PREFACE

This volume constitutes the Proceedings of the 9th International Congress
of Logic, Methodology and Philosophy of Science arranged by the Division of
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invitation of the Swedish National Committee for Logic, Methodology and
Philosophy under the auspices of the Royal Swedish Academy of Sciences,
the Royal Academy of Letters, History and Antiquities, and the University
of Uppsala.

The scientific program of the Congress consisted of 54 invited lectures
and about 650 contributed papers scheduled within 10 ordinary working
sessions, one opening and one closing session, and one evening session. Most
of the work of the Congress was divided into 15 sections, listed below. In
addition there were 2 plenary lectures, 4 special symposia, and 2 affiliated
meetings. During the Congress the General Assembly of the Division of
Logic, Methodology and Philosophy of Science met in Stockholm at the the
Royal Swedish Academy of Sciences.

This volume contains the text, sometimes revised, of most of the invited
lectures; some of the speakers were unfortunately not able to turn in their
manuscripts in time. The names of all the invited lecturers appear below
arranged by sections, symposia or plenary sessions. The titles of all accepted
contributed papers are listed at the end of the volume. A small selection of
papers contributed to sections 1-5 has been published as a special issue of
Annals of Pure and Applied Logic; it appeared as number 1 of volume 63,
1993. A selection of papers contributed to the other sections will appear in
a volume Logic and Philosophy of Science in Uppsala published in Synthese
Library by Kluwer Academic Publishers.

Appended to this preface is a list of the members of the General Program
Committee, which had the overall responsibility for the scientific program.
The members of the Section Program Committees are named in the list of
sections. Also appended to the preface is a list of the officers of the Division
of Logic, Methodology and Philosophy of Science for 1987-91, a list of the
members of the Organizing Committee, and a list of those who sponsored
the Congress financially.
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PRESIDENT’S ADDRESS

L. JONATHAN COHEN

The Queen’s College, Ozford

Ladies and gentlemen: We have been most courteously welcomed by
Dr. Gustavsson, as representative of the Government of this beautiful
country, where the National Committee for Logic Methodology and Phi-
losophy of Science — of the Royal Swedish Academy of Science — has
very kindly invited us to hold our Congress. And we have been welcomed
with equal warmth by Prof. Strémholm, the Vice-Chancellor of this fa-
mous university, the facilities of which have been so generously put at our
disposal. We have been told also about the structure of the Programme,
which promises to make this Congress one of the most rewarding that
has so far taken place in its field. And we have been told about the lo-
cal organisational arrangements, which are always so important for the
success of a congress. So in this context it is appropriate for me to add
— not only on behalf of the Executive Committee of the Division for
Logic, Methodology and Philosophy of Science but also on behalf of all the
other participants in the Congress — how grateful we are to the various
national and international, governmental and non-governmental, bodies
that have made the Congress financially possible. Without their most
generous assistance the Congress could not have taken place. I hope tht
in each case Prof. Prawitz will convey our deeply sincere gratitude to the
appropriate authorities. And we must also express our sincerest gratitude
to the chairman and members of the Programme Committee, and to the
chairman and members of the Organising Committee, for all the work
that they have put into making the arrangements for the Congress. Their
long, careful and conscientious labours have been essential to it, and we
must congratulate them on the dedication to their task that they have all
exhibited.

All that I have said so far undoubtedly needs to be said in the Congress’
introductory proceedings, and I take pleasure in saying it. But it con-
cerns only the ‘how’ of the Congress. It relates to how the Congress has
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been made financially viable, how it has been accommodated, how its
programme has been put together, and how its membership and living
arrangements have been organised. It does not say anything about the
‘why’ of the Congress. Why has it taken place at all? What justifies it?
Why should people bother to attend a congress on logic, methodology
and philosophy of science, instead of just publishing their own papers,
and reading the papers of others, in the relevant books and journals?
What justifies such an extensive commitment of time, money and other
resources?

Now these are questions to which the difference between a specialised
international conference and a comprehensive international congress is
highly important. The reason why those working in the relevant areas
need to attend international conferences in appropriate areas of logic or
philosophy of science are largely the same as those applying to historians,
for example, or to physiologists, or to any other scholars and scientists
in relation to their conferences. What is fundamental is that one needs
to sharpen one’s perception of what is going on at the frontiers of one’s
subject by not only listening to what is said by others, but also by partici-
pating in formal discussions at the actual meetings or in informal discus-
sions outside them. Indeed this is also, of course, the best way of making
sure that you fully understand the complexities of the issues. In addition
people need from time to time to submit their own standards of rigour
and clarity to recalibration, as it were, in case their normal academic
environment is insufficiently stimulating to maintain these standards. If
you come from a relatively small country, or a country in which your own
intellectual interests are not widely shared, it is obvious that you may
sometimes need this — sometimes, indeed, without being fully aware of
it. One needs, too, to form some conscious or unconscious criteria of rel-
ative importance in regard to the various issues that one may be minded
to investigate in one’s research, and attendance at relevant international
conferences is one good way to help achieve this. The participants at such
international academic conferences, especially if supplied beforehand with
abstracts of the papers to be delivered, constitute a kind of jury that votes
with its feet, both in regard to the importance of a topic and in regard to
the ability of a speaker to say something interesting about it.

But is it necessary to organise a whole congress for this purpose, with
fifteen different sections, covering a wide range of different issues? Why
not just attend conferences in the area of the subject in which you yourself
are working? Why not cover just one or two sections rather than fifteen?

I can suggest two main reasons for this. The first is an obvious one,
but nevertheless worth bearing constantly in mind. There may well be
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stages in the progress of one’s research when one has to concentrate at-
tention on a fairly narrow range of issues. But most of us also encounter
other stages when analogies or connections between one problem-area and
another can be highly illuminating. For example, there are well-known
problems about the existence or non-existence of a correlation between
psychological laws and neurological uniformities. But is such a correla-
tion made easier to accept by adherence to the thesis so common in the
philosophy of physics, that laws of nature are always idealisations, rather
than descriptions, of the actual world? Or does the idealisation thesis
make such a correlation — a correlation between psychological laws and
neurological uniformities — more difficult to accept? Or again, many
difficult issues arise in philosophical logic about the relationship between
sentences in natural languages and sentences in artificial ones: for exam-
ple, how is context-dependent disarmbiguation — so common in everyday
speech — to be formalised on a systematic basis? Without a fairly com-
prehensive theory of linguistic syntax, as at least a starting-point, no solid
progress can be made here. So philosophical logic can profit by not be-
ing wholly insulated from the philosophy of linguistics. These are just
two examples — and there must be many others — of how the broadness
of the Congress’s coverage may enable participants to get into touch at
first hand with the latest thinking in relevant areas other than those in
which they themselves normally specialise. So you might well be wasting
an important opportunity for the cross-fertilisation of ideas if you spend
all your time at the Congress attending meetings on a too narrowly con-
strued range of interests. Nor can you always be sure in advance just
which other sections may produce ideas that are important for your own
work and which cannot. Sometimes a quite idle curiosity about what the
neighbours are up to pays big dividends. Indeed you may even find your-
self intrigued by other people’s problems or excited at suddenly having an
idea about how to solve them.

But there is also another reason why from time to time it is important
to hold general congresses like the present one, rather than just more spe-
cialised conferences. A problem exists about the nature of what we are
doing when, as philosophers of science, we argue about, say, the struc-
ture of scientific theories or the fundamental assumptions of particular
sciences. If these topics demand philosophical concern, then so too does
the philosophy of science itself. You may think that you, as a practising
philosopher of science, know what the philosophy of science is. But do
you — any more than the ordinary practising scientist knows reflectively
and self-conciously what science is? You may think you know how the
structure and methods of the philosophy of science differ from one type
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of issue to another. But do you — any more than the ordinary practising
scientist can articulate just how scientific reasoning differs from one area,
of science to another? Or, just as some practising scientists regard the
philosophy of science as a worthless and unproductive activity, so too you,
as a practising philosopher of science, may despise the metaphilosophy of
science. But is the latter attitude any more defensible than the former?
And where better to consider these problems than at a Congress where
examples of every current branch of the subject are displayed and a high
level of professional quality is ensured by the discriminating labours of an
international panel of referees?

So the question naturally arises: why is there not a special section
of the Congress devoted to characterising what the philosophy of science
and the philosophies of mathematics, physics and the other sciences are all
about — do they have a unitary problematic, how do they make progress,
how are their conclusions justified, what is their relationship with other
branches of philosophy, and so on? Surely the planners and organisers
of the Congress, you may say, must have realised that this is a serious
issue and must have been capable of doing something about it? But be-
hind that question lies the possibility of a paradox, which I shall call
the paradox of the essential incompleteness of philosophy congress pro-
grammes. Even if there had been enough activity in the area to justify
adding a sixteenth section, devoted to papers in the metaphilosophy of
science, we might still have heard cries for a seventeenth section, devoted
to the meta-meta-philosophy of science. Nor would that necessarily be
a frivolous, shallow, or inconsequential request. It is far too soon to be
sure that recursively higher and higher levels of meta-philosophy have no
interesting problems of their own. So however diligent are the planners
and organisers of the Congress in encouraging the submission of papers,
their task may be essentially incompletable within a finite framework.

But the point I want to make is just that, if you are a philosopher of
science, you should not leave the Congress without having taken at least
some advantage of the opportunity that the Congress affords to reflect
on the nature of philosophy of science. And there are certainly some im-
portant questions to be answered here. For example, here — if anywhere
— it should at least be evident what the philosophy of science is not. It
is not primarily oriented towards the description or explanation of scien-
tists’ activities, as is the history, or the sociology, of science. Nor is it
a purely a priori enterprise, like the construction of formal systems and
the study of their logical or mathematical properties. Nor is it just a
tapestry of intuitions, woven together into an inspirational commentary.
Yet it has affinities with each of these. Nor is it to be identified with
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the ethics of science, though the latter may be part of it. And there are
also some more positive questions to be answered. For example, whence
does the philosophy of science derive its premisses? From science itself,
or from the history or socioclogy or psychology of science, or from the
intuitions of scientists, or from the intuitions of philosophers? Again,
when philosophers of science seek to resolve antinomies, like Zeno’s para-
doxes of motion, or Russell’s set-theoretical paradox, or Hempel’s paradox
of the ravens, or the Prisoner’s Dilemma, is the type of resolution at
which they aim — i.e. the kind of thing that would count as a resolution
of the paradox — the same in each case, or not? More generally — we
may ask — does dialogue have a special part to play in the philosophy
of science, whereby apparently opposed positions may be seen to be rec-
oncilable? Or is the philosophy of science continuous with science itself,
as Russell once claimed? Should philosophers of science aim to establish
the validity of selected propositions about scientific reasoning or scientific
explanation, or is the existence of such a special category of philosophical
propositions an illusion, as Wittgenstein came to think?

There is no better place to reflect on all these issues — in an up-to-date,
state-of-the-art setting — than at the present Congress. The only regret
that you may come to have is that the Congress does not last longer. So
let us now spend no more time on preliminaries, but move forward into
the substantive programme of the Congress. We have all got much to
learn from it.
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LOGIC AND PHILOSOPHY
IN THE TWENTIETH CENTURY

GEORG HENRIK voN WRIGHT

Academy of Finland, Helsinki, Finland

1. In my talk T shall try to evaluate the place of logic in the philosophy
of our century. The attempt is necessarily subjective. Its outcome may
be different depending upon whether the evaluator is primarily a logician
or primarily a philosopher. I think of myself as a philosopher who, over
a period of almost sixty years, has at close quarters been watching and
also, to some extent, participated in the development of logic.

As I see things, the most distinctive feature of 20th century philosophy
has been the revival of logic and the fermenting role which this has played
in the overall development of the subject. The revival dates from the turn
of the century. Its entrance on the philosophical stage was heralded by
movements which had their original centres at Cambridge and in Vienna,
and which later fused and broadened to the multibranched current of
thought known as analytical philosophy. As the century is approaching
its end we can notice, I think, signs of decline in the influence of logic on
developments in philosophy.

Our era was not the first in history which saw logic rise to prominence
in philosophy. In the orbit of Western civilization this happened at least
twice before. First it happened in Ancient Greece, in the 4th and 3rd
centuries B.C. The second great epoch of logical culture was in the Chris-
tian Middle Ages. This was connected with the rediscovery of Aristotle
mediated by the Arabs, and it lasted, roughly, from the middle of the 12th
to the middle of the 14th century.

In between the peaks logic “hibernated”. Its latest winter sleep lasted
nearly half a millennium — from the mid-fourteenth to the mid-nineteenth
century. In this period, there were also logicians of great ability and power.
The greatest of them was Leibniz. But his influence as a logician on the
philosophic climate of the time was small. It was not until the beginning
of our century, when Louis Couturat published his La logique de Leib-
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niz and a number of unedited fragments that Leibniz the logician was
discovered.

Logic in the state of hibernation was respected for its past achieve-
ments, but not thought capable of significant further development. This
attitude is epitomized in Kant’s well known dictum that logic after Aris-
totle “keinen Schritt vorwarts hat tun koénnen, und also allem Ansehen
nach geschlossen und vollendet zu sein scheint”. [1]

2. What we nowadays commonly understand by “logic” was not always
referred to with that name.

Although the word derives from a Greek root, Aristotle did not use it
for what we think of as his works in logic. Initially, they had no common
label at all. The name for them, Organon (“instrument”) dates from the
first century B.C. The Stoics used, with some consistency, the term di-
alectics for what we would call logical study. This term was transmitted
to the Middle Ages through the Latin tradition of late Antiquity. One
of the earliest works which signalizes the revival of logic is Abelard’s Di-
alectica. The same author, however, also used the name “logica” which
then became current during the Golden Age of Scholasticism — only to
yield ground once more to the rival “dialectica” in the period of the Re-
naissance. Later, also the name “Organon” was revived. [2] In German
writings of the 18th and 19th centuries the terms “Vernunfts-” and “Wis-
senschaftslehre” were largely used. [3]

For the rehabilitation of the name “logic” the once influential Logique
ou I'art de penser (1662), also known as the Logic of Port Royal, appears to
have been of decisive importance. This revival, however, was concurrent
with a deprecation of the medieval tradition and with efforts to create
something more in tune with the emerging new science of nature. The
logic of Port Royal is not “logic” in our sense. It is more like what we
would call “methodology”, an “aid to thinking” as the title says.

Kant, who thought Aristotelian logic incapable of development, wanted
to renew the subject by creating what he called a transscendental logic.
This was to deal with “the origin, scope, and objective validity” of a priori
or “purely rational” knowledge. [4] And Hegel who, it is said, [5] more than
anybody else is responsible for the final establishment of the term “logic”,
says in so many words that the time has come when the conceptions
previously associated with the subject “should completely vanish and the
position of this science (sc. logic) be utterly changed”. [6]

Hegel was not entirely unsuccessful in his reformist zeal. What has
since been known as Hegelian or dialectical logic has had a foothold in
philosophy up to the present day. But it is not this which I had in mind
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when extolling the role of logic in contemporary philosophic culture. Far
from it!

It is characteristic of the terminological vacillations that when the true
logica rediviva entered the philosophic stage in the early decades of our
century, it too wanted to appear under a name of its own. Couturat
proposed for it the neologism logistique; [7] in German it bacame Logistik.
The idea was to emphasize, not only its novelty, but also its difference
both from the corrupted logic of the immediately preceding centuries and
from the Aristotelian and the Scholastic traditions thought obsolete. [8]
It was in this “spirit of modernity” that I, for example, was trained in
logic as a young student. That the term “logistic” never acquired wide
currency in English is probably due to the fact that the plural form of
the word already had an established use with a different connotation in
this language. [9] Instead, the attributes “mathematical” and “symbolic”
were long used to distinguish the new logic from its ancestral forms.

3. In view of the confusion in terminology and multiplicity of traditions,
it is necessary to say a few words about what I — and I believe most of
us at this congress — understand by logic.

Kant appears to have been first to use the term “formal” for logic in the
tradition of Aristotle and the School. [10] Logic studies the structural as-
pects of the ratiocinative processes we call argument, inference, or proof.
1t lays down rules for judging the correctness of the transition from pre-
misses to conclusions — not rules for judging the truth of the premisses
and conclusions themselves. This gives to logic its formal character —
and it was with a view to it that both Kant and Hegel complained of the
subject’s “barrenness” and lack of content.

The “content” of formal logical study are concepts, one could say. Logic
studies them, not in their external relation to the world, but in their inter-
nal relationships of coherence or its opposite. This is what we call “con-
ceptual analysis”. In the simplest cases it takes the form of Aristotelian
definitions through specific differences within proximate genera. In more
complex and interesting cases it consists of the construction of conceptual
networks or “fields”, the structural properties of which give meaning to
the entities involved. Formalized axiomatic systems are examples of such
constructs. Hilbert aptly called them “implicit definitions”.

The study of inference and of meaning relations between concepts are
the two main pursuits of the discipline of logic. Some would perhaps
wish to separate the two aspects more sharply from one another and
distinguish them as “formal logic” and “conceptual analysis” respectively.
Both attitudes can be justified. The fact remains that it is the close
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alliance of the two aspects which has given to philosophy in our century
its strong “logical colouring”.

4. When one of the many subdivisions of philosophy — be it metaphysics
or ethics or logic — assumes distinctive prominence, this is usually con-
nected with some other characteristic features of the cultural physiognomy
of the time. This holds also for the three epochs in Western culture when
the study of logic excelled.

In the history of philosophy, the 4th and 3rd centuries B.C. succeeded
the period usually named after the Sophists. This had been an era of
childish delight in the newly discovered power of words (the Aoydi) in
the uses and misuses of arguments for settling disputes in courts or in
the market. The challenge to reflect critically on these early eruptions
of untamed rationality gave rise to the tradition in philosophy known as
Socratic and, within it, to the more specialized study of the forms of
thought we call logic. This was also the time of the first attempts to
systematize knowledge of mathematics — as witness Eudoxos’s doctrine
of proportions and the pre-Euclidean efforts to axiomatize the elements
of geometry.

The cultural setting in which medieval Scholasticism flourished was very
different. Mathematics and the study of nature were in low waters. The
rational efforts of the times were turned toward elucidating and inter-
preting the logos of the Christian scriptures. In its deteriorated forms
this activity acquired a reputation for hairsplitting. But it should be re-
membered that the “hairs” split were concepts and that their “splitting”,
when skilfully done, was conceptual analysis of an acuteness which rivals
the best achievements of our century.

With the calamities that befell Europe in the 14th century, the intellec-
tual culture of the Christian Middle Ages also declined. Gradually, a new
picture of the world and of man’s place in it took shape. It was based
on the study of natural phenomena and the use of mathematical tools
for theorizing about them. Scholasticism fell in disrepute, and on logic
dawned the halfmillennial slumber to which we have already alluded.

