and B are independent;
by if P(A|B) > P(A|B*) then A and B are positively dependent;
¢) if P(A}B) < P(A|B) then A and B are negatively dependem.

Now prove the converses of a), b), and ¢).

Suppose that the failures of two components are positively dependent. i the first com-
ponent fails, does that make it more or less likely that the second component works?
What if the first component works?

Let (X,Y) have uniform distribution on the four points (—1,0),{0,1), (0, 1), (1,0).
Show that X and Y are uncorrelated but not independent.

Let X have uniform distribution on {~1,0,1} and let Y = X% Are X and Y uncorre-
lated? Are X and Y independent? Explain carefully.

Let Xy and X be the numbers on two independent fair die rolls, X = X, - X, and
Y = X1 + Xz. Show that X and ¥ are uncorrelated, but not independent.

et X2 and X3 be indicators of independent events with probabilities 1/2 and 1/3,
respectively.

a) Display the joint distribution table of X 2+ X3 and X2 - X5,

b) Calculate E{X; — X3)3.

<) Are X3 and X uncorrelated? Prove YOUT Answer,

You have N boxes labeled Box1, Box2, ... » BoxN, and you have k balls. You drop
the balls at random into the boxes, independently of each other, For each ball the
probability that it will land in a panticular box is the same for all boxes, namely 1/N.
Let X be the number of balls in Box1 and Xx be the number of balls in BoxN,
Caleulate Corr(X;, Xn).

+ Suppose n cards numbered 1,2, ..., n are shuffled and k of the cards are dealt. Ley Sy

be the sum of the numbers on the & cards dealt. Find tormulae in terms of 7 and & for:

a) the mean of Sk;  b) the variance of S;.

Overlapping counts. A fair coin is tossed 300 times. Let Higo be the number of heads

in the first 100 tosses, and Hype the total number of heads in the 300 tosses. Find
Corr(Hon, Hz).

let T and T4 be the times of the first and third arrivals in a Poisson process with rate

A. Find CGTT(ThTa).
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12,

13.

14,

15.

16.

17.

18.

Suppose a, {3, v denote the proportions of Democrats (D), Republicans (R) and Others
€0} in a large population of voters. (So 0 < @, 3,7 < land a+A4y = 1.) An individual
is selected at random from the population. Write X = 1,Y =0, Z = 0 i that inclividual
is D, write X = 0,Y = 1, Z = 0 if the individual is R and write X = 0,Y = 0,4 =1
if the individual is O. Find:

a} E(X), BE(Y); by Var(X), Var(Y), ) Cov{ X, Y).

Suppose next that n individuals are selected independently and randomly with replace-
ment from the population. The total number of 's may be written, Dy, = X, + ... + X
Similarly let R, = Yi + ... + Yo and let Oy = Zy + ... + Z,. Let D, — R, denote the
excess of D's over R's selected. Find &) E(D,. — R..); e Var(D, — R.).

Let A and B be two possible results of a trial, not necessarily mutually exclusive, Let
N4 be the number of times A occurs in n independent trials, N the aumber of tignes
B occurs in the same n trials. True or false and explain: if N4 and Np are uncorrelated.
then they are independent,

Show that for any two random variables X and ¥
ISD(X)~ SD(Y) < SD(X +Y) < |SD(X) + SD(Y)|
Covariance is bilinear. Show from the definition of covariance that:
3) Cov{X,Y + Z) = Cov{X,Y) + Cov(X, Z)
b) Coo(W + X.Y) = Cou(W,Y) + Cov(X,Y)
¢ CW(Z; Xi, ZJ- Yi) = E,‘ E,' Cov(X,,Y;)
d} Use ¢} to rederive the formula for Cov(Ngp, Ng) in Example 6.

Invariance of the correlation coefficient under linear transformations, Show that
for arbitrary random variables X and Y, and constants a,bedwitha #0, ¢ #.0,

_ Corr{X,Y) if 2 and ¢ have the same sign
Corr(aX + b,cY +d) = { ~Corr(X,Y) if o and ¢ have opposite signs,

Thus the correlation coefficients are affected only by the sign of a linear change of
variable. They are therefore unaffected by shifts of origin or changes of units.

Show that for indicator random variables 4 and I g of events A and B
CO’J"T(I;‘, 1}3‘} = COTT{IAc N Igc) = —COTT‘(IA. IBc = "CO‘I"?‘(IAu, IB}

Deduce that if A and B are positively dependent, then so are A° and B®, but A4 and
B* are negatively dependent, as are A° and B.
Random variables Xy, ..., X, are exchangeable if their joint distribution is the samu,

no matier what order they arc presented (see Section 3.6). Show that if KXiyeo i X are
exchangeable, then

Var(Y " Xi) = nVar(X) + nin — 1) Cov( X1, Xz)

k=1
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19,

20.

21.

22,

23.

A box contains 5 nickels, 10 dimes, and 25 quarters. Suppose 20 draws are made at
random without replacement from this box. Let X be the total sum obtained in these
20 draws. Calculate: a) E(X); b) SD(X);

¢} P{X < 83) using the normal approximation.
d) Can you imagine why these calculations might give results inconsistent with long-

run repetitions of the sampling experiment? For each of a) and ©), say whether
your reasoning would suggest higher or Jower long-run averages.

Correlation and conditioning. A random variable X assumes values =, and 2z, with

equal to g, and SD equal to oy, Find formulae in terms of 7, p,, jo.and a7 = 1,2,
for the following quantities:

a) BF(X), WEY) oSDX) dSDY); e}Coe(X,Y), DCorr(X.Y).

Indicate how these formulac could be generalized 1o the case of X with . possible
values Ty, ... . Zn.

A box contzins 5 red balls and 8 blue ones. A random sample of size 3 is drawn wethout
replacement. Let X be the number of red balls and let Y be the number of blue balls
selecied. Compute: 2) BE(X); DY E(Y): o Var(X): & Cou(X.,Y).

Suppose there were m married couples, but that d of these 2m people have dicd, Regard
the d deaths as striking the 27 people at random. Let X be the number of surviving
couples. Find:

ay E(X); b} Var{X).

Linear prediction and the correlation coefficient. For random variables X and Y,
the linear prediction problem for predicting ¥ based on knowledge of X is the problem

of finding a linear function of X, AX + v, which minimizes the mean square of the
prediction error

MSE = BlY - (8X +)|*
(Compare with Exercise 6.2,17 where the predictor of ¥ could be an arhitrary function

of X)) This exercise derives the basic formulae for the hest linear predictor

according
to this criterion.

a) Expand out the MSE using algebra, and regard it as a quadratic function of 7 and
@ with coefficients involving the numbers E(X), E(Y), B(X Y). ewc.

b} Differentiate this function with respect 10 v to show that for fixed 4, the uniquie
¥ which minimizes the MSE is %(f3) = E(Y) ~ JE(X). What is the resulting
minimal MSE called when g = 0?

¢) Consider now the MSE as a function of 3, with v = 3(3) the best ¥ for the given
B Differentiate this function with respect to 4, and show that it is minimized a
B =Cov(X,Y)/Var(X) where it is assumed that Var(X) > 0.

&) Deduce that the unique pair (3,+) which minimizes the MSE is ( fi,'}‘(f})).

e Let ¥ = 8X + ¥ now denote this best lincar predicior, Show that

E(Y)=E(Y);, Var(Y)=Var(X} EV(Y - Y) =0
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£ Deduce that the variance of Y can be decomposed into the sum of the variance

e

g

h)

of the best predictor ¥ and the minimum MSE according to the formula
Var(Y) = Var(V) + E[(Y - ¥)*]

with Var(¥') = g*Var(Y) and E[{Y - Y)?] = (1 — p") Var(Y) where p =
Core(X,Y).

It is customary to express the slope A of the best linear predictor ¥ = X R
in terms of p. Show that 4 = pSD{Y)/SD{X) and that the intercept % is then
uniquely determined by the requirement that the line y = gz + 4 passes through
the point (E{X}, E{V)).

Let Y* = (Y — E(Y))/SD(Y), X* = (X — E(X)}/5D(X). Show that the bes
linear predictor of Y hased on X* is just pX". So the correlation ‘coefticient p
is simply the slope of the best linear predictor when the variables are expressed
in standard units.
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Bivariate Normal

The radially symmetric bivariate normal distribution corresponding 1o independent
normal variables was considered in Section 5.3. This section uses the tools of previ-
ous sections to analyze correlated normal variables by making a linear transformation
to the simpler case of independent variables,

FIGURE 1. Bivariate normal scafter.

The diagram shows points picked of random from o bivariote
distibuton, in which the coordinates X ond Y each hove
the sarre normal distribution, but are not independent. The
two variables are positively correlated, which makes the cloud
elliptical, sloping upward 1o the right and downwards to the ST
ieft. Ce

Clouds of data like this are very common in statistical analysis. They were first ox-
amined by the British scientist Francis Galton (1822--1911), who studied relations
between variables like a father's height and his son’s height. To display visually how
two variables are related, a scatter diagram like Figure 1 may be used, In such a
dizgram, data pairs are represented by plotting a point at the coordinates of cach
pair. The hereditary connection between a father's height and his son’s height makes
the variables positively correlated—taller fathers tend to have wller sons, taller sons
tend to have taller fathers. But the relation is not 2 rigid one, since the son's height
is not a deterministic function of his father's height. The dependence between the
two variables is more interesting and subtle. When variables are measured in their
standard units, this dependence shows up in 4 scatter diagram as g tendency 10
form: an elliptical cloud along a diagonal. The cloud has a major axis along the line
Y = X at 45° to the axes in the case of positive correlation, and a major axis

along
the perpendicular line Y = ~X in the case of negative correlation.

FIGURE 2. Bivariate normal scatlers for various correlations 0.

p=-5 p o 0 p=.5 | p=.9

The object now is o describe this kind of dependence between variables by repre-
senting correlated normal variables as linear functions of independent ones. This is
a powerful technique which is the basis for much statistical analysis of two or more
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variables. A basic ingredient is the correlation coefficient, denoted here by p, often
alsoby

p=Corr(X,Y) = E{X"Y")

where X* is X in standard units, and Y* is Y in standard units. This correlation p
is a theoretical quantity, defined by expected values or integrals with respect w a
bivariate distribution. In practice, such correlations are usually estimated by the cor-
responding empirical correiation obtained from data, with the empirical distribution

of a data list (Z1,11), .. . , (%, yn) instead of the theoretical distribution, and averages
instead of expectations.

Constructing Correlated Normal Variables

To get a pair of correlated standard normal variables X and Y, start with a pair of
independent standard normal variables, say X and Z. Let Y be the projection of
(X, Z) onto an axis at an angle 8 to the X-axis, as in the left-hand diagram:

a
A

X

By the geometry of the right-hand diagram
Y = X cos + Zsin8

By rotational symmetry of the joint distribution of X and Z, the distribution of ¥ i
standard normal. Thus

E(X) = E(Y) = E(Z) =0
SD(X) = SD(Y) = §D(Z) = 1
p(X,Y) = E(XY)} = E[X(X cos8 + Z sin8)]
= E(X%)cos @ + E(X Z)sin#
= cosf§
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since E(X?) =1, and E(XZ) = E(X)E(Z) = 0 by independence of X and Z. To
summarize, X and Y are standard normal variables with correlation p = cos@. Note
the special cases

8=0 when p=1 Y=X
8=7/2 whenp=20 Y = Z is independent of X
b=mn when p = ~1 Y=-X

For each p berween ~1 and 1, there is an angle & = arccos p, which makes X and
Y have correlation p. Then cosf = p, sin8 = /1 — p?, and

Y=pX++1~p*Z

where X and Z are independent normal (0, 1). The joint distribution of X and Y
so defined is the standard bivariate normal distribution with correlation p.

Standard Bivariate Normal Distribution

X and Y have standard bivariate normal distribution with correlation p if and
only if

Y =pX +y/1-p2Z
where X and Z are independent standard normal variables.

Marginals. Both X and Y have standard normal distribution,

Conditionals, Given X = x, Y has normal (pz, 1 — p?) distribution.
Given Y =y, X has normal {py, 1 ~ p?) distribution.

Joint density. The joint density of X and Y is
P, 9) = — e exp { — = (2 ~ 2yt o
W T P UTa ¢ ety

Independence. For X and Y with standard bivariate normal distribution,
X and Y are independent if and only if p = 0.

The next two pages display the geomerty of linear transformation from (X, Z) 1w

(X,Y). Following these pages is a discussion of the results presented in the above
box.
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Values of Z

Values of Z

)

FIGURE 3. Geometry of the bivariate normal distribution, Properties of the standard bivaricie
normal distribution with correlation p may be undersiood in terms of the simplest case p = 0 by
the geometry of the linear fransformation {X, Z) —» (X.Y), displayed here for 8 = 60°, so

p:cosé‘:l, \/1-p2:5in8m§ and Y::lX+~?Z,

2

o

Z direction

Values of Y

X direction

43X direction

Values of X

Values of Y

6 3
Values of X
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Key to Figure 3.

Top left panel. This shows a computer-generated scatter of 500 poiris picked at
random according to the joint distribution of X and Z, plotted in the usual way with
rectangular X and Z coordinates. This is a roughly circular cloud, due to the rota-
tional symmetry of the distribution of two independent standard normals. The circle
is the contous of constant density for (X, Z), of radius 3 standard units, containing
98.9% of the probability. The vertical lines represent the events X = 0,%1,£2, £3.
The dashed horizontal lines represent Z = 0, +1, +2, 43

Top right panel. This is the same scatter in the (X, Z) plane, but with the diagonal
fines Y = 0,£1,£2,43. The V direction is the dotted line at angle 8 = 60° 10 the
horizontal X direction. The diagonals Y = constant are at angle & 10 the verical
lines X = constant.

Bottom right panel. This is the image of the top right pancl afier shearing and
shrinking (o represent X and Y by new rectangular axes. Fach point in the top
scatter is transformed into one in the bottom scatier. Thus the cloud becomes o
random scater of 500 points picked at random according to the bivariate normal
distribution of X and Y, with correlation p = cos#. Think of the lines in the top
right panel as a lauice of rigid rods attached by pins, Keep the vertical axis X = (
fixed, and shear the lattice 5o the diagonals become horizontal. This makes 4 famtice
of squares of side 1/sinf. Now shrink everything by a factor of sinf to get the
bottom-right panel.

The shearing which turns the diamonds into squares turns the circle into an clipse,
with major axis on the 45-degree line through the new origin. This is an ellipse
of constant density for (X,Y). The images of the dotted fines in the old Xand Y
directions are the dotted lines ¥ = pX and X = pY. These are the regression hnes
discussed further in the next paragraph,

Bottom left panel. This is the image of the top left panel by the same transformation
from (X, Z) to (X,Y). The ellipse and the <loud of points are the same as in the
bottom right panel. But now the lines representing X = 0, 41,42 +3 are shown,
along with those representing Z = 0, £1,42, +3. The linc Z = 0 plays a panticularly
important role. This is the regression line. The equation of this line Z = 0 in the
(X,Y) plane is

Y =pX

where p is the correlation. Geometrically, this is the line of midpoints of vertical
sections of the ellipse. Statistically, it is the best predictor of ¥ based on X.



Chapter 6. Dependence

The properties of the standard bivariate normal disiribution stated jn the box on
page 451 all follow from the basic representation

Y =pX +/1-p°Z a

in terms of independent standard normal X and Z.

Conditionals. The formula for the distribution of ¥ given X = z is immediate
from (1). Conditioning on X does not affect the distribution of Z. And given
X = z you can treat X in (1) as the constant z, so Y is then just a linear
transformation of the standard normal variable Z with coefficients involving p
and . This gives the conditional distribution of Y given X = z. The distribution
of X given Y = y follows by symmetry, or from (1) below.

Symmetry. The standard bivariate normal distribution of (X, Y) is symmetric with
respect to switching X and Y. This can be seen from the formula for the
joint density, which is a symmetric function of z and y, or from the geometric
description of X and Y. This symmetry is obscured in formula (1) however.
You should check as an exercise that (1) has a dual

X=pY+1-p22 (aH
where Z' is a linear combination of X and Z that is independent of Y,

Joint density. The derivation of this is an exercise: Write out the formulae for the
marginal and conditional densities, multiply, and simplify. There is no poing
remembering this formula. Rather, take the following:

Advice. Do not attlempt to compute bivariate normal probabilities or expectations
by integrating against the joint density. It is always simpler to rewrite the prob-
lem in terms of independent variables X and Z, using (1). This technique i
used in all the examples below.

Bivariate Normal Distribution

Random variables I/ and V have bivariate normal distribution with parameters
sy, v, 0%, ¥, and p if and only if the standardized variables

X=(U-pylov Y =(V-py)loy
have standard bivariate normal distribution with correlation p. Then
p=Corr(X,Y) = Corr(U,V)

and U and V are independent if and only if g = 0.
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Examples

The point of the following examples is to show how any problem involving random
variables U7 and V' with a bivariate normal distribution can be solved by a simple
three-step procedure:

e Step 1. Express U and V in terms of the standardized variables X and Y.

o Step 2. Write ¥ = pX + /1 - p%Z 1o reduce the problem to one involving
two independent standard normal variables X and Z.

» Step 3. Solve the reduced problem involving X and Z by exploiting indepen-
dence or rotational symmetry.

Fathers and sons.

Galton's student Karl Pearson carried out a study on the resemblances between
parents and children. He measured the heights of 1078 fathers and sons, and found
that the sons averaged one inch taller than the fathers:

Fathers:  mean height: 59" SD: 27
Sons: mean height: 510" SD: 2"

correlation: 0.5

Predict the height of the son of a father who is 62/ L.
Assume that the data are approximately bivariate normal in distribution. Then the
parameters can be estimated by the corresponding empirical measurements.

Let X be the father's height in standard units, and Y be
the son’s height in standard units. The assumption of a y=pr= 0.5z
bivariate normal distribution makes -

Y =pX + V1~ p2Z ,/éﬁ‘/,}’

where Z is standard normal independent of X. The nat- -7 /
ural prediction for Y given X = r is -7 _/

EYIX =)= px x= 2.5

Here the given value of X is

T = §'2 convernted to standard units
= (62" — 5'9")/2" = 2.5 standard units
So the predicted value of YV is

E(Y1X =z) = 0.5 x 2.5 = 1.25 standard units,
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Discussion.

Problem 2.
Solution.

Problem 3.

Solution.

That is,
predicted son’s height = 510" + 2y
= 510" + 2" x 1.25 = 6' 0.5"
Though the father is exceptionally tall (height 6'2'), the son is not predicted to be
6’2", but only 6'0.5" tall. Galton called this phenomenon regression to the megn.

What is the chance that your prediction is off by more than 1 inch?

Since 1 inch is 0.5 times the SD of sons’ heights, and we are given X = 2.5, the
problem in standard units is to find

P(IY — pX|> 05| X = 25).

Butsince Y — pX = /1 — p?Z is independent of X with normal (0,1 — p?) distri-
bution, where

V1 p?=v0.75 ~ 0.87,
this is the same as
P(IY — pX| > 0.5) = P(y/1— p2Z| > 0.5)
= P{|Z| > 0.5//1 — p?)
= P{{Z}{ > 0.5/0.87)
= 2[1 ~ $(0.5/0.87)] ~ 2{1 — £(0.57)] ~ 0.57
So with about 57% chance, the prediction will be off by more than an inch.
Estimate the height of a father whose son is 6'0.5" tall,
From above, 60.5"” is the mean
height of sons of 62" fathers. So you
Al might guess that 62" was the mean
. _-y= pz {prediction of y height of fathers of 6'0.5" sons. Bu
P given ) this is wrong, because a given fa-

Cy=1325 ther’s height corresponds to a verti-
cal slice through the scatter, whereas

= py (prediction of z given y)

a given son’s height corresponds 10
a horizontal slice, which is. some-
thing quite different. See diagrams.
The roles of X and ¥ must simply be
: switched in the calculation of Proh.-
= 625 lem 1. The son’s height of 6°0.5" is
1.25 in standard units. So “
estimated father’s height = 0.5 x 1.25 in standard units

= 0.625 in standard units
= 59" +0.625 x 27 = 5'10.25"

r=2.5
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Example 2. The probability that both variables are above average.

Problem 1. For the data in Example 1, what fraction of father—son pairs have both father and
son of above average height?

Solution. Expressed in terms of the standardized variables X and Y, the problem is to find
P{X >0,Y > 0). In principle, the answer can be computed as a double integral

/I fla,y) dzdy
positive quadrant

where f(z,y) is the standard bivariate normat density with p = 0.5. But, as usual, it

is easier to first express X and Y in terms of independent standard normal variables
X and Z:

Y =pX +1-p22

Now the problem is to find

P(X>0,Y>0)=P(X >0,pX +/1-p2Z >0)

=P(Xx>0,2> —L X

V1 p?

Z={p/1 - phyx

The diagram shows the (X, Z) plane, with the line Z = —p/+/1 — p2X. The shaded
region corresponds to the event above. The slope of the fine is —p//1 — p2,
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Problem 2.