What was the cause for the revival of logic in the late 19th century?
One might see it in the fact that Western science had by then reached
a maturity which made it ripe to reflect critically on its own rational
foundations. The organ of the new scientific world-picture being mathe-
matics, it was but natural that the reflexion should start with people who
were themselves primarily mathematicians like the two founding fathers
of modern logic: Boole and Frege.

Their respective approaches to the subject, however, were rather differ-
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ent. [11] Boole, like his contemporary Augustus de Morgan, was concerned
with the application of mathematical tools to traditional logic. Their
trend was continued, among others, by Peirce and Schréder. Frege’s ob-
jective was different. He wanted to secure for mathematics a foundation
in pure logic. To this end he had not only to revive but also to reshape
it.

5. The revitalization of logic thus took its origin from foundation research
in mathematics.

The line first taken by Frege and then continued by Russell was, how-
ever, but one of a number. In the light of later developments, Frege’s and
Russell’s approach is perhaps better characterized as an attempt to give
to mathematics a set-theoretic foundation rather than to derive mathe-
matics from a basis in pure logic. Cantor’s figure looms heavily in the
background of the logicists’ efforts.

Another approach to the foundation problems was Hilbert’s conception
of mathematics as a family of axiomatized formal calculi to be investi-
gated for consistency, completeness, independence, and other “perfection
properties” in a meta-mathematics. Hilbert’s program is in certain ways a
revival of Leibniz’s conception of a calculus ratiocinator, operating within
a characteristica unversalis.

A third venture into the foundations of mathematics, finally, was Brou-
wer’s intuitionism. It had forerunners in Kronecker’s constructivism and
the “semi-intuitionism” of Borel and Poincaré. Brouwer’s view of the role
of logic was very different both from that of Frege and Russell and from
that of Hilbert. [12] The bitter polemics between “intuitionists” and “for-
malists” bear witness to this. By raising doubts about one of the corner-
stones of traditional logic, viz. the Law of Excluded Third (or Middle),
Brouwer and his followers were also pioneers of what is nowadays known
as Deviant or Non-Standard or Non-Classical Logic(s).

Logicism, formalism, and intuitionism were the three main schools
which, rivals among themselves, dominated the stage during what I pro-
pose to call “the heroic age” in the reborn study of logic. It lasted about
half a century, from Frege’s Begriffsschrift (1879) and Grundlagen der
Arithmetik (1884) to the appearance of the first volume of Hilbert’s and
Bernay’s monumental Grundlagen der Mathematik in 1934. As one who
was brought up in the aftermath of this era, I cannot but look back on
it with a certain amount of nostalgia. It came to an end in a dramatic
climax. I shall shortly return to this. But first, we must take a look at
the more immediate repercussions on philosophy which the new logic had
had.
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6. In earlier days it used to be said that logic studies “the laws of thought”.
This has been the title of Boole’s magnum opus. But it was also said that
logic was not concerned with (the laws of ) psychological thought processes.
So what aspect of thought did logic study then? One could answer: the
articulation of thought in language. Language is, so to speak, the raw
material with which logic works. (The Greek logos means, ambiguously,
both speech and ratiocination.) A time when logic holds a place in the
foreground of philosophy is also one in whose intellectual culture language
is bound to be prominent.

This is eminently true of the Golden Age of logic in antiquity. The
Sophist movement had been an outburst of exuberant delight in the dis-
covery of language as logos, i.e. as an instrument of argument, persuasion,
and proof. The disciplines of logic and of grammar were the twin offsprings
of this attitude.

The logic of the School, too, has been described as a Sprachlogik or
logic of language. [13] An excessive interest in the linguistic leg-pulling
known as “sophismata” seems to have been a contributory cause of the
disrepute into which Scholasticism fell in its later days.

The “linguistic turn”, [14] which philosophy has taken in our century,
has become commonplace. So much so that one may feel tempted to view
logic as one offshot among many of the study of language, other branches
being theoretical linguistics, computer science, and the study of artificial
intelligence and information processing. But this would be a distortion of
the historical perspective. Unlike what was the case with the Ancients,
with whom logic grew out of an interest in language, it was the revival of
logic which, with us, made language central to philosophy. Here Frege’s
work became a seminal influence. But it is noteworthy that Frege the
philosopher of language was “discovered” very much later than Frege the
philosopher of logic. This renaissance of Frege’s influence and of Fregean
studies took place only with “the turn to semantics” in logic in the mid-
century.

Hilbert’s concern with the language fragments we call calculi did not
much influence developments in the philosophy of language. [15] Nor did
Brouwer’s work do this directly. But Brouwer’s attack on formalism is,
interestingly, also a critique of language as an articulation of the intuitions
underlying mathematical thinking. With his thoughts on the limits of
language as well as with some other ideas of his, Brouwer is a precursor of
the philosoper who, more than anybody else, has contributed to making
language a major concern of contemporary thinking.
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7. BEven though Wittgenstein never adhered to the logicist position in
the philosophy of mathematics, he stands in the Tractatus firmly on the
shoulders of Frege and Russell. The place of this book in the picture we
are here drawing is peculiar.

It would be quite wrong to think of Wittgenstein’s contribution to logic
as limited to the discovery of the truth-table method for propositional logic
and the conception of logical truths as truth-functional tautologies. (The
truth-table idea has a long tradition going back way before Wittgenstein.)

Foremostly, Tractatus is an inquiry into the possibility of language.
How can signs mean? The answer Wittgenstein gave was his picture
theory about the isomorphic reflection of the configurations of things in
the world, in the configurations of names (words) in the sentence. The
essence of language is the essence of the world — their common logical
form. This, however, is veiled by the grammatical surface structure of
actual speech. The logical deep structure of language is a postulated ideal
which shows itself in meaningful discourse but which, since presupposed,
cannot be itself described in language.

If we abstract from the peculiarities, not to say eccentricities, of the
picture theory and the mysticism of the saying-showing distinction, the
Tractatus view of logic reflects what I think are common and deep-rooted
conceptions of the nature of logical form, necessity, and truth. Indirect
confirmation of this may be seen in the coolness, and even hostility, with
which logicians and mathematicians, until recently, have received the
partly devastating criticism to which Wittgenstein later submitted, not
only his own earlier views of logic, but foundation research in general.

The “metaphysics of logic” — as I would like to call it — of the Trac-
tatus has survived and, moreover, experienced revivals in more recent
times. I am thinking of developments in linguistic theory and in the
partly computer-inspired philosophy of mind represented by cognitive sci-
ence and the study of artificial intelligence.

The “never-never language” [16] which Wittgenstein had postulated in
order to explain how language, as we mean it, is possible, has been res-
urrected in equally speculative ideas about innate grammatical structures
or about an ineffable language of thought {“mentalese”), deemed nec-
essary for explaining the child’s ability to assimilate with the language
community where it belongs. Chomsky’s revived grammaire universelle
or “Cartesian linguistics” is another “crystalline structure” of the kind
Wittgenstein in the Tractatus had postulated for logic. [17]

For these reasons alone, I think that Wittgenstein’s criticism has a
message worthy of attention also for contemporary philosophy of language
and philosophy of mind. The similarity between the Tractatus views and
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these latter-day phenomena has not escaped notice. [18] But it has, so
far, hardly been deservedly evaluated from a critical point of view. [19]
The present situation in cognitive and linguistic research offers interesting
parallels to the search for “foundations” which earlier in the century made
logic central to the philosophy of mathematics, and which reached what
I would call its self-defeating climax in Wittgenstein’s Tractatus.

8. “Every philosophical problem”, Russell wrote on the eve of the First
World War, “when it is subjected to the necessary analysis and purifica-
tion, is found either to be not really philosophical at all, or else to be - -
- logical.” [20] But he also said that the type of philosophy he was advo-
cating and which had “crept into philosophy through the critical scrutiny
of mathematics” had “not as yet many whole-hearted adherents”. [21] In
this respect a great change was brought about in the post-war decades by
the movement known as logical positivism, stemming from the activities
of the Wiener Kreis and some kindred groups of science-oriented philoso-
phers and philosophy-oriented scientists in Central Europe. One saw a
new era dawning in the intellectual history of man when philosophy too,
at long last, had attained den sicheren Gang einer Wissenschaft.

According to an influential formulation by Carnap, philosophy was to
become the logical syntax of the language of science. This was an extreme
position and was in origin associated with views, inherited from earlier
positivist and sensualist philosophy, of how a logical constitution of reality,
a logischer Aufbau der Welt, was to be accomplished.

It is nowadays commonplace to declare logical positivism dead and gone.
It should be remembered, however, that the movement was conquered and
superseded largely thanks to self-criticism generated in its own circle. This
combination of self-destruction with self-development is perhaps unique in
the history of thought. At least I know no comparable case. As a result,
a narrow conception of philosophy as the logic of science gradually gave
place to a conception of it as logical analysis of all forms of discourse. For a
just assessment of logical positivism, it is necessary to see the movement as
the fountain-head which eventually grew into the broad current of analytic
philosophy with its multifarious bifurcations. No one would deny that
this has been a mainstream — I should even say the mainstream — of
philosophy in our century. It is in these facts about its origins: first with
foundation research in mathematics, and then with the extension of the
use of logical tools to the conceptual analysis of scientific and, eventually,
also everyday language, that I found my claim that logic has been the
distinctive hallmark of philosophy in our era.
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9. What I called “the heroic age” in the history of modern logic came
to an end in the 1930s. The turn of a new era [22] was marked by two
events, themselves of “heroic” magnitude. The one was Gédel’s discovery
of the incompleteness properties of formalized calculi; the second Tarski’s
semantic theory of truth. There is, moreover, an intrinsic connection
between the two achievements. [23]

Godel’s incompleteness theorem had serious repercussions on the for-
malist program of axiomatization, consistency proof, and decidability. It
set limits to the idea, ultimately of Leibnizian origin, of the formalization
of all ratiocinative thought in syntactic structures and of reasoning as a
jeu de charactéres, a game of signs ignoring their meaning. The related
achievement of Tarski meant a transcendence of the syntactic point of
view and its supplementation by a semantic one. Therewith it made the
relation of language structure to language meaning amenable to exakt
treatment. The immensely fertile field of model theory is an outgrowth
of this opening up of the semantic dimension of logic. For its further in-
vestigation, Tarski’s later work was also of decisive, seminal importance.
His pioneering role is in no way minimized by the fact that, seen in the
perspective of history, basic ideas in model theory go back to the earlier
work of Skolem and Lowenheim.

Godel’s impact on the formalist program, although devastating for the
more ambitious, philosophic aspirations of the Hilbert school, also greatly
furthered its less ambitious aims. Proof-theory crystallized in the arith-
metization of metamathematics and in the theory of computable and re-
cursive functions.

Something similar happened to the line in logic stemming from Frege
and Russell and continued through the 1930s, most conspicuously in the
work of the young Quine. The antinomies turned out to be a more seri-
ous stumbling block than it had seemed after the early efforts of Russell’s
to conquer the difficulties which had threatened to wreck Frege’s system.
The semantic antinomies, like the Liar, required extensions beyond type-
theory which in none of their suggested forms can be said to have gained
universal recognition. The sought for basis of mathematics in pure logic
gradually took the shape of a foundation in set-theory. Set-theory, being
itself a controversial branch of mathematics, gave prominence to another
challenge, viz. that of clarifying the axiomatic and conceptual foundations
of Cantor’s paradise. Even though the difficulties which the logicist ap-
proach encountered can be said to have ruined the original aspirations of
its initiators, this heir to their program remains, in my opinion, the philo-
sophically most challenging aspect of foundation research in mathemat-
ics today. Not surprisingly Godel, the perhaps most philosophic-minded
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mathematical logician of the century, devoted his later efforts mainly to
work in this area.

The third mainstream in the early foundation research, intuitionism,
also changed its course. In 1930 Heyting codified, in a formal system, the
logical rules which were thought acceptable from the intuitionist point of
view. Thereby he created an instrument which has turned out to be very
useful in the mathematical study of proof, and thus for vindicating that
part of Hilbert’s program which remained unaffected by Gédel’s discover-
ies. In view of the acrimony which once embittered the fight between for-
malists and intuitionists and not least the relations between the founders
of the two schools, [24] their reconciliation in the later developments of
proof-theoretic study may even appear a little ironic.

Brouwer himself was of the opinion that no system of formal rules
can encompass the entire range of mathematically sound intuitions. He
could therefore not attach great importance to Heyting’s achievement. Of
Godel’s results he is reported to have said that their gist had been obvious
to him long before Gédel presented his proofs. [25]

In his rebuttal of the idea that logic could provide a foundation for
mathematics, Brouwer can be said to anticipate the attitude of the later
Wittgenstein. Wittgenstein also shared the constructivist leanings of the
intuitionists and their critical reflection on some basic principles of clas-
sical logic.

The change of climate in logic after the 1930s I would describe as a “dis-
enchantment” (Entzauberung) in Max Weber’s sense. When the grand
dreams and visions of the formalist, intuitionist, and logicist schools had
lost their philosophic fascination, what remained and grew out of them
was sober, solid science. The discipline which had been the mother of the
new logic, viz. mathematics, took back its offspring to its sheltered home.

The homecoming did not fail to raise suspicions among the settled mem-
bers of the family, however. Early in the century, Poincaré had objected
to the logisticiens, that they pretended to give “wings” (ailes) to mathe-
matics but had in fact provided it only with a “hand-rail” (lisiére) and,
moreover, not a very reliable one. [26] On my first encounter with Tarski
a few years after the war, Tarski told me of the difficulties and frustra-
tions he had experienced trying to make mathematical logic respected in
the mathematics department at Berkeley. I recall something similar from
the mathematical establishment in my own country in the form of com-
plaints that some of the most promising students had left the subject and
migrated to philosophy. Now, forty years or more later, this attitude no
longer prevails in the mathematical profession, except maybe in corners
of the world not yet much touched by modern developments.
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10. When viewing the history of modern logic as a process of “rational
disenchantment” in areas of conceptual crisis or confusion, one is entitled
to the judgement that the most exciting development in logical theory
after the second world war has been the rebirth of modal logic. The study
of modal concepts had flourished in the Aristotelian tradition — not only
with its founder, but also with its medieval continuation. In the renais-
sance starting with Boole and Frege, this study, however, long remained
neglected. When eventually it was revived in the work of FLukasiewicz
and C. I. Lewis, its rebirth was something of a miscarriage. This was so
because it took the form of a critique of Russellian logic. Modal logic was
thought of as a “non-classical” alternative or even rival to it.

It was only with the conception of modal logic, not as an alternative
to Russell’s but rather as a “superstructure” standing on its basis, that
the logical study of modalities got a good start in modern times. This
conception did not gain ground until after the second world war, although
it had had precursors in the 1930s with Godel and Feys.

A result of the new start was something that could be called a General
Theory of Modality. Instead of “General Theory” one could also speak of
a family of related “logics” of a similar formal structure. These offshoots
of an old stem of traditional modal logic have become known as epistemic,
doxastic, prohairetic, deontic, and interrogative logic. Historical research
has revealed ancestors of many of them either in ancient and medieval
logic or with Leibniz, this prodigious logical genius, whose seeds mainly
fell in the barren soil of his own time.

One thing which made the study of modal concepts controversial is
that it problematized one of the basic principles of logic — it too of Leib-
nizian ancestry — known as the law of intersubstitutivity salva veritate
of identities. Such substitutivity in sentential contexts is the hallmark of
what is known as extensionality in logic. A system of logic which disputes
or limits the validity of Leibniz's principle is called intensional. Modal
logic may therefore be regarded as a province within the broader study of
intensional logic.

Already Frege had drawn attention to limits of extensionality in dox-
astic and epistemic contexts. Formal operations in intensional contexts,
particularly the use in them of quantifiers, have seemed doubtful and un-
sound to many logicians of a conservative bent of mind. Above all, Quine
has been an acute and staunch critic of modal and other forms of in-
tensional logic. But his criticism has also been a challenge and source
of inspiration for a younger generation of logicians, partly following in
Quine’s footsteps, to clear the jungle of modal and intensional concepts
and make their study respectable. To this has contributed the invention
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of the very powerful techniques known as possible worlds semantics. The
Leibnizian echo in the name is not mere accident.

With these later developments the study of modal and intensional logic
has become progressively less “philosophical” and technically more re-
fined. Another process of “disenchantment” is taking place, an initially
controversial subject being handed over by philosophically-minded logi-
cians to logically-minded mathematicians.

11. Modal logic, also intensional logic in general, is still in some quarters
called “non-classical”. There is no received view of what should count as
“classical”, or not, in logic. As long as modal logic was regarded as an al-
ternative to some already canonized structure, the name might have been
justified. But modal logic is not an “alternative” to the logic systematized
by Frege and Russell — at least not to that part of it which is known as
first order logic and which consists of the two layers of the propositional
and the predicate calculus.

A way of distinguishing classical from non-classical logic, which cuts
deeper both historically and systematically, is the following: Classical
logic accepts as unrestrictedly valid the two basic principles, first stated by
Aristotle and subsequently known as the Law of (Excluded) Contradiction
and Law of Excluded Middle (or Third). Both are also fundamental in the
logic of Frege and Russell. To question the one or the other is tantamount
to doubting the division of what is sometimes called logical space in two
jointly exhaustive and mutually exclusive parts.

Doubts about the exhaustive nature of the partition were already en-
tertained by the founding father of logic himself. (Yet I do not think it
right to interpret Aristotle’s discussion of the “Sea-Battle Problem” in
the ninth chapter of Peri Hermeneias as a denial of the universal validity
of the tertium non datur.) The same doubts reappeared in the Middle
Ages — together with groping attempts to construct a many-valued logic
for coping with them. Within modern logic these efforts were renewed
by Lukasiewicz. His grand vision of polyvalent logic as a generalization
of classical logic did not turn out as fertile as its originator had imagined
it to be. The idea of polyvalence has useful technical applications. But
the conception of it as a grating of logical space finer than the true-false
dichotomy encounters interpretational difficulties. It is therefore doubtful
whether many-valued logic should even count as non-classical in the sense
which I have in mind here.

A more consequential onslaught on the Law of Excluded Third and
some other “classical” ideas associated with it, such as the Principle of
Double Negation, came from Brouwer and the intuitionists. As already
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noted, formalized intuitionist logic has turned out to be a useful concep-
tual tool for proof-theoretic study. It provides the logical backbone for
a constructivist approach to the notion of existence in mathematics and
is also helpful for efforts to clarify the concept of the actual infinite. To
count with truth-value “gaps” has become standard in many fields of for-
mal study where one deals with concepts of restricted definability or of
an open texture. The Law of Excluded Middle can hardly any longer be
regarded as a controversial topic in the philosophy of logic.

More firm and less assailed, until recently, has been the second pillar
of classical logic, the Law of Contradiction, which prohibits truth-value
“overlaps”. Therefore, doubts about it, once they are raised, cut much
deeper into the foundations of logic than doubts relating to the tertium
non datur.

In fact, already Aristotle realized that there might be problems here.
First among the moderns to see the possibility of a non-classical opening
were JFukasiewicz and the Russian Vasiliev. [27]

Throughout the history of thought, antinomies have been a headache of
philosophers — and since the origin of set-theory also of mathematicians.
Antinomies exemplify seemingly impeccable logical inference terminating
in conclusions contradicting each other. If this is thought unacceptable,
one has to look for some error in the reasoning — and lay down rules
for how to avoid the calamity. This was what Russell did with his Type-
Theory and Vicious Circle Principle.

Moreover, the appearance of a contradiction in a context of reasoning,
such as for example an axiomatic system, seems to have the vitiating
consequence of making everything derivable within the system, thus triv-
ializing or, as one also says, “exploding” it. Hilbert’s efforts were partly
aimed at proving that sound systems are immune to such disasters. This
presupposed that the logic of the meta-proofs has the required immu-
nity. Hilbert saw a warrant of this in what he called the finite Einstellung
(“finitist stand”), allowing only finite Schlussweisen.

Another way of meeting the challenge presented by contradictions is to
scrutinize the idea of logical consequence itself. Contradictions may have
to be rejected as false, but must they have the catastrophic consequences
which “classical” logic seems to allow by virtue of what is sometimes
referred to as Duns Scotus’ Law after the doctor subtilis of the School?
Efforts to modify the classical view of logical consequence or entailment
have been the motivating force behind the venture called Relevance Logic.
A more recent and more radical step in the same direction is known as
Paraconsistent Logic. One of its aims is to show how contradictions can be
“accomodated” within contexts of reasoning without fear of trivialization
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or collapse.

These non-classical developments in logic, of the past decades, have
found an unexpected, but I think not very thrustworthy, ally in Dialectical
Logic, ultimately of Hegelian inspiration. The best one can hope for is
that the treatment of dialectics with the formal tools of paraconsistent
and related “deviant” logics will contribute to a demystification of those
features of it which have made it little palatable to rational understanding.
A similar service which these new tools may render is that of reducing to
its right proportions what Wittgenstein called “the superstitious dread
and veneration by mathematicians in face of contradiction”. [28]

Just as classical logic, i.e. the logic of Frege and Russell, can be called
the sub-structure on which stand the several branches of modal and in-
tensional logic — in a similar way the two main varieties of non-classical
logic: the intuitionist-like ones which admit truth-value gaps and the
paraconsistent-like ones which admit truth-value overlaps, will serve as
sub-structures from which a variety of alternative epistemic, deontic and
other logics will grow out and be further cultivated. But these develop-
ments are still in early infancy.

12. I have tried to review the development of logic in this century as a
gradual progress from the philosophic fascination of a foundation crisis
in mathematics and the confusions excited by the rediscovery of fields
of study long lying fallow to increased clarity, exactness, and conceptual
sobriety. But logic thus transformed ceases to be philosophy and becomes
science. It either melts into one of the old sciences or contributes to the
formation of a new one. What happened to logic was that it fused with
the multifarious study of mathematics, but also with newcomers on the
scientific stage such as computer science and cognative study, cybernetics
and information theory, general linguistics — all being fields with a strong
mathematical slant.

Transformations of parts of philosophy into independent branches of
scientific study are well known from history. The phenomenon has gained
for philosophy the name “mother of the sciences”. Physics was born
of natural philosophy; in some English and Scottish universities it still
bears that name. The second half of the 19th century witnessed the birth
of psychology and sociology through a transformation of predominantly
speculative thinking into experimental and empirical research. In our
century something similar happened with logic. [29]

Already in the early days of the developments which we have here been
following, Russell wrote: “Mathematical logic - - - is not directly of philo-
sophical importance except in its beginnings. After the beginnings, it
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belongs rather to mathematics than to philosophy.” [30] And in an un-
published typescript of Wittgenstein’s we read: “Die formale Logik —— ein
Teil der Mathematik.” [31]

Philosophy, I would say, thrives in the twilight of unclarity, confusion,
and crisis in fields which in their “normal” state do not bewilder those
who cultivate them or cause excitement in their intellectual surroundings.
From time to time, however, philosophic storms will occur even in the
seemingly calmest of waters. We can be certain that there will always
remain obscure corners in logic too, thus assuring for it a permanent
place among the concerns of philosophers. And I can well imagine that
individual thinkers will find in logic the raw material for bold metaphysical
constructions. As an example might be cited Godel’s conceptual realism
with echos of Plato and Leibniz. But it seems to me unlikely that logic
will continue to play the prominent role in the overall picture of an epoch’s
philosophy which it has held in the century now approaching its end. This
will be so partly because of logic’s own success in integrating itself into the
neighbouring sciences just mentioned. But it will also be due to the rise
on the philosophical horizon of new clouds calling for the philosophers’
attention and craving for clarification.

Big shifts in the centre of philosophy signalize changes in the general
cultural atmosphere which in their turn reflect changes in political, eco-
nomic and social conditions. The optimistic mood and belief in progress,
fostered by scientific and technological developments, which has been our
inheritance from the time of the Enlightenment, is giving way to a sombre
mood of self-critical scrutiny of the achievements and foundation of our
civilization. No attempt to survey the overall situation in contemporary
philosophy can fail to notice this and to ponder over its significance.

I shall not try to predict what will be the leading trends in the philos-
ophy of the first century of the 2000s. But I think they will be markedly
different from what they have been in this century, and that logic will not
be one of them. If I am right, the twentieth century will even clearer than
now stand out as another Golden Age of Logic in the history of those
protean forms of human spirituality we call Philosophy.

NOTES

1. KANT, Kritik der reinen Vernuft, p. 7 (Pagination of the second edition, 1787.)

2. Most notably with FRANCIS BACON’s Novum Organum (1620); later also with
LAMBERT’S Neues Organon (1764); and once again with WILLIAM WHEWELL'S
Novum Organum Renovatum (1858).
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1. Introduction

The witness function method has been used with great success to characterize
some classes of the provably total functions of various fragments of bounded
arithmetic (2, 4, 18, 23, 17, 16, 5, 6, 1, 7, 8]. In this paper, it is shown that
the witness function method can be applied to the fragments I'S,, of Peano
arithmetic to characterize the functions which are provably recursive in these
fragments. This characterization of provably recursive functions has already
been performed by a variety of methods; including: via Gentzen’s assignment
of ordinals to proofs [9, 27], with the Gédel Dialectica interpretation [12, 13],
and by model-theoretic methods (see [20, 15, 26]). The advantage of the
methods in this paper is, firstly, that they provide a simple, elegant and
purely proof-theoretic method of characterizing the provably total functions
of IY, and, secondly, that they unify the proof methods used for fragments
of Peano arithmetic and for bounded arithmetic.

The witness function method is related to the classical proof-theoretic
methods of Kleene’s recursive realizability, Gédel’s Dialectica interpretation
and the Kreisel no-counterexample interpretation; however, the witness
function method does not require the use of functionals of higher type.
We feel that the witness function method provides an advantage over the
other methods in that it leads to a more direct and intuitive understanding of
many formal systems. The classical methods are somewhat more general but
are also more cumbersome and more difficult to understand (consider the dif-
ficulty of comprehending the Dialectica interpretation or no-counterexample
interpretation of a formula with more than three alternations of quantifiers,

*Supported in part by NSF grants DMS-8902480 and INT-8914569.
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for instance). On the other hand, the more direct and intuitive witness
function method has been extremely valuable for the understanding of why
the provably total functions of a theory are what they are and also for the
formulation of new theories for desired classes of computational complexity
and, conversely, for the formulation of conjectures about the provably total
functions of extant theories. The main support for our favorable opinion of
the witness function method is, firstly, its successes for bounded arithmetic
and, secondly, the results of this paper showing its applicability to Peano
arithmetic.

While checking references for this paper, the author read Mints [19] for
the first time — it turns out that Mints’s proof that the provably recursive
functions of I¥; are precisely the primitive recursive functions is based on
what is essentially the witness function method. This theorem of Mints is,
in essence, Theorem 9 below. Mints’s use of the witness function method
predates its independent development by this author for applications to
bounded arithmetic. The present paper expands the applicability of the
witness function method to all of Peano arithmetic.

The outline of this paper is as follows: section 2 develops the necessary
background material on Peano arithmetic, the subtheories I, , transfinite
induction axioms, least ordinal principle axioms, the sequent calculus and
the correct notion of free-cut free proof for transfinite induction/least number
principle axioms. In section 3, the central notions of the witness function
method and witness oracles are developed and the X, -definable functions of
I%, and 1A+ TI{wy,I1,) are characterized. This includes the definition of
a-primitive recursive (in X ) functions and normal forms for such functions.
Then the provably recursive (i.e., ¥ -defined) functions of I'E,, are character-
ized by proving a conservation theorem for T'1(wy,, I1,,) over TI{wpy1, a—1).
Section 4 outlines a proof of Parsons’s theorem on the conservativity of the
I, -induction rule over the ¥, -induction axiom. Section 5 contains a proof
of the II,,;-conservativity of BY,; over I¥,. Section 6 concludes with
a discussion of the analogies between the methods of this paper and the
methods used for bounded arithmetic.

2. Preliminaries
2.1. Arithmetic and ordinals

Peano arithmetic (PA) is formulated? in the language 0, S, +, - and <.

2Qur formulation of PA is similar to the usual one in [21] except that it has different
non-induction axioms and has < instead of <. It is easily seen that our definition of I%,
and PA is equivalent to the usual one apart from the inessential replacement of < by <.
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It has induction axioms
A(0) A (Vz)(A(z) — A(S(x))) — (V2)A(z)

for all formulas A, plus it has a finite base set of axioms, namely, Robinson’s
theory @ of seven axioms defining 0, S, + and - and, in addition, the axiom

(Vz)(Vy)(z <y < (32)(z + 2 =1y))

which defines <. A bounded quantifier is of the form (3z < t) or (Vz <t)
where ¢ is any term not involving z. The usual quantifiers, (Vz) and (3z),
are called unbounded quantifiers. The Aq-formulas, or bounded formulas, are
the formulas in which every quantifier is bounded. The classes X, and II,
of formulas are defined by induction on n, so that ¥y = Il = Ay and so
that .41 is the set of formulas of the form (3%)B where B € II, and so
that II,,;; is defined dually. The theory I3, is defined to be the theory in
the language of Peano arithmetic with the same eight non-induction axioms
as PA and with induction axioms for all formulas A € X,,.

The collection axioms provide an alternative way to define fragments of
Peano arithmetic. A collection axiom is of the form

(Vz < 8)(3y)Alz, y) — (32)(Vz < 1)(3y < 2)A(z, y).

We let BY, denote the set of collection axioms for all A € ¥,,; BII, is
defined similarly. It is well-known that IAg+ B, 4 F IX, and IX, = BY,.
1t is also well-known that TAg+ BY,, 41 is [1,41-conservative over I¥,, and we
shall reprove this in section 5 below. An important feature of the collection
axioms is that it provides a ‘quantifier exchange’ principle that allows moving
bounded quantifiers inside the scope of unbounded quantifiers. The classes
¥, and II, can be generalized to classes ¢ and I1¢ by allowing bounded
quantifiers to appear anywhere in the formula (instead of only in the A,
matrix) but counting only the alternations of unbounded quantifiers. For
example, the hypothesis and conclusion of the collection axiom above are
¥¢ formulas if A € &,,. The theory IAq + BE,, and hence I, can prove
that every Y€ -formula is equivalent to a £, -formula.

Remark: Some authors include function symbols for all primitive recursive
functions in the language of PA. We do not adopt this convention; however,
as is well-known, every primitive recursive function is provably recursive
(2, -definable, see below) in IX; and hence the theories I¥,, for n > 1 are
not significantly affected by the addition of symbols for primitive recursive
functions. Thus the theorems and proofs of this paper also apply to theories
with symbols for primitive recursive functions.
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Definition Let T be a subtheory of PA and f : N¥* — N. The function f
is ¥;-definable in T iff there is a formula A(zy,...,zx,¥) € &; such that

(1) T+ (VZ)(3y)A(Z,y), and

(2) {(7,m):NE A(,m)} is the graph of f,i.e., A(7,m) holdsiff f(7) =m
for all integers 7, m.

The function f is provably recursive in T iff f is ¥;-definable in T.

The intuitive idea of ‘provably recursive’ is that the theory T should prove
that some Turing machine M, which computes f, halts on all appropriate
inputs. Since A(Z,y) can be taken to be a ¥;-formula expressing “there
is a w which codes a halting M -computation with input £ and output y”,
it is clear that any function which is provably recursive in this intuitive
sense is also ¥, -definable. Conversely, if f is X;-definable in T, then there is
Turing machine M which computes f, provably in T'. Namely, M performsa
brute-force search for values of ¥ and the unboundedly existentially quantified
variables of A. Thus ‘Y, -definable’ coincides with the intuitive notion of
‘provably recursive’.

One reason that the provably recursive functions of T are of particular sig-
nificance is that if f is provably recursive in T, then T may be conservatively
extended by adding f as a new function symbol with f(Z) =y « A(Z,y)
as a new axiom. If T is a fragment [Y, then f may be used freely in
induction formulas (without affecting quantifier complexity). Similarly, if T
can prove that a II;-formula and a ¥;-formula are equivalent then T can be
conservatively extended by adding a new predicate symbol with arguments
including the free variables of the two formulas and adding a new axiom
defining the predicate symbol to be equivalent to the formulas. The new
predicate may also be used freely in induction formulas. Such new predicates
are called Aq-defined predicates of T .

Recall that I¥; (and even IAp) can formalize many metamathemat-
ical notions; of particular importance are the sequence coding functions
(mo, ..., zk), ({(Toy--.,Zk))i = T, and Len((xo,...,zx)) =k + 1.

The ordinals are set-theoretically defined to be those sets which are
transitive and well-founded by «. We write < for the ordering of ordinals,
so a < 3 means « € 3. It is well-known how to define ordinal addition,
multiplication and exponentiation. The Cantor normal form for an ordinal a
is the unique expression

o = W 4+w”? ng+w”n,

where 7, > ¥, = -+ = 7, are ordinals and n1,...,n, are positive integers
(i.e., nonzero, finite ordinals). Here w is the first infinite ordinal; we let
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wp = 1, w1 = w and, generally, wp;1 = w**. Thus w, is a stack of n w’s.
The limit of w, as n — w is called ¢j; hence ¢, is the least ordinal such that
eg = w. For a < ¢, the Cantor normal form can be extended so that the
exponents -y; are also written in Cantor normal form, and with exponents in
the latter Cantor normal forms also in Cantor normal form, etc. (eventually
the process must stop). For example,
ww“’o'3+w“’0‘2 -4 _+_w0

is a Cantor normal form; usually this is expressed more succinctly as
w?t* .4 4 1. In this paper, we shall always use ordinals =< ¢ and by
Cantor normal form always means the extended version with exponents also
in Cantor normal form. ¢; is its own Cantor normal form.

By using Gédel numbering, integers can encode Cantor normal forms and
this can be intensionally formalized® in I¥;; with care, these can even be
formalized in 7Ay. In particular, JAg can define the relation IsOrdinal(z)
expressing that x is the Godel number of an ordinal, the relation = < y,
and the functions for ordinal addition, multiplication and exponentiation.
To avoid excessive notation, we use the same notation for actual and for
metamathematical operations; for example, w + 1 also denotes its own
Godel number. However, there will occasionally be situations where context
is not sufficient to distinguish between ordinals and their Godel numbers:
this occurs when n may be either an integer or a finite ordinal; to resolve
ambiguity, we write "n’ for the G6del number of the ordinal n and we write
n for the integer n. To improve readability, we use &, §,7,... and p, 0,7, ...
as variables that range over Gddel numbers of ordinals. For example, the
formula (Vo < 8)(---) abbreviates the first-order formula

IsOrdinal(f) A (V2 )(IsOrdinal(z) Nz < § — ---).

Note that Yo < [ corresponds to an unbounded quantifier unless £ is known
to code a finite ordinal.

Transfinite induction on ordinals may be used to provide alternate axiom-
atizations for fragments of Peano arithmetic:

Definition Let ¥ be a set of formulas and let x < €. Then TI(x, ¥) is the
set of axioms

(Vy < #)[(V8 < 7)A(B) — A(v)] — A(k) 1)

where A is a formula in ¥, possibly with other free variables as parameters.

3 Intensionally formalized’ means that IS, can prove simple syntactic facts about ordinal
encodings and about operations on encoded ordinals.
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The least ordinal principle axioms LOP(k, ¥) are

A(r) = (37 < 6)[A(1) A (VB < 7)(~A(B))] (2)

where A € ¥ and A may have parameter variables. For a fixed formula A,
the axioms (1) and (2) are called TI(k, A) and LOP(k, A), respectively.
TI(< k,¥) is the theory U, TI{(p, ¥).
LOP(< k,¥) is the theory U,«LOP(y, ¥).

A slight variation on the least ordinal principle and transfinite induction
axioms is

TP (s, @) (V7 < 0)I(V8 < DAB) — AW)] = (V7 < ©)A()

LOP*(k,%):  (Iv<w)A(Y) = Gy < K)[A() A (VB < 7)(~A(B))]-

For ¥ one of the classes ¥, or II,, TI*(k, ¥) is equivalent to TI(x, ¥) since
the former obviously implies the latter and since TI*(k, A) may be inferred
from TI(k, B) where B(c) is A(a)V (o = ¥ A A(Y)), where 7' is a new
variable acting as a parameter. Similarly, LOP* and LOP are equivalent for
¥ one of the classes ¥, or I1,.

This paper is concerned primarily with the axioms TI< wp,X,) and
LOP(< wm,L,) where m > 2 and n > 0. The next two propositions
give equivalences among such axioms (see [26] for generalizations of these
propositions).

PROPOSITION 1 Let m > 2 and n > 0.

(@) IA¢+ TH= wi, L) = IAg + LOP(< wpy, 11,,)

(b) TA¢+ TH< wy,II,) = 1A + LOP(< wy, ,,)

(c) IA¢+ LOP(< wy, I1,) = IAg + LOP(< Wy Ent1)
(d) TAg+ TI< Wi, X)) = IAg + TI< Wi, Mny1)

Proof (a) and (b) are trivial since TI(x, A) and LOP(k,—~A) are logically
equivalent (essentially, contrapositives). For (c), if A € £,4; then A(p) must
be (37)B(p, ) where B € II,,. Now, LOP(x, A) follows from LOP*(w - k +
w, C) where C(p) is the II,-formula expressing

“p encodes an ordinal w - k + (¥), with ¢ integers, such that
Bk, §) holds.”