Solution.

Example 3.

Problem.

Solution.

So for a as in the diagram, considered a negative angle,
A
1—p?
-0.5
= = -1/V3

lanoa =

H

$o a = —30°. Thus the angle at the comner of the shaded region is —a+90° = 120°.
By rotational symmetry, the chance that (X, Z) lies in the shaded region is the ratio
of angles 120°/360° = 1/3. So

P(X>0,Y >0)=1/3

In other words, about one-third of the father—son pairs had both father and son
above gverage height.

Suppose you have data on two variables with a bivariate normal distribution, and
3/8 of the data is above average in both variables. Estimate p.

Transform 1o standard units and use the same linear change of variable as in the
solution of the previous problem. Now

3 135°

8~ 360°

so the angle of the corner at the origin is 135°. Thus a in the diagram is —45°, and
by the previous solution

o~ tne= un (—45°) = —1
N

So p=1/v2.

Conditional expectation of Y given X in an interval.
Suppose (X,Y) has standard bivariate normal density with correlation p.
Fora < b, find E(Y]e < X <b).

Given that X has a particular value z € (a, b), the expected value of Y is
E{Y | X =z} = px.

Given just (& < X < b) the precise value of X is unknown, But by the rule of
average conditional expectations, E(Y |a < X < b) can be found by integration

of the conditional expectation E(Y | X = z) = pz with respect to the conditional
density of X given ¢ < X < b. This gives

/]
E(Yia< X <b) :/ prfx(zla < X < b)de
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whergfora<z <b

fx(zla< X <b)dr=P(X cdzja < X < b)
PX €dz,a< X <b)
T Pla<X<b)
P(X € dz)
T Pla<X<b)

1.2
1 5T

_ V=
K CRO

Substituting this expression gives

) P —%a¥ _ —4b?
. 1 _%1 - [e 3 e ]
_ 7=e AT
EYja< X <b)= [l px@(b) — &(a) dr = B(b) ~ d(a)

Example 4. Midterm and final.

Midterm and final scores in a large class have an approximately bivariate normal
distribution, with parameters

midterm scores: mean: 65 SD: iR
final scores: mean: 60 SD: 20

correlation: (.75

Problem.  Estimate the average final score of students who were above average on the midterm.

Solution. Let X and Y denote the midterm and final scores in standard units. The event
“midterm score above average” is the same as the event X > 0. Take a = 0 and
b = oc in the previous example to get

p 1—0] 0.75 x 2
EYIX >0 = = = 22 (),
¥ix>0) \/2?[9,5 T 06

50 the average final score of those who scored above average on the midterm is (.6,
in standard units. Thus the required score is

60 +20x 0.6 =172
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Linear Combinations of Several Independent
normal variables

The standard bivaiate normal distribution. was defined as the joir
a_;pamcular pair of linear ¢ombinations of mdependent standard
X and Z, namely, X and pX + V1= p?Z. While this repres
‘amﬁmal;f' ‘the" examples show how it is the basis of all calculation
general bivariate normal distribution, which is obtained by allof‘
‘and vanaric:es but insisting that the two standardized variables are sta ndard lsivariate:
‘normal..

The rotational symmetry of the joint distribution of two independent s
vanables Z1 and Zs 1mphes that the joint distribution of any o lines
‘of Zyand Zs, say

V =017+ 3% and W= a;;Z 1+ang
i5 bivariate normal. By reducing to this case by scaling; the,
obtamed forany two independent normal variables Zy and:

dard) Jt tan be shown ‘that this extends o hnear combm:itionﬁ 0
mdependent normtial variables iy

Two I.mecr Combmnhons_ ”
of Independent Normal Variables

V“::Z aZ; and W= Zb,Z,

o_f mdependent normal (p, o) variables

s Let
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p=Cou(V,W)/ovow

Thus the bivariate normal distribution adequately describes the dependence between
any two linear combinations of independent normal variables, In particular, this
discussion implies the following result:

Independence of Linear Combinations
Two linear combinations V = ¥".a,2; and W' = 2 biZ; of independent

normal{y;, 0?) variables Z; are independent if and only if they are uncorrelated,
that is, if and only if $~, a;b;032 = 0,

Just as the bivariate normal distribution is ‘the joint distributi_on of two linear comhi-
nations of independent normal variables; the mailtivariate normal distribution is the
joint distribution of several linear combinations of independent normal variables, It
can be shown that several linear combinations of independent normal variables are
mutually independent if and only if the covariance between every pair of them is
zero. This is a special and important property of normally distributed random Vi~
ables. It makes covariance and correlation perfectly suited 1o the analysis of linear
combinations of such variables. Keep in-mind however, that in general uncorrelated
random variables are not necessarily independent.

Exercises 6.5

1. Here is a summary of Pre-SAT and SAT scores of a large group of studens,

PSAT scores: average: 1200 SD: 100
SAT scores: - - average: 1300 . SD; 90
Lo n q_ca,ﬁfelhtion: 0.6

Assume the data are approximately :"Bi'f/a‘r'iate;z}orfnai in distribution.

a) Of the students whosc_dmd 1000 on 'the PSAT, abour what percentage scoret
above average on the SAT?

b) df the students who scored bé!ow-avetage on the PSAT, about what percentage
scored above average on the SAT?

<) About what percentagepfiszqggngg g0t 4t least 50 points more on the SAT than
on the PSAT?

2. Data from a large population indicate that the heights of mothers and daughters in this

population follow the bivariate normal distribution’ with correlation 0.5. Both variables

have mean 5 feet 4 inches, and standard deviations 2 inches. Among the daughters of

above average height, what percént were shoter than their mothers?
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3. Heights and weights of a large group of people follow a bivariate normal distribution,
with correlation 0.75. Of the people in the 90th percentile of weights, about wha
percentage are above the 90th percentile of heights?

4. Suppose X and Y are standard normal variables. Find an expression for P{X +2V < 3}
in terms of the standard normal distribution function @,
a) in case X and Y are independent;
b) in case X and ¥ have bivariate normal distribution with correlation 1/2.
5. Let X and Y have bjvariate normal distribution with parameters pux, py, ox?, oy,
and p. Let P{X > ux.Y > py) = g Find:

a) a formula for ¢ in terms of p;  b) a formula for p in terms of g.

6. Let X and Y be independent standard normal variables.
a) For a constant k, find P{X > kY').
b) U =v3X+Y,and V = X — v3Y find P(/ > kV).
c} Find P(U* + V* < 1).
d) Find the conditiona! distribution of X given V = v,
T. Let X and Y have bivariate normal distribution with parameters ux, uy, ox*, av®,
and p.
a) Show that X and Y ate independent if and only if they are uncorrelated.
b) Find E(YIX = 2). o Find Var(Y|X = z).

d) Show that for constants a, b, and ¢, X + bY + ¢ has 4 normal distribution. Find
its mean and variance in terms of the parameters of X and Y.

€} Show that if px = py = 0, then X cos8 + Y sind and ~X siné + ¥ cos # are
independent normal variables, where

2 .2
# = ic_ot ~1 M
2 2pox oy

Explain the geometric significance of # in terms of the axes of an ellipse of
constant density for {X,Y).

8. Let X, and X; be two independent standard normal random variables. Define o nesw

random variables as follows: ¥1 = X3 + X and Y2 = Xy +2X2. You are not given
the constant o but it is known that Cov{Y1, Y2} = 0. Find

a) the density of Yz; by Cov{X,,Ys}.

9. Suppose that W has normal (1. ¢?) distribution. Given that W = w, suppose that 2
has normal (e w + b, 7} distribution.

a) Show the joint distribution of W and Z is bivariate normal, and find its parameters.
b} What is the disuribution of Z?

¢} What is the conditional distribution of W given Z = 27

10. Show that if V and W have a bivariate normal distribution then
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4) every linear combination eV + bW has a normal distribution:

b every pair of linear combinations (aV + bW, ¢V + dW) has a bivariate normal
disiribution.

¢) Find the parameters of the distributions obtained in a) and b) in terms of the
parameters of the joint distribution of V' and W.

11. Show thar for standard bivariate normal variables X and Y with correlation 2,

B{max(X,Y)) = 4/ B

12. Suppose that the magnitude of a signal received from a satellite is

13.

S=ma+bV+W

where V' is a voltage which the satellite is measuring, a and b are constants, and W is
a noise term. Suppose V and W are independent and normally distributed with means
0 and variances v 2 and ew 2.

a} Find Corr(8, V).

h) Given that § = s, what is the distribution of V7

¢) What is the best estimate of V given § = g?

d) If this estimate is used repeatedly for differens values of 8 coming from a sequence
of independent values of V and W with the given normal distributions, what is
the long-run average absolute value of the error of estimation?

Find a formula in terms of p for the ratio of the lengths of the axes of an ellipse of
constant density in the standard bivariate normal distribution with correlation p, (Lot
the ratio be the length of the axis at +45" over the length of the axis at —45° )

Check your answer by measurement with a ruler in Figure 3 in the case where p=1/2
{Hint: Let p = cos® and reason from Figure 3 that an ellipse of constant density is
the image in the (X,Y) plane of the unit circle in the (X, Z) plane. Now consider
the images of the points (cos8/2, sin#/2) and (cos (8/2 + m/2), sin(8/2 + 7 /2))
in the (X,Y) plane which end up on the +45° lines in the {X. Z) plane, and use
trigonometric identities.)
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Dependence: Summary

Conditional Distributions: Let X be a discrete random variable. The conditional probability
ofanevent Agiven X =1z is

P(AX =1z) = %‘g‘-’;-{__%ﬂ

by the division rule of Section 1.4.

For continuously distributed X, there is instead the infinitesimal conditioning formule

P(A, X € dx)
PAX =z)= PIXEd) &)
Understand P(A|X == z) as the chance of A given that X falis in a very small intervai
near .
If X and Y are discrete random variables, the conditional probability of ¥ = y given
X==zis
_ - - P(X =, Y = y)
P(Y =ylX =2) = BIX = 1)

If X and Y are continuous random variables with joint density fx,v, the conditional
density of Y at y given X =z is fy (y|X = z) where

Fr X = a)dy = P(Y € y|X € dr) = £ X‘}i"’;m y)zﬁ:’ .l XJ;;((Z ’)3’) d

Once you have conditioned on X == 2, you can treat the random variable X as the constant
z. Conditional distributions given X = x behave exactly like ordinary distributions, with
the constant z as a parameter.

Conditional expectation: The conditional ezpectation of Y given X = z, denoted

E(Y|X = z), is defined as the expectation of Y relative to the conditional distribution of
Y given X = x.

The conditional ezpectation of Y given X, denoted E(Y|X), is a random variable, whose
value is E(Y|X = z} if (X = x). Thus the random variable E(Y|X) is a function of the
random variable X, namely, f(X), where f(z) = E(Y|X = ) for every =,

Ezpectation is the eapectation of conditional ezpectation; E(Y) = E[E(Y]|X)].

See boxes on pages 424 and 425 for important properties of conditional distributions and
expectations, and a companson of the discrete and continuous cases.
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Independence: Random variables X and Y are independent if and only if for all subsets B
intherange of ¥ and all z

P(Y € BiX =z) = P(Y € B)

That is, the conditional distribution of ¥ given X = 2 does not depend on .

Equivalently, X and Y are independent if the conditional distribution of X given YV = y
does not depend on .

Covariance and correlation: Cov(X,Y) = E[[X—E(X)] [y WE(Y)]J = E{(XY}-E(X)E(Y)
Var(X +Y) = Var(X) + Var(Y) + 2Cou(X,Y)
Cov(X,Y)
SD(X)SD(Y)
X and Y independent == Corr(X,Y) =0 but not conversely.

X and Y uncorrelated <> Corr(X,Y) =0
&= Cou(X,Y) =0 <= E(XY)= E(X)E(Y).

Corr{X,Y) = €-L11]

Bivariate normal: X and Y have standard bivariate normal distrib

ution with correlation p if
and only if

YV =pX+1-p27

where X and Z arc independent standard normal variables,

Marginals. Both X and Y have standard normal distribution.
Conditionals.
Given X =, ¥ has normal (pz, 1 — p?) distribution.

Given Y =y, X has normal {py, 1 — p?) distribution.

X and Y have bivariate normal distribution with parameters ux, py,ox2, oy 2, and pif
and only if the standardized variables X* = (X —px)/ox and Y* = (Y - uy/oy have
standard bivariate normal distribution with correlation p. Conditional distributions in this
case are derived from the standardized case by a linear change of variable. All probabilities
and expectations for bivariate normal variables are found by a linear change of varable
to independent standard normal variables.

Independence. X and Y with bivariate normal distribution are independent if and only
if they are uncorrelated.
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Review Exercises

1.

5.

Let X and ¥ be independent random variables. Suppose X has Poisson distribution
with parameter A1, and Y has Poisson disiribution with parameter Aq.

a) Given that X + Y = 100, what are the possible values of X7

b} For each possible value &, find P(X = k| X +Y = 100).

¢) Take Ay = 1 and Az = 99. Given X + Y = 100, estimate the chance that X is 4
or 5 or 6.

Let N denote the number of children in a randomly picked family. Suppose N has
georetric distribution:

P(N =n)=(1/3)(2/3)""" (n=123,..))
and suppose each child is equally likely to be male or female. Let X be the number of
male children and ¥ the number of female children, in a randomly picked family:
a) Find the joint distribution of (X,Y).
b) Given Y = 8, what is the most likely value of X7
c} What is the conditional expectation of X given Y = (?
A list of 2n numbers has mean p and variance 2. Suppose that n numbers are picked

at random from the list. 1et A, be the average of these n numbers, By, the average of
the other numbers. Find: a) E(An — Bn);  b) SD(An — Br).

Suppose X and Y have joint density function

f(a:,y)-—'-"{ efz? r>y>1

1] otherwise
where ¢ is a constant.

a) Find c.  b) Find the marginal density of X,
¢} What is the conditional distribution of Y given X = z?

Suppose X and Y are random variables with joint density in the plane

2
flz,y) =ce +2v+v") here ¢ is a constant.  a) Find e, b) Find Corr(X,Y).
Let X and Y be independent expoenential random variables each with mean 1. Find

a) the joint density of X +Y and X - Y
b) Corr(X +Y, X —Y).

Suppose that 2 point (X,Y) is chosen according to the uniform distribution on the
triangle with vertices (0,0), (0, 1), (1,0). Calculate:

a) the mean and variance of X;

b) the conditional mean and variance of X given that ¥ = 1/3;

¢) the mean and variance of max(X,¥);

d) the mean and variance of min(X,Y).
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8.

10.

i1.

12.

13.

14.

Let ¥ have exponential distribution with mean 0.5. Let X be such that, conditional on
Y =y, X has exponenitial distribution with mean y. Find.

() the joint density of (X, Y); ) BE(X);, o Corr({X,Y).
bet X, Y, and Z be independent uniform (0, 1) variables. Find P{(X/Y) > (Y/Z)).

Let Ty, Ty, and T be the failure times of components A, B, and C. Assume these are
independent exponential random variables with rates o, 3, and v, respectively.

a) What is the distribution of the time until the first failure?
b} What is the probability that the first component 1o fail is component ¢

¢} Given that the first component 0 fail is component C, what is the distribution of
the time between the first and second failures?

d) Write a formula for the (unconditional} ¢.d.f. of the time between the first and
second faldures,

Insurance claims arrive at an insurance company according to a Poisson process with
rate A. The amount of each claim has exponential distribution with rate 2, independently
of times and amounts of alt other claims. Let X denote the accumulated ot of claims
hetween tme & and time ¢, Find simple formulae for

a) B(X); E(XE)y o 8SD(X.); &) Core{X,, X ) fors <

An elevator has an occupancy warning of no more than 26 people and of total weight no
more than 4000 pounds. For the population of users, suppose weights are approximutely
normal with mean 150 pounds and standard deviation 30 pounds.

a) What is the probability that the total weight of a random sample of 26 people
from the population exceeds 4000 pounds?

b} Suppose next that the people are carrying things and that the weight of these for
an individual of weight X pounds, is approximately normal with mean 0.65X
pounds and standard deviation 2 pounds, What is the probability that the 10121
weight in the elevator now exceeds 4000 pounds?

¢) The dimensions of the floor of the elevator are 54 inches by 92 inches. Suppose
the amount of floor space needed by users is normally distributed with mean I
square inches and standard deviation 0.1p. Find i such that the probability 20
people can be accommodated is 3,99,

a) Let X and Y be two random variables with finite and nonzeso variances. Show
that X —Y and X + Y are uncorrelated if and only if Var(X) = Var(Y).

b)Y Let X and Y have standard bivariate normal disrribution with correlation 0.6,
Find P(X -Y < 1,LX + VY > 2).

Heights. A population consists of 50% men and 50% women. The empiricat distribution
of heights over the population yields the following statistics:

Average | Standard deviation
Men's heights 67 inches 3 inches

Women's heights [ 63 inches 3 inches

a) What is the average height over the whole population?
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b) What is the standard deviation of heights over the whole population?

¢} Suppose that men’s heights are approximately normally distributed, and tha
women's heights are as well. Calculate the approximate proportion of individ-
uils in the whole poputation with heights between 63 and 67 inches.

d} Repeat ¢), assuming instead thae heights are normally distributed over the whole
population. Explain why the answers are slightly differens.
¢) Suppose that a man and 4 woman are picked at random from this population.

Making assumptions as in ¢), what is the probability that the man is taller than
the woman? [Hint: No integration required!)

15. Sums of normals in the positive quadrant. Let X and ¥ be two independent stan-
dard normal variables.
a) Cajculate P(X > 0,Y 20, X + ¥ < 1)
b) Find the conditional density of X + ¥ given X > 0 and Y 2> 0, and sketch its
graph.
¢} Find, approximatcly, the median and the mode of this distribution.

16. Rainfall Suppose that the distribution of annual rainfall in a particular place, measused
in inches, is approximately gamma with shape parameter r = 3. If the mean annua!
rainfall is 20 inches, find approximations 1o the following:

a} the probability of more than 35 inches of rain in any particular year;
b) the probability that in ten consecutive years, it never rains more than 35 inches,
assuming different years are independen,

o) still assurning independence of different years, the probability that the recond
rzinfall over the last 20 years is exceeded in at least one of the next ten years.
assuming the record rainfall over the last 20 years, Rag say, is known;

d) same as ¢), but assuming the value of Ry is unknown.

17. Symmetry under rotations.

a) Suppose the joint distribution of X and Y is symmetric under rotations. Arg X
and Y necessarily independent? Are they necessarily uncorrelated? Explain by
ATgUIments Of examples,

b} Suppose (X,Y') is a point picked at random from the unit circle X2 4 ¥? = §
Caleulate E{(X?), E(Y?), and E(XY)

¢) Suppose U is uniformly distributed on (0, 1}, X = cos2xU,Y = sin 2xL7, Are X

and Y uncorrelated? Are X and Y independent? Explain carefully the connection
betweeen b) and ¢,

18. Maxima and minima of normal variables.
Calculate the expected values of max(X,Y) and min (X,Y):
a) if X and Y are independent standard normal variables;
by if X and ¥ are independent normal (g, o2);

¢} if X and Y are standard bivariate normal with comrelation o

19. Suppose you sample with replacement n times from a population of n elements.
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20,

21'

22.

23.

24.

25.

26.

a) What fraction of the n elements should You expect 1o see in the sample?

b) For example, what fraction of all (552 ) poker hands should you expect 1o see

. B2)
in ( 5) independent deals?

¢) Compute the variance of the fraction in a), and show that it is less than 1/4n.

d) Evaluate for the example in b), and estimate the chance that your prediction in
b} is off by more than 1%.

Craps. Find the expectated total number of times Y the pair of dice must be rolled in
4 craps game (see Exercise 3.4.8) by conditioning on the result of the first roll.

I'toss a coin which lands heads with probability p. Let Wy, be the number of tosses il
I get a head, Wy gy the number of tosses till | get two heads in a row, and Wy i the
number of tosses till T get three heads in a row. Find:

a) E(Wu);, b)) E(Wap) [Hint condition on whether the first toss was heads or
tailsl, ¢ E(Wxay) [Hint: condition on Wrl,

d) Generalize to find the expected number of tosses to obtain m heads in a row,

Long runs of heads. In the play Rosencrantz and Guildenstern are dead by Tom
Stoppard, the results of 101 apparently fair coin tosses are recorded: 100 heads in a
row, followed by a tail. Suppose a fair coin is tossed independently once every second.
About how many years do you expect it would take before 100 heads in a row came
up? How long for it to be 99% sure that such a run will have appeared?

Suppose an insect lays a Poisson (A) aumber of eggs. Suppose each egg hatches with
probability p and dies with prebability g, independently of each other egg. Show that
the number of eggs that hatch and the number of eggs that dic arc inde

pendent Poisson
random variables, and find their parameters.

I roll a random number of dice. If the number of dice rofled has the

Poisson (12)
distribution, find (and justify your answers)
a) the expectation of the total number of spots showing;

b) the standard deviation of the total number of spots showing.