Also, if K < Wy, then w- Kk + w < wp; so (c) is proved. Finally, (d) follows
immediately from (a), (b) and (c). O
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It is important to note that Proposition 1 holds for n = 0; it is easy to see that
the proof of (c) is valid for n = 0 since C is a Ag-formula if B is. This has as
consequence that IAg + TI(< wp, Lo) is equivalent to 1Ag + TI(< wm, ;)
and since IAp can express every primitive recursive predicate as a II;
formula, it follows that transfinite (< w,, ) induction on Ag-formulas implies
the same amount of transfinite induction on primitive recursive predicates.
In addition, relative to IAg, TI(< wm, Lo) is equivalent to LOP(< wy,, Xo),
which in turn is equivalent to LOP(< w,,,, ¥1). Since every primitive recursive
predicate can be expressed as a ¥ -formula, it follows that transfinite (< wy, )
induction on Ag-formulas implies the < w,, least ordinal principle for
primitive recursive predicates. We shall, in section 3, frequently informally
argue that various complicated metamathematical constructions can be
formalized in theories TAg + TH< wp, Lp-1); since m > 2 always holds,
these theories can prove the usual induction and least number principles
for primitive recursive predicates, which is sufficient for formalizing all the
metamathematical constructions in section 3.

ProproOSITION 2 Let n > 1.

IS, = I, IAy+ TIw, Sn) = IAg + THw, II,)
IAg + LOP(< ws, )

IA + TI(< wy, Ty_y)

naem

Proof It is clear that IX, = IA¢ + Tl(w, X,) and by standard techniques
these are equivalent to ITI, and IAq + TH{w,II,). In light of Proposition 1,
it suffices to show that LOP(< wy, L,) follows from IA, + TI(w,I1,). To
accomplish this, we show, by induction on k, that LOP(< w* %) follows
from the latter theory. For k£ = 1 this is proved by the kind of reasoning used
to prove Proposition 1(a),(b). To show LOP(< w**! .); let A(a) € &,
let a9 < w*™! and reason informally with the assumptions T/(w,1I,) and
LOP(< w*,£,): further set C(a) to be the formula (F)A(w - o + i), so
C(a) € ¥,. Now assume A(ag) holds; since oy = w - a; + 7; for some
a1 < w* and some finite i;, C(ay) holds also. By LOP(< w*, ¥,), there is
a least ay such that C(ay) holds and now by THw,IL,), there is a least iy
such that A(w-ag+13). Clearly o = w- oy + iy is the least ordinal such that
A{a) holds. O

2.2. Arithmetic and the sequent calculus

This section describes how the sequent calculus and free cut elimination are
applied to the fragments of arithmetic defined above. The reader is presumed
to be familiar with the sequent calculus (refer to [27) or Chapter 4 of [2] for the
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necessary background material). We shall assume the language of first-order
logic contains symbols =, A, V, —, 3 and V; this leads to a large number
of rules of inference but we shall omit most cases from our proofs in any
event. It will be assumed that bounded quantifiers are part of the syntax
of first-order logic with the sequent calculus containing the four appropriate
rules of inference for bounded quantifiers.* See [2] for the full definition of
the sequent calculus LKB with bounded quantifier rules of inference.

To formalize the proof theory of arithmetic with the sequent calculus, it is
customary to use special induction inferences in place of induction axioms.
An induction inference is of the form

T, A(a) —> A(Sa), A
T, A(0) — A(t), A

where t may be any term, ¢ is a free variable called the eigenvariable and
a must not appear in the lower sequent. The induction inference for A is
equivalent to the induction axiom for A, because the side formulas [ and A
are allowed. Thus I'X, is formalized in the sequent calculus with a finite set
of axiom schemes plus the induction inferences for X; formulas. The finite
set of axiom schemes for IX; consists of the following initial sequents:

Sr=8t—>r=t —>r-0=0

St=0—> —>r-(St)=r-t+r
—>r+0=r —>»r=0,3z <r)(Sz=r)
—>r+St=S(r+t) r<t—>Fz <t){r+z=1)

r+s=t—>r <t

where r, s and t are allowed to be any terms. Of course the usual logical
initial sequents A—>A with A atomic and the initial sequents for equality
are also allowed. It is important for us that every initial sequent consists of
only A, formulas.

The theory I1Ag + TI(< wp, £,) is formalized in the sequent calculus with
the same initial sequents, with induction inferences for Ag-formulas and for
transfinite induction, with the LOP(< wy,, I1,,) inferences defined below.

Let 7 be a closed term with value the Gdel number of an ordinal and let
B(a) be a formula; the LOP(7, B) inference is

a=<71 B(a),l —> A, (38 < a)B(0)

LOP(r,B) : BT —A

4This assumption is not absolutely necessary and the reader may prefer to think of
the bounded quantifiers as abbreviations — in this case the proofs by induction on the
number of inferences in a free-cut free proof must be slightly modified.
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where « is an eigenvariable and may occur only as indicated. It is not hard
to see that the inference rule LOP(r, B) is equivalent to the axiom form of
LOP(r, B): to derive the inference rule from the axiom, recall that the axiom
LOP(r,B) is

B(r)—>(3a < 7)[B(a) A (VB < a)(=B(H))], 3)

and use the derivation

ax7,B(a),l —> A, (30 < a)B(6)
(3) (Fa < 7)(B(a) A (VP < ) (=B(f))), I —>A
B(r),'—>A

where the double horizontal line indicates omitted inferences. Conversely, to
see that the LOP(7, B) follows from the inference rule, use

a x7,Bla) —> (3y < 7)[B(y) A (VB < 7)(-B(B))], (38 < ) B(B)
B(r) —> (37 < 7)[B(v) A (V6 < 7)(-B(p))]

where the upper sequent is, of course, provable in TAg.

The LOP(< wm,¥) inferences are the set of inferences LOP(r, B) for
T <wpy and B € ¥. The principal formula of an LOP inference is the
formula. B(7) in the lower sequent; the guziliary formulas are the three
formulas in the upper sequent other than " and A. An important property
of the LOP(< wy,, 11, 1) inferences is that the principal formula and the
auxiliary formulas are all in &,,.°

Below we shall extensively study the theory IAg + TI(< Wy, Tn_1), which
is equivalent to IAg + LOP(< wy, II,,_1) and henceforth is to be formalized
in the sequent calculus with initial sequents given above, the IAj-induction
rule and the LOP(< wp,Il,_;) inference rule. This theory enjoys the
important property of free-cut elimination. We say that a cut in a sequent
calculus proof is free unless one of its cut formulas is a direct descendent
of a formula in an axiom (initial sequent) or of a principal formula of an
IAy inference or of a principal formula of an LOP(< wp,I1,_1) inference.
The free-cut elimination theorem implies that if IAg+ LOP(< wp,I1,_1)
proves a sequent then there is a proof (in the same theory and of the same
sequent) which contains no free cuts. Such a proof is called free-cut free.

®This is the reason we use LOP inferences instead of TT inferences. The TK7,En_1)

inferences would be
«@ $ 7, (V/B =< a)B(ﬂ),I‘ —> A9B(a)
I' — A, B(7)

where B € ¥,; and « is an eigenvariable. These inferences contain a II, auxiliary
formula.
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This free-cut elimination theorem is proved by a elementary triple induction
argument (equivalently, induction to w?®) by the same argument used for
the cut elimination theorem for first-order logic. In particular, the free-cut
elimination theorem can be proved in IX;.

A formula A is a subformula of B in the wide sense if A can be obtained
from some subformula C of B by substituting freely terms for variablesin C.
In a free-cut free proof, each formula A is either (1) a direct descendent of a
formula in an axiom or of a principal formula of an IAg or LOP inference, or
(2) a subformula in the wide sense of such a formula, or (3) a subformula in the
wide sense of an auxiliary formula of an IAg inference or an LOP inference,
or (4) a subformula in the wide sense of a formula in the endsequent of the
proof. This is because each formula in the proof has a (not necessarily direct)
descendent which is a cut formula (so (1) or (2) applies), or which is an
auxiliary formula of an induction or LOP inference (so (3) applies), or which
is in the endsequent (so {4) applies).

The above gives the following important proposition:

PROPOSITION 3 (n > 1) Let T be a theory IZ, or IAg + TI(< Wy, Xn-1).
Suppose ' —>A is a consequence of T and every formula in I' and A is
in X,. Then there is a T -proof of ' —>A in which every formula is in ¥, .

3. Definable functions of 1%,
3.1. Witness functions and ordinal primitive recursion

A witness oracle for an existential property (3z)A(z,Z) is an oracle which
when queried with values for 2z responds either with a value for x such that
A(z, Z) or with the statement that there is no such value for z. If 4 isa
decidable predicate then a witness oracle for A is clearly equivalent to an
oracle for the function

st = [T

where (uz)A(z,Z7) is the least value for z such that A(z,Z) holds. The
advantage of viewing a witness oracle as a function is that it allows the
definition of being primitive recursive relative to a witness oracle:

Definition Let n > 1. The set of functions which are primitive recursive
in T, is defined inductively by:

(1) The constant function 0, the successor function S(z) = z + 1, and the
projection functions 7?(x1,...,Z,) = ; are primitive recursive in X,.
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(2) Theset of functions primitive recursive in 3, is closed under composition.

(3) If g : N* — N and h : N*¥2 — N are primitive recursive in ¥, then so
is the function f defined by

f(ovz) = g(z_:')
fm+1,2) = h(m,Z f(m,2)).

(4) If A(%) is a formula (3z)B(z, Z) where B € II,,_; then Uy, is primitive
recursive in %, .

The set of functions primitive recursive in g is just the set of primitive
recursive functions, and is defined, as usual, by (1), (2) and (3).

It is important for the definition of primitive recursive in X, that the
functions U, are included instead of just the characteristic functions of A.
For example, if n = 1, these two functions are Turing equivalent; however,
for primitive recursive processes these are not equivalent since even if (3z)B
is guaranteed to be true and if B is primitive recursive, a primitive recursive
process can not find a value for  making B true without knowing (at least
implicitly) an upper bound on the least value for z.

A primitive recursive in ¥, function may ask any (usual) query to a II, or
a %, oracle. This is because, for example, if A(Z) € ,,, then A is equivalent
to a formula (3z)B where B € II,_; and a witness oracle Uz;)p can be used
to determine if A(Z) is true.

Definition Let o be (the Goédel number of) an ordinal. The set of a-
primitive recursive functions is defined inductively by the closure properties
of (1), (2) and (3) above and by

(5) If g : NF = N, h: NF*! — N and x : N¥* — N are a-primitive recursive
then so is the function f defined by

h(8,Z, f(r(8, 2), 2)) ifr(B,2) < Bxa

9(8,2) otherwise

where k(0,Z) < 8 < « means that 3 and s(f,7) are the Godel
numbers of ordinals obeying the inequalities.

A function is said to be < a-primitive recursive iff it is y-primitive recursive
for some v < .

Combining the notions of witness oracles and ordinal primitive recursion
gives:
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Definition Let n > 0 and a be (the Gddel number of) an ordinal. The set
of functions which are a-primitive recursive in ¥, is defined inductively by
the closure properties of (1)-(5) above (omitting (4) if n = 0).

A function is said to be < «-primitive recursive in L, iff it is y-primitive
recursive in %, for some v < «.

It is well-known, and not too hard to show, that a function is primitive
recursive in %, iff it is w-primitive recursive and iff it is < w*-primitive
recursive in 2,,.

3.2. Normal forms for ordinal primitive recursive functions

This section presents three normal forms for the definitions of < w,,-primitive
recursive functions. These are called the zeroth, first and second normal forms
and will be helpful for the proofs of the characterization of provably total
functions of various fragments of Peano arithmetic.

Recall that that the set of functions < w,,-primitive recursive in ¥, is,
by definition, the smallest set of functions satisfying the closure properties
(1)-(5): the Zeroth Normal Form Theorem states that the closure (3) under
primitive recursion may be dropped at the expense of adding more base
functions.

THEOREM 4 (ZEROTH NORMAL FORM) Let m > 2 and n > 0. The
functions < wy,-primitive recursive in ¥, can be inductively defined by

(0.1) Every primitive recursive function is < wp,-primitive recursive in 3,.

(0.2) The set of functions < wy,-primitive recursive in X, is closed under
composition.

(0.3) If n > 1 and A(Z) is (3z)B(x,Z) where B € Il,.,, then Uy is
~ Wy, -primitive recursive in ,,.

(0.4) If kg < wy and if g : NF = N, h: NF*!1 — N and £ : N¥ — N are
< W, -primitive recursive in ¥, then so is the function f defined by

L [MAE KB, HK(BH <Bxx
f8.2) = { 9(8,2) otherwise. ’

Proof The fact that < wp,-primitive recursive in ¥, functions satisfy
conditions (0,1)-(0.4) is obvious. The idea for the other direction is quite
simple; namely, that w-primitive recursion may be used to simulate ordinary
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primitive recursion. For example, if f is defined by primitive recursion from
g and h by
f0,2) = g¢(2)
fm+1,2) = h(m,Z f(m,Z))

then f can also be defined via w-primitive recursion as follows. For n € N,
let 'n” denote the Godel number of the finite ordinal n. Define

B 9(% ifo="0
Fla,2) = { H(a,Z, F(Pred(a), ) otherwise

where
a1 if « is (the Gédel number of)
Pred(a) = a successor ordinal
o otherwise
and
o _ h(m, z,w) foa=m+1 withmeN
H(a,Zw) = { arbitrary otherwise.

Now Pred is primitive recursive and H is definable by composition from h
and primitive recursive functions; furthermore, f(m,?z) = F("m", Z). Thus
f is defined from g and h and some primitive recursive functions using
composition and w-primitive recursion. [

Note that the proof of Theorem 4 shows that (0.1) could be weakened to
include only the usual base functions (1) and a few specific primitive recursive
functions for manipulating Gédel numbers of finite ordinals.

THEOREM 5 (FIRST NORMAL FORM) Let m > 2 and n > 0. The set of
functions < wy,-primitive recursive in %, is the smallest set of functions
satisfying the four conditions (1.1)-(1.4):

(1.1)-(1.3): same as (0.1)-(0.3).

(1.4) If kg < wy, and if ¢ and k are unary functions which are < wpy,-
primitive recursive in ¥,, then so is the function f defined by

fla) = { Fs(a)) if k(o) < a < Ky

g(a) otherwise.
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In (1.4), we say that f is defined by parameter-free ko -primitive recursion
from g and k.

Proof For this proof only, let F denote the smallest set of functions which
satisfies the closure conditions of (1.1)-(1.4). Obviously, the Zeroth Normal
Form implies that every function in F is < w,,-primitive recursive in X,,. To
show that F contains every function < wy,-primitive recursive in ¥,,, it will
suffice to show that F is closed under the < w,-primitive recursion of (0.4).
For this, suppose f is defined by

18,2 = {h(ﬂ’z,f(ﬂ(ﬂ,é'),z*)) if 5(6,2) < B < Ao

9(8,2) otherwise.

To give a definition of f using parameter-free < wy,-primitive recursion,
we shall use ordinals that code the parameters z’ and which code a history
of the computation of f(3) with § =< k¢. In order to code the history of
the computation of f, we need ordinals 5, f1,..., 3 so that §y = § and
Bis1 = &(06:, Z) < B; and so that (8, Z) # fs; also we need values as, ..., ao
so that a; = g(08s, Z) and a; = h(f;, 7, a:4+1) for all i < s; it will follow that
f(B,2) is equal to ag. We shall code and index this computation by the
following scheme. We use ordinals of the form w? - & + (Z, Bo, - -, Bi-1) to
code the first phase of the computation of f, where (2, fo, ..., 3i-1) denotes
the finite ordinal equal to the Gédel number of the sequence containing the
entries Z and the Godel numbers fg, ..., f;—1. To code the second phase of
the computation we use ordinals of the form w-i+(Z, B, ..., fi—1, a:). Since
Ko < W, there is an ordinal oy < wy,—; such that kg < w?. Define

o - {f s

where K and G are defined so that

K<w2':6i+<27ﬂ0)""/6i—1>)=w2"€(:3iag)+(z)ﬂ07”'7ﬂi>
if1>0and k(8;,2) < 5

K(LU2 ) )62' + (2’ﬂ07 .. 'aﬂi—l)) =w-1 + <57:607~ .- ,ﬂi—l’g(ﬂix‘g))
where 0 < i € N and &(5;,(2)) £ G;

K(w-(i+1)+(2’,[30,...,ﬂi,a)):w~i+(Z,ﬁo,...,ﬂi_l,h(ﬂi,i,a))
forieN

K((7,a)") ="(Z,a)
G((Za)) =a
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where, in the last two equations, (Z,a)* denotes the G6del number of the
finite ordinal (Z,a). K and G may be arbitrarily defined for other inputs.
Clearly F is defined by w?*?9-primitive recursion from G and K. And f is
definable in terms of F' and g using composition:

Fw*- B+ (%) if B < ko
18,2) { 9(8,2) otherwise
We have used only < wp,-primitive recursion (since w?t® < w,,) and
composition to define f from ¢, h, x and primitive recursive functions.
Hence f € F.
Q.E.D. Theorem 5

The final and best normal form for < wy,-primitive recursive in X,
functions is not an inductive definition, but is a true normal form.

THEOREM 6 (SECOND NORMAL FORM)

(a) Let m > 2 and n > 1. A function F(Z) is < wy,-primitive recursive
in ¥, iff there are a Ky < wm, a A(J) of the form (3z)B(z,y) with
B € I1,_,, and primitive recursive functions 7, g and k so that
F(Z) = f(7(Z)) where f(f) is defined by

_ ) F(&(B,U4(8))) i 5(B,Ua(B)) < B < Ko
18 = { 9(0) otherwisz )

(b} Let m > 2. A function F(Z) is < wy,-primitive recursive iff there
are a kg < wy, and primitive recursive functions 7, ¢ and k so that
F(2) = f(r(%)) where

_ ) f(s(B) i k(B) < B < Ko
18 = { g(8) otherwise

An important feature of the second normal form theorem is that & is now
required to be primitive recursive, instead of merely < w,,-primitive recursive
in %,.

Proof We shall prove (a); the proof of (b) is essentially identical. First,
every primitive recursive function can be expressed in the form (a): to prove
this, if F' is primitive recursive, let ko = 0, let 7(2) = (2), let k(8,a) =0
and g("(2)") = F(%). The functions 7 and & are clearly primitive recursive
and g is primitive recursive since F is. Second, if A(y) is (3z)B(z,y) where
B € 1I,,_1, then the function Uy can be expressed in the form (a) by letting
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ko = w - 2, letting 7(y) = w + y, letting k(w +y,1) = 7" and &(",a) = 0
and letting g(7") = 1.