Suppose the number of accidents in an interval of time has Poisson {A\} distribution,
Suppose that in each accident there are k persons injured with probuability
dently of all other accidents, Let N be the numbe
injured.

P&, indepen-
rof accidents in which k persons are

a) What is the joint distribution of N; and Ny?

b) Let M be the total number of persons injured, Find formulae for E{M) and
SD{M) interms of p;,pa,... and X

Distinguishing points in a Poisson scatter. In practical situations, if two points in
a scatter are closer than some distance &, it may not be possible o distinguish them,
Suppose that this is the case, and that there is a Poisson scatter over the Unit square.,
with intensity A. Show that the probability of the event D, that al) points in the scatter
can be distinguished, is at least 1 — ZA?8°.
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27.

28,

29.

[Hint. Show that P(D|N =2) > 1~ 7é* and P(DIN = 3) 2> (1~ w61 ~ 208%) and
so on. Use the inequality

f-a)l-FHz21-(a+f) (x>0, >0)
repeatedly, to obtain .
P(DIN)> 1~ §N(N — 16

inhomogeneous Poisson scatter. Let () be a probability distribution over a set 8,
X > 0. Consider a random scatter of points over the set 8, where a Poisson (A) number

N of points are distributed independently at random according to Q. More formaliy.
for B asubsetof 8, let N{B)=01if N =0, and

NB)=Y I(X;€B) if (N=n), n=12,..
gz=]

where X1,..., Xn are conditionally independent with common distribution ¢ given
{N =n}, and N has Poisson (A) distribution. Prove that

for disjoint Bi,...,B;, the N(B1),...,N{B;) are mutually independent Foisson
randorn variables with parameters M B1),. .., A B;) where A(B) = AQ(B).

{Hint: Start by considering the case of By and B with By + By = 8, and calculate
P(N{(B1) = n1, N(Bz) = nz) by conditioning on N = ny+na. Argue that, in general, it
suffices to consider 4 pantition By, ..., B; of 5, and proceed similarly. The mulinomis
coefficients nlf (1 lng!- - - nyty should appear.]

Note. Such a collection of random variables N(B) is called a Poisson process with
intensity measure M3} on S. For 8 the unit square and A(B) = A x Area{B) this is 2
construction of the Poisson scatter over the unit square considered in Section 3.5, Sush
a scatter is called homogenecus. 1f Q(B) is not the uniform distribution, the scatter is
called inhomogeneous. Note that if Q{s} > 0 for a point s € S, there may be mor
than one “hit” counted at s. In particular, if Q) is a discrete measure with probabilities
Qis. > On A0 POINS $1,. .., Sn, then N($1),..., N(8n) are independent Poisson candom
variables with parameters Agi,. .., Agn.

Hustrotion. Suppose you roil a Poisson (A) number N of dice. Then the number of
times each of the six faces appears is an independent Poisson (A /6) random variahle.
And the number of odd faces and the number of even faces are two independent Poisson

{A/2) random variables, But if you throw a fixed number » of dice these numbers are
dependent, because they must add up 1o n.

You and 1 both toss 4 fair coin N times. You get X heads and I get ¥ heads,
a} If P(X =¥ is approximately 10%, then approximately how large must N be?
b) The normal approximation says P([X -iN 1 < %\/N ) =08%,

Given X = ¥, is the conditional probability that ]X - %N i < 35 N still abouwt
68%, somewhat larger than 68%, or somewhat smaller than 68%? Explain which,
without doing detailed calculations.

Variance of discrete order statistics, Let T; be the place at which the ith good element
appears in a random ordering of k good and N — k bad elements. From Exercise 3.6.13,
the mean of Ty is E(T3) = (N + 1) /{k + 1), Caleulate SD{T3) by the following sieps.
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)

2) Let ok, N} = E(h(Th — 1)), 1 < k < N. Show by conditioning un whether
the first element is good or bad that

2 alk,N - 1)
k41 N

ok, N) = (I - k) [

b) Deduce that
2N + 1)}{N - k)

(k+ L)k +2)

ofk, N) =

¢) Deduce that
(N4 1)N - h)k
- (e +1P{k+2)

d) Check the case k = 1 by caleulating Var{1) direcily from the distribution of 7.

Var(T)

e)letW, =T ~Ti, i=1,...,k+1, where 5 = 0and Tigs =N+ 1. Use
the exchangeability of Wy, ... , Wiy, 1o show that forcachi = 1,.., ,k + }

Var(T}} =i Var(Ty) + i(i ~ 1) Cov(W;, W3)
Deduce that

CO'U(W; y Wg) - mV(.LT(T] )/k

and hence that
k41— i{N+ 1N -k}
{k+1){k+2)

) Give an intuitive explanation of why SD(T;) = SD{Txy) ., ).

Var(T:) =

g) Suppose that Ty, ..., Ty are the places at which the aces appear in a weli-shuffled
deck of 52 cards. Find numerical values of E(T;) and SD(T.) for i = 1,... 4.

Let Vi,...,V, be the order statistics of n independent uniform (0, 1) variables, Lot

A=W+ -+¥W)/n, average of all the order statistics,
Aext = {V1 + V,)/2, average of the extremes.
Amid = Vint1)/2: the middle value, where you can assume n s odd.

a) Show that for large n, each of the A’s is most likely very close to 1/2,

b) For large n, one of the A's can be expected 10 be very much closer to 1/2 than
the two others. Which one, and why?

¢) Forn = 101 find for each of the A's a good approximation to the probability thal
it is between .49 and .51,

From discrete to continuous spacings. Let Uy, < Upyy < ... < Uy, be the order
statistics of n independent uniform (0, 1) varables I7),.. U, et V) = iy, Vi =
Uy~ Uj-yforl <i<n, andlet Vayy =1~ Uiny- Imagine the unit interval is cur
into subintervals at each of the n random points U for 1 <4 < n. Then V|, Vo, ... V4,
are the lengths of the n + 1 subintervals so obtained, in order from left o right. This
model for cutting an interval at random is of interest in genetics. The V; could represent
the relative lengths of strands obtained by random cutting of a long molecule such as
DNA. For a positive integer N > nlet U}, ... . Uy _, denote N - n more uniform ({), 1)
variables, independent of each other and of the cut points 17y, ... U7, For 1 <ind]
let NV, denote the number of U] that fall in the interval (U, _y,, Upy) of length V, (whers
Uipy = 0 and U g1y = 1 10 make the definition work for Ny and Nyaq)
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4) Show that the joint distribution of Ny,..., Va8 identical 1o the joint disuribu-
tion of the discrete spacings Wi, ..., Wiy derived from a random ordering of
aces and N — 1 nonaces as in Exercise 36,13, That s o say, (N, ..., Ny ) bas
uniform distribution over the set of all (n -+ 1} —tuples of non-negative integers
(0y s npat) Wi 0y 40+ g = N - lnopartieudar, Ny, oo Vs are
exchangeable.

b

—

Conditionally given the continuous spacings (Vi, ..., Vie1), the sequence (¥,
Nyit) is distzibuted like the number of results in each of n+1 categories in a se-
quence of N —n independent trials with probability Vi of a result in category 7 om
each trial, Explain why this is so. Deduce that for large N, N /N is almost equal w
V; for each 7 with overwhelmingly high probability. It follows that in the limi us
N — 2o for fixed n. as discussed at the end of Exercise 3.6.12, the joint distriba-
tion of the normalized discrete spacings (Ny /N Ng /N, ..., Npj1 /N) converges
w0 the jaint distribution of the continuous spacings Vi, Va, ..o Vg1

{Keep in mind that the distibution of Nj depends on N, sa N /N does not just wend
o zero: the sum over i of the N/N is identically equal to 1.) Since the N/N ure
exchangeable for every N, it foliows that the V, are exchangeable, something that =
not obvious in the continuous model.

32. Joint distrlbution of continuous spacings. Continuing with the same natation us in
Exercise 31,

) Show that forv, > Owith vy + - - 4+ v = <

lim PIN/N > v forevery 1<i<n+ 1= (1-)"

N oo

by expiicit evaluation of the limit, using Exercise 3.6.15 and the fact that (M), ~
N*as N — oo for every k = 1,2, ..., This vields the corresponding prohabiliy
for the continuous modet: for v, 2 Owith vy + - 4+ g = v <1

PV, Zv forevery 1 <i<n+ 1) = {1 )"

Is) Show that the V. have identieal distribution with

¢) Deduce that V) has heta (1,9) distribution.
33. Maximum and minimum spacings. Continuing with the notation of the preceding
exercises, lel Vi = min,V, where the min is over 1 < ¢ < n - L

a) Show that Ve has the same distribution as Vi /{n + 1). Deduce the mean and
variance of Vi, from the mean and variance of the beta (1, n) distribution.

by Let Vingx = max; Vi, Parallel 1o the discrete formula of Exercise 3.6.16, show thm
for <o <1

nil
. n 4+
P(Viax 2 v) = E (—1) ! (n l, l) (1 —dw)}

i=1

where (1 —dv)} equals {1 — f0)™ if 4v < 1, and equals 0 otherwise,



Review Exercises 473

34,

35.

¢) Deduce by integration of this tail probability from 0 to 1 that

n+l 1 n4+1 1
EVm) = 3 0T s

i1

Iv is intuitively clear, and can be verified analytically, that as the number of cuts
n = o¢, Vinax — 6, which forces the distribution of Vinax to pile up around zero.
But the rate of convergence is rather slow.

d} Find the numerical values of E{Vinin) and E(Vipax) forn = 1,.. ., 10

Dirichlet distribution. A sequence of random variables (Qy, ..., Q,.) has Dirichlet
distribution with parameters {r,... . rn) if Qi >0, Gy 4+ - + Qn = 1, and

p(Qt € d(}‘a,i Sigm-— 1.) . F('ﬂ + T A q.f.
dqidge - - - dgm_1 I(r1) - T(rm) L2 i

i

~1

(Qz 2 Oa ql+' " '”‘G"‘?m = }}

For m = 2, (Q1, Q) has Dirichlet distribution with parameters » and s if and only if
2 = 1 — @ for (h with beta (r, 5) distribution. So the Dirichlet distribution is a mul-
tivariate extension of the beta distribution. There is a multivariate version of the result
of Exercise 5.4.19: If ¥;,1 < i € m are independent with gamma (r,, A} distributions,
Y= Yoand Q. = Y./Y, then (Q1,...,Q.n) has Dirichlet distribution with pa-
rameters (71....,7wm), independently of 3, which has gamma {r, \) distribution for
T =171+ -+ 7. Assuming this result, deduce the following properties of this Dirichlet
cistribution of (Q1,...,Qm):

a) The marginal distribution of @, is beta (r,,r ~ r;) .

b) For ¢ 5 j the distribution of Qi + Q; is beta (r; 4+ r,,7 — r, — 7,). Similarly for
any finite sum of at most e — 1 different Q,.

<) The joint distribution of the continuous spacings Vi,-- -, Vpiq derived from n
independent uniform (0, 1) random variables as in Exercises 31 and 32 is Dirichlet
with parameters 7, = lfor i <i<m=n+1.

Dirichlet—multinomial. Suppose that X, Xz, ... is a sequence of independent trials
with m possible values {1,...,m}, with probability q; for value i on each wial. The
parameters (ga, ..., gm) are unknown, and regarded as the values of random variables
(Qi.-- .. Q). Suppose the prior distribution of (@1, ..., Q) is Dirichlet with param-
elers (ry,...,r'm), 45 in Exercise 34. After n trials, let N; be the number of results 1,
that is the number of times that X; = ¢ for 1 € 7 < n. So the conditional distribution of
(Ni,...,No) given (Q1, ..., Qm) is multinomial with parameters n and (@1, Qm).
a) Show that the posterior distribution of (@5, . .. . Qum } giventhe resulis (Ny, ... N,
of n trials is Dirichlet with parameters (ry + Ny, ... .7, + Ny,
b} Find a formula for the unconditional probability PN, =n,for1<i< m) for
any sequence of m non-negative integers n, with ny 4 - + Thyn == Tl
[Hint: Use the fact that the total integral of the Dirichlet joint density with param-
eters {ry + Ny, ..., Py + Nan ) i5 1
€} Deduce in particular that if r; = 1 for 1 € i < m then the unconditional distsi-
bution of (Ny,..., Np) is uniform over its range of possible values,

d) Explain the result of part ¢) without integration by reference 1o Exercise 31,
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Discrete

namne P(k} = P{X = k) L
, mean variance
and rauge for k € range
wrifory o a+h (-t 1?1
o fa.a 4+ 1, ..,6} beog 1 2 12
Boeraoulh {p) 1Y e T2 . I
on {0, 1} Pl =p B =1 y P~
binomial (1) AN ek . ,
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Continuous

T andelined.

. N density f{r) cdf F{r Mean Vit
name He for r & range for ¢ € range : it
T R i r—a a 4 b “’ . ”)x.
ot (a.0) (ad) — - e -
. I 12 )
Hiivkmmal (0.1 e e 27 &l i |
wsprmal (0. 1) { ) Ner
{ g ")C) e g 5 (_r-u‘.lt)i',ﬂ'-o'—’ (I, ijw{l It n,z
' Viare o
onential (A) _ o oo s / s
i (1.A) | () A ‘ 1/A i\
r- 1 (/\I‘)k
A Ml .
(0] | Pl e terh LY r/A %
k() :
for integer v
2 o as above for A = L,
ey | ek Iy ety | abtvelor A g 2
AT-7 = rasog i n s even
s i 1 oa g TR
Rayleigh {0~} pe 21 P 27 v’ 5 —

Hhota {res)

0.1

see Exercise 4.6.5
for integer v and s

B ¥ . l } 1 ( 4 i
Cauchy L 'S :‘(T‘%”“;“:,“) 5 + MT.{ arctan(.r) 1 1
, 1 2 : ] i

(0.1 - aresind o
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Beta

Parameters: r »8and 5> 0
Range: z € [0,1]

Density function:

I .
P{X,,edr)fdz = »-mw——i-:x:’“l(l —zPl (0<z <)

where

1 s
B(r‘ 5) _ /G g:,‘_..;'(l . ,'L'}ﬁmldfl' — ?ﬁ%')_:,._‘g;.)).

is the bete function, and I'(r) is the gamma function (sec gamma distributions).

Cumulative distribution function: (Exercises in Section 4.6.) No simple general formula for
ror £ not an integer. See tables of the incomplete beta function. For integers » and s

P(X, <2)= Y

=

rls—1
7451
i

):;:"(I ) A (| E R §'

Mean and standard deviation: (4.6)

r TS
B(X, )= SD(Xpe) = - VTS

s (r+a)V/Ir+s+1)

Special cases:

s 7= s = 1: The uniform [0, 1] distribution.

o 7= 5 = 1/2: The arcsine distribution.
Sources and applications:

¢ Order statistics of uniform variables (4.6).

e Ratios of gamma variables (5.4).

¢ Baycsian inference for unknown probabilities.
Normal approximation:

» Good for farge r and s.



Distribution Summaries 479

Binomial

Paramelers:
n = number of trials (n = 1,2,...)
p = probability of success on each trigf (0 < p < 1)

Range: k€ {0,1....,n}
Probability function: (2.1)

Plk)=P(S=k= (Z)p’“(l =p)™ ™ (k=0,1,....n0)

where S = number of successes in n independent trials with
7\ probability p of success on each trial

= X1+ + X, where X; = indicator of success on trial o
Mean and standard deviation: (3.2, 3.3)
BE(S)=p=np  SD(8)=0=/np(l - p)
Mode: (2.1) int(np + p)
Consecutive odds ratios: (2.1)

Pk) (n—k+1) p (decreasing
B 1) p T ecreasing

Special case: (1.3)

Binomial (1.p) = Bernoulli (p), distribution of the indicator of an event 4 with probability
P{A)=p. '

Normal approximation: (2.2, 2.3)
If o= \/up(l — p) is sufficiently large

Pt~ ~9 (’“ "”)

2]

where ¢{z} is the standard normal density function

I S
Pla o b)%@(é—i—%—_ﬁ') ~-®(E—--u)

el
where @ is the standard normal cumulative distribution function.

Poisson approximation: (2.4)
If p is close o zero

Plk)=~e #u*/k! where p=np
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Exponential

Parameter: A > 0, the rate of an exponential random variable T
Range: 1 € [0,00)

Density function: (4.2)
P(T € di}/dt = e ™M {t >0)

Cumulative distribution function: (4.2)
PT<t)=1~e* (120
Often T' is interpreted as a lifetime,

Survival function:
P(T>t) =™ (t>0)

Mean and Standard Deviation: (4.2)
E(Ty=1/Ax SD{T)y=1/A
Interpretation of A:

A= P(T edt|{T > t}/dl

is the constant hazard rade or chance per unit time of death given survival o time {. Sec
Section 4.3 for a discussion of non-constant hazard rates.

Characterizations:
o Only distribution with constamt hazard rate,
» Only distribution with the memoryless property
PI>t+s|T>8)=P(T >s)
for all 5, >0
Sources:
e Time until the next arrival in a Poisson process with rate A.
o Approximation to geometric (p) distribution for small p.

» Approximation to beta (1,s) distribution for large s.

» Spacings and shortest spacings of uniform order statistics.
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Gamma

Parameters: 7 > ( (shape} A > 0 (rate or inverse scale)
Range: t € {0. <)
Density function: (4.2, 5.4 P(T, €dt)/dt =T(r) A7 —1e (1= )
where T'(r) = [7 "7 le"!dt is the gamma function. Note: I'(r) = (r — 1)! for integer .
Cumulative distribution function: (4.2)
No formula for non-integer 7. See tables of the incomplete gamma function. For integer r

e (AR
PTa St = P(Nep27) =1-Y M2

k!
kes=)

where Ny denotes the number of points up to time ¢ in a Poisson process with rate A,
and has Poisson {At) distribution.

Mecan and standard deviation: (4.2) E{To ) =r/A SD{T, )= /r/A

Special cases:

» gamma (1. A) is exponential (A).

e gamma (n/2,1/2) is chi-square (n}), the distribution of the sum of the squares of n
independent standard normals.

Sources:

» Sum of r independent exponential (A) variables,

& Time until the rth arrival in a Poisson process with rate A
e Bayesian inference for unknown Poisson rates.

* Approximation to negative binomial {r,p) for small p.

* Approximation to beta (r, s) for large s.

Transformations: (Notation: X ~ F means X is 2 random variable with distribution F)
Scaling: T ~ gamma (r,A) <= AT ~ gamma (r, 1)

Sums: For independent Ty ~ gamma (r;, \) > T~ gamma (32 ry, A)
Ratios: For independent T, 5 and T, ,

T, k
7 FEEAT ~ beta(r, s} independent of the sum T,y + T}, 5 ~ gamma {r + s, A
roA T Agd

I'(r+3)

T{rjxs

Normal approximation: If r is sufficiently large, the distribution of the standardized zamma
variable Z, \ = [T — E(T, 1 )]/SD(T,.») is approximately standard normal,

Higher moments: For s >0 E|{(T,.,)%] =
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Geometric and Negative Binomial
Geometric

Parameter: p = success probability.
Range: n € {1,2,...}

Definition: Distribution of the waiting time T to first success in independent trials with prob-
ability p of success on each trial.

Probability function: (1.6, 3.4)
Pn)=PT=n)=(1-p)" 'p (n=1,2..)

Let I = T — 1 denote the number of faitures before the first success. The distribution of
F is the geometric distribution on {0,1,2,.. .},

Tail probabilities:
P(T > n) = P{first n trials are failures) = (1 — p)™
Mean and Standard Deviation: (3.4)
BT =1/p  SD(T)=+/{1=p)/p
Negative Binomial
Parameters: p = success probability, r = number of successes,
fange: n € {0.1,2,...}

Definition: Distribution of the number of failures Fy before the rth success in Bernoulli trials
with probabiiity p of success on cach trial,

Probability function: (3.4)

P(F.,.rzn)mp(fl}::nr{—"r‘)= (nji; l)pr{l—p)n (n:{)al»"')

where T, is the waiting time 10 the rth success. The distribution of T = F. 4+ p iy the
negative binomial distribution on {r,r +1,...},

Mean and standard deviation: (3.4)
E(F)=r(l-p)lp  SD(F.)=+r(1<p)/p

Sum of geometrics: The sum of 7 independent geometric (p) random variables on {0,1,2,..}
has negative binomial (r. p) distribution. |
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Hypergeometric

n = sample size
Parameters: N == total population size
G = mumber of good elements in population

Range: g {0,1..... n}

Definition: The hypergeometric (n, N, G} distribution is the distribution of the number § of
good elements in a random sample of size n without replacement from a population of
size N with & good elements and B = N — G bad ones.

Probability function: (2.5)

G).U(B)b . ((::) (}if}
)

1

n {
Plg) = P(§=g) = ( )
g
is the chance of getting g good elements and b bad elements in the random sample of
size n. Here b= n — g. The random vartable is
S = number of good elements in sample = X; +--- + X,

where X; = indicator of the event that the ith element sampled is good. These indicators
are dependent due to sampling without replacement. But each indicator has the same
Bernoulli{p) distribution, where

p=GIN = P(X; = 1} = P(ith element is good) foreachi=1,... n

Compare with the binomial {n, p} distribution of S for sampling with replacement, when
the indicators are independent.