Next we show that the set of functions definable in the form (a) is closed
under composition. Suppose F; and F; are defined by Fi(v, 2) = fi(n(v, 2))
and Fy(2) = fo(r2(Z)) where

fi('q’i(/@’ UAz(ﬂ)))
9:(8)

for i = 1,2. By assumption, 7;, ; and g; are primitive recursive functions.
We must show F(Z) = Fi(Fy(Z),7) is also definable in this way. Pick
0 < wWm-1 to be an ordinal such that ko1,k02 < w?. We set F(2) =
flw't? -2+ (Z)) and define f(B) asin (a) with ko = w'*? -3 and with &
defined so that, if 8 < w7,

if ni(ﬁ’ UA,(ﬂ)) = /8 =< Koyi

otherwise

) = {

( wl+0‘+w_7.2(2‘)+<2‘>

71(92(72(2)))

if T2(5‘) < Ko,2

if 75(2) £ ko and
71{g2(72(2))) < Ko
otherwise

KW -2+ (7)) =

w1+a .3

W+ w - Ky (B, U, (0)) + (2)
if k2 (B, Unay(B)) < B < Ko

if not k3(,Un,(B)) < B < Koz
and 11(g2(8), 2) < ko1

otherwise

KW +w-B+(2) =4 71(9:200),2)

wite .3
and, if 8 < ko1, k(B) = k1(B, U, (B))-

g2+ (2))
9w +w- B+ (7)) 91(11(92(8)))
9(8) 91(13)

This almost defines f(Z) in the desired form (a); however, there is a problem
since k() is defined using both Uy, and Uy, (and not using them in correct
manner either). To fix this, we define a new A(y) = (3z)B(z,y) so that
k(a) is a primitive recursive function of only @ and Ua(«a). For this, suppose
A; = (3z)B;(z,y) where B; € II,,_;. Define B by

Also define g so that, for all § < w7,

91(11(92(72(2))))

By(z,0) fa=w+w-g+m
B(z,0) & By (z,a) if @ < Wt
arbitrary otherwise.
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Since By, By € II,_1, so is B. That completes the proof that the set of
functions definable in the form (a) are closed under composition.

Finally, we must show that the functions definable in the form (a) are
closed under parameter-free < w,,-primitive recursion. For this, suppose
f is defined from functions g and &, which are defined in form (a), and from
an ordinal kg < wy, asin (1.4) and further suppose that x is defined in the
normal form (a) by

kla) = fi(ri(a))

fi(k1(8,Ua,(8))) if 51(8,Ua, (B)) < B < Ko
Fu(B) { a1(0) otherwiseA

where xg; < wy, and 71, k1 and ¢; are primitive recursive functions. Pick
g9, 01 to be the least ordinals such that kg < w” and kg; < w; hence
00,01 < Wr-1. We now define F(a) = f'(w!'*91+9%0 4 7o") where f' will be
defined in the second normal form (a) with primitive recursive functions &',
¢' and ordinal xf where ' is defined by

&’(w1+01+00 + raﬁ)

{ wlto o 4wt if o < Ko

wltortoo 4, otherwise

w9 B+ 1(B) if 71(B) < ko1

Wt g (1(8)) if 1(B) £ Koa
and g1(m1(6)) < 8

wltortoo otherwise

m'(w“”‘ . IB+WU1) —

whtor. /6 + KJI(’}/, UA1 (7))
if 51(7, Uay (7)) <7 < Kot

w1+01 . 91(’7) + W
if k1(7,Ua, (7)) £ vand gi(7) < B

WOt if iy (y, U, (7)) Avand g1(y) £ B

(provided v < kg1 ), and ¢’ is defined by

’{/(leral /H +’Y)

gl(w1+01+00 + raw) — a
gW*-B+y) = B Bk and ygwh

and Ky = w't1t9 4+ Any values of k' and ¢’ left unspecified may be
arbitrary. Now, inspection shows that

Fla) = {

F(r{a)) if K(a) < a <Ko
o otherwise
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and, by construction, F is definable in form (a). Now the function f is
definable by f(a) = g(F(a)) and since g and F are expressible in form (a)
it follows by the earlier part of this proof that their composition f is too.
Q.E.D. Theorem 6

One further refinement can be made to the second normal form theorem:
instead of allowing arbitrary Us’s with A € ¥,,, it is possible to allow only a
single, fixed, suitably chosen U,. Of course, such an A is many-one complete
for ¥,. It is necessary to modify the ordinal coding methods in the above
proof to establish this refinement — the details are left to the reader.

3.3. Some definability theorems

The next theorems characterize the ¥, definable functions of IX,; their
proof will be a straightforward use of the witness function method.

THEOREM 7 Let m > 2 and n > 1. The X, -definable functions of the
theory IAg + TI< wm,X,_1) are precisely the functions which are < wy,-
primitive recursive in ¥, _1.

THEOREM 8 Let n > 1. The ¥, -definable functions of the theory 1%, are
precisely the functions which are primitive recursive in ¥,,_, .

THEOREM 9 The %;-definable (provably recursive) functions of I¥; are
precisely the primitive recursive functions.

There are (at least) three prior prooftheoretic proofs of Theorem 9. Par-
sons [22] gave a proof based on the Godel Dialectica interpretation, Mints [19]
gave a proof which uses a method very close to the witness function method
except presented with a functional language, and Takeuti [27] gives a proof
based on Gentzen-style assignment of ordinals to proofs.

Proof Theorems 8 and 9 are corollaries of Theorem 7 since I%, and
IAG + TI(< Wy, Lp-1) are the same theory. Although only the proof of
Theorem 7 is given below, it should be remarked that the other two theorems
can be proved directly by a similar and easier argument.

The easier half of the proof is to show that every < w,,-primitive recursive
in ¥,_; function is ¥,-definable in IAq+ TI(< wm,Xs_1). Recall that
every primitive recursive function is X;-definable in /3J; so this half of the
m = 2 and n = 1 case of Theorem 7 follows. For other values of m and n,
suppose F is < wy,-primitive recursive in %,_; and that F is defined by
F(2) = f(r(%)) where

{ F(&(B,Ua(B))) if £(8, Ua(B)) < B < Ko

1(8) 9(B) otherwise
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in accordance with the Second Normal Form, so ¢, x and 7 are primitive
recursive functions, kg < wp, and A(y) is (3z)B(z,y) where B € II,_, (in
the simpler case where n = 1, k(8,U4(f)) is replaced by x(3) and U, is
not used at all). Obviously it will suffice to show that f is X, -definable by
IAG + TH< Wy, Zpey) -

A sequence of ordinals fy, ..., Ok is an f-computation seriesif G;11 < kg,
Bir1 = (G, Ua(B:)) and Biq < G, for all 0 < i < k. To metamathemati-
cally define an f-computation series, we use (if n > 1),

“w codes an f-computation series” &
w is a sequence of Godel numbers of ordinals of length & + 1

and (¥i < k)[((3y)[B((w)i w) A (%' < 9)(=B((w);,))
Aw)isy = £((w)s,y + 1))
V{(¥9)(=B((w)i, 1)) A (w)is1 = K((w)z, 0))]

and (VZ < k)((w)i-}-l =< ('LU)Z A (w)H—l < KJ()).

(Recall that if w = {(fo,...,0), then (w); = G;.) Since
IAg+ TH< wp,Yn_1) contains I¥,, it also contains the collection ax-
iom BY,. Thus the subformula (Vy' < y)(---) above is equivalent to a
2n—o formula, and by applying prenex operations, the formula “w codes an
f-computation series” is equivalent to a II, formula. By applying prenex
operations in a different order, and using BY.,,, this formula is also equivalent
to a ¥,-formula. If n = 1, then instead define

“w codes an f-computation series” <&
w is a sequence of Godel numbers of ordinals of length k + 1
and (Vi < k)(Biz1 = w(B:) < Bi A Biy1 < ko),

so, in this case, it is a primitive recursive property.®

The graph of the function f(8) can now be defined by using the fact that
y = f(B) iff y = g(f') where §' is the least ordinal such that there is an
f-computation series (3,...,0"). More formally, letting fCS(w) be the
formula “w is an f-computation series”,

y=F(8) & 3(B,....80 [y =9(8) A FCS((B,....BNA
A=(K(B, Ua(B)) < B' A B’ < Ko)]-

Since fCS(--+) is equivalent to a X,-formula and since z = Ux(B') can
be expressed as a II,_;-formula, the relation y = f(8) is a X,-property,

51t is possible to strengthen the second normal form theorem to make this a Ag-formula.
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provably in A + TI(< wp, Xn-1). The theory also proves

VB Jaleast 8 s.t. 3B, ..., 8)0(FCSB,...,0)))

since fCS({8)) and by LOP(< wm,X,) since kg < wp.”  Thus
IAg + TH< wp, Xpo1) can  Y,-define the function f as it proves
(vVB)(3ly)(y = f(B)) where y = f(B) denotes the X, -formula defining the
graph of f. Likewise,

(V2)(Bly)(3B)(B = 7(2) Ay = £(8))

is also provable and X,,-defines the function . That completes the first half
of the proof of Theorem 7.

To prove the rest of Theorem 7, assume that IAg+ TH< wp, Xn_1)
proves (Vz)(3'y)A(z,y), with A € X, — we must show that 7 + y is a
~ Wy, -primitive recursive in ¥,_; function. Since IAg+ TI< wp, Tp-1)
proves (Vz)(3y)A, there must be a free-cut free proof in the theory
IAy + T < wpm, Xn_1) of the sequent

—>(3y)Alc, )

where c is a new free variable. Only ¥, formulas can appear in this free-cut
free proof. The general idea of the proof is to show that this free-cut free proof
embodies an algorithm for computing y from ¢. Indeed, the free-cut free
proof can be interpreted as explicitly containing a < wy,-primitive recursive
in ¥,_; algorithm. Since the proofs of the normal form theorems were
constructive, the free-cut free proof also contains an implicit description of a
~< Wy, -primitive recursive in £, _; algorithm in the second normal form. Our
proof below that an algorithm can be extracted from the free-cut free proof
is quite constructive and can be formalized in TA¢ + TI(< wp, X,—1) — the
upshot is that there is a < w,,-primitive recursive in X,,_; function f which
is E,-defined by IAg+ TI< wp,¥y-1) in the form given by the Second
Normal Form Theorem such that [Aq + TH(< wp, Epe1) F (VZ)A(z, f(2)).
As a corollary to the proof method, if IAg+ TI< wpy,Xn-1) proves
(Vz)(3y)B(z,y) with B € X, then there is a B*(z,y) € I, such that
(Vz)(3ly)B*(z,y) and B*(z,y) — B(z,y) are provable.®

We shall see later that the proof is formalizable, not only in
IAG + TI(< Wiy Byo1), but also in TAg + T< wmi1, Lna), provided
n>1.

TLOP(< wm,Zy) is a consequence of IAg + TI(< W, Zn-1) by Proposition 1.

8 This fact is readily proved directly anyway. If B € II,—; then let B* be the formula
B(z,y)A(Vy' < y)(=B(z,y’)), which is equivalent to a %,, formula by BY,, . For general
B € ¥, incorporate outermost existential quantifiers of B into the the (3y) and proceed
similarly.
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Rather than just considering the free-cut free proof of —(3y)A, we more
generally consider proofs of sequents I'—>A of ¥, -formulas. Since every
principal and auxiliary formula of a LOP(< wy,, I,_;) inference is in ¥, and
every formula in the endsequent is in X, , it follows that every formula in the
free-cut free proof is in X,,. For convenience, assume also that the proof is in
free variable normal form (so free variables are not reused).

Definition Let ¢ > 1 and A(Z) € &;. If A € II,_; then Wit’, is defined
to be the formula A. Otherwise, A is uniquely expressible in the form
(Fyo) - - - (3yx) B(Z, ¥) where B € II;_;. Then Wit!,(w, £) is the formula

B(Z, (w)o, - - ., (w)k).

Note that Wit} € II;_;. If Wity(w,T) holds, we say w witnesses the truth
of A(Z).

MAIN LEMMA 10 (n > 1, m > 2) Suppose IAg + TI(< wm,X,_1) proves
the sequent Ay,...,Ay—>Bi,..., B, and that each A; and B; is in &,
and that ¢ are all the variables free in the sequent. Then there are functions
fi,.-+, fe which are < wy,-primitive recursive in ¥,_; and are ¥, -definable
in I8y + TI(< wy, Xn_y) such that 1&g + TI(< wp,, Tn_1) proves

With, (w, @), ..., With (wy, &) —>With (fi(5,8),8), ..., With, (f(,8),&).

Informally, the fy,..., f; will, given witnesses for all of A, ..., Ax, produce
a witness for at least one of By,..., By.

The proof of the Main Lemma is by induction on the number of inferences
in a free-cut free proof of the sequent. In the base case, there are zero
inferences, so the sequent is an axiom and consists of Ag-formulas — for
these axioms, the lemma is trivial. For the induction step, the proof splits
into cases depending in the final inference of the proof. Most of the cases are
straightforward; for example, if the last inference is an 3:left inference then
the proof ends with

Al,...,Ak %Bo(as),Bg,...,B‘q
Ay, Ay —> (320) Bo(G 20), B, - .., Be

where s = s(C) is a term with free variables from ¢ only and where B; is
(320)By and is of the form (3z) -+ (32,)B'(Z,¢) with B’ € I1,,_; (possibly
7 =0). The induction hypothesis is that

Wit (wy,€), ..., With (w, &)
%W'L’t%g(c‘,s)(fo(w7 8)7 5)7 R Wit?i’[ (fg(’ll7, E)? 6) (4)
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is provable in TAq¢ + TI{< wm, En-1) for appropriate functions fo, fo, ..., fo.
If By € ¥, then Wit} is just By and Wit} is just B;; and a single
J.:right inference applied to (4) gives

Witzl (wl, E), ceey W’itzk (wk, (_Z)
—%Wit%l(fl(u-;? 5),6),.. '7Witrll3[(ff(w1 5)35) (5)
where f; is arbitrary. Otherwise, let f;(@, €) be defined so that

fi{@,8) = (s(0),a1,...,a,) where fo(&,&) = {ay,...,qa,)

if >0, and f(,6) = (s(¢)) if r = 0. Clearly f; is < wy,-primitive
recursive in X,_; since fy is and, also clearly, IA¢+ TI(< wp,Xn_1)
proves (5) for this f;.

We leave the rest of the simpler cases to the reader and consider only
the two substantial cases of V:right and LOP(< wp,, II,,_1) as last inference.
(Part of the 3:left case is also substantial, but is very similar to V:right.)

(V :right) Suppose the last inference is

Al,...,Ak -—>B0(b,é),Bz,...,Bg
Ay,..., Ax —> (V20)Bo(2,¢), Be, - . -, By

where the free variable b does not occur except as indicated and B, is
(Vz9)Bo(Z,¢). Since Bj is in 3, and has outermost quantifier universal, it
must therefore actually be in II,_; and be of the form (Vz)--- (V2,)B'(Z,¢)
where B' € ¥,_5. Also Wit} and Wit} are just By and B, respectively.
The induction hypothesis is that TAg + TI< wp, Xy—1) proves

Wit (w1,0), ..., Wit} (wg, )

—> By(b, &), Wit (g2(0,b,0),0), . .., With,(g:(,b, &), )
for functions gs,...,ge which are < wy,-primitive recursive in ¥,_;. The
difficulty is that these functions take b as an argument, but b is not free in the
endsequent so we can not just set f; = g;. The solution to this difficulty is to

let C(v,¢) be the II,_,-formula ~B'((v)e, ..., (v),,€) and use the function
Usye to find a value, if any, for b such that Bg(b, &) holds: define

fi(0,0) = gi(W, (Usyc (@) = 1)o, 0
When B;(¢) is false, Us,c(¢) — 1 codes a sequence (by,...,b,) such that
—By(bg, ..., br) and (Usyc(€) — 1)o equals by. Thus I8¢ + TH= wm, Xn-1)
proves
Wity (w,0),..., Wit} (wg, )
—>B1(8), With, (fo(@,8),8),. .., With,(fe(w, 8), ¢)
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and fs,..., fr are < wy,-primitive recursive in X, _; since gs, ..., g; are and
since (Fv)C isin Xp,_;.

LOP(< wy,,IT,_1): Suppose the last inference is

a%’iﬁ)Al(aag)yA?r“aAk %Bl"'wBb(Eﬂ{ a)Al(ﬁva
AI(K,(),(_Z),AQ,...,A]C -—9B1,...,Bg

where A; € II,,_, where kg is a closed term with value a Godel number of an
ordinal < w,,, where « is a free variable, which appears only as indicated, and
where (34 < a)A;(f) is an abbreviation for the formula (38)(8 < aAA1(5)).
The induction hypothesis states that IA¢ + TI{< wy,, X, ;) proves

a < Ko, Ar(a, &), With, (we,8), ..., With, (wy, ©)
—>Witl (91(d, @, 6),8), ..., Wit (ge(, «, ), ©),
gg+1('117, &, é) < aA Al (g€+1 ('IE, o, 5)7 E)

for appropriate functions gy, ..., ger1. Define
_ | B if A1(B,0)
H{g,0) = { Ko otherwise

H is < w,,-primitive recursive in ¥,_; since A; € II,,_;. Now define

- — F(’ll_;,H(gg 1<w7ﬂ7a78)76) lfH(gé 1(11—1"13’6)76) < 6< Ko
F(@,5,¢) = { Jé] i otherw?se.

Clearly F' is also < wy,-primitive recursive in ¥, _;. Finally set
fi(u_j7 6) = gi(u_ja F(U—;, Kg, 5)7 E)a
it is easy to check that Ay + T < wy,, L, 1) proves

AI(K)(), E), WZ.tZZ('LU% 6), ceey Wlt"/llk (wk, 5)
—>B1(5), Wit%2(f2(w’ 5), 5)7 ) Wit%,(ff(w> E)» 6)
since F(, kg, &) gives the ordinal at which gy, fails to give a smaller ordinal

satisfying A; and with this ordinal, one of g1, ..., g, must produce a witness
for the corresponding Bi,. .., B.

Q.E.D. Lemma 10 and Theorems 7, 8 and 9

The above proof did not consider the case where the last inference of the
proof is an induction inference: since induction is restricted to Ay-formulas
and the witness formula for a Ag-formula is just the formula itself, that
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case is completely trivial. However, %, is, by Proposition 2 a consequence
of IAg+ TK< wm, 1) and it must, a priori, be possible to handle 1%,
induction inferences by the witness function method as above. In fact, it is
quite simple — an X, -induction inference is handled by primitive recursion
in ¥,_;. This leads to a direct proof of Theorems 8 and 9; we leave the
details of this direct proof to the reader.

We have now finished the characterization of the X, -definable functions
of IAg+ TI{(< wm,2n_1) and of IX,. It remains to characterize the
Y -definable functions of these theories when k£ < n. (In section 6, we
discuss the case k£ > n too). The central result needed for this character-
ization is that the theory IAg + TI(< W, Lpn-1) is II,41-conservative over
IAg+ TK= wimy1, Lno):

THEOREM 11 Let m > 2 andn > 1.
(a) IAy + TI(< Wyn, En—l) ( T[(< Wm+1, En_g).

(b) If IAg + TI(< Wy Snt) F A where A € Ty,
then 1A + T]('< Wi+1, En_g) A

Part (a) of this theorem is due to Gentzen [10]; the proof can be found in
Lemma 3.4 of [26] or Theorem 12.3 of [27] and is also repeated below. Part (b)
extends the prior result of Schmerl [24] that TA¢ + TI< wp, Epq) is I, -
conservative over IAg + TI{< w1, Ln_2); Schmerl’s proof was based on
reflection principles. A weaker version of (b) with IT,-conservativity in place
of I, -conservativity can be found in [26].