Mean and standard deviation: (3.6, 6.4)

E{S) = p=mnp SD(S) = o = np(1 :};5

Note; Mean is the same as for sampling with replacement. But the $D is decreased by the
correction factor of /(N —n)/(N —1).

Normal approximation: As for binomial if ¢ is large enough, for ¢ as above with correction
factor.

Poisson approximation: As for binomial if p = G/N sufficiently small but both ¢ and N
are large.

Binomial approximation: Ignores the distinction between sampling with and without re-
placement. Works well if n < N and both G and B are large.

Conditioned binomial: Let S, be the number of successes in n independent trials which are
part of a larger sequence of N independent trials. Then no matter what the probability
of success p, provided it is the same on all trials, the conditional distribution of S, given
Sn = G is hypergeometric (n, N, G).
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Normal

Standard Normal

Range: z € (~o0,00)

Standard normal density function: (2.2, 4. 1)

P{Z € d2)/dz = ¢(2) = =€ 2% (~00 < 2 < 00}

Standard normal cumulative distribution function:
PlZ<z)=%(z)= / bz )da

No simpler formula- -use a normal table (Appendix 3).
P(—z2)=1~-®{z}  (by symmetry and rule of complements}

Mean: ( Standard deviation: 1

Other moments:

E(Z7™y =0, modd (by symmetry)
_ {2m)!

(e o N
E(Z*™) = T m=0,1,2,...

E{12]) = \/%

B(c'#) = "/

Sources:

e Approximation to standardized sums of independent random variables (2.2, 3.3 4.1,
5.4),
» Standardized normal {3, %) (4.1).

& Approximation to binomial, Poisson, negative binomial, gamma, beta. See summaries
of these distributions for conditions under which the approximation is good.
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Transformations: (5.3, 5.4) (Notation: X ~ F means X is a random variable with distri-
bution F.) Let Z;,Z4,... be independent siandard normal.
Linear: (21 + Z3)/v2 ~ standard normal.

S i~ standard pormal  iff 2uoi=1 (rottional symmetry)

Quadratic: Z* ~ gamma (1/2,1/2)

Zi+Z3 4+ 22 ~ gamma (n/2,1/2) = chi-square (n)
Ratios: Z,/Zy ~ Cauchy {0, 1)

Normal (... 0?)

X =p+eZ where Z~ normal (0, 1)

Note: All tormulae follow from this linear change of variable.

Mean: Standard deviation: ¢
Density function: (4.1)

P{X edr)/ds = %cb ((z —p)fo) (~x<z< 00)

Cumulative distribution function:

p(XSx)::(b(x;u) (—o0 < 2 < o)

Sources:

* Approximation w distribution of heights, weights, etc.,

over human and biological
popuiations.

& Measurement errors,
* Random fluctuations,
‘Sams: (5.4)
If X, are independent normal (4,07}, then 37, X; is normal (3, 1,3, 02).

Bivariate normal

X and ¥ have standard bivariate normal distribution with correl

Y =pX+ 1 - p2z

where X and Z are independent standard normal variables.

ation g if and only if
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Poisson

Parameter: g = mean number.
Range: ke {0,1,2,...}
Probability function: (2.4, 3.5)

PRy = P(N, =k)= e "ub /K (k=0.1,..))

where N, is the number of arrivals in a given time period in a Poisson arrival
process, or the number of points in a given area in a Poisson random scatter, when
the expected number is p.

Mean and standard deviation: (3.5)
E(N,) =u SD{N,) = /1

Sources:
s Poisson process.
e Approximation to binomial as p — 0 with g = np (2.4).
e From independent exponential variables Wi, Wy, . with rate 1. Let

N, = {first n such that W) 4 - -+ W, >} — 1

Transformations: (3.5
Sums: Let Ny, N,,,. ..., N, be independent Poisson. Their sum has Poisson distri-
bution with parameter 3 0., .

Poissonization of the binomial: (3.5)

If S = number of successes and Fy = number of failures in N trials, where N has
Poisson (p) distribution, and given N the trials are independent with probabhility p
of success on each trial, then Sy and Fy are independent with

Sy ~ Poisson {p)  Fy ~Poisson {ug) p+g=1
Notation: X ~ F means X is a random variable having distribution F'. Similarty for
multinomial trials. A consequence is the following;:
Binomial distribution of Poisson terms given their sum:
If N, and Ny are independent Poisson variables with mean o and £, then the

conditional distribution of N,, given Ny, + Ny = n ks binomial (n, - :} ﬁ‘)
x4

Normal approximation:  Good for large y.
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Uniform

Uniform distribution on a finite set: (1.1)
This is the distribution of a point picked at random from a finite set 2, so that all
points are equally likely 1o be picked, For 4 C €2,

: #{A)
P{A) = ———
W=Fw
Special cases:
e Bernoulli (1/2) distribution: uniform distribution on {0, 1}.
o The number on a fair-die rolk: uniform distribution on {1,2,3,4, 5,6}

e Uniform distribution on {1,2,...,n}: Let X have uniform distribution on the
mtegers 1 1o n. Then

I n+1 , n? -1
F(X) = 5 SD(X) = T

Uniform distribution on an interval: (4.1)

Parameters: a < b, endpoints of the interval.

Range: v ¢ (a,b) (or {a,b). or (a,b} or [a, b)~the endpoints don't matter.)
Density function:

PX edr}fdr =1/(b—-a) a<x<b
The probability of any subinterval of {a.b) is proportional to the length of the

subinterval.
Cumaulative distribution function:

0 fz<a
PX<zx)= ¢ (x—a)f(b—a) ifa<i<h
1 ifer>b

Mean and standard deviation:

E(X)=(a+b)/2  SD(X)= Jﬁl_";;)"'
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Transformations:

Linear: (4.4)
If X has uniform (a, b} distribution, then for constants ¢ > 0 and d, the random
variable ¥ = ¢X + d has uniform distribution on (ca + d, cb + d).

Cumulative distribution functions: (4.5)
Let X be a random variable with continuous c.«Lf. F. Then the random variabie
F(X) has uniform (0, 1) distribution.

Inverse cumulotive distribution functions:
Let U have uniform distribution on (0,1), and let F be any cumulative distri-
bution function. Then F~'(U) is a random variable whose c.d.f. is F.
This allows random numbers with any given distribution to be generated from
uniform {, 1) random numbers.

Order statistics: (4.6)
The kth order statistic of n independent uniform {0, 1) random variables has
beta distribution with parameters k and n - k+ 1.

Sums: (5.4)
The density of the sum of n independent uniform (¢, 1) random variables is
defined by polynomials of degree n — 1 on each of the intervals [0,1), [1,2),
sy (n—1,m)
For n 2 5, the distribution of the standardized sum is very well approximated
by the standard normal distribution.

Uniform distribution on a region in the plane (5.1)
A random point (X, Y') has uniform distribution on a region D of the plane, where
D has finite area, if:
(i (X.,Y) is certain to lic in D

(1) the chance that (X,Y) falls into a subregion C of I is proportional to the area
of C!

PU{X,Y) € C] = area(C)/area(D) CC D

If X and ¥ are independent random variables, each uniformly distributed on an
imterval, then (X, Y) is uniformly distributed on the rectangle (range of X) x (range
of ¥).

Suppose (X,Y) is uniformly distributed on a region D in the plane. Then given
X = z, ¥ has uniform distribution on the values of ¥ which are possible when
X=u

Uniform distributions on regions in three or higher dimensions have similar properties,
with volumes replacing lengths and areas.
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490 Examinalions

Midterm Examination 1 (1 hour)

1. Ten dice are rolled. Five dice are red and five are green. Write down numerical expressions for:

4) The probability of the event that exactly four of the ten dice are sixes.

Iy The probability of the event that exactly two of the red dice are sixes and exactly three of the green dice
show even numbers.

¢) The probability that there are the same number of sixes among the red dice as among the green dice.

d) The probability that there are strictly more sixes among the red dice than among the green dice.

2. Yive cards are dealt from a standard deck of 52. Write down numerical expressions for

a) The probability that the third card is an ace.
b} The probability that the third card is an ace given that the last two cards are not aces.
¢) The probability that all cards are of the same suit.

) The probability of two or more aces.

3. A student takes a multiple choice examination where each question has 5 possible answers. He works 2
question correctly if he knows the answer, otherwise he guesses at random. Suppose he knows the answer to

709 of the questions.
2) What is the probability that on a question chosen at random the student gets the correct answer?
b} Given that the student gets the correct answer to this question chosen at random, what is the probability

that he actually knew the answer?

Suppose there are 20 questions on the examination. Let N be the number of questions that the student gets
correct, '

¢) Find E(N). d) Find SD(N).

4. Let A, B, and C be events which are mutually independent, with probabilities a, b, and ¢. Let N be the random
number of events which occur.
4) What is the event (N = 2) in terms of A, B and C?
b)Y What is the probability of this event in terms of a, b, and ¢
¢} What is E(N) in terms of a, b, and ¢?
d) What is SD{N) in terms of a, b, and &

5. Let X5 and X3 be indicators of independent events with probabilities % and % respectively,

a) Display the joint distribution table of X + X3 and X35 — X5,
by Calculate E{X, — X3).
¢) Caleulate SD{X2 ~ X3).
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Midterm Examination 2 (1 hour)

I have two coins. One shows heads with probability 1/10 when spun. The other shows heads
vability 1/2. Suppose you pick one of my two coins at random and spin it twice. Find:

icads on first spin);

‘a&s(on second spin);

ds on both spins);

---mbébiliw that the coin is the 1/2 coin given heads on both spins.

- false. A student answers a set of 100 true/false questions by answering 36 questions correctly, and
g the other 64 at random.

ipass mark is 70 questions correct, what is the student’s chance of passing? Give your answer as a
al correct to two places.

er student also knows 36 correct answers and guesses the rest at random. What is the chance that
one of these two students passes?

site balls. A box contains 998 black and 2 white balls. Let X = the number of whites in 500 random
h:replacement from this box. Calculate:

1)/P(X = 2);
1 given X =1 or 2);

mﬁﬁzaﬁt;b) assuming draws without replacement.

il ity. A system consists of four components which work independently with probabilities 0. 9, 0.8, 07,
Let X = the number of components that work. Find:
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Final Examination 1 (3 hours)

1 A random variable N is uniformly distributed on {1,2,...,10}. Let X be the indicator of the event (N < 5)
and Y the indicator of the event (N is even).
a) Find E(X) and E(Y).
b) Are X and Y independent?
¢} Find Cov(X,Y).
d) Find E[(X +Y)?].

2. A box contains § tickets. An unknown number of them are red, the rest are green. Suppose that to start off
with you think there are equally likely o be 0, 1, 2, 3, 4, or 5 red tickets in the box.

a) Three tickets are drawn from the box with replacement between draws, The tickets drawn are red, green,
and red. Given this information, what is the chance that there are actually 3 red tickets in the box?

b) What would your answer to (a) be if you knew the draws were made without replacement?

3. In the World Series, two teams play a series of games, and the first team to win four games wins the series,
Suppose that each game ends in either a win or a loss for your team, and that for each game that is played the
chance of a win for your team is p, independently of what happens in other games. What is the probability

that your team wins the series?
4. Let X, Y, and Z be three independent normal {0,1) random variables. Calculate:
O POX| <1,V <22 < 3);
b E{(X +Y + 2)%;
) P(X+Y <22).

5. Suppose that T is a random variable such that P(T>ty=e"t, t>0.

a) Find a formula for the probability density function fx of the random variable X = 1/T.
b) What is the value of E(X)?

6. A fair coin is tossed 100 times. The probability of getiing ezactly 50 heads is close 10 one of the fo]lowing
numbers.

0.001, 001, 01, 05 0.9, (.99, 0.999
a) Circle which number you think is closest and explain your choice.

b) How many times do you have to toss the coin to make the probability of getting exactly as many heads
as tails very close 1o one tenth of this probability of getting 50 heads in 100 tosses?
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“dice is rolled 7 times, where n is chosen so that the chance of getting at least one double six in the

very close ro 1/2.

e number of rolls n must be very close to one of the following numbers:
6, 12, 18, 20, 25, 30, 36, 50, 72, 100

J& which number vou think = must be close to, and explain your choice.

-fapproximateiy, is the chance that you actually get two or more double sixes in this many rolls?
€ your answer as a decimal,

ind: Uy be two independent uniform [0, 1] random variables. Let
X = min (U;,Us)
Y = max(Uy,Us)
m;i'hf{ul,ug} is the smaller and max(uy, u2) the larger of two numbers w) and ug. Find:

robability density function fx of X,
int density function fx y of (X,Y);
(X <1/2|Y 2 1/2).

Fbat_on average one person in a hundred has a particular genetic defect, which can be detected only
IOTALOrY test.

u";:‘fp{)se fifty people chosen at random are tested. What is the probability that at least one of them will
e the defect? {Answer as a decimal )

bout how many people have 10 be tested in order for the probability to be at least 9% that at least one

on has the defect?

is number of people are tested, what is the expected number of individuals with the defect?

T

&

s
£

ty,... .U, he independent uniform [0, 1] random varables. If n is large the geometric mean G, of

Un, defined by G, = (U1Us...U,)H", is most likely to be very close 1o a certain number g.
hy, and find g. ‘
e logarithms ]



494  Examinations

Final Examination 2 {3 hours)

1. Suppose one morning you pick two eggs for lunch at-random from a-dozen eggs in your refrigerator; thinking
that they are all hard-boiled. You then learn that in fact four of the eggs have not been hard-boiled.

4) What is the probability- that your two lunch eggs are both hard-boiled?

b) Given that you cra{ck one of your lunch eggs and find it is hard-boiled, what is the probability that the
second egg is hard boiled?

2. A hat contains n'coins, f of which are fair, and b of which are biased to land with heads wuh pr;a
with f+b=n. A coin is drawn at random from the hat and tossed once. It lands heads. What is th
that it is a biased coin?

3. A die has one spot painted on one face, two spots painted -on each of two faces, and threg spots painted on
each of three faces. The die is rolied twice,
a) Calculate the distribution f)f the sum -S; of the numbers on the two rolls. Dzsplay your answer i acable.
b) Calcuiate the numencai value of E(Sg) in two different ways to check your answer 10 4),
©) Caleulate the standard deWat:on of 8p.

4. Suppose the average family income’ in a particular area is $10, 000,
a) Find an upper. buuncl for the: fracuon of fam;hes in:the area with incomes over $50,000.:

b) Find a smaller upper bound than ina) gaven that the standard devsatmn is $8000.
¢) Do you think the normal approximation ‘would give a good- estimate for the fraction in quesngn?

5. A random variable X has probability density function of the form

: Cep® <y
fx(z) = {g“’ y 0<gexl

atherwise,

a) Find the constant e,
b) Fmd P{X <a) f0r0< a< L
o C_a]cu}a_te E(X )«__
d) Calculate SD(X).
6. Telephone calls arrive at an. exchange at an-ayerage rate of one every second. Find the- pr(}bab itié
following events, explammg brieﬂy FOUr assumpnans

a) No-calls. amv;ng ina: gwen ﬁve—sﬁcend penod
b) Between four and s;x calis amv’ng{m the fwe»secand per;od

¢) Between 90 and 110 calls arriving in 2 100-second period. (Give answer as a. deczmal)




> independent standard nonmal random variables.

ndent stang Find the probability density functions of
random variables:
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Final Examination 3 (3 hours)

1. Suppose you try 5 times to hit the bull's eye. The first time you have a 0.2 chance of a hit, and each time you
try your chance of hitting increases by 0.1. Let H be the number of hits in the five attempts. Assuming your
attempts are independent, calculate the following quantities. Answers should be decimals.

a) E(H), b) Var(H).

2. Suppose that in a network of 3 computers, at a given time the event that the kth computer is down has overall
probability pg, & = 1,2, 3. Calculate the probability that at this time there is at least one computer up:
a) assuming the computers are up or down independently of each other:

b) assuming that there is probability p of power failure, in which case all the computers are down, but given
that there is no power failure the computers are up or down independently of each other.

3. A fair six-sided die has:

the 1 spot face opposite the 6 spot face;
the 2 spot face opposite the 5 spot face;
the 3 spot face apposite the 4 spot face.

Suppose the die is rolled once. Let X be the number of spots showing on top, ¥ the number of spots showing
on one of its side faces, say the leftmost face from a particular point of view,

a) Display the joint probability distribution of X and Y in a suitable wble.

b} Are X and Y independent?

¢} Find Cov(X,Y).

d) Find Var(X +Y).

4. Suppose there are 50 married couples. After some years, 20 of these 100 people have died. Regard the 20
deaths as striking the 100 people at random. Find numerical expressions for:
a) the probability that a particular couple has survived;
b) the expected number of couples surviving;
¢) the probability that two particular couples have survived;

d) the variance of the number of couples surviving.

5. Suppose X and Y are independent random variables, each uniformly distributed on [0, 1], Calculate:

2) P(X?+Y?% <1); by P(Y? > 3X72); <) P(X2 +Y? < 1given Y2 > 3X73).

6. Suppose a particle has velocity V which is normally distributed with mean 0 and variance g2 Let X = mV2/2
where m > 0 is a positive constant. Find formulae in terms of m and o for;

a E(X), b) the probability density function of X ) Var{X).
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';Type 2's at an average rate of 2 per minute, Assume these are two independent Poisson processes.
inerical expressions for the following probabilities:

‘Type 1 particles and four ot Type 2's arrive in a two-minute period;

the average X, ={X+ Xg +-++ Xyp)/n  of n independent random variables, each uniformly
Hstribated on [0,1]. Find n so that P(X,, < 0.51) is approximately 90%.

itisticians are watching a sequence of independent Bernoulli trials with probability p of success on
al. The first statistician estimates p by the proportion of successes in the first 100 trials. ‘The second

stimates p by the proportion of successes in the next 300 trials. Consider the probability that the
Himate is closer to p thun the first,

in why this probability hardly depends at all on p, provided p is fairly close to 1/2.

ning p is fairly close 1o 1/2, this probability is very close to one of the following numbers:

G: 1/10, 1/5, 1/41 1/33 1/2, 2/3, 3/4, 4:/5’ 9/10’ L
Arhich one, and why?

0-dice are shaken together and rolled. Any that turn up six are set aside. The remaining dice are
dw.roiied again. Any of these that turn up six are set aside. And so on, until ail the dice show six.
e number of times the dice are shaken and rolled. To illustrate, if after the first roll of 10 dice, 7

emain, and after the sccond roll of these 7 dice 2 non-sixes remain, and after the third roll of these
On-5iXes remain, then N = 3.

cribe the distribution of N.
Consider the number of times each die is rolled.]

be the total number of individual die rolls. To illustrate, T = 10 + 7+ 2 = 19 for the Qutcome
bed above. Descrihe the distribution of T.

be the number of dice shaken on the last roll. To illustrate, L = 2 for the outcome described above,
ibe the distribution of L.

1

RN k&g&*
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Midterm Examination 1--Solutions
L (ZG)(X/G)“(S/G)S
by @)(z/ﬁ)ﬂ(sfﬁ)?'(i)u/z)s

o (5 wor+ (3) werwrer+ (5) woreme +-+ (5) e

d) 1 (1 - answer 1o ¢))

2. a)1/13  by4/50
o (B (4) (48) N (4) (48)
\ 5 BUACTAAULY
) 75 D1 (52)
5 5
0.7

3. ) 07+(03)(02) =076 b —

-3
(=)

¢) 20 x .76 d) 4/6 % x%

ol -

4. a) ABC°UAB*CUA*BC
b) ob(l ~c)+a(l - b+ (1 —a)be
Ada+bte
d) a(l—a)+b(1-b)+c(l —¢

5 a)
Xo+ X3
X,-Xs | 017 2
T | 0 [1/6] 0
0 /3| 0 11/6
1 0 l1/3] 0
1
b)g
11 12
9Yz'zt3'3
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Midterm Examination 2--Solutions

= P(1/10 coin)P(H1|1/10 coin} + P(1/2 coin)P{H, | 1/2 coin)

2) = P{1/10 co P{H1H2 {1/10 coin) + P(1/2 coin)P(H, H2|1/2 coin)
;ﬁ)'+§x(%)

_P1/2¢ anHH 1/2 coin) _ 3 X 25

100

" be the number of carrect answers in 64 questions; then X has binomial (n = 64, p = 1 /2)
ibution, so EX =32, SD(X) =4

v

) Pipassing) = P(X > 34) = P(X > 33.5) = P (X ;32 | 33'54" 32)

= 1 — $(0.375) = 1 — 0.646 = 0.354
545 just 2pg for p = 0.354, g = 0.646, i.c.

2pg = 2 x 0.354 x 0.646 = 0.457

has'binomial (n = 500,p = 2/1000) distribution, so

P(X=1) 2 _1-—pw_g__a%’@__2
P(X=2) n-2+1 p 290 2.~
Hor2) = P(X =1) . PX=1/PX=2 _2
’ PX=1)+P(X=2) PX=1)/P(X=2)+1 3
. P(X =1) _ (DG L, dess00r 500 1000
CPC=2) T )y TS gogtigel X don T 409

1000/499) 1000
ntmueas before: PIX =111 2) (
ores PUX = 11T or 2) = w7409y +1 = 1299

Xy + X2+ X3+ X4, where X, is the indicator that the ith component works.
BX) =3 P(X,=1)=09+08+07+06 =30

Xy =T, Var(X,) =09 x 0.1 + 0.8 x 0.2+ 0.7 x 0.3+ 0.6 x 0.4 = 0.7
D(X) = 08367
(X =0)=1-01x02x03x 04 = 0.9976

X08x03x04+09x02x0.7x04
%0.6+0.1x0.2%0.7 x 0.6 = 0.2144

SO~ -

+0.9x%x02x03x06+0.1x08x0.7x0.4+0.1 % 0.8 x

g

%

%
E
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10,

Final Examination 1--Solutions

a) B(X)=E(Y)=1/2.
h) No.

<) 1120,

d) 1.4.

ay .36 hyo4

7 7 N .
(s Qs (ens -sane

where g=1-p.
2y 065 b3 o2

ﬂmlf;r

D fx(@) = —;

by E(X) = o0,

, 20, 0otherwise.

a} 0.1, by normal approximation or Stirling’s formula.
b 10? tosses,

a) 25,
b} 0.152 (Poisson approximation)

a) fx{e)=2-22, 0<e<y, 0 otherwise.
b fxy(z,y) =2 0<z<y<l, 8 otherwise.
c) 2/3

a) 1-e /2,
by 100 log 100.
<) log100.

e~! by law of large numbers.

5

2

6
)p“«f + (3)134913,
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Final Examination 2--Solutions

= 0.424 Gsampling without replacement)  b) 7/11

3§75 1%
/36 1 10/36 1 12/36 | 9/36

b %i <} ¥10

3 é- (Markov's inequality)

= % {Chebychevs inequality)

fause income > {1,

. 3 e y
d) =000

ed

5 g6
isS0n process) by e " (3? + = + g;) ¢} (.68 (normal approximation)

LS 6 14T

§+6=17

/2,1/2)  b) gamma {1.1/2} ¢ normal 0,9

] . 2 . 20
oz by ——{1 — cosa)+ 1 — =
2 7 sina T

of large numbers says that the proportion of heads

is very likely to be very close to 1/2, not
is very likely 10 be exactly | /2
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Final Examination 3—Solations
1, a) 02+4+03+04+05+06=20 b 02x08+03x07+04x06+05%x05+ 06x04=11

2. a) 1 - P(all down) = 1 — pipeps
b) Answer is (1 — p)(1 — rirars), where r; is the conditional probability that computer £ is down given no

power failure. But p; = p+(1—p)ri, sor; = {(pi—p)/{1—p), and the answer is

(1-p) [1 - p)gz_mpiglg(pa ~p)

3. a) Values of X
1 2 3 4 b 6
0 [1/24  1j2a | {24 1/24] 0
1247 0 |1/2411/34] 0 |1/24
128 [1/24] O 0 |i/24 | 1/24
1241 1/24] 0 0 (124 1 1/24
1/241 0 1/24 1 1/247 0O 1/24
0 124 (12411724 [ 1/24] O

Values of Y

ol O] il W] B

b} No.
c) Cov(X,Y) = 0.

& Var(X +Y) = Var(X) + Var(Y) = £ + 3 = & = 5833

4. 2 & x B =0638

b) Let I; = mdlcator that couple ¢ has survived. Then
50 50

E(# couples surviving) = E Y L = Y E(;) = 50 x 0.638 = 319

i=1 i=1

0 o5 X 79 X ;g & =0.4033 = E(I. 1y)

d) Var(Ss) Z Var(l;) + 2> _ Cou(l;, Ik); here
1==1 i<k
Var(L;) = E(I) — [E(I))]* = 0.638 ~ 0.6382 = 0.23085,
Cov(I;, Ir) = Cov(ly, I} = E(I1]z) — E(I)E{I;) = 0.4033 — 0.638% = —0.004196,
so Var{Ssp) = 50Var(l1) + 50 - 49Cov(I1, I) = 50 - (0.23085) + 2450(—0.004196).

5 a) P(X2+Y2<1)

_ area of shaded region

area of square

i—?r(l)z
12

=L w785
=T=0.




__ area of shaded region
- area of square

O
-2 (ﬁ)m ! 02887
1 V3

gaand = L5, s0 0 = 30°. and

P(X?+Y? <1lgivenY?>3X?)
area of shaded region
area of shaded region in (b)
_) B m g
i .
Mo 8 W3

2 ‘has gamma (3, 552 distribution, so

L
~——2—~—a and Var(V?) = —&— = 2.

27 57)
80.E(X) = E (3mV?) = jmo?.
Koe %m‘/z; Vo= f 2K,

dv 2 1 1
%)k
fv(v) = \[—0‘ %
= fx(z) =2fv(v) E; =

€ 20

9 1 - ) ( 1 ) 1 g /e
V2ro V2mz,]  Jrmxo.

2

) By part ), Var(X) = Var (3mV?) = %220* = m?0%/2

4
f Type 1)P(4 of Type 2} = ¢ 2-:2;- e“*i[

65/5‘ since the total number of particles of either type in a two-minute period has Poisson [2(1 + 2)]
dution.

- 3
)=PNy>4)=1-PNy<q)=1-¢? (1+15+ +1;)

of Type 2 after 2nd of Type 1)

ird of Type 2 at or after 5th of either type)

bor 1 or 2 Type 2's in first 4 particles)

1+48+2¢4 11

L 1/3)4 + 4(1/3)3. (2/3) +6(1/3) - (2/3)* = =TTT8L o7
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8. X, has approximately normal (0.5, 13-} distribution. Want n so that

) 0.01
0.9 = P(X, <051)~ @ (-——-)

v 1/12n
= _u()_{“}“].m =~ 1.29
v 1/12n
2
1.29 1.29 i
= \/12n~m LT 1L RS (m) T <=> n = 1387

9. a) By the normal approximation

o ¥, - |Xmo - p| %?300 ~p| 1 — |Z']
P (| X100 — ol > [Yaoo —pl) = P T 7 = P 1Z1>%

10 V310
where Z and Z’ are independent normal (0,1).

h) 2/3. Reason: by circular symmetry of (£, Z'),
the desired probability is

arctan (V3) _ /3 _ 2
/2 T x/2 3

10.  a) Let W; be the number of times die 1 is rolled. Then N = max; W}, and the W, are independent with
geometric (1/6} distribution, so

nq 10
P(N <n)= P(W; <nfori=11010) = P(W < n)1® = [1..(%) }

P(N =n)=P(N<n)- P(N<n-1).
b) T =Wy + -+ Wiy, so T - 10 has negative binomial (10, 1/6) distribution

e (D

o Use P(L=1)=) P(N=kL=1)with

k=1

P(N =k,L =1) = P(10 - ! dice have fallen 6 by roll k — 1, ! dice fall 6 on roll k}
10
= () ov <k - pow =

-G e
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Appendix

Counting

Basic Rules

Let #(B) denote the number of elements in a finite set B. There are three basic
rules 1o help evaluate #(B), the correspondence rule, the addition rule, and the
multiplication rule. The first of these is the basis of counting on your fingers:

The Correspondence Rule

If the elements of B can be put in one-to-one correspondence with the elements
of another set C, then #(B) = #(C).

The trick 10 using this rule is 1o find a one-to-one conespondence between 2 set
you are trying o count, and some other set you already know how to count. See
examples below.

The Addition Rule

If B can be split into disjoint sets By, Ba, ..., By, then

#(B) = #(Br} + #(B2) + - - + §#(Bx).




The multiplication rule is generally less applicable, but nonetheless extremely useful.
The number of elements of 2 set B is the number of different ways in which an
clement B may be chosen. In many problems it is possible to regard the choice of
an clement in B as being made by stages. For example, if B is a set of sequences,
the choice of a sequence in B can be made by choosing the first element of the
sequence, then the second element, and so on. The number of elements in B is
then equal to the number of ways of making the successive choices. If there are k
choices to be made, and at each stage j < k there are n; possible choices available,
where n; does not depend on what choices were made previously, then #(B) is
equal to the product nyny - -~ ng, by the following rule:

The Multiplication Rule

Suppose that k successive choices are 1o be made, with exactly n; choices avail-
able at each stage j < k, no matter what choices have been made at previ-
ous stages. Then the total number of successive choices which can be made is
nINg - M.

The same rule can be expressed in other words. For example, choices can be replaced
by decisions or selections. Notice that exactly which choices are available at stage j
may depend on what choices have been made carlier, provided that the number of
these choices available, that is 1y, does not. The multiplication rule can be proved by
mathematical induction, using the addition rule. A good way to visualize the setup
for the multiplication rule is to think in terms of a decision tree, where at each stage
the decision is which branch of the tree to follow, Here is a decision tree representing
k = 3 successive choices, with i, = 4 choices available at stage 1, np = 3 choices at
stage 2, and ny = 2 choices at stage 3. The number of possible successive choices
is the total number of paths through the tree. In accordance with the multiplication
rule, there are 4 x 3 x 2 = 24 paths.

AAMAAD




Appendix 1: Counting 509

Sequences, Orderings, and Combinations

Let § be a finite set. A sequence of length k of elements of 8§ is an ordered k-tuple
{s1.82....,8;) with s; € § foreach j. If § has n clements, the first element of the
sequence can be chosen in n ways. However the first is chosen, the second can be
chosen in n ways, making n x n = n? ways to choose the first two elements of the
sequence. Whichever one of those n? choices is made, there are n ways to choose
a third element, so n? x n = n® ways to choose the first three elements, This is the
multiplication rule in action. Continuing in this way gives the following:

Formula for Number of Sequences

The number of sequences of length k from a set of n elements is n*.

Let S be the alphabet, that is, the set of 26 letters {a,b, ..., 2}. Call a sequence of
five letters, such as “aargh”, a five-letter word, no matter whether it is meaningful
or not. Define a k-letter word similarly. There are n = 26 letters in the alphabet §,
Hence there are

26 one-letter words,
26°=26x26 two-letter words,
26% = 26 x 26 X 26 three-letter words, and so on. In general, there are

26" =26 x 26 x --- x 26 k-letter words.

k facors

An ondering or permutation of k elements of S is a sequence of length & of elements
of § with no duplications. That is to say, an arrangement of k distinct elements of
S Af S has n elements, the first element in an ordering can be chosen in n ways.
However this choice is made, the second element can be any one of the n — |
remaining elements. So there are n{n — 1) ways to choose the first two elements
in an ordering. Whichever one of these choices is made, there are 1 — 2 remaining
elements from which to choose a third element for the permutation, so n(n—1)(n-2)
ways 1o choose the first three elements in an ordering. Continue in this way, choosing
one clement of the ordering at a time from among the remaining possibilities, anc
use the multiplication rule to obtain the following:




Formula for Number of Orderings

The number of orderings of & out of n elements is

nn—1{n-2)--(n—k+1).

The product of k decreasing factors n{n - 1)(n—2) - (n — k + 1) is denoted (n)y,.
a symbol which may be read “n order k. It is the number of ways of ordering &
out of n elements. Alternative notations for (n)k, found in some other texts, are ,, P
and P¥. Compare with the larger number n*, the number of sequences of length k.
without the restriction that there be no repetitions.

Let S be the alphabet as in Example 1. A permutation of length k& of the 26 letters
of the alphabet is a word of length & with no repetitions of leflers. For example, for
k=5, “aorgh” is such a permutation, but “aargh” and “gargh” are not. There are

26 one-letter permutations,
(26)2 =26 x 25  two-letter permutations,

(26)3 = 26 x 25 x 24 three-letter permutations, and so on.

In general, there are

{26) = 26x25x24x---x(6~k+1) kdetter permutations,

"

T
k faciors

In the birthday problem (Section 1.6), the probability that a group of & people all

have different birthdays, assuming all possible sequences of & birthdays are equally
likely, is

(365) _ 365 X 364 x - x (365 — k + 1)
365+ 365 x 365 x - - x 365

because the denominator is

the number of all possible sequences of birthdays of
length k, while the numerator is the number of possible sequences with no dupli-
cation, that is, the number of possible permutations of k birthdays.
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Factorials

The notation n! is used for
(nlp=n{n-1)--.2-1

and by convention 6! = 1. The symbol n! is read “n factorial”, By the formula for
the number of permutations in the special case k = n,

the number of ways of ordering a set of n elements is n!.
Put another way,
n! is the number of different ways to arrange n objects in a row

and {from above

!
(N = m

is the number of different ways of arranging k of these n objects in a row.

The above expression for (n), is correct because the factor {n — k)! in the denomi-
nator cancels the last n — k factors in the numerator, leaving just

(nr=nx{(n-1)x-x(n=k+1)

The formula works even when k = n, because of the convention that 0 = 1.

A permutation is a particular kind of sequence, namely one with no reperitions, Bur
combination is just another name for “subset”. A combination of k elements from a
set of n elements is a subset consisting of k of the n elements. A combination may
also be called an unordered sample. The number of combinations of k elements from

a set of n elements is denoted ( k)' a symbol which is read “n choose k. This is

the number of ways of choosing k out of n elements. An ordering of k of z set of n
elements can be made by the following two-stage procedure:

(i) choose a combination of k elements;

(it} order the combination.



The number of ways of making the first choice is k)' And no matter what com-

hination is chosen, the number of ways of ordering it is {k)g = k! Thus by the

multiplication rule,
7
= !

Dividing both sides by k! yields the following basic formula:

Formula for Number of Combinations
(Subsets)

The number of ways of choosing k out of n elements is

ny () nt _nln 1) (n—k+1)
(k:)w kT kn k) k{k—-1)---1

By the convention 0! = 1, ( 0) =1, every set has just one subset with no elements,

the empty set. To make the second formula in terms of (n), work in this case, make
the convention that (n)g = 1.

As well as being the number of subsets of size & of a set of n elements, one-to-one

ny |
correspondences show that ( !c) is;

~ the number of different ways to choose k places out of n places in a row:;
- the number of different ways to arrange k symbols p and n — k symbols g in

4 row.

The numbers are also called binomial coefficients, as they appedr in the bino-

mial theorem

(z+y)" = i (2) zhyn

k=)

Number of Subsets of a Set of n Elements

The number of subsets of a set of n elements is 27,
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Note that the subsets include both the empty set and the whole set. A subset may be
chosen by deciding for each of the n elements whether that element shoukd belong
to the subsel. or not. There are n successive choices to be made, with two possible
choices at each stage. The product rule applies once more, to show that there are 27
subsets in all. Since each subset may be classified according to its size, the number
of subsets may also be expressed using the addition rule as

> (1

The equality of this expression with 2™ is the binomial theorem for r = y = L.

Exercises: Appendix 1

{i) Prove that
ny n
k)  \n—k

(a) by using the formula for (:)

(b) by exhibiting a2 one-to-one correspondence between subsets of size k
and subsets of size n— k.

=G0+

(a) by using the formula for (:)

{i) Prove that

(b) by breaking subsets of size k into two mutually exclusive classes, one
class comprising all those subsets which contain 2 given element, and
the other all those which don't.

(i) Use (D) and (i) to generate the next two rows in the following tuble (called

Pascal's triangle), where (:) appears in the kth column of the nth row.

k
01 2 3 4 5
011
11 1
271 2 1
n{31 3 3 1
4y? * 7 7 7
51?2 2 7?2 ¥ 7 3




(iv) Check that the formula

i n
— 7
2 (1)=2
k=0
holds for rows n = § 10 5 in Pascal's triangle. (If it doesn't work forn = 4 or
5, go back and redo (i)

(v) Prove the formula of (iv) using (ii).
(@) using (i),
(b by proving that both sides of the formula represent the number of subsets
of a set of n. elements. For the left side use the addition rule for counting
after partitioning the collection of all subsets according to size. And for

the right side use the product rule for counting after identifying a subset

A C{L,2,...,n} with the sequence of zeros and ones which is the
indicator of A,

(D-5E6)-£0)
n i \k/ \n—~k —\k
{vii} Find a formula for the number of sequences of (s and I's of length n such

that the sum of the 0’s and 1’s in the sequence is k. [Hint. choose the places
for the 1's.]

(vi) Prove that

(viii)  a) Prove that for ko+ ki + kp = n, the number of sequences of 0's, 1’s, and
!
2's of length n which contain exactly ky 0's, ky 1's and b2 s is — 1"

(h) Genenalize your formula to find the number of sequences of the numbers
01,2 ..  mof length n in which the number J appears k; times, These
numbers are called multinomial coefficients,

(ix) Prove the binomial theorem by counting the number of terms of the form
25" ¥ in the expansion of (z +y)m.

(x) How many different eleven-letter words (not fecessarnily pronounceable or
meaningful!) can be made from the letters in the word MISSISSIPPE

(xi) How many different 9-card poker hands can be dealt from a regular 52-card
deck?

(xii) How many of these hands contain no aces?
(xiii) How many contain o aces, for a = ( to 47

(xiv) How many contain all cards of the sanwe suit?



Appendix

Sums

i
The symbol Zai stands for the sum of the terms a; from ¢ = 1 10 n, also denoted

i=1
ooyt +an

Note that the symbol i is an index or dummy varigble. It can be replaced by any
other symbol without changing the vatue of the sum. So

™ i1
PILEDIL
i=1 j=1

Sums are often made over other index sets than the first n integers. For example,

5
Za,-=a.3+a4+a5

=3

If the range of i is clear from the context, 2 sum may be written simply 3, a;.
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General Properties of Sums

All sums are assumed to be over the same range of i:

Constants: If x; = ¢ for every ¢, then

Z x; = (number of terms) X ¢

i

Indicators: If z; = 0 or 1 for every 4, then

Z:z:i = (number of 3 such that z; = 1)

Constant factors:

E c:ri-—-cZ;r:,-
i i

Addition:

E(-’L‘i + ;) = E.’E, + Eyé
i i i
Inequalities: If z; < y; for every i, then

Z%SZ%

Particular Sums

n
1424 dn=Y i=nln+1)/2

i=1

" _ pntl
Provided R # 1, 1+R+R2+---+R“=2Ri=1 R




Appendix

Calculus

Infinite Series

Let ay,ag, ... be a sequence of numbers. The infinite sum

Y o=tz oo

is called an infinite series.

The finite sum

n
Yai=ar+az+oo+an

1=

is called the nth partial sum of the o’s.



Convergence of Infinite Series

o

'The series Z a; converges if the sequence of partial sums converges to a finite

FIN Y
H
limit, that is, if lim a; exists and is finite.
e DO
i=1
[ 43

The series Z a; diverges if the sequence of partial sums does not converge to
izl

k)
a finite limit, that is, if lim Zai either does not exist or is infinite.
o0 <

gl

f a1, az,. .. are all positive, then the sequence of partial sums is increasing, and thus
has a limit, though the limit may be 4+o0. So the series }::’;l a; either converges, or
diverges to +o00.

Some Common Infinite Series

i |
Z—:-H‘xzr

n=1 n
1 _w?
e
L= 6
X, . pio first term
Geometric series: If |r| < 1, Z = = -
- 1-r 1-~common ratio

@ n
Exponential series: Z %T =e* (see Appendix 4

n=f}

Derivatives

The function f(z) is said to be differentiable ot g if

i @0+ A) ~ F(ay)

Az Az
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exists. In that case, the derivative of f(x) at zy is defined as the limit

o) = im L2+ 820~ fao

If f(z) is differentiable at every zp in its domain, then f(z) is called differentiabie.
Interpretations of the derivative
The derivative f'(zo) may be interpreted as
the rate of change of f(x) at zq,
or
the slope of the graph of f{z) at z,.

If y = f(z), the derivative function f/(z) is often written as

dy d
& O f(z)
Yy v = flz)
A tangent line at 2,
F'(zy) = slope of this line
S (zy)
1




Properties of Derivatives

Constants: If f(z) = cfor all z, then f'(z) = 0 for all z.
Constant factors: {ef) (x) = e(f'{z))

Addition: (f+g)(z)=f(x)+4'(x)

Multiplication:  (fg)'(z) = f'(z)g(z) + f(2)g'(z)

Chainrule: L f(o(2)) = £'(9(<))d (@)

Some Common Derivatives

—g*=nz" 1,  n=12,..

dx
d 1
a;log(m}m;, z>0

d
— BT 4
dme e

% sin () = cos (8)

%- cos (8} = — sin (6)
1

vier
-1

Wi i |z} <1

4 arcsin {z) =

dz

d
7, ArCcos ()=

darcta (z} =
e n(z} =

1
1+ 22




Appendix 3: Calculus 521

integrals

Consider 4 non-negative function i(z) defined for  on the line (~o0, 00). For ex-
ample, h{z) might be the following curve.