Proof (a) By Proposition 1, it will suffice to show that the theory
IAg + TI< wy, 11,,) can prove TK< wpy1,,1). Let A(a) € II,-; and
let HY P4 be the formula (Vf3)[(Vy < B)A(y) — A(F)] and let £ < wpy1.
We reason inside 1Ag + TI(< wy, [I,) to prove A(k) assuming HY P4. Let
A*(a) be the formula (Vy < a)A(y); by HY P4, A*(a) — A*(a+1). Let
J(B) be the formula

(Vo) (A"(a) = A*(@ +wf)) .

Clearly, J € II,. We shall use transfinite induction on J to prove J(kg)
for some fixed kg < wy, such that k < w®. Since A*(0) holds trivially,
J(ko) implies A*(w®) which, in turn implies A(x). Thus it suffices to prove
HYP;:

(VB (VY < B)J(7) — J(B)]
since, using TI(< wp, I1,), this implies J(ko) holds for this particular xg.
First note that J(0) holds by our observation that A*(a) — A*(a +1).
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Now let 3 be an arbitrary non-zero ordinal and suppose (Vy < 3)J(3): we
must prove J(#). If § is a successor ordinal, § = ' + 1, it suffices to show
J(B) — J(B'+1), ie,

(V) (4°(0) = A"(ax + &%) = (Va') (A°(0') = 4"(ef +7™).

Assume J(F') holds and let o be arbitrary such that A*(o/) and let v <
o + wP 1 we must show A*(y). By consideration of Cantor normal forms,
v < o' +w? - n for some finite 7. From J(&), it follows that

(Vo) (A"() = A"(@+w” - k) = (Vo) (A7(0) = A*(a + o - (k+1)))
holds for all (finite) k. By ordinary I1,-induction, this implies that
(Va)(A*() - A*(a+w* - k)

holds for all finite k. Thus A*(7y) holds. Finally, suppose 8 is a limit ordinal
and assume (V8 < 3)J(8) and assume A*(c). If v < a+w? then v < a 4w’
for some § <  so A(7y) holds by J(6). Since v was arbitrary, J(3) follows.
That completes the proof of (a).

The proof of (b) consists of a partial formalization of the Main Lemma, 10 in
the theory IAg + TI(< wpy1, Zp-2). First an important lemma is necessary:

LEMMA 12 Let m > 2 and n > 2. I8¢+ TK< wpmy1, Ln_g) can X, -define
precisely the < w,,-primitive recursive in %,_, functions.

Proof By the just established part (a) of Theorem 11, every X,-
definable function of IAg+ TI< wpyiy,Sn-2) is also 3,-defined by
IAg + TI(< W, 2,,—1) and hence, by Theorem 7, is < w,,-primitive recursive
in ¥,_;. To show the converse, suppose F(Z) is defined from primitive
recursive functions g, 7, and «, from A(y) = (3z)B(z) with B € II,_,,
and from an ordinal ko < wy, as in the Second Normal From Theorem; so
F(Z) = f(r(Z)) where

_ F(&(8,Ua(B))) if 6(8,Ua(B)) < B < Ko
18) = { 9(8) otherwise.

Recall the definition of an f-computation series fg, ..., B used in the proof of
Theorem 7 to code a partial computation of f. In the proof of Theorem 7, the
existence of a maximal length f-computation series beginning with f = 7(2)
was proved by finding the least f§; such that there exists an f-computation
series from By to O;. The existence of fr was proved via LOP(< wy,, Z,):
this was the key step in ¥, -defining F in IAg + TH< wy, L, 1).
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To X, -define f and F in TA¢ + TH~< wmy1, Yon_2) Tequires a more subtle
argument. The basic motivation for this argument is that one could try to
minimize the ordinals of the form

WP WP WP P9

with fg,..., 0k an f-computation series — but this is too simplistic because
of the presence of the Uy function. Instead, we encode partial computations
of f by a sequence of ordinals

ﬁ07a0)ﬁ17a17 s 7/Bk7ak

where fy,...,0% is an f-computation series and where each «; < w and
encodes the value of Ua(8:):

Definition Let a be the Godel number of an ordinal x w. Then D(a) is
the integer defined by

0 fa=w
D(e) = {n—i—l ifa="n

Definition An f-computation ordinal (fCO) is (the G6del number of) an
ordinal of the form

wetoteo Bk o et Beorteiey et Betar g ot Bita
(only the final summand is repeated), where
(1) Biy1 < Big ko, for 0 <@ <k,
() oy sw,for 0 <3<k,
(#11) Biz1 = k(Bi, D)), for 0 <4 < k,
() For 0 <7<k,

e if o; =07, then B(B;,n) and for all m < n, ~B(f;,m)
o if o = W, then (Vm)—‘B(ﬁi»m)7

(v) 1t is not the case that k(8k, D(0ax)) < Bk < Ko-

A psuedo- f -computation ordinal (PfCO) is defined exactly like an f-
computation ordinal except that (v) is omitted and (4v) is replaced by

(') For 0 <1 <k,if o; ="n" then B(f;,n).
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We write fCO{w, Z) and PfCO(a, Z) for formulas expressing the condition
that a is an fCO or PfCO, respectively, with 8y = 7(2).

The quantifier complexity of P fCO is easily analyzed since (4)-(111) are prim-
itive recursive and (iv') is II,_» since B € II,,_, and by BII,_5-collection
(which is a consequence of IAg + TI(< Wmy1, Xn—z) since this theory con-
tains I%,_1). Thus PfCO is a II,_, formula. Letting x; = w® "otetl
we have that k; < wpy and, therefore, if 7(Z) < ko and PfCO(w,?2),
then o« < k;. We henceforth assume w.lo.g. that 7(Z) < ko. Now,
there exists « such that PfCO(q, Z); namely, w*™@+v . 2 Hence, by
LOP(< w41, 11,-2), there is a minimum ordinal denoted Qypin Such that
PfCO(ayin, Z). We claim that fCO(ayy;n, Z) also holds. To prove this,
suppose
pin = ww2~ﬂo+ao Lot ww2~ﬁk+ak + wwz-ﬁk+ak;

the only way fCO(oyy;,) can fail is if condition (év) or (v) is violated. First
suppose (1v) fails for some value of i. Then, if o; = w but B{8;, m) holds,
then

wwg'ﬁoﬂlo RN ww2‘ﬂi—1+ai—1 + ww2‘ﬁi+m + ww2~ﬂi+m (6)

is a psuedo f-computation ordinal < «,,;, violating the choice of ay,,.
Likewise, if a; = "m" but B(8;,m) holds with m < n, then the same
ordinal (6) is a psuedo f-computation ordinal < a,,;,. Hence (iv) must
hold. Now suppose (v} fails. Then,

ww2'ﬁ0+a0 + o4 wwz')@k—l'*'akfl + ww2~ﬂk+ak 4 ww2<ﬂk+1+w + wwz'ﬂk+1+w

where fBiy1 = £(0k, D(ax)) is a psuedo f-computation ordinal < aypp,
which is again a contradiction. Hence (v) must also hold and «apy;, is an
fCO.

Thus IAg + TH< wyyiy, Ey2) can define F(Z) by proving

(V2)(3l) [Be){ PFCO(a, 2) A (Vo) (o < & = ~PfCO(c, 2))A
a = Preo oy Bk g Ay = g(ﬂk)}]' (7)
PfCO is a II,_,-formula so the subformula (Vo/)(---) is in II,_, and the
subformula (3)(---) is a ¥, -formula; thus this is a ¥, -definition of F(Z) in

]Ao + T[(< W1, Zn_Q).
Q.E.D. Lemma 12
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Lemma, 12 stated that the ¥, -definable functions of TAg + TH{< wyt1, Zn-2)
are precisely the < wy,-primitive recursive in %,_; functions; the lemma
was proved using the second normal form for such functions. However,
this use of the second normal form was not essential for the proof:
IAg + TI< Wi, Bn_a) can also prove that the < wy,-primitive recursive
in ¥,.; functions are closed under composition and under < w,,-primitive
recursion. These closure properties are proved in IAg + TH< wpy1, Ln_2)
by formalizing the proofs of the three normal form theorems. Since the proofs
of the normal form theorem were completely constructive, this formalization
is straightforward (and left to the reader).

We are now ready to return to the proof of part (b) of Theorem 11, for which
it suffices to prove that if B(¢) is a L, -formula and IAq + TI(< Wy, Xn-1)
proves the sequent —>B(¢), then so does [Ag + T~ wmi1,Ln—2). In
fact, more than this is true: a sequent I' —>A of X, -formulas is a
consequence of A+ TI< wm,Xn_1) if and only if it is a consequence
of IAg + TI(< W41, Xn—2) — this is a corollary of the next lemma.

MAIN LEMMA 13 (n > 2, m > 2) Suppose I1Aq + TI(< wy,, Ln—1) proves
the sequent Aj,...,Ay—>By,..., By and that each A; and B; isin X,
and that ¢ are all the variables free in the sequent. Then there are functions
fi,..., fe which are < wy, -primitive recursive in ¥,_, and are L, -definable
in IAg + TK< wmi1, Sn-2) such that IAg + TI(< wmi1, Zn_2) proves

Wity (wy, &), .., Wit (i, &) —>With, (f1(5,2),8), ..., With (f(@,8), ).

The proof of Lemma 13 is exactly like the proof of Lemma 10 except that now
the definitions of the functions fi,..., fr and the proofs that they produce
the correct witnesses are now carried out in TAg + TK< wpy1, Xn—2) — the
reader should refer back to the earlier proof to verify that it works out as
claimed. O

Now suppose Ay,..., Ay—>B, ..., B, is a sequent of ¥, -formulas which
is provable in I1Ag + TI(< Wy, Xn-1). By the just stated lemma and from
the definition of Wit, IAg + TI< wy,, Xn_y1) proves

Wity (wy,8), ..., Wit} (wy, &) —>Bi(E),. .., Be(©)
which, via 3:left inferences gives

A1(@), ..., A —>B1(9), - . ., B(9).

Q.E.D. Theorem 11
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THEOREM 14 Let m > 2 and n > 1 and 1 < k < n — 1. Then
IA¢ + TI< Wiy Enet) b TI= Wit Bneiog) and IAg + TI< Wi, Sno1)
is conservative over the theory IAg+ TI(< wpik,Xn_1_x) with respect to
I1,,49_x -consequences.

Proof Apply Theorem 11 k times. O

COROLLARY 15 Letn > 1. The theory IY, contains and is Il3-conservative
over the theory IAg + TH< wni1, ).

Proof Take m = 2;since I%, isequal to [Ag + TI(< ws, X,_1) the previous
theorem with k = n — 1 yields the corollary. O

Now we are ready to prove the theorem characterizing the 3;-definable
functions of TAg + TI(< wp, Xp_1) and of IX, forall 1 < j <n.

THEOREM 16 Let m > 2 and 1 < j < mn.

(a) If j > 1 then the ¥,-definable functions of I1Ag + TI(< wm,X,_1) are
precisely the functions which are < w4, ;-primitive recursivein X;_ .

(b) (For j = 1.) The L;-definable functions (i.e., the provably recursive
functions) of IAy + TI(< wy,, S,—1) are precisely the functions which
are < Wmin-1-primitive recursive.

THEOREM 17 Suppose 1 < j < n. The functions which are ¥,-definable
in I3, are precisely the functions which are < wn_j,o-primitive recursive
in 2]'_1 .

THEOREM 18 Let n > 1. The provably total functions of IY,, are precisely
the < wy,.1-primitive recursive functions.

Proof The proof of Theorem 16 is phrased for j > 1, but applies equally well
to the j = 1 case. Suppose F'(?) is X;-defined by IAq + TI(< wm, Xp_1)
proving (VZ)(3'y)A(y, Z) where A € ¥;. By Theorem 14 with £k =n — j,
IAg + TI(< Wign—j, 2j-1) also proves the II;1i-sentence (VZ)(3ly)A; that
is, it also Xj-defines f. Hence, by Theorem 7, F(Z) is < Wmin_j-
primitive recursive in ¥;_;. Conversely, every < wpin_;-primitive recursive
in ¥, function is X;-definable in TAg + TI(< Wm4n-j, £j—1), and hence
in IAg + TI(< wp, Zy-1), by Theorems 7 and 14. That proves Theorem 16.
Theorems 17 and 18 are corollaries of Theorem 16, since Y, is the same
theory as TAg + TK< wq, %, ;). O

Theorem 18 immediately implies the well-known fact that the provably
total functions of Peano arithmetic are precisely the < ¢y-primitive recursive
functions.
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4. II,,;-induction rule versus ¥, induction axiom

This section presents a sketch for a proof of Parsons’s theorem on the
conservativity of a restricted I1,, ;-induction rule over the usual ¥, -induction
axiom — this proof is based on the witness function method. For reasons of
length we omit the details of the proof.

The 1,4 -strict induction rule allows inferences of the form

—>A(0) A(b)—A(b+1)
—>A(t)

where b is the eigenvariable and occurs only as indicated, ¢ is any term and
A is in TI,4;. Note that no side formulas are allowed (otherwise it would
be equivalent to the II,i-induction axiom). The strict induction rule is
equivalent to what Parsons calls the “induction rule” modified only slightly
to fit in the framework of the sequent calculus. By free-cut elimination
any sequent of II,,,-formulas which is provable in A plus the II,,,;-strict
induction rule has a proof in which every formula is in I, ;.

Notation II,;,-IR denotes the theory of arithmetic IA; plus the II, -
strict induction rule. This system is always presumed to be formalized in the
sequent calculus.

It is not too difficult to see that Il,;9-IR proves the ¥, induction axioms,
for all n > 0. To prove this, if A(b) € X, use the strict induction rule on
the formula

[A(0) A (V2)(A(z) — Alz +1))] — A(b)

with respect to the variable b.

THEOREM 19 (Parsons [22]) Let n > 1. A Il,,,-sentence is a theorem of
I, iff it is a consequence of 11,,41-IR.

Parsons’s proof of Theorem 19 was based on the Gédel Dialectica interpreta-
tion; other proof-theoretic proofs of Theorem 19 have been given in {19, 25].
The main novelty of our proof outlined below is that it uses the witness
function method directly.

Proof (Outline): The easy direction is that if X, = A where A € Iy, then
I, ;-IR also proves A. Since A € 41, A is expressible as (VZ)B(Z) where
B € %,; it suffices to show that II,,;-IR  B(¢). By free-cut elimination,
there is a IX,-proof P of B(¢) such that every formula occuring in P is a
Y. -formula. We now can prove by induction on the number of inferences in
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this proof that every sequent in P is a consequence of I1,,,-IR. The only
difficult case is the induction inferences, which are of the form

I A(b) —> A(b+1),A
T, A(0) —> A(D), A

Letting D(b) be the formula (AT A A(b)) V {V A), the upper sequent is
logically equivalent to D(b) — D(b+ 1) and the lower sequent is logically
equivalent to D(0) — D(t). And if I1,;-IR proves the upper sequent, then
it also proves the lower sequent by use of the strict induction rule on the
formula D(0) — D(b), which, as a Boolean combination of ¥,-formulas is
logically equivalent to a Il,.;-formula.

For the hard direction of Theorem 19, we need the next lemma. We let
PRA, be a set of function symbols for the functions which are primitive
recursive in ¥,,. By Theorem 8, each function symbol in PRA,,_, represents
a function which is 3, -definable in I3, — we may augment the language
of 1Y, with these function symbols, provided we are careful not to use them
in induction formulas. In the next lemma, the notation Z; denotes a vector
of variables and ||Z;|| denotes the number (possibly zero) of variables in the
vector.

LEMMA 20 Suppose A;(%;,¢) and B;(§;,C) are ¥, -formulas, for 1 <1 <k
and 1 < j < ¢, and that I, -IR proves the sequent

(VZ1)A1(Z1,0), .. ., (VEk) Ax(Zx, ) —>(V51) Bi(91, 6), - -, (V5) Be(e, ©)-  (8)

Let f1,..., fx be new function symbols so that f; has arity ||Z;]|+||c||. Then
there are terms t;(iy,..., %, ) in the language PRA,_1 U {f1,..., fv}, for
1 <4 < ¥, such that 1Y, proves

(Vfl)WZtZI (f1<‘f17 E),f, g)’ ey (Vf]c)WZt?lk(fk(fk; 6)7 fa E)
——>W”L‘t%1 (tl, T1,8)s -, Wit%l (te, Ue, 6) (9)

Theorem 19 follows immediately from Lemma 20 with k¥ = 0 and £ = 1 and
from the fact that every PRA,_;-function is definable in IX,. For reasons
of length, we omit the proof of Lemma 20: the general idea of the proof
is a relatively straightforward use of the witness function method; however,
it requires the development of some deep facts about primitive recursive
(in X,) functions. An important feature of the lemma is that each term t;
may involve all of 4,..., 7.

A second theorem of Parsons is that Theorem 19 also holds with the
addition of the BX,,-collection axiom:
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THEOREM 21 (Parsons [22]) Let n > 1. The Il,,;-consequences of
Il,+1-IR + B%,, are the same as the Il,,;,-consequences of I%,,.

Proof (Outline) Recall that BII,_; is equivalent to BY,, relative to the base
theory IAq. The BIl,_; axioms contain unbounded quantifiers in the scope
of bounded quantifiers, so it is not possible to use free-cut elimination to force
a proof in Il,4;-IR + BE, to contain only II,;-formulas. We let II} denote
the set of formulas which have n blocks of like unbounded quantifiers, starting
with a block of universal quantifiers, allowing arbitrary bounded quantifiers
to be included in the first block of unbounded quantifiers (see the next section
for a careful definition of the analogous class ¥} ). Now, temporarily define
the set of ¥; formulas to be the formulas which are of one of the following
forms: (1) (37)B(Z) where B € II;}_; or (2) (Vz < t)(3y1)B(y1, 2, €) where
B € II,_;. We also define the II; ; formulas to be the formulas which are
either II,.; or ¥y . Since the BIl,_; axioms can be formulated in the form
A—> A’ with A and A’ both in £, the free-cut elimination theorem implies
that if I'—>A is a sequent of II}  ,-formulas provable in II,;;-IR + BII,,
then this sequent has a proof in which every formula is a IT}, , , -formula. The
notion of “witness” can be generalized as follows: if A(¢) is a £} -formula in
one of the above forms; then, if A is of form (1), Wit (w, ¢) is defined just
like Wit" (w, ¢) was and, if A is of form (2) then Wit’(w, ¢) is defined to be
the formula
(Vz < )Wty p((w)s, 2, ©).

LEMMA 22 Suppose A;(%;,¢) and B;(¥;,¢) are X -formulas, for 1 <1 < k
and 1 < j < ¢, and that 11, ,-IR + BY., proves the sequent
(V"El)Al(fgl) E)a vy (ka)Ak(fk? 6) %(Vgl)Bl(gl’ é)’ LR (Vg’l)BZ(g‘h 5)

Let f1,..., fx be new function symbols so that f; has arity ||Z;]|+||c||. Then
there are terms t;(#1,...,7s, ) in the language PRA,_1 U{f1,..., fx}, for
1 <¢ < ¢, such that I, proves

(V) Wity (f1(71,0),7,8), ..., VE)Wit], (fi(dk, ©), 7, C)
%Wlt’gi (tl, ﬂa, é), RN Wltg: (tg, 3713, 5)(10)

We omit the proof of the lemma and the rest of Theorem 21.

Finally, it should be remarked that I1,.;-IR+ BY, does not contain ¥, .
This can be proved by noting that I, ;-IR + IX,, is not II, o-conservative
over IZ,,. For example, with n = 1, let A(k,m) be the Ackermann function
so that the functions fx(m) = A(k,m) are all primitive recursive and so
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that each primitive recursive function is eventually dominated by fi for
sufficiently large k. Let A*(k, m,y) be the graph of the Ackermann function;
it is well-known that A*(k,m,y) is Ao (for us it is sufficient that it is ;).
Now, it is easy to see that I¥; proves (Vz)(Jy)A*(0,z,y) and

(Vz)(3y)A* (b, z,y) —>(Vz)(Ty)A* (b + 1, 2, v).

Thus [I,-IR + I¥; b (VE)(Vz)(3y)A*(k,z,y). But the Ackermann function
is not primitive recursive, hence not ¥;-definable in I¥;. Thus II,-IR+ 1%,
is not [Ip-conservative over IY; and thus not equal to II,-IR and not a
subtheory of I1,-IR + B%;.

To show II,,;-IR + BY, ¥ IX, for n > 1, use essentially the same
argument, but use ‘primitive recursive in ¥, ;’ in place of ‘primitive
recursive’ and use a suitable replacement of the Ackermann function that
dominates the functions primitive recursive in X, _;.

5. Conservativity of collection over induction

In this section we prove the well-known theorem that the BY.,;-collection
axioms are II,,,o-conservative over IY,. The proof method does not use the
witness function method per se, but it involves an induction on the length of
free-cut free proofs similar to the methods of earlier sections. Earlier proofs of
this theorem include Parsons [22] and Paris-Kirby [21]; see in addition, [3, 25].
The advantage of our proof below is that it gives a direct and elementary
proof-theoretic proof.

Recall that the BY,;-collection axioms are equivalent to the BII,-
collection axioms. In the sequent calculus, the BII,-collection axioms are of
the form

(Vz < a)(3y) Az, y) —>(F2)(Vz < 0)(Fy < 2)A(z,y)

where A € II, and may contain free variables besides z,y. In the above
sequent there are bounded quantifiers outside of unbounded quantifiers so
the formulas are not, strictly speaking, ¥,;;-formulas. Accordingly, we
define a generalized form of ¥, -formulas that will be allowed to appear in
free-cut free proofs.

Definition The class £, of formulas is defined inductively by
(1> Hn g 21'-{;+17

(2) f Ae X}, then (3z)A4, (3z < t)A and (Vz <t)A arein ., where
t is any term not involving z.
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If s is a term and A is a T}, -formula, then A< is the formula obtained
by bounding unbounded existential quantifiers in the outermost block of
quantifiers of A by the term s; namely,

Definition Fix n and suppose 4 € &/, ,.

(1) If A€ll,, then AS® is A.

(2) If Ais (37)B and A ¢ II,,, then AS® is (3z < s5)B.
(3) If Ais (Qz < £)B then AS* is (Qz < £)(B<*).

Let '—>A be asequent Ay,...,Ay—>By,...,Byof 2n+1—formulas. Then

I'S* is the formula /\ AS® and A< is the formula V B<s. This notation
=1 j=

should cause no confusion since antecedents and succedents are always clearly

distinguished.

If ¢ = cy,...cs is a vector of free variables, then ¢ < u abbreviates
the formula ¢; < sA---Ac; <wu. (V¢ < u) and (3¢ < u) abbreviate the
corresponding vectors of bounded quantifiers.

THEOREM 23 (n > 1) Suppose ' —>A is a sequent of T}, | -formulas that
is provable in 1Ay + B%, ;. Let ¢ include all the free variables occurring in

I'—>A. Then
IS, b (Vu)(3)(VE < u) (1< — AFY).

Intuitively, the theorem is saying that given a bound w on the sizes of the
free variables and on the sizes of the witness for the formulas in I', there is a
bound v for the values of a witness for a formula in A.

Theorem 23 immediately implies the main theorem of this section:

THEOREM 24 IAg + BY, 4 is 11,42 -conservative over 1%, .

Recall that IAg + BY,41 F I%,,. Before proving Theorem 23, we establish
the following lemma (due to Clote and Héjek).

LEMMA 25 (n > 1) Let B(¢,d) € Il,. Then
IT, F (Vu)(3v)(Ve < u)[(Vz)B(G, z) « (Vz < v)B(¢, z)].
The formula of Lemma 25 is called the ¥, -strong replacement principle.

Proof Let s be the length of the vector ¢. We reason inside IZ,,. Let C(Z, d)
be the ¥, -formula —=B(c,d). Let Num(u, £) be the formula expressing
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(¢, d1, - .., Co, dg) 8.4 G, ..., Cp are distinct s-tuples < u and
C(G;,d;) holds forall 1 <7 < £.

Of course, this asserts that there are > £ distinct values of ¢ < u for which
(3z)C(¢,z) holds. Now Num is a L,-formula and Num(é (v + 1)° + 1)
is clearly false; so by IX,, there is a value £y such that Num(c ¢,) but
not Num(é ¢y +1). Given é,dy,...,Ch,dg, witnessing Num(c, &), let
v = max{dy,...,dg}. It follows that

(V2 < u)((32)C(E ) = (Iz <v)C(E 7))
which is what we needed to prove. O

Proof of Theorem 23: By free-cut elimination, ' —>A has a sequent
calculus proof P in which every formula is a ¥}, -formula. (Since we allow
bounded quantifiers in X}, -formulas, it is convenient to work in the sequent
calculus LK B with inference rules for bounded quantifiers [2].) We prove
the theorem by induction on the number of inferences in P. The proof splits
into cases depending on the last inference of P. The hardest case, V:right is
saved for last.

Case (1): 1f P has no inferences and I'—>A is an initial sequent, then
either I'—>A is a logical, equality or arithmetic axiom, containing only
Ag-formulas, and the theorem is trivial, or '—>A is a BY,,; axiom. In
the latter case, taking v = u, it is immediate that I%,, proves

(Vz < a)(Fy < uw)A(z,y) = (Fz < u)(Vz < 0)(Fy < 2)A(z,y)

and the theorem holds.

Case(2): Suppose the last inference of P is a structural inference, a
propositional inference or a V:left or V <:left inference. The inference may
have either one or two premisses:

II—A or I —>A; II,—>A,
r—A I'—A

It is easily checked that, in the first case we have that I%,, proves ['S* — I[S%
and ASY — ASY and, in the second case we have that I¥, proves ['S* —
MIF* ATISY and AF AAS” — ASY. In the first case, the induction hypothesis
states that I3, proves

(Fu)(VE < u) (Héu - A@)
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from which (3v)(V¢ < u)(T'$* — ASY) follows. In the second case, by the
induction hypothesis, IY, proves

(Fv) (Ve < w) (T — AF™)
for + = 1,2. Taking v = max{v;,ve} and noting that IY, proves
v; <vAASY — ASY, we get that X, proves (Fv)(VE < u)(I'S¥ — ASY),

Case (3): Suppose the final inference of P is an 3:right inference:

I — B( ¢(0)), A
I' —> (32)B(C, z), A

We reason inside I3, as follows: given arbitrary u, there is (by the induction
hypothesis) a v’ such that

(Ve < u) (T = B (G () v AT).

Letting v = max{v’,t(u,...,u)} we have that ¢(¢) < v for all ¢ < u (since
the language has 0, S, + and - as the only function symbols). This v makes
the theorem true. The case where the last inference of P is a 3 <:right is
similar.

Case ({): Suppose the last inference of P is an 3:left:

A6 d),T —> A
(3r)AG z), T — A

where d is the eigenvariable occuring only where indicated. The induction
hypothesis is that I3, proves

(Vu)(F0)(VE, d < u) (AS(,d) AT — AFY),
This is equivalent to
(Yu)(Fv)(Ve < u)((3d < w)AS(E d) AT = A)

which is what we needed to prove.

Case (5): The 3 <:left inference is a little more subtle. If the final inference

of Pis
d < 4(3), A(E,d),T —>A

(3z <1(0) A z), I —A

we reason inside IY,, as follows. Let u be arbitrary, there is a v’ such that

(V& d < u)(d < (@) A A(E d) AT — A), (11)
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Let w' = max{u,t(@)}; by the induction hypothesis, there is a v such
that (11) holds with #’,v in place of u,v’. Now let ¢ < u and suppose
(3z < t)AS¥(¢,z) A T<%. Clearly, this implies (37 < u')(z < tAASY ATSY),
Taking d to be this z, we have ASY holds.

Case (6): Suppose the last inference of P is a Cut:

I —>A1,A A,FQ —~>A2
[, T —>401,4,

We reason inside I%,. Suppose u is arbitrary and T'§* A I'§*. Pick vy,
depending only on u by the induction hypothesis, so that AS¥ v A$%1 | Let
uy = max{v;,u}. By the induction hypothesis, there is a v > v; depending
only on u, so that if AS" holds, then A5” holds. Now clearly either AT’ or
A5 holds. Since v depends only on u, this proves this case.

Case (7): Suppose the final inference of P is a V :right:

' — B(¢,d), A
[ — (V2)B(¢,z), A

Note B € I, since (Vz)B must be a &}, ;-formula. We reason inside I%,.
Let u be arbitrary. By ¥, -strong replacement (Lemma 25) thereisa v’ > u
such that

(V& < u)((V2)B(&,7) = (Yz < u)B(Ew)).

Let v > u' be given by the induction hypothesis so that
(¥6,d < u) (DS — B(g,d) v A<). (12)

Now let ¢ < u be arbitrary such that I'S*. We need to show (Vz)B(¢, ) Vv
ASY. Suppose not, then there is a d < u’ such that —=B(¢, d), and by (12),
AS? holds, which is a contradiction.

The case where the final inference of P is a V <:left inference is similar,
although Lemma 25 is not needed.

Q.E.D. Theorem 23

It would be interesting to give a similar proof that I1,,;-IR + B, is II,4;-
conservative over Il,;;-IR, in place of the more complicated and omitted
proof of Theorem 21 above.

6. Analogies between bounded and Peano arithmetic

The witness function method has been extensively used characterizing defin-
able functions of fragments of bounded arithmetic — the work in section 3
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above gives an approach to Peano arithmetic which is very similar to some of
the proofs used earlier in bounded arithmetic.

First, Theorem 8, which characterized the ¥, -definable functions of IY,
is analogous to the main theorem of Buss [2] which characterized the X¢-
definable functions of Sy (which is axiomatized with ¥-PIND axioms).
In I%,, the ¥, -definable functions are precisely the functions primitive
recursive in ¥,_;; whereas, in S7, the X% -definable functions are precisely
the functions polynomial time computable with respect to a (usual) ¥ _,-
oracle. It should be noted that a usual ¥ _; -oracle is equivalent to a witness
oracle for ¥F ;| with respect to polynomial time computation, since there is
an a-priori bound on the size of a witness and a witness value may be queried
bit-by-bit. The proofs of these two theorems are analogous as well.

Second, Theorem 11, which stated that TAg + TI(< wpm, Zn_y) is gy -
conservative over IAg+ TI(< w11, Xn_2) is analogous to the result of [4]
that S} is VX! -conservative over T5~'. To see the analogy more sharply,
note on one hand IAg + TH< wp, Ln—1) and IAg + TI(< wpp1, Lp-2) are
equivalent to IAg+ TI(< wp,I,) and IAg 4+ TI(< wyir, 1) (respec-
tively), which are axiomatized with transfinite induction on II,-formulas up
to ordinals < w,, and on II,,_; formulas up to ordinals < w*™; and on the
other hand, S} may be axiomatized by induction (PIND) on I1-formula up
tolengths |z| and 73! may be axiomatized by induction on IT? -formulas up
to 2l*l. So both conservation theorems give situations where the complexity
of induction formulas may be reduced by one block of quantifier alternation
in exchange for “exponentiating” the length of induction. Another theorem
of this type is the result of [6] that RY is VX -conservative over S§'.

Witness oracles have been applied to bounded arithmetic in {18] and in [6].
Another area of contact between bounded arithmetic and Peano arithmetic
may be found in Kaye [14] who gives a proof that IX, # BX,;; based on
methods used earlier by [18] to show that if T3 = S5¥! then the polynomial
time hierarchy collapses.

We conclude with a partial characterization of the X;-definable functions
of IY, when j > n:

Definition Let A be a formula; w.l.o.g. all negations in A are on atomic
formulas. The counterezample oracles of A are the witness oracles Uizz)-p
for (Vz)B a subformula of A.

THEOREM 26 Let j > n > 1. Suppose IX, + (Vz)(3ly)A(z,y) where
A € T;. Then the function f : v y, such that (Vz)A(z, f(x)), is primitive
recursive in ¥,_; and in the counterexample oracles for A.

The same holds for IA¢+ TI(< W, Xn_1) with “primitive recursive”
replaced by “< wp,-primitive recursive”.
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The proof of this theorem is analogous to the proof of Theorems 7 and 8
except that the V:right cases of the proof now have to accommodate the fact
that a V:right quantifier may be an ancestor of a quantifier in (3y)A(c,y).
Of course a counterexample oracle for A is exactly what is needed for this
case.

Theorem 26 can be extended to partially characterize the E?-deﬁnable

functions of T3~ or S} when j > n; namely,

THEOREM 27 (See [18, 23, 17]) Let j >n > 1.

(a) Suppose A € £% and S + (Vx)(3!y)A(z,y). Then the function f such
that (Vz)A(z, f(z)) can be computed by a polynomial time Turing
machine with an oracle for ¥¥_, and with the counterexample oracles
of A.

(b) Suppose A € ¥t and T3+ (Vz)(3'y)A(z,y). Then the function f such
that (Vz)A(z, f(z)) can be computed by a polynomial time Turing
machine which makes a constant number of queries to an oracle for
¥P_, and to the counterexample oracles of A.
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0. Introduction

Logic, like Caesar’s Gaul, used to be divided into three parts: proof the-
ory, recursion theory and model theory. To all these category theory can
make some contributions, although more in analyzing basic concepts and
determining direction for further development than in addressing specific
problems or pursuing technical details. On the other hand, techniques de-
veloped by logicians have proved very fruitful when lifted to the categor-
ical level. Here I shall largely confine myself to proof theory, mentioning
recursive functions only briefly and barely touching the theory of models.

The present account is largely a survey of results to which the author
feels he has made some contributions; it tends to ignore parallel devel-
opments by others, in particular the work by Makkai and Reyes [1977]
on coherent and infinitary logic and the study of models of elementary
theories by Makkai and Paré [1990]. Nor do the many profound contri-
butions to categorical logic by André Joyal fall within the scope of this
paper. However, credit must be given to Lawvere [e.g.1969,1970] for the
basic insight to encode logical concepts into categorical language. Most of
the ideas discussed here have already been treated elsewhere, but a few,
such as those concerned with the subcongruence completion of deductive
systems, are still under investigation.

1. Categorical proof theory

Proofs can be described in various ways, one of them being in terms of
deductive systems. A deductive system deals with deductions, also called
“entailments”, f : A — B, where A and B are formulas. In labeling the
deduction f, we have already been influenced by category theory. Before
the advent of computer science, logicians were usually just interested in
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the existence of a deduction A — B and did not consider the necessity of
sometimes distinguishing several such deductions.

The deduction symbol (arrow) is assumed to be reflexive and transitive,
so we always have the deduction

14:A- A

and the rule
f:A—-B g:B->C

gf : A—-C

As categorists we must also study the equality relation on the set of all
deductions A — B; in particular, we insist on the following equations:

fta=f=1pf, (hg)f =h(gf),

where h : C — D, say. The deductive system then becomes a category.

To get away from generalities, let us look at a particular deductive sys-
tem, the positive intuitionistic propositional calculus. Among its formulas
there is T (true) and there are given two ways of forming new formulas
from old: A A B(A and B) and A = B (if A then B). We postulate
the following axioms and rules of inference, duly labeled in the spirit of
category theory:

04: AT map: AAB — A ecg: (C=B)AC—B
g ANB— B

f:C—-A g:C—-B f:ANC — B
<f,g>C—-AAB f*A-C=1H

The logician will recognize all these, for example, ecp as modus ponens
and the transition from f to f* as a form of the deduction rule.

A categorist will now insist on suitable equations between deductions.
In fact, Lawvere [1963] introduced the notion of a cartesian closed cate-
gory, henceforth abbreviated CCC, which can be described by imposing
appropriate equations in a positive intuitionistic propositional calculus:

k:OA; WAB<f’g>:f’ GCB<f*7rA077r:QC>=f')
Wf43<fag>=g, (ECB<g7rA0,7rfAC>)*:g.

< waph,7lygh >=h;
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It is here assumed that
k:A—T, h:C—AAB, g:A—- (C=B).

Cartesian closed categories abound in mathematics. To mention just
one example, in the familiar category of sets we have:

T ={x}, a typical one-element set,
AANB=Ax B, the usual cartesian product,
C=B=B¢ , the set of all functions from C to B .

The idea that one should look at an equivalence relation (equality) be-
tween proofs was introduced, quite independently of category theory, by
Prawitz [1965]. A comparison between his method and ours [L1972] was
carried out by Mann {1975]. In his review of Mann's paper, Feferman
[1976] suggested that two things should still be incorporated: quanti-
fiers and equalizers. As for quantifiers, over either individual or proposi-
tional variables, this is by now well understood, see Lawvere [1970], Seely
[1984,1987] and also Section 3 below. The possibility of introducing equal-
izers, though not perhaps in the most economic way, will be discussed in
Section 5. (For a more economic way, see Seely [1984].)

2. Introducing variable arrows

A typical metatheorem in elementary logic is the deduction theorem,
which may be stated in the present context as asserting the following:
if we assume A, or rather T — A, and if, from this assumption, we can
prove B, or rather T — B, then there must exist a deduction A — B not
depending on this assumption.

We shall label the assumption z : T — A, then the conclusion (z) :
T — B may be viewed as a polynomial in = and the theorem asserts the
existence of a deduction f : A — B not depending on x. The categorist
is now inclined to draw a commutative diagram:

T

T/ N f(z)
. N > B

In fact, he would insist that there is a unique deduction f such that
fx=p(x), where = is the equality relation in the CCC of all polynomials
z e

in z.
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This property is known from combinatory logic as functional complete-
ness (see Rosenbloom [1950], Curry and Feys [1958], not to be confused
with a different notion in universal algebra by the same name). If we write
f = Azeap(x), it may be summarized by the following two equations:

(5) Aeeap()s = p(a)
() Aeea(fr) = f

Using the general algebraic principle of substituting for free variables, we
may specialize (3) thus:

Azeap(z)a = p(a),

where a: T — A is any deduction of A from T.