The area under the graph of h(z) between two points a and b on the line is by
definition the integral of A(z) from a to b:

b
Area(ato b) = f h{z)dzx.

This area integral is a limit of areas obtained by approximating h(z) with step func-
tions which take a finite number of different vatues on a finite number of disjoint
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intervals, as in the following diagram:

It is shown by calculus that such area integrals exist, and that they can be evaluated
by finding a function H which is an anti-derivative or indefinite integral of h,

H'(z) = h(z), % (z) = hiz), or ] h(z)dz = H(z),

to express the same relation with three different standard notations. Such an indefi-
nite integral H is unique apart from the addition of arbitrary constants, and

b &
Area (a o b) = / h(z)dz = H(b) ~ H{a) Y H(z)

i

The total area under the graph of h

Area (—0o to 00) = / h{z)d«

is defined as the limit of Area (4 to ) as @ — —oo and b — oo.

Fundamental Theorem of Calculus

/ ’ F'(z)dz = F(b) - Fla) ¥ F() b

[+
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n In-l-l
_/Ida::n-;—l {n#~1, z>0)

/ i‘d:c = log(x) (z > 0)
e dr = 1 8e
[ d ﬁe
j log (z)dz =zlog(z)— =z (x> 0)
[ sin {(#)df = — cos ()
/ cos (8)df = sin (0)

]uﬁ%ﬁ-dm = arcsin (z) (2| < 1)

1
] mdﬁl;‘ = arcian (:B)

Some Indefinite Integrals

| et do = vom

—o0

/ e T dx = nl {n integer,n > 0)
0

L min!
o 1__ n e
_[3 T -2 de {m+n+ 1)

Some Definite Integrals

The first four properties of integrals in the box below should be compared 10 the

corresponding properties of sums, listed in Appendix 2.
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Properties of Integrals

Assume a < b,

Constants: If f(x) = cfor all z, then
b b
f Hzx)dz = ] edr = (b — a)e = (length of interval) x ¢
Constant factors:
b b
/ f(@)dr = ¢ f f@)ds
Addition:
b b b
[ e+ stenas = [ r@ie + [ owyas
Inequalities: If f(x) < g{(z) for all z, then
b b

[ 1w s [ ooy

Splitting the range of integration: fa < b< ¢,
I b c
[ 1= [ e [ j@as
a a b

Integration by parts:

b b
[ 1@ @i = et - [ e

v A e

ngioe



Appendix
Exponents and

- Logarithms

Suppose that b > 0. For each positive integer z, a number b7, called b to the power
z, b to the exponent x, or just b o the z, is defined by b* = b, b = b.b, and s0 on. So
b* s the product of x factors of b. This implies the first two rules stated in the box
for positive integer exponents x and y. The definition of ¥* is extended to z = Q.
negative integers x, and rational numbers z, by requiring these two rules 1o hold
for all these values of = as well. This implies the rest of the laws stated for rational
z and y. The definition of § is further extended to all real = by assuming b* is a
continuous function of .

Laws of Exponents

For b,e > 0, and all real numbers x and y:
D bV = prpY
(D) b = (b= )¥
(i) B° =1
(v) b~ = 1/b"
W) ¥ = bF [pY
(vi) (be)® = b=c®




To illustrate, for a positive integer n, 8%/ is the positive nith root of b, also denoted
¥/b. This comes from rule (i) forz = 1 /n and y = n. For positive rational & = m/n,
(if) gives

b = (bl,/n)m = (bm)ljn

Negative exponents are defined by rule (iv). The idea of multiplying together x
factors of & does not make sense if z is not a positive integer. But the extended
definition of exponents is very useful for algebraic manipulations with powers.

For y > 0 and b > 0 the equation y = b" is solved by a unique number z = log,{y),
called the logarithm of z to base b. In other words, the function ¥+ log,(y) is the
inverse function of x — b%. The laws of exponents imply the following:

Laws of Logarithms
Forb>0,2>0,y>0,

log p{zy) = logs(z) + logs(y)

logp{x?) = yloge(z)  (true also fory < 0y
logp{l) =10

fogs(1/z) = —log,(z)

logs(y/x) = logs(y) — loga(x)

log o(z) = log.(b)logs(z) (change of base)

As the graphs suggest, 6 is a differentiable function of = for every b > 0. This
involves the constant

e= 2.71828...

defined precisely by any of the formulae in the next box. While the funciion £ — ¥
may be called an exponential function for any b > 0, the exponential function is

exp (x) = ¢*
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FIGURE 1. Graphs of y = 6°
6.4 (125 (1/4)* N 2%
P
H
40 H
H
20 A
00 . .~ ‘;' .'::"_-:3....'_,__ ,
-4 -3 -2 -1 0 1 2 3
Exponentials with Base e
Derivative:
__q_(e:n) = g*
dx o

€' =1+ 1+ e(x)

Product limit:

Tangent approximation near zero:
where e(z)/r - 0asz — 0

Convex inequality:
ef>14x for all z

Series: 2 3 0 ek

emnl%m%%+%—+”-=k§:ﬂ%

e® = lim (1 + E)"
00 T
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The inverse of the exponential function is the logarithm to base e, or natural foga-
rithm,

log(z) = log.(z), z=>0.

Logarithms with Base e

Derivative:
4 log (z) = 1
dr B\ T
Tangent approximation near one:
log(1+2)=2z-6(z)  where 6(z)/z —0as z — 0
Concave inequality:

log(1+2)<z forall z

Series:
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FIGURE 2. Graphs of ¢* and log z. The groph of log z, the inverse function of e* is obigined
by refiection of he graph of e about the 45° line y = 2. Just as the slope of § = € is 0 = |
as this curve passes through the poinf (0, 1), the slope of the curve y =log z is also 1 as it posses
thraugh the point {1,0). So

the 457 line ¥ = = + 1 is tongent below the curve y = e* at 2 = 0,

the 457 line y = @ — 1 is tungent above the curve y = logz otz = 1.

This gives the fangent opproximations and inequalities for exp and log.

T

y y=-¢

8

R
T
.

y=logx

!
+ T







Appendix
Normal Table

Table shows values of ®(z) for z from 0 to 3.59 by steps of .01, Example: 1o find
(1.23), look in row 1.2 and column .03 to find (1.2 + 03) = $(1.23) = 8907
Use ®(z) = 1 — @(-z) for negative z.

(1 o —%1 o2 038 ©4 05 06 07 08 09 |

G0 | 5000 5040 5080 5120 5160 5199 5239 5219 5319 5359
0.1 ff 3398 5438 5478 5517 5557 5596 5636 .5675 5734 5753
0.2 || 5793 5832 5871 .5010 5048 5087 6026 6064 6103 614)
0.3 || 6179 6217 6255 6293 6331 6368 6406 6443 6480 6517
0.3 | 6554 6501 6628 6664 6700 6736 6172 0808 6844  6B79
0.5 || 6915 6950 6985 7019 7054 7088 7123 .TA57 7190 7224
0.6 || .7257 7291 7324 7357 7389 7422 7454 7486 7517 754y
0.7 || 7580 7611 7642 7673 7703 7734 7764 7794 7823 7852
08} .T881 7910 7939 7967 7995 8023 8051 8078 8106 K133
09 {f 8159 8186 8212 8238 8264 .8289 8315 .8340 8365 %389
10 | 8413 8438 8461 8485 8508 8531 8554 8577 8599 8621
11 || 8643 8665 8686 8708 8720 8740 8770 8790  BRI0 .8830
12 || 8849 8860 8888 8007 8025 6044 8062  BORO 8997 0015
L5 |} 9082 0049 0066 9082 9099 9115 9131 G147 9162 9177
L4 |l 9192 9207 9222 9236 9251 .9265 9279 9202 9306 9119
L5 j| 0332 9345 9357 9370 9382 9394 9406 9418 9429 .94d1
16 || 9452 9463 ~ 9474 9484 9495 0505 9515 9525 0535 O54%
L7 |1 9554 9564 9573 9582 .9501 9599 9608 9616 9625 U633
L8 | 9641 9649 9656 9664 9671 9678 9686 9693 9699 0706
L9 | 9713 9719 9726 9732 9738 9744 9750 9756 976] 9767
20 ) 9772 9778 9783 9788 0703 G708 0803 9808 6812 ORI
211 9821 9826 9830 .9834 0838 9842 UR46 9850 0854  UR5T
22§ 9861 9864 0868 9871 9875 9878 98BSl 9884 .OBRY .URGO
23 || 9893 9896 9898 9901 9904 9906 .9909 9911 9913 9916
240 9918 9920 99220075 9927 0920 9931 0930 0934 503G
25 | 9938 9940 9941 9943 9045 9946 0048 9040 9051  9u52
26 1 9953 9955 9956 0957 9950 9960 9961 9962 9963 9964
274 905 9966 9967 9968 9969 9970 eI 0970 9973 9974
28 || 9974 9975 9976 9977 9977 0078 0970 8970 9980 5087
290 <981 9982 9982 9983 9081 9984 .9085 0085 998  998g
30 9987 9987 9987 9988 9983 0080 9980 9980 9990 9990

3.1 ) .9990 9991 999y 9991 9992 9
. . . 949 . ? :
R T L 2 9992 9992 9993 9993

9994 9094 o € B 5 g

(/ H995 9995 9oos 9996  goog 9996 qggz ggg‘()i 333(; g?l?);

% /}ggg}’ P97 9997  .gogy -9997 9997  9oy7 :9997 '.;).998

/ / % L2298 0998 ggum 9898 9598 999 9998 |
-43/ &gﬁgg g,@(‘j (s /







Brief Solutions to

Odd-Numbered Exercises

L1.%
1.1.3.
1.1.5.
1.1.7.
1.1.9.
1.1.11.

1.2.1.
1.2.3.
1.3.1.

1.3.3.

1.3.5.

a)2/3 DE6.67T% o 0.6667 D A/T eI 5T 4% 5T

A 1/n% b)Y (n—1)/nf (1~ 1/m/2 & nin ~ 1) Ve /2
@) 2652 B I/13 o 1/18 D 1/221  er¥3a0

2D 1/9 D 1/4 O5/36 D36, (2 - 13/36 0 erd

1/11, 1/6

Use the definition of fair odds, substitute in the formala for the howse per
centage,

The opinion of the judge,
a) X >1 b} Yes. In this situation. you can get back more than yiag b
4/7 of the cake

Q={1,2,...,500} ) {17,93,202)
b) {17, 93,202, 4, 101, 102, 398}"‘ <) {ICS. I8, 92 04, 201, ’;i‘{iii}
a) first coin Jands heads b)Y second eoin fands mils

d) at least two heads  ¢) exactly two tails
way

o8 st coin laneds Besds
3 fist two coins b the s



1.3.7.

1.3.9.
1.3.13.
1.3.15.

1.4.1.

1.4.3.

1.4.5.

1.4.7.

1.4.9.
1.4.11.

1.5.1.

1.5.3.

1.5.5.

1.5.7.

1.6.1.
1.6.3.
1.6.5,

1.6.7.

l.rev.l.
1.rev.d.

l.rev.5.

1.rev.T.

1.rev.9.

1 P(1) = P(6) = p/2 and P(2} = P(3) = P(4) = P(3) = (1 - p)/4
hy (3~ p)/4

209 M1 ol

Use inclusion—exclusion for two sets.

Hind: Let Ay = BY.

2) can't be decided; the rest are true.

5%

) 17/35

ay 0.3 by 0.6

py == 0.1, pa = 04, and pg = 0.5

oM omlE ol @ e

A 7/24 0 by8/T

) 4/41 by 1/41

2y 0.0575 by 0002 © 0.9405 d)16/115~0.138 el yes
) 5/12  byno ) You would be right 7/16 of the time.

) Respond by always guessing box 1. Your probability of correct guessing, is
1/2.

5

4) 0.7692 b)) 0.2308

ay 1 - {364/365)""1 D) at least 254

a) papige + psqipz t papip2

1) pg + P(flows along top) —py - P{flows along top) where P(flows along wop)
was calculated in a)

6/11

False

The chance of passing when you use the first order is zh{2 — z). With the
second order, ivs hz(2 - h).

2 2] 1 g . B
) d. 30,2928 20 L 30 29 28 27 i
RO 40 48 47 o) 49 4R 47

a)1/60 b 3/5 o 13/30
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g
l.rev.il. ‘@—}-jgs—b

lrev.18. Hint: Write P(A|B) = Y7 | P(AB;|B).
l.rev.15. 2/3
l.rev.17. False
211 @ (3 b ((1/6)*(5/6)°
2.1.3. &) 0.1608 b 0.1962 096845 d)0.3125 )05

FR AN 1% 15 15
2.1.5. a) % (o3} %;—gl ¢rl-— {%E%-l-ﬁx ‘},)}
iz 12, 1z

LZ}

2.1.7. 0.1005

2.1.9. 1) 8, with probability 0.1387 b) 0.1128 ¢ (.1133
2,111, 211 B 0.2186
21.13. wyno MO5 Q075 DOS
2.1,15. ) Note that np = in¢ (np) + [np — int (np)].

2.2.1. ay0.7062 b 01509 ) 0.0398 d) 0.0242

2.2.3. a)thefirssone  b) 0.1841 > 0.0256

2.2.5, 0.3974

2.2.7. 4) City B has better accuracy.  b) Both have same accuracy.  ¢) City B has
better accuracy.

2.2.9. 2)0.0485 D) Increase ¢} 0.1093
2.2.11. @) 0.4562 b)0.2929 ) 0.2929 d) Increase  ¢) Could be due 1o chance
2.2.13. sample 9604 people

2.3.1. Hint: P(k) = R(k) - R(k — 1)--- R(1)P(0).

2.3.3. ) Use odds ratios.  b) Condition. ) VUse the inequality 1 - x < =%,

2.4.1. a) Approximately Poisson(1) b} Approximately Poisson(2) ¢} Approxi-
mately Poisson(0.3284) '

2.4.3. ) (0.999674. b) 0.997060.
2.4.5. 0.5943. 0.3092, 0.0804.

24.7. 22 002659 02475 ) 0.2565 e)m = 250: Normal approx: (L0266
[} m = 2; Poisson approx: 0.2565
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2.4.9. Use Poisson approximation: 0.9828
20% £30 0
2.5.1. @) i%gf) by () (2/5)4(3/5)°
10
YL anr48 43 (48
2.5.3. @) id_)s%)l ) (35{,‘“’ C) ik (9,,3 4
E} (12 13 _(13)
2.5.5. n > 537 will do.
2.5.7. @) (.1456 by 03716 <) 0.0929
2.5.9, ) 0.282409 Db) 0.459401
2.5.11. max{0,n — N + G} to min{n, G}
2.5.13. 0.0028
,
2.rev.l. ) ((N(1/6)4(5/6)5 b (15[ O /60 D 3%
2.rev.d. 2)1/6 b)1/4
2.rev.5. f;f
60
2uorev.7. k= 1025
2rev.d. 0.8 b)guess 3 <) 0.4375
2.rev,11. 0.0102
2.rev.13. 0.99; the chance that any particular packet needs to be replaced is about
0.0144.
2rev.15. 2) (F)(0.4)5(0.6)'5  b) 5285 (0.1)2(0.2)*(0.3)5(0.4)*  © (3)(0.1)%(0.9)*
g 4 4
& 5 1
2.rev.17. a) %4) b) (1) P (1) X LGT) <) (g) » %Q
2.rev.19. a) (2/3)* b ()(2/3)4(1/3) + (2/3)*
2.rev.21. 2&31)/2 (Meep™e.
(Ax1/2)4+{2x6/8)+(.1x14/16
2.rev.23. (.2x1/2)+{.4x3/'4)+{.2)x7(/8)+(.{xi‘?&/iﬁ}
2.rev.25. 2)p%, 3p%qg 6p%¢7 DI pP +3pPg+6pig2 O m‘é}rﬁ'&? d) 0.376 e no.
2.rev.27, (.3971
2.rev.29. 0.0579
2.rev.31. Hint: np 2 npg
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2.rev.33.
2.rev.35.
3.1.1.

3.1.3.

3.1.5.

3.1.7,
3.1.9.
3.1.11.

3.1.13.
3.1.15.

3.1.17.
3.1.19.

3.1.21.
3.1.23.
3.2.1.
3.2.3.
3.2.5.
3.2.7.
3.2.9.
3.2.11.
3.2.13.
3.2.15.

3.2.17.

Hint: Think about conditional probabilities.
) 10 50 (1900)(1/38)k(37/38) 1000k 1) g normal; 0,876

&) P(X = 0) = 1/8, P(X =1) = 3/8, P(X = 2) = 3/8, P(X = 3) = 1/8
D) PX — 1) =0) = 3/8, P(IX ~ 1] = 1) = 4/8, P(X — 1{ = 2) = 1 /8

a) All integers from 2 to 12 inclusive.  b) Partial answer, P(S = 2) = {736,
P(S =3)=2/36, P(S =4) = 3/36, P(S = 5) = 4/36

Partial answer: P(X3 X5 = 1) = 1/36, P(X, X, = 2) = 2/36, P{X, X, = 3) -
2/36, P(X1X; =4) = 3/36, P(X1Xo = 5) = 2/36, P(X;X) = 6) = 4/36

a) (ABC®) U (AB°C) U (A°BC) b) ab(l - ¢) +a{l ~ by + {1 - a)he
Partial answer: P(X =2} =5/35 P(X =3) = 10/35

a) binomial (n + m,p) & (2,:‘)

_ _ 2n—2(k-1
a) 2;n2 = . b) /nlogd

A1l/m b)Y (r—1)/2n O (n-1)/2n &) {2k-1)/n? ¢ RICET P SR P
Dk~1)/mPfork=2t0on+1; 2n—~k+ 1}/n? fork = na4 210 9n

D PZ = k) = (k/20) () (1/2% + (1/21) TF_, (2)(1/2)20

a) Partial answer: P(S = 7) = p,rg + pors + Parta + pars + psry + pery
d) ves

yes
PX<T)SPY <T)

41.5

The expected number of sixes is 1/2, the expected numlrer of oddy is 3/2
Expect to lose about 8 cents per game,

i1 P

pP2pr+r

Simple upper bound: 0.3  Actual probability: 0.271

2)35 D) 8458 543 d10/3 ) 0.9690 £} 5.0310

Show that E[L(Y, )] = (A + 1) 3, (b - v)p(y) — b,

A AN Oy B )
&y A (s '
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3219, ) vyt 21/ TV (2/T)3/7) + (1T THG/T) + (1/72(2/7)(3/71)2)
b) 2{L = (6/7)°] + 1 — (5/7)5 + 1 — (4/7)°

3.3.1. a) B(X)=3042 SD(X) =086 b E(X) = 3044, §D(X) = (.86
333 5 M2 o1 b2
3.3.5. Hint: Use the computational formula for the variance.
3.3.7. wno BEX)=%? ap, Var(X) = 5_?,“,7%1719L
3.3.9. Dr(l-m)+in-rip, bHrQ = P11+ (= r)pa(1 - py)
3311 E(Y)=a+b(25), Var(Y)=b2(n? - 1)/12
3.3.13. ) 111112 b) 55556 <) 1300
3.3.15. b) 108
3.3.17. 23005 b)0.03 092
3.3.19. Approximately 1~ $(1.66) = 1 — 0.9515 =~ 0.0485
3.3.21. 1) 0.0876 D) 0.0489
3.3.23.  Approximately &(—0.77) =~ 0.22
4.3.27. Forb), reduce to ad. For o) Half the st are zeros, the rest are nines,

3.3.28. @) Guess 4. by (n =1 1/10, (n = 2) 19/100; (n = 33) 0.6826; (n = 66)
0.8414; (n = 13D 0.9544. O n = 220 will do.

3.3.31. ) 9/2,v33/2  d) 26(2b/+/33) - 1

3.4.1. (‘) (1«;;-)4 B (A-pfp o1 -p)7p
d)Zk o ()P (1~ p)*=* (k)P’“(l“ )

3.4.3. 12

3.4.5. I.,ct ¢ =l=p.adgd b)lape" o (G192q3)" " — (¢1g293)"
&) p2/(1 ~ g14293)

. g . . .
4T D B Oy Eh dp=1F 923

3.4.9. Expect to lose $4 per game,

8.4.10. a) I b) MRL. o) RaRe gy p(N = k) = {g448)* (1 - qagy)

for k=1,2,3,...
3.4.13. @) P(Black wins) = 1{-’;{; b B-vE)/2 Ono D13

3.4.15. a) Use Exercise 34.6 b) Hint Look at the tail probabilities P(F > k)
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3.4.17.
3.4.19.
3.4.21.
3.4.23.
3.5.1.
3.5.3.
3.5.5.
3.5.7.
3.5.9.
3.5.11.
3.5.13.
3.5.15.
3.5.17.
3.5.19.
3.5.21.

3.6.1.

3.6.3.

3.6.5.

3.6.7.

3.6.9.

3.6.11.

3.6.13. a) Uniform on all ordered (n + 1)-tuples of non-negative

1
AHE (k20)

Hints:  a) Negative binomial b) symmetry ¢ Use the result of b)

ap b
Ap/L~qz) B fi=2 fo=2L2 fo=6(2)°
(0.1428

a) 0.222  b) About 44

0.39

a) Poisson(3), Poisson(2), Poisson(5) b} 0.3679

a} 0.0996 b) 0.8008 <) 0.3951

aye 22/4l )6 o) eIt 4

a) 2.60 x 10923, 5.19 x 10232 b) 7.19 x 10-5 cm
a) 19801, 1.97 b 1.79 ¢ 0.59

a) 0.0067 b) 0.0037

DY i, 1?1 Y+, 1B 4 30+ p

) 0.58304 ) 0.5628 ) 0.58306

b RATEL Ay (46
2 1/13 b)a/soc)azx%g%dn_b%},%) A%@;l
] & [

a) 8/47  b) (12x 11 x 10 x 9 x 8)/{51 x 50 x 49 x 48 x 47} o 1/4
d /13 ©1/13 H1/4

Db (5" B3 + b - 1) (32)" — 2 (852)*

a)n - 26 32-n) .26 26
Dn-5 b (52-1) La-o A

.y N4l BG(N+1
M O V IG+1§’-‘(G+2§

a) P(zy,..., o,) = 1/(;’) &y 4 -+ 2y = g and 8 otherwise
M no ¢ yes

integers with suim
Nen OWN-njun/(Nut & EW)=(N-n)/{n+ 1},

E(T:) = i(N +1)/(n +1), 9.6, 106, 21.2, 318, 424 <) %2 mt)
0 P(Dn = d) = P(W; + Wogs = N — 2 d). Now use ), " |

B(Dy) = 700
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Brief Solutions

3.6.15.

dorev.l. a

Jurev.3.

3.rev.5.
d.rev.7.
3.rev.O.
J.rev.1l1.

3.rev.15.

3.rev.17.
J.rev.19.
J.rev.21.

Jrev.23.

d.rev.25.

3.rev.27.
d.rev.29.

3.rev.33.

3.rev.37.
J.rev.41.
4.1.1.
4.1.3.
4.1.5.
4.1.7.
4.1.9.
4,1,11.

(_.‘) fl oz 0 = {‘IE-*E"i; .ﬂz =iy !J =

~(5/6)"" H110/6 35 ) G)6)

=y, =lisob=n-1

(10) (-))I (I_Zh =H) [( ) }/6) leﬁ)ﬁﬁ'klz)

a) {2z — 1)/36

13 2/5 fory = 1,2 and 1/5 for y = 3.

Q2B lorl<y<u

<Gand 1/36fory =

d) 7

4) — 184 cents by 2031 ) 12.667

Ay UI8TH I O0h 0,219

A 5/12 b T7/12 o 44l ) Approximately 796

PUX < 2) is largest, P{X > 2) is smallest.

a) Binomial (100, 1/38)
shifted w {3.4, ...}

by Poisson(100/38)
d) 3 = 38
A N/E ) 0.3604
are P by 0.6065

Negative binomial distribution on { 0,1, ... } with parameters v = 3 und p

a) '( mye ) H/V2n tends to the Rayleigh distribution (See section 6.3).
Y /T dY T or so.

) Partial answer: P(Y] + Yy = 0) = 9/36, P(Y; + Ya = 1) = 12/36,
PUY) + Yo = 92) = 10/36. 1) 10/3

343.047

¢ uniform on {0,

L...,n}

S0 S SRR, | W S
b) PR R E”""%la%-};} (]) 2‘1_‘3(14_%)

d) no, yes  e) ..Jz,,; N f;qéf%g

a) (") -(—)i

ar2350 DT 8400 D ET0 e) T30

2 0.000399 b 0.000242
W6 by 1/2

by 7/12

YT/
) 1/2

A 13/54 1172, 1/20
d) no

(.096
0.0418
al 0.2325

by (L6102 ¢) .84

<) Negative binomial (3, 1/3%)
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4.1.13. 2 1/16 b n>134
41.15. 2(0,1/2)  byerf(z) =20(v32) =1 0 B(z) = (erf(2/v/3) + 1)/2
4.2.1. @) 1/32 Db)3.32years O 10vyears d) 0.3679
4.2.3. 06321 b)0.3935 ) 0.8647 ) 0.99995
4.2.5. a)086 b)0.73 <} 4 seconds
4.2.7. ~;1( tog {1 —p)
4.2.9. O E(T*)=1T(n+1).
4.2.11. bre * —e~

4.2.13. 2) 5% per day
b) (d = 10) 6065, 49; (d = 20) 3679, 48.  (d = 30 2231, 42,

4.2.15. 1) 80 days b) 40 days ¢©) 0.6472

4.2.17. @) E(Tow) = 80 days, SD(Tiow) = 20V/2 days, Pl > 60) = 0,744,
h) four spares will do.

43.1. D 1-G@H) b Gla) - Gb)
. b - a ] @ - el TR
4.3.3. @ (m) fi>0 b (m) (W) e "("5"%3%%”57” 10,
samy- A1/ o 1 i i erese Y — 2 ; o3
4.3.5. ) Mean: AYor (L + 1) variance: A~/ {I“{;?; A1)~ 3,);"’}
4.3.7. b)9.265 © About 1 — ®(2.456) = 0.007

4.4.1. Exponential (A/c)

4.4.3. fy(y) = ;W fol<y<l.

4.4.5. 0 <y <1then fy(y) = g%; 1<y <dthen fyly) = géf"“i?

4.4.7. Apply Exercise 4.4.6
4.4.9. One to one change of variable formula

4.5.3. 4) Y has the same distribution as X
D0 <r <1then Fr(r)=r? and fa(r) = 2r.

4.5.5. Ifz S U, then FX(Q’;) o %gz; if @ E {}‘ then }FX.(‘.’EZ) P . %{:‘.Wx"

457, O fr(y) =22 (3>0) OS5l O L ¥ = Vol (T TR
4.6.1. 20,0881 b 0.0056 c¢)0.0399
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4.6.3.

My-e) DA-z-(y-2)* Iy~ (y-2)
D1-(L-2)" -4+ y—a)" o (fz*(l~yn*

0 (E)EL (1-y)" "+ (k:l)zk+l (1-g)"* 1 =5y n’i—!k~1)f * (y—z)(1-g)n !

4.6.5. a) P(Xq < x) = 30, (DF@)I - Flz)"
drev.l. ne™™ b ne M1 —e M)
4.rev.3. Density: 322 if 0 <2 < 1. Expectation: 3/4
drev.s. D04 b0 <t <30 then P(T > ¢t) = =2 . [ 30 < ¢t < 70, then
P(T>t)= %2t o) fr(t) = 2/100i 0 <t < 30, = 1/100 if 30 < ¢ < 70,
d) mean 29, SD 19.8  ¢) Locate the station at the midpoint of the road.
drev.?. da=2 EX)=0 Ver(X)=2/0° e ify>0
A1 (1/2)e P if 2 > 0; (1/2)eP* if z < 0
4rev.ll. a)1/2 b) % ) %‘%ﬁ
d.rev.13. a) ew’\lm;f\‘“)s eﬂdi;({\‘ﬂili b) e~ 800c+Adis} Bl oct Al 42 IR (m%)m
4.rev.15. 0.2518
d.rev.19. 2) (20~ 2}log,10  b) 20log210 — log 2
d.rev.2l. a) fy(y) = 2ye~?’ {y >0) b)exponentiat (1) )1
4.rev.23. )5, 4 D) far(m) = 0570509 (m > 3) ) 0.3679
4.rev.25. a) uniform (0,1/2)  b) uniform {0,1) <) 1/4, 1/48
4.rev.27. a) Use the fact that all the n! orderings of Uy, ..., U, are equally likely,
4.rev.29. a)Whenc< \/g
b) Expected net gain is maximized at b satisfying e~"/2 = VEe
5.1.1. a)7/12 b)5/36
5.1.3. 7/12
5.1.5. a}01 b)o.81
5.1.7. 2(1-2)* DIFO<z<lthen PM <z) = 1—(1-2)? and fap (x) = 2(1~a)
5.1.9. 1/4
521 Dl0<yl<z<lthen fxy(zy)=1 b IFO<z<1then fx(s) = 2z;
if0<y<lthen fy(y)=1-ly] Ano & E(X)=2/3, E(Y)=0
523. 93/4 b3 ('—‘33 + a‘z) O 3 (24 6%)
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5.2.5.
5.2.7.
5.2.9.

5.2.1%1.
5,2.13.
5.2.15.

5.2.17.

5.2.19.

5.2.21.
5.3.1.

5.3.3.
5.3.5.
5.3.7.
5.3.9.
5.3.11.

5.3.13.
5.3.15.
5.3.17.

5.4.1.

M

3A+4p

1/8

®) 22272 (0 <z < y), o b) 2A%eEANE (15 0z w0y e,
¢ X is exponential (2A) and Z is exponential {A).

32 L2 4/3 dx

The distributions are all the same, with density 2(1 ~ x)} for 0 « x < 1.

a) F(b d) - ( ) F(b C) + F(a. C) ) F(’lﬁ "y} o fix; f,,ym f(u, 7 ithude
S flzy) = a‘lé’yF(w,y) d) F(z,y) = Fx(z)Fy(y)

e Flz,y)=y"—({y—z)lford<or<y<l;

fle,yy=nn-Dy—z)" 2for0<z<y<l

a) flz,r} = 2Jv§’ﬁfor0<r<lzmd —r <<y
b) flz,r) =3rfor0<r<land ~r <z <r

a) fim(x) = 1/36(} if =180 < = < 180
b) fialy) = 3§0 Los(lgﬁy) it 80 <y < 90

O flx,y) = 355 - 355 cos (fhey)  Hf —180 <2 < 180 und  — 90 < 5« 9
d) yes '

a) 0.3825,0.765 b)Y 1/3 ) 0577  d) 0.5197 + (.0048

ay 01175 b) 0.1178  © \/g d 0762 e 058 003521 w09y
H1-805 bM1/2 o5 bV

About 2.1

) 97.72% b)Y BB49% ) 0.9795

) 0.1307 ) 0.0062 ) The answer 10 b) will be approximately the same

. i . Yy ] . I . v L
a) normal with mean 0 and variance to b -f;:}; has Rayleigh distribution

s0 My has expectation o4/ %’5 and SD oyt (f-%ﬂ) ) (.1353
) Try h{u) = /-2log (1 — u) and k{v) = 2xv
Hints:  a) Exampie 4.4.5  bYinduction ¢ linear change of variabie

4) Skew-normal approximations: 0.1377, 0.5940, 0.9196, 0.9998, 1.0000
Compare to the exact values: 0.0902, 0.5940, 0.9389, 0.9970, 1.0000
by 0.441, 0.499. Skew-normal is better,

A)3/4 D) fx,ax,(2) =2/200<2<) =1/20 1< 2«2 = (3
f2< 253 O Fxyx,(2) =2%/40< 221 = (22 - )M i«
=1~(3-2)%/4if2<2<3.
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5.4.3.

.-a"'!
'~
o4

w
=
=3

5.4.9.
5.4.11L.
5.4.13.

5.4.15.

5.4.17.

S.rev.l.
S.rev.3.
D.rev.n.
b.rev.T.

S.rev.9.

S.aev.1l.

5.rev.13.

S.rev.1b.

5.rev.17,

5.rev.19.

’l) H‘ o ﬂfa i3 ,f R } . XF iy .,----us} h’} 1 -+ L o YEﬁE:
i y JX Y (Z T e ((‘ “ I Jid ) ¥

a) Uniform over (10,70} b .483

TR

a4 f}( 3(,‘53 s [xx M,h“(z, f)d! ) fx,v.y (z) - J;wfx,y(zl,‘,:l,‘ E)d.‘i‘.
3 fxaayiz)= [0 4 fxyin, 255 ).
Ixla) =~ log{x) (D<a<l)

uniform (0, 1)

fals) = Je

ad reduce 1o the case A = 1 hy scaling. b)) P(Z < 2) = 22/{1 4 2)

) fulzy =2/ 2V for 0 < 2 < 1.

T I O PRV A G T S IR A< 1 PR ILE b S e
b} 14 < | then the cross section is an equilateral triangle having side length

V2 it = 3/2 then the cross section is a regular hexagon having side length

1/v2.
p
1 - ;E;i.é

a3 0.04 bYRO3Y ) 0.29
Dl—7/8 brhji2
{.0124

B fxqulx)=1df0<ce <, =1/2ifl <o < 2 = /42 <w= i
i Uniform(—1/2, 1/2)

APX >o)=1-(1/zlor0<z <l BFxa)={(1/Dafor0< x < |
and Fy{e) = 1L forz > 1. o)fx(x) =1/2for0 < 2 < Land fy (2) = 5
fora > 1 \

ay Fx(e) = 1 - ;';urca‘os {#) for [x] < 1 b)Y has the same distribution
function as X. ) Fyyy(z) =1 - -?‘;;m'cos % for t2] < /2

1
W6 Mo a1l D12 e)2/3 DHe'd @08 h) 3/4
i) 0.5737

w192 ) Abow 27,7
a (K = k) = (We < oming W), b) py = Ae/(Ar 4 - Ag); ©) use the
memoryless property of the exponential wailing times;  d) the answer 10 g

must be py by the law of large numbers; e} A T2 D (M A+ AT

g A/ + - Ag).
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5.rev.21.

B.rev.23.

5.rev.25,

5.rev.29,

B.rev.31.
B.orev.33.
6.1.1.

6.1.3.
6.1.5.
6.1.7.
6.1.9.
6.2.1.

6.2.3.

6.2.5.

6.2.7.
6.2.9,
6.2.11.

6.2.13.

DFp(r) =1~ e~ and fr(r) = 2Arre” Anr® l"mr ro {) oy B

SD{R) = 2\/-1/ =2 d) mode: ﬁir,mudnn v .wt*‘*
D1/8 b)Y 7/19

A
A

le kodp,, oy keley (R | .
a) = (k— 5"(3%1;!@—53“;}1 0<z<y<l)

h) bcta (m—k,n—m+k+1) obealkm-k+1)

Let the '-;pa(,mg between the parallel lines be ‘hz @) H” by <o then
P(X <z} = Zuz;if x > a then PX <z)= gﬂ arceon 4w/ 3 nl‘

P IO <z < athen fx(x) =2 if £ > athen f\(f . ;;‘i{l ;

) r = +/4/3 b)) no, Xy and Y; are not indepuendens die W2

ay =+/1/2  b)no, X and Y7 are not independent dre VR o

a) binomial (3,1/2) b binomial (3 ~ x,1/2} distribution shifted 1o {5 5 ¢
1,...3} O Partial answer: P(X = 0,Y = 1) = 3/64, PIX LY 13
3/32, P(X = 2,Y = 1) = 0, P(X = 3Y = 1] = 0 dPY y
1/64,9/64,27/64,27/64 for y = 0,1,2,3 ¢ Panial answer: The conditinnal
distribution of X given Y = 0 is given by P(X = 0|V = 0} /3. P{X
Y =0)=2/3. DFory=0,1,23 guess o = 0,11 tor 20, 2 3-£1‘}%3)§'§,€§’E‘£'§’U
2) 31/64

3‘) P(U = 'H,) = 0, 0-1,0.4,0.3? 0.2 for Y == [}‘ 1_’25 3!,1 Byl Ej,i%??} cy a7
by By the normal approximation 1o the binomisl, § - @ ?*’:E ’} zf&‘)
a) Write P(X = k) = 3500, P(X = kN = n). b 0.0000016

Further equivalent condition: P(X = 2{Y =y, Z = 2} = PX  rlZ =

a) B(Y|X =) = 41/11,38/9,33/7,26/5,17/3.6/1 for ¢ = 1,2.3,4,5.6
b) E(X;Y = y) = 1f4/359/5) 16/?1 25/‘% Sﬁf 11 for =1, 2.3, 4, ‘}tj

a) E(YiX = .’E) = T.‘i%i.}. forr=1wn 1 e j«{;& ________ - 5{ S " %
to 7. !
) Fi(z)p+ Fax)(1 —p) B E(Xup+ E(X0 - p

o) Var(X))p+ Var(Xe)(1 —p)+ p(1 ~ pH E(X) ~ ;;;;fxa}};z

Condition on the value of N,

D2 Wi+ YL O hlifh < (h - i) (:m‘if:ii%;;; .
25,78

C) n m Sn k!

G
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6.2.15.

6.3.1.
6.3.3.

6.3.5.

6.3.7.
6.3.9.
6.3.11.

6.3.13.

6.3.15.

6.3.17.

6.4.1.
6.4.3.
6.4.5.
6.4.7.

6.4.9,

6.4.11

6.4.13.

6.4.15.

6.4,17,
6.4.19.

ad £(S) = n&(11) by Var(S) = nE(M){(1 - E(I1}) + n(n ~ HVar(l1) ¢ As
targe as possible: H with values only 0 and 1. As small as possible: I constant.

1
PY <ylX =ry=y/(2~aifor0<z<2and 0 <y <2 3

ay I je] < 1/2 then P(Y > 1/2[X = 1) = }—{—im” b) One minus the
answer ina). o I [} < Lthen E(Y[X =) = (1—-12])/2 izl <1

then Var(Y (X = x) = (1 - |2))?/12

a) fy(yy =31~y for0<y<l b 1/9

a)2/3 b)Y PLY € dplABS) = 6ip(1 — p)dp for 0 < p < 1
no

1 - 407 M3+ 204 A%/2) b Partial answer: P(X € dalX < ¥) =

- A 542
Pmpmd e e [y oy ST MBS A
?:;_;(_;;‘-;«—\"i A;i e for 0 cr<l C) 6~2(""(3+2)\+-§— )

V{r+ s} ony Ut &3 (s4n—k)
b) Tl i00s) (A) Flrisin)

d) mean: I3 variance:
Pedea A !

{r+E}stn+k)
(r+atni{rtstrll)

alindependent negative binomial {r,,p) (i = 1,2) b negative binomial
{r1 +-72,p} ¢ negative binomial (37, 7,,p)

W 0.5 by positively dependent ) 0.2 d) 0.356

less likely; more likely,

Uncorrelated, not independent.

a) Partial answer: P(Xy + X3 =0, Xy — Xy = 0} = 1/3,

}};’)(?’/264- Xy =1, K= X3=0)=0,P(X2+ X3=2,X2— X3 =0) =1/6

) uncorrelated

a) k(e 1)/2 by Mesbineh)

12(m~1}
VI3
True: note that E(NANp) = nP(AB) + n{n ~ LHP{A)P(B).

d) Wrile N = 30 | X, and Ny = E?:] Y;, where X, = 1 if the ith spin is
red, = 0 otherwise; and Y; = 1 if the 7th spin is black, = 0 otherwise.

Apply Exercise 6.4.16.

a) 375 b)26.25 ¢ 0.0021  d) higher; lower.




Brief Solutions 547

5.2.9.

5.2.11.
5.2.13.
5.2.15.

5.2.17.

5.2.19.

5.2.21,

5.3.1,

5.3.3.
5.3.5.
5.3.7.
5.3.9.
5.3.11.

5.3.13.
5.3.15.

5.3.17.

5.4.1.

5.4.3.

a) 222210 (0 < < y), no;  b) 2AZe- oo As (x> Oz
<) X is exponential (2X) and Z is exponential ().

032 D12 O43 doo

R )

The distributions are all the same, with density 2() ~ 23 for 0 < 7 « |

a) F(b,d}) — Fla,d) ~ F{bye)+ Fla,¢) b F{r,y) = I ]ﬂ“n flw viefudy
O f@y) = & Fey) D Floy) = P05y (3)

e) Flz,y) =y" —{y—z)"forO0 <z <y < 1,

flz,yy=n{n-1)(y~ )" 2for0 <o <y

@) flz,r) = ﬁﬁmf ford<r<land -r < o
b) flz,r) = % for0<r<land -r<gz<y

a) fion() = 1/560 if —180 < x < 180

b flA[(y) 3(10 CO‘:(wa) i =890 < y < 40

O flo,y) = 555 - sip cos (fhgy)  —180 <& < 180 and 80« 4« 00
d) yes

2) 0.3825, 0.765 D) 1/3 < 0577 ) 0.5197 4 0.0048%
DOITS BHOUTS /2 )06 @058 003521 w62
D 1-3(05 b1/2 OobF dyy/1i

About 2.1

a97.72%  b) 88.49% <) 0.9795

a) 0.1307 b)Y 0.0062  ¢) The answer to b will e approximately

the s

a) normal with mean 0 and varance (o0 E%%’f has Ravleigh distritnstion

so Ry has expectation o\/ and SD rr\/; (%5%) oroa3ss
) Try h{u) = /~2log {1 <u) and k{v) = Zrp
Hints:  a) Example 4.4.5  bYinduction ¢} linear change of varisble

2) Skew-normal approximations: 0.1377, 0.5840, 0.9196, (.99098, AHKH
Compare to the exact values: 0.0902, 0.5940. 09380, ¢, 997G, 10000
b) 0.441, 0.499. Skew-normal is better.

a)3/4 b fxypx(2) =2/2i00< 2 S22 e (Y

f2<z2<3 C)FAﬂAg(z)-ZQ/'fifOf{Z* 1 = (2 - 1};4;{;%“31:5“3;
=1-(8-2)?%/4if2<z<3.

D as# B fxiy(z) = Hyle-x . ooz byt d
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Y IX), definition of, 402 average conditional probubilitics, 402
(n choose k), 81, 511, 512 long run, 164
i)k (noorder k), 510 averages
intersection), 19
(union), 19
empty set}, 19
- Coutcome space), 19 B
(correlation coefficient), 450 Baye:f' rule, 47-53
s {asymptotic equivalence), 60 for odds, 51
for probabilition, 49
inerpretation of prohabiiities in, 52
Bayoesian inference, 418

of independent random variables, 193
propertics of, 180

A
addition rule

for counting, 507 Bernoulli (p} distribution, 27
for expeciation, 167 Bernoulli (py trials, 79, 160, 205217, 288 4014
for variances, 193, 430 definition of, 212
of probability, 21 bet, 6
arxd (event language), 19 fair, G
fand/or (event language), 19 beta, c.df, 330

_ beta distribution, 327, 325, 478
'arcsme distribution, 310 beta funciion, 327

arrival process, see Poisson arrival process binomial coefticient, 512
“arrival times

gamma distribution of, 286
-asymplotic equivalence, 60
average conditional expectations, 402

binomial distribution, S0-86, 479
consecittive adds formula foe 85
expectation of 169
histograms of, 84, K7, 8%, 84

F- -
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binomial distributions (continued)
mean of, 86, 169
mode of, 86

normal approximation of individual probabilities,

114
normal approximation to, 107
derivation of, 111, 115

Poisson approximation 1o, 117
probability formula for, 81
standard deviation of, 195
variance of, 195

hinomial expansion, 81

binomial formuls
for sampling, 125

hinomial probability formula, 81
for fair coin wssing, 82

binomial theorem, 512

birthday problem, 62

bivariate normal distribution, 449-461
geometry of, 452

C
caleulus, H17-524
fundamental theorem of, 522
Cauchy distribution, 310, 383, 385
cdf, 311-323
inverse, 319-323
standard normal, 94
center of gravity, 162
central timit theorem, 107, 196, 224
certainty, 11
chain rule for derivatives, 520
chance, 2
chance odds, 6§
change of base formula for logarithms, 526
change of variable
density case, 302-308
discrete case, 141
principle, 146, 306
Chebychev's inequality, 191
equality in, 205
chissquare disuiburtion, 365, 370
choose (n choose &), 511, 512
coin tossing, 11

binomial probability formula for, 82
collector's problem, 215, 221
combination of elements of S, 511

number of combinations, 512
combined outcome, 144
commas, 153
complement of event, 19
complements, rule of, 21
conditional density, 412
conditional distribution, 150

conditioned variable as constant, 406

of Y given X, 150, 396, 411

independence, 152
conditional expectation

average, 402

density casc, 423

expectation of, 403

given an event, 401

of ¥ given X, 402

propertics of, 402
conditional probabilities, 33-41

average, 396, 402

averaging, 40-41

rule of average, 41

counting formula for, 33

general formula for, 36

multiplication rule, 37

vs. unconditional, 36
conditional variance, 409
conditioned variable as constant, 406
conditioning, 33-41

density case, 410-423, 425

discrete case, 424

expectation of a product by, 409

infinitesimal conditioning formula, 410

integral conditioning formula, 417

on a variable, 396, 402, 440
confidence interval, 101
consecutive odds ratio, 84
continuity correction, 99
continuous distribution, 258-259, 334

change of variable, 302-309

infinitesimal probability formuyla, 263

interval probability formula, 263
controlling for a variable, 440



gonvolution
formula, 372
of densities, 372

correction factor, for sampling without replacement,

941, 443
vorrelated normal variables, 449
correlation, 432
empirical, 434
zero, 433, 461
corretation coeflicient, 45{0)
linear invariance of, 446
worrelations are between 1 and 1, 433
fi“f(}rrespondence rule for counting, 507
rounting formula for P{A(B), 33
“ounting, 507-514
addition rule for, 507
correspondence rule for, 507
multiplication rule for, 508
covariance, 130
is bilinear, 446
of indicators, 431
zero, 430, 432
craps, 218
‘craps principle, 210
cumulative distibution function, 311-323

D
“death rate, 296
decay, radioactive, 281
decision tree, 510
degrees of belief, 17
density, 260-275
conditional, 412
convolution formula, 372
in the plane, 346-353
joint, 412
marginal, 349, 350, 412
of X +VY, 372
dependence
between random variables, 392-393, 466
positive and negative, 431
dependent, 42
dependent events, 431

dependent random variables, 392-393, 466
derivatives, 518-520

. Index

chain rule, 520
deviation
mwan absolute, 205
mean squared, (%5
stanclard, 135
difference rule of probabiline, 2
differentiable, 514
discrete distribution, 208, 262
change of vamable, 141
discrete jomnt distribution, 4%
discrete arder statisves, 407
discrete random viriable, 208917
expectation of, 211
disjoin events, 19
distinguishable. 15
distribution, 2}

-

Aresine, soe grosme Jistnbubion

Bernoulli (p), see Bernoulli (p] detribnnen

heta, sor betn distribnstion

binomial (1, 0}, ser banomist distribuon
bivariate normal, see sormal disteibnrion
Cauchy, see Cauchy distribution

chissquare, 3605, see chi-souare distritbution

congitiorzsd, 156
Continuogs, 28250 s

CONNUOUS joirnt, see joint distnbuation
discrete, 208

empirical, 29

exponential, sor cxponeniid distritngion
garmmad, see ganvma distribation
geometric, ser peomettic distnbunon

hypergeometric, vee hypergeoretne distritngsen

identical, 146

joint, 153, see ot distnbution
marginal, Bih, 348, 349, 306
multiniomial, 155

negative Mnomial. see negative Dinomial dise

bution
norml, see normal diseribasion
of a function of random vanables, 146
of a tunction of X, 141
of a functdon of (XY 378
of a random varable, 140
of rtios, 3Ky
of sums, see sums
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distribution {continued)
of sums of andom variabies, see sums
of X, 140
overall, 396
Poisson, see Poisson distribution
Rayleigh, see Rayleigh distribution
samoe, 146
standard normal, see normal disiribution
uvnconditional, 396
uniform, see uniform distribution
Weibull, see Weiball distribution
distribution funciion
standard normal, 531
draws with and without replacement, 147, 148, 432
dumimy variable, 515

E
empirical correlation, 434
empinical distribution, 20
empirical law of averages, 12
ciepirical odds ratio, 18
empirics] proporions
integral approximation for, 272, 273
emply set, 19
cquality of random variables, 146
equally likely outcomes, 2-9
even odds, 8
cvent, 2, 19
impossible, 19
oppasite of, 19
partitioned, 20
represented as subset, 19
split, 20
verbal description of, 19
Cvens
determined by o random variable, 140
determined by X and Y, 147
disjoint, 19
itersection of, 19
mutually exclusive, 19
overlapping, 22
sequences of, 56-70
union of, 19
event language, 19
complement of, 19

exchangeable, 238
exchangeable random variables, 446
expectation, 162-184
by conditioning, 402
definition of, 162, 163
from c.d.f., 324
from survival function, 299
multiplication rule, 177
of a function of X, 175
of a function of (X, 7)), 348
of a product by conditioning, 400
of a sum, 167
of conditional expectation, 403
of discrete random variable, 211
of wailing time until success, 213
praperties of, 181
tail sum formula for, 171
expected loss, 178
expected value, see expectation
exponential distribution, 279-291, 480
and radioactive decay, 281
and reliabilicy, 281
memoryless property of, 279
minimum of independent exponentials, 31
relation to Poisson arrival process, 283
sums of independent exponentials, 373
exponential function, 526
series formula for, 527
exponential series, 518
exponents, H25-528

F

factorial, 511

failure rate, 281, 296

fair, 2

fair bet, 6

{air odds rule, 6

false positives, 50

linite population correction factor, 241, 443
fluciuations, 13

flush (poker hand), 61

formula, tail sum, 171

frequencies, relative, 11

frequency interpretation of probability, 11-15



) index

fenetion

‘of (X,Y}, 371

of a random variable, 141

of independent random variables, 154
fapdamental theorem of caleulus, 522

G
sabler’s rule, 60
gimne, value of, 55
gamumna distribution, 285-291, 481-482
-arrival times, 286
mean of, 286
maode, 294
moments, 294
Poisson formula for ¢.d.f,, 280
relation to Poisson arrival process, 286
standard deviation of, 286
stums of independent gamma variables, 375
tail probability, 280
gamma function, 291
© recussion formula for, 291
generating function
probability, 221
geometric distribution, 58-59, 208-217, 283, 481
memoryless property of, 219
on {0,1,2,...}, 218
sums of geometric variables, 215
geometric progression
sum of finite geometric progression, 516
geomelric serics
sum of, 1%

H

half-life, 282

hazard rate, 206-300

histogram, 25

honest, 2

house percentage, 8

hypergeometric distribution, 125, 127. 484
mean and variance, 241

hypergeomelric formula for sampling, 125

i
icdenticat distribution, 146
implies (event language), 19

impossible event, 17
included everd, 19
inclusion —exchision formuis, 22,0 41, 183
indefinite integral, 524
independence, 42-45
of random vargables, 151156
of suveral events, 67
of severad randory varables 54
pairwise. 69
independent events
mftiphication rule for, 42
independent normigl variables, 357874
near combirmitions aned rotations 361
ratio of, 353
sums of, 363
independent randony variadies 151156
averages of, HEY
density caswe, 350
chsjoind blocks of, 154
functions of, 151
maxamun of, 316
roindmun of, 3G
ratio of, 381
swms of, se sums

533

independent trinls, 165, see alse Bornoull () ol

expucted number of successes, ¥, 169
most Hikely number oF sucvesses, B

probability of b suecesses inomasdepe s ot mials,

®1
index varkible, 515
indicator function, 273
indicator of an ovent, 28, 13, 18]
expeciation of, 164
indicators, 150
expectation of, 168
of complement, 184
of intersection, 18
of union, 184
covarance of, 331
methoed of, (0%
indistinguishable. 15
incqualiy
Bofornmis, 32
Roales, 32
equality 1y, 205
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incquality Ceontinued)

Chehychev's, 11

Markov's, 174
infinite series, 519-520
infinite sum rule, 209
infinitesimal conditioning formula, 4190
infinitesimal probability formula, 263, 347
integral, H21-524

indefiniwe, 522

integral approximation for empirical propontions, 272,

273
integral conditioning formula, 417
inlegration by parts, 524
interpretation of probabilities, 52
intersection of events, 19
imersection, 153
intesval probabifity formula, 263
inverse cdf., 319-323

J
joint
distribution, 153
probabilities, 153
joint density, 346-353, 412
properties, 349
surface, 346
joing distribution, 144, 338-387
continuous, 338.-387
density case, 349
cliscrete case, 144, 348
of order stutistics, 352, 371-383
joint outcome, 144

L
Laplace’s law of succession, 421
law of averages
empirical, 12
law of large numbers, 101, 195
in Poisson context, 226
likelihood, 48
likelihood ratio, 51
linear change of variable, 265
linear combinations
of independent normaj variables, 361, 460
logarithms, 525-528

change of base formula for, 526
laws of, 526
natural logarithm, 528
long-run average, 164
loss function, 178
loss
expected, 178
quadratic, 179
squared error, 179

M
MAD (mean absolute deviation), 205
major axis of an ellipse, 449, 463
marginal density, 349, 350, 412
marginal distribution, 145, 348, 349, 396
marginal probability, 145
Markov's inequality, 174
matching problem, 135, 244, 251
maximum of independent random variables,
mean, see also expectation

definition of, 162, 163

of normal curve, 93
mean absolute deviation, 205
mean square error, 400
measurable set, 21
median, 165, 179, 319
memoryless property

of exponential distribution, 279

of geometric distribution, 219
method of indicators, 273
minimum of independent random variables,
minor axis of an ellipse, 449, 463
mixture of conditional distributions, 396
mode, 86, 165, 178
moments, 274

factorial, 221

caleulation of using series, 212
MSE {mean squarc error), 4019
multinomial coefficient, 514
multinomial distribution, 155
multiplication

densitics, 416
multiptication rule, 37

tor n events, 56

for counting, 510
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multiplication rule (continued)

for expectation, 177

for independent events, 42

for three independent events, 67
mutually exclusive events, 19

N
negative binomial distribution, 213, 481
moments of, 213
negatively dependent, 431
normal approximation, 196, 224
for sampling withouwt replacement, 243
of individual binomial probabilities, 114
1o the binomial distribution, 107
derivation of, 111-115
normat c.d.f, 94
normal curve, 93
derivation of, 111-115
eguation, 93
mean and standard deviation, 93
purameters of, %3
normal density
constant of integration, 358
normal distribution, 94, 266-267, 483-484
bivariate normal distribution, 449-461
geometry of, 452
constant of inlegration, 358
correlated normal variables, 449, 450
independent normal variables, 357-370
lincar combinations of independent normals, 361 .
4640
mean and variance, 267
ratior of independent pormals, 383
rotations of independent normals, 361
stanclard bivariate normal distribution, 451
standurd normal distribution, 94, 266, 267
density, 266
mean and variance, 266
variange of, 359
sums of independent normal variables, 363
variance of, 359
normal distribution function, 531
normal table, 531
not (event kinguage), 19
number

of conthimations, 512
of orderings, 516
ol pesmatations, 510
of setuences, 504
of sufwets of 3 set of nelements, 512
of submets, 519
number of cveras it occur, 17D

O
aclds, 6
dgainat, 2,6
Bhaves rube a5
chance, 6
even, &
in favar, 2, 6
payaodf, 6
adds ratio
conseoutive odds s, 84
empirical, 18
posteriorn, 5l
prior, 51
opinions, 17
opposite of event, 19
or (event unguage . 19
order (n order 11 510
order statistics, 325.3094. 152
doensity of, 326
discrete, 407
of uniform randons vanables. 226
ardering of clements of & G4
numiher of orderings, 510
OUcoane spadce, 2, 19
CLCOmes
combined, 1414
goint, 144
equatly likely, 2-4
overall distribution, 306
overlapping events, 22

-

|

paitwise independence, 69

paradox, voter, 254

paratlel, components conavied i, 14
parameler, 27

parameters of normal cupve, 93
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part, 2 conditional, sce conditional probability
partial sum, HI7 density, 260-275
partition of an event or set, 20, 40 distribution, 21
Pascal's triangle, 513 frequency interpretation of, 11-15
recursion formut for, 513 marginal, 145
symmetry in, 82 overall, 33, 36
path, multiplying along the, 39, 66 posterior, 48
payoli odds, 6 prior, 48
pereentife, 183, 319-320 rules of, 21
permtation, 62 subjective, 17
permutation of clements of S, b4 subjective interpretation of, 16-17
number of permutations, 514 tail, 191
random, 153 unconditional, 33, 36
Poisson approximation probability gencrating function, 221
for number of independent events, 227 projection, 148, 375
10 the binomial disiribution, 117 propertics
Poissaon arrival process, 284 of averages, 180
homogeneous, 228 of conditional expectation, 402
propertics of, 284 of expectation, 181
relation o exponential distribution, 283 of joint distribution
relation o gamma distribution, 286 density case, 349
Poisson distribution, 121, 222, 487-488 discrete case, 348
and kew of large numbers, 226 proportion
asymptotic normality of, 224 as an average, 273
normal approximation of, 224 definition of, 2
sums of independent Poisson variables, 226 rules of, 21
Poisson process, see Poisson arrival process FPolya’s urn scheme, 53, 255
Poisson random scatter, 228
Paisson sums theorem, 226 Q
pouker hands, 129 quadratic loss, 179
positively dependent, 431 quotient of independent variables, 381
possible outcomes, 2
posterior odds ratio, 91 R o .
posterior probability, 48 radioactive decay, 281
prediction random
by constants, 178 permutation, 153
by functions, 409 pseudo, 28
prior odds ratio, 51 munber generators, 28
prior probability, 48 random sampling, 123-127
probubilistic opinions, 17 random scatter, 228
probabilistically equivalen, 25 random variable, 139
probabilities discrete, 208-217
joint, 153 expectation of, 211
probabitity, 2 events determined by, 140

case of equally likely outcomes, 2 function of, 141




indicator, 28, 155
range of, 140
random variables
averages of independent, 193
dependent, 392-393, 466
disjoint blacks of, 154
distribution of function of, 149
coual, 146
exchangeable, 446
independent, see independent random varighles
density case, 350
scaling and shifting of, 188
several, 153
sums ol independent, see sums
random walk, 197
range of 4 random variable, 140
rate
deuth, 296
faiture, 281, 206
hazard, 296-300
of decay, 282
ratio of independent variables, 381
Rayleigh distribution, 298, 359
regression line, 453
regression 1o the mean, 456
relative frequencies, 11
Nucwation of, 13
statistical regularity of, 12
rehiability, 281
of components, 43-45
repeated trials, 79, 154
replacement
sampling with and without, 147, 148, 432
risk, 178
rotations of independent normals, 361
rouletie, 7
roundofl errors, 381
Tule
addition rule for counting, 507
addition rule for variances, 193, 130
addition rule of probability, 21
Bayes', see Bayes’ rule
correspondence rule for counting, 507
difference rule of probability, 22
infinite sum rule, 209

multiplication rule, 37

for = events, Bl

for counting, 5008

for independent events, 12

for three independent esenis, 67

rithes

of average conditonal expectatnons, 402
of average condiniona] probabilities, 41
of complements, 21
of probabiliy, 21
of propostion, 21

L
same distribuation, 29, 146
same cutcome, 25
sample, unordered, G111
sample average, 112
variance of, 441
sampling, 123-127
with and withow replacement, 147, 1R, 432
with replacement, 9, 123
binomial formula Tor, 120
without replucemont. 9. T3, 144, 238
corection factar for 241, 143
hypergeometric fymuls for 125
normal approximation for, 243
sealing of random varjables, 18K, M5
scatter diagram, 449
sequence of elements of 8 504
number of seguences, 509
suries
exponential, 318
formula for ¢*, 527
geometric, 518
infinite, H17-HiK
CompoOnens conneded in 13
set, 4
emply, H
sets, measures of, 20
set language, 19
set notatian, 19
st operations, 19
sex of chiklren, 15
shapes, M
shifting of random variables, §88

index 557
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shots at a target, 360
sieve formula, 257
simulation, 320, 421
skew-nomal curve, 104
skowness, 198
skewness correction, 106
splits into cuses (event language), 20
sguare ool law, 100, 194
suuitred error loss, 179
stanlard bivarise normal distsbution, 451
standard deviation, 185
of bounded random variable, 206
of normal curve, 93
standard normal c.dd, 94, 531
standard normal integrals, 266
standard units, 94, 190, 433
standard units scale, 94
standardization, 190
statistical regularity, 12
Stirling numbuers, 221
Stidding's Formula, 136
subjective imterpretation of probability, 16-17
subjective probabilities, 17
subset, 2
subset of €2, 19
sum, 215-516
of cxponential series, H18
of first n integers, 516
of geometric progression, 516
of geomeatric series, 518
partial sum of infinite series, 517
sums
ol independent random variabies, 193
distribution of, 371-381
cxponential, 373
garmma, 375
greometric, 215
normal, 363
Poisson, 226
uniform, 377
of random variables
chistribution of, 147
variance of, 430
survival function, 296-300
symmetric about 0, 156

symmetry, 156-161, 238

T

tail probability, 191

tail sum formula, 171

tree, decision, 510

tree diagram, 36-140, 47-53, 66
distribution of probability over, 39
multiplication rule in, 39
method of, 66

triuls, B1
Bernoulli (p), 79, 155, 288
independent, 155
repeated, 79, 154

U
unbiased, 2
unconditional distribution, 396
vncorrelated, 433, 461
uniform distribution, 487-488
and areas in the {X,Y') plane, 341
in a square, 340-343
in the plane, 340
independent uniform variables, 341
momenis of, 202
on {1,2,...,n}, 487
on a finite set, 2-9, 28, 487
on a reclangle, 340
on 4 region in the plane, 488
on an intervaj, 28, 264-265, 487-488
order statistics of uniform variables, 326,
over a volume, 344
over an area, 28
sums of independent uniform variables, 2
union of events, 19
universal set, 19
unordered sample, 511

V

value of a game, 55

variance, 185
addition rule for, 193, 430
computational formula for, 186
conditional, 409
of a sum of n variables, 441



-

of 4 sum, 430

-of sample average, 441

of standard normal distribution, 359
Yenrn diagram, 19
virer paradox, 254

Waiting limes, 208-217
- expected., 213
weink law of large numbers, 195
Weibwull distribution, 301, 310
moments of, 301
relation o exponential distribution, 310

relation to uniform distribution, 310
whole, 2

z

zscale, 94
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