A word of warning: what we have described here is not the usual A-
calculus, where Azcap(z) is written not for the deduction f : A — B
but for the deduction "f" : T — B = A. Still, it serves to illustrate
the proof theoretic interpretation of the A-calculus, known as the Curry-
Howard isomorphism, according to which formulas correspond to types
and deductions to A-terms.

For more details on the material of this and the previous section, the
reader is referred to the book [LS1986].

3. Introducing variable formulas

What happens if we also allow variable formulas X, Y,etc.? If we also
admit universal quantification over variable formulas, we obtain second
order positive intuitionistic propositional logic or second order polymor-
phic A-calculus, with the following additional axiom and inference rule:

m(X):VxF(X)— F(X),
o(X):C — F(X)
Axp(X): C = VxF(X)’

usually called universal specification and generalization respectively. Ac-
cording to the usual algebraic principle of substituting for free variables,
namely

F(X) — G(X)
F(A) = G(A)

the axiom of universal specification gives rise to

m(A) :VxF(X) — F(A).
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We shall also insist on the following additional equations:
T(X)Axo(X) = (X)) ,
where we have suppressed the subscript X on the equality sign, and
Ax(m(X)f)=7F.
Moreover, the usual principle

(X)) = Pp(X)
@(A) = p(A)

allows us to specialize the first of these equations to
T(A)Axp(X) = o(4) .

With this additional structure, we obtain a cartesian closed category
with formal products, to be abbreviated as CCCP. However, a proper
treatment of these involves simultaneous consideration of the categories
C,C[X],C]X,Y],... together with functors Vx : C[X] — C,Vy(C[X,Y] —
C[X], and so on (see Seely [1987]).

By confining attention to positive intuitionistic logic, we have com-
pletely ignored L (faise), AV B(A or B) and 3x F(X). Here, for ex-
ample, are the axioms, rule of inference and equations to be satisfied by
disjunction if it is to agree with the categorical coproduct:

kap:A—AVE, fiA—=-Cg:B->C

if9l: AVB—C °

kKhp:B— AVE,

[fa g]K'AB = f 5
[hK'AthK‘fAB] =g,
[fv g]anB = g k]

where it is assumed that h: Av B — C.
In the presence of universal quantifiers, it is easily shown that

AVB(—)VXFAB(X),

where
Fap(X)=((A=X)AB=X)=>X.
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Indeed, Prawitz [1965] has suggested this as a definition of AV B. Unfor-
tunately, <> does not always translate into categorical isomorphism. The
best known counter-example is

(A=20)=C)=CoA=C,

whereas, in the category of sets,
co % oA

At best we can say that the right hand side is a retract of the left hand
side. Similarly, AV B, when interpreted as a categorical coproduct, turns
out to be only a retract of Vx F4p(X) in a CCCP.

4. Introducing equalizers

Not all is lost however. One easily obtains an arrow pap(X) : A —
Fsp(X) in C[X], where C is any CCC, hence an arrow

kap = Axpap(X): A — VxFap(X)

in any CCCP, and similarly an arrow &/, g starting from B. Asin [L1991b],
it is now easily shown that

AkP v Fap(X) 22 B

is a weakly initial object in the category of all A ENORN: (meaning that
there is an arrow from the former to the latter which is not necessarily
unique). If follows that we have a weak coproduct of A and B (mean-
ing that all but the last equation in the definition of a coproduct in the
previous section are satisfied.)

If our CCCP also has joint equalizers of families of parallel arrows
[loc.cit.], we can define the coproduct AV B as the subobject of Vx Fap(X)
which equalizes all pairs of arrows (h, k') from the latter into any object
C such that

hkap = hkap , hklyg=HEpg.

We recall from general category theory that the equalizer of two arrows
f,9: A= Bisan arrow m : E(f,g) — A such that fm = gm and m
is universal with respect to this property: if also m’ : C — A is such
that fm' = gm' then there is a unique arrow k : C — E(f, g) such that
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m’ = mk. In the category of sets, equalizers are easily constructed: let
E(f,g9) = {a € Alfa = ga} and take m to be the inclusion.

What could we possibly mean by E(f, g) in a deductive system? Martin-
Lof [1984] might speak of a “judgement” that the deductions f and g are
equal, but such a judgement does not come equipped with an arrow into A.
To imitate the above set-theoretic construction we should rather carry out
the Brouwer-Heyting-Kolmogorov interpretation of intuitionistic logic, in
which formulas are replaced by sets (see Troelstra and van Dalen [1988]),
say the formula A by the set {A} of all reasons for A. 1 say “reason”
rather than “proof”, since otherwise {A} would be empty whenever A is
not a theorem.

Without enlarging our ontology, we may take as a reason for A any
deduction C — A from an arbitrary formula C. (Categorists have called
this a “generalized element” of A.) Thus {A} is the union of all sets
Hom(C, A), where C ranges over all objects of the category C.

We can then introduce E(f,g) as the set of all reasons a : C — A
such that fa = ga. Then E(f,g) is not a formula, or object of C, but
a right ideal or sieve a of A, which assigns to each formula C a subset
ac € Hom(C, A) such that, whenever a € ag and ¢ : D — C, then
also ac € ap. (If C is a monoid, that is, a one-object category, then this
agrees with the usual definition of right ideal in a monoid.) In categorical
language, a is nothing else than a subfunctor of the representable functor
Hom{—, A).

We can now form a new category whose objects are right ideals of C
and whose arrows are induced from those in C. This new category will
have equalizers, but unfortunately it won’t inherit the CCC structure of
C. It turns out that we can remedy the situation by considering right
ideals modulo congruence relations instead. In other words, we pass from
subfunctors of representables to quotients of such. By an application
of Occam’a razor, we shall replace the right ideals modulo congruence
relations by the congruence relations on the right ideals.

5. A subcongruence completion

A (right) subcongruence « of A assigns to each formula C a partial equiv-
alence relation ac on Hom(C, A) such that, whenever a,a’ : C — A and
¢: D — C, then

acaca’ implies (ac)ap(a’c) .

It is easily seen that the domain Dom « of any (right) subcongruence of
A is a right ideal of A.
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We now form the category Cf: its objects are subcongruences of objects
of C and its arrows (8, f,a) : @« — 3 are induced by arrows f: A — B in
C (assuming « to be a subcongruence of A and 8 one of B) such that, for
each object C and all a,a’ : C — A,

() aaca’ implies (fa)Bc(fad') .

We shall often just write f : o — (. If also g : @ — 3, we shall say that
(B, f,a) = (B, g, a) provided, under the same conditions,

(x%) aaca’ implies (fa)Bc(ga’) .

Here (%) was chosen to ensure that f induces a mapping Dom ac/ac —
Dom B¢c/Bc. Then (*x) just means that f and g induce the same map-
ping. However, there is another way of interpreting (xx). Observe that «
gives rise to a functor F, : C°? — Set such that

Fo(C) = Dom ac/ac .

If B similarly gives rise to Fg(C), then (8, f, @) gives rise to a natural
transformation ¢t : F, — Fg. Then (x*) means precisely that ¢t; = t,.

However, not all natural transformations F, — Fj are obtained in
this fashion. To describe all of them we would have to consider (right
homomorphic) relations p between A and B, which to each object C
assign a binary relation pc between Hom(C, A) and Hom(C, B) such
that, whenever a : C — A,b: C — Band ¢: D — C, then

bpca implies (be)pp(ac) .

Then p induces a mapping Dom a/a — Dom (/f, or a natural transfor-
mation F, — Fyg, if and only if, for all objects C,

(1) ac C pgBpc and pcacpe C B

where juxtaposition denotes the relative product and pg is the converse
of pc. Moreover two relations p and o between A and B induce the same
mapping, or natural transformation, if and only if, for all objects C,

(1) ac C ppfoc or peacog C Be .

(In view of (1), the two clauses of (1) are equivalent.)
In this way one obtains all natural transformations F, — Fj, hence a
full subcategory C™® of the functor category Set®””. (I believe that the
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transition from CF to C(®) resembles a construction recently described
by McLarty.) We shall not consider the category Cf) any further in
this article, except for drawing the following picture, in which all arrows
represent faithful functors, but not all of them are full:

Yoneda op
oned® Get€
full
full | T full

ck —
not full
Of course, the functor C® — C® gends the arrow f:1a — B onto py:
a — (3, where b(pf)ca means b = fa, foralla: C — Aand b: C — B. I
hope to return to a consideration of C{®) on another occasion.

6. Some properties of CF

Readers not too familiar with category theory may wish to skip this sec-
tion, some of which describes work in progress.
If o and o' are subcongruences of A such that a C ¢/, then (¢, 14, @)
will be an arrow a — o’ in Cf'. Two extreme cases are of special interest.
{a) If & is the restriction of &' to Dom «, that is, if ad’a = a,14 :
a — o' is a (canonical) subobject of &'. The subobjects of o’ form
a complete lattice.
(b) f Dom o = Dom ¢/, that is, if e’ = &', o' induces a congruence
relation on Dom « and 14 : o — ¢ is a (canonical) quotient of a.
The quotient objects of « form a complete lattice.

The original motivation for introducing C* was to construct equalizers.
Indeed, the equalizer of f,g: a3 fis 14 : K — a, where

ke =acN fYBeg .

(We identify f with the relation p; mentioned at the end of Section 5.)
Since the lattice of subobjects is complete, we also have equalizers of
families of parallel arrows. (Perhaps, we have achieved too much; we
would have been happy with joint equalizers of, in some sense, “definable”
families.) We also have coequalizers: the coequalizer of f,g: o = 8 is
B — A, where ) is the smallest congruence on Dom § extending SU fag".
By completeness, we also have joint coequalizers of families of parallel
arrows.

We shall discuss some further properties of C* under various assump-
tions about C. In doing so, we shall switch from logical to categori-
cal notation and terminology, replacing T,AA B,A = B,1,AV B by
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1, A x B, B4,0, A+ B respectively, speaking of terminal object, product,
exponentiaion, initial object and coproduct.

(1)

)
(3)

(4)

If C has finite products, then so does C®. In fact CF is then a
regular category. (I am endebted to Dusko Pavlovié for pointing
this out.) This is so since regular epimorphisms are isomorphic to
quotient objects and are preserved under pullbacks.

If C is a CCC, then so is C® and the functor C — C® preserves the
CCC structure. (See [L1991b, Proposition 10.1].)

If C is a CCCP, then C¥ is also cocartesian and any finite coproduct
of definable endofunctors of C has a least fixpoint in C®. (See
loc.cit., Proposition 10.2, where a precise definition of “definable”
is given. Suffice it here to point out that e.g. 1,X, X2 and CC~
are definable.)

If C is a poset, then CF is the complete lattice of downward closed
subsets of C. (Unfortunately, this is not the same as the Dedekind-
MacNeille completion, see Birkhoff [1967].)

If C is the monoid of partial recursive funtions N — N, that is, par-
tial functions whose graphs are recursively enumerable, CF contains
the category PER, whose objects are partial equivalence relations
on N. To see this, one associates with every partial equivalence
relation A on N the subcongruence a(A) such that, for all partial
recursive funtions f,g: N — N,

fa(A)g if and only if, for all n € N, (fn)A(gn),

and with every subcongruence o the partial equivalence relation
A{a) such that

mA(a)n if and only if knak, ,

where k,, is the constant function with value m. Every finite co-
product of definable endofunctors of PER has a least fixpoint (see
loc.cit. Proposition 8.1.). Hyland[1988] and Moggi have shown
PER to be a model of polymorphic A-calculus, though not in the
usual universe of sets.

Weak binary products are defined like binary products, except that
the equation < m4ph, 7y gh >= h is missing. If C has weak binary
products, then CF has binary products; if « and 3 are subcongru-
ences of A and B respectively, we define

U 7 U ’
aX,@Z')TABaﬂ'ABﬂﬂ’ABﬂ’ITAB
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and check that 745 : a x 8 — o and 7ly5 : & x B — . Moreover,
ifa:vy—>aandb:vy — 3 then < a,b > v — a x B and, if
h:v — axf, then < waph,7’ygh > induces the same arrow as
h. A similar result holds for nullary products, that is, terminal
objects, and for exponentiation.

(7) If C has weak coproducts, then C* has coproducts; if C has a weak
natural numbers object, then C* has a natural numbers object.
These and similar results are buried in the proof of (3), bearing
in mind that a natural numbers object is a least fixpoint of the
endofunctor 1 + X.

(8) We say that C has a weak subobject classifier t : I — §) provided
I is a weak terminal object {that is, for each C there is an arrow
ic : C — I) and, for each right ideal a of any object A, there is an
arrow h: A — § such that a = Ker h, where

(Ker h)c = {a:C — A|3i.c—1ti = ha} .
Let dvct’ for all 4,7’ : C — I and let
hwah' if and only if Ker h = Ker b,

then ¢ is a congruence on I and w is a congruence on 2. One easily
checks that ¢ is a terminal object (just take o4 = i4) and we shall
see that w is a subobject classifier in the usual sense.

In fact, it is easily verified that (w,¢,¢) is an arrow. Now let
14 : @' — a be any subobject of a, we pick h : A —  such that
Dom o' = Ker h and verify that h: o — w and o' = anN hwto 4.
Moreover, it follows that (w, h, «) is unique with this property.

7. Gentzen style proof theory (intuitionistic)

A different way of presenting proofs was discovered by Gentzen. For deal-
ing with intuitionistic logic he introduced generalized deductions, usually
called sequents, of the form

frA1--An— B,

where the A; and B are formulas. When the set of sequents I' — B (we
use capital Greek letters to denote strings of formulas) is subjected to
appropriate equations, we obtain a Gentzen multicategory. It is not so
obvious how to describe these equations directly [Szabo 1978], we shall
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here follow [L1989a] and pass to the internal language of a multicategory,
in which the sequents act as operations, while equations between sequents
are best described through equations between terms.

Here then is the language: for each object A of the multicategory we
introduce countably many variables. Rather than burdening our termi-
nology by labeling these variables once and for all, we shall just say that =
is a variable of type A and write x € A. Terms of given types are defined
inductively: every variable is a term of its type and, if f: A;---A,, — B
is a sequent and a; is a term of type A;, for i = 1,--- ,m, then fa;---an,
is a term of type B. In particular, if x; € A;, then fz---x,, € B. There
can also be constants of type B, namely any sequent b : — B, with
m = 0.

Algebraically speaking, fzi---x,, is a polynomial; we think of x; as
an indeterminate of type A; and of f as an m-ary operation. In fact, a
Gentzen multicategory is nothing else than a many-sorted algebraic theory
(see Higgins [1963], Birkhoff and Lipson [1970]).

Logically speaking, fzi---z,, is a proof from certain hypotheses; we
think of z; as an occurrence of the hypothesis A; and of f as a deduction
of B from these hypotheses. Thus a Gentzen multicategory may also be
viewed as a natural deduction system as promulgated by Prawitz [1965].

Gentzen postulated for each formula A the sequent

1A:A—-—*A

and he admitted four rules for deriving new sequents from old, the cut

rule
f:A—A g:TAA - B

g< f>TAA— B

and three structural rules:

;2.:‘ I;gii — % (interchange) ,
f:T44a > B (contraction)
fe:TAA— B ’
ﬂ{%% (weakening) .

The intended algebraic interpretation requires that the internal lan-
guage of a multicategory be subject to the following equations and, of
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course, others derivable from them by the usual rules of equality:

lagz =12,
g < f>uwv=gufwv,
fuyat = furyv ,
fuzv = fuzzv ,

fYuxv = fuv .

Here w = 21 -+ 2, where z; € A; and I’ = Ay --- A,,. Similarly 7 is
related to A and w to A, while z € A and y € B. (Our account is
somewhat incomplete, as we have not bothered to declare variables; e.g.
the first equation should really be written 14z = z.)

To return to the question: what are the equations of a multicate-
gory, we are now in a position to define equality between operations
f,g: Ay---Ay — B to mean that fxy---xz,, = gz - -2, is provable
in the internal language.

There is quite an industry involved in studying substructural logics, in
which some or all of the structural rules are absent. For example, the
weakening rule is omitted in relevance logic, the weakening and contrac-
tion rules are both omitted in Girard’s [1987] linear logic and all three
rules are omitted in the syntactic calculus [L.1958], a form of bidirectional
categorial grammar.

Gentzen’s original motivation was to show that, for example, in the
positive intuitionistic propositional calculus freely generated from a given
multicategory, the cut rule (and incidentally also, for compound A, the
axiom 14 : A — A) is redundant, provided the connectives T, A and =
are subjected to appropriate introduction rules. Thus, for given I" and B,
he was able to find all provable sequents ' — B. His method can also
be used for deciding when two sequents from I' to B are equal. (See e.g.
Szabo [1978], [L1958] and [L1991a] for the case without structural rules.)
At least one of Gentzen’s introduction rules was discovered independently
by Bourbaki [1948] in his study of multilinear operations.
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8. The algebraic theory of primitive recursive functions

I learned about Gentzen’s sequence calculus from Kleene [1952]. While
Kleene does not discuss many-sorted algebraic theories, equations very
much like the above occur in his treatment of primitive recursive functions.
The question thus arises: can these be viewed as realizations of operations
of an algebraic theory? Indeed, there is such an algebraic theory, even a
single-sorted one.

Consider a sort IV, operations

0:-> N(zero) , S:N — N(successor)
and the following rule for forming new operations from old:

a:N* >N h:N"2 L, N
Rop : N7t 5 N

(recursion) .

These operations are subject to the following equations, which already
appear in Kleene’s book:

R, 70 = ax
(Eah) — _ _
Rah,xsy = hxyRahxy )

where T =x1- - Zp.
Since the operation defined by recursion is supposed to be uniquely
determined, one would also like to satisfy the conditions:

(Usn) if fzSy= hTyfTy then f = Rjco>h ,

where f: N"*1 — N and f < 0 > T = fZ0, an example of the cut rule.
It had been an embarrassment for some time that the conditions (Usp)
were not presented in equational form (see Godel [1958], Sanchis [1967],
[LS1986]). Yet they can be so presented [L1988], although the argument
is a little tricky.

A ternary operation m : N3 — N is called a Mal’cev operation if it
satisfies:

mryy=c , MYyr==z.

(Mal’cev [1954] had shown that the existence of such an operation is neces-
sary and sufficient for congruence relations in every model of the algebraic
theory to permute.) There are many Mal’cev operations in primitive re-
cursive arithmetic, e.g.

mayz = (¢ +2) -y,



83

where z+y and x = y, the naive difference, are easily defined by recursion.
With the help of a Mal’cev operation m, we can construct a new n + 2-
ary operation Hp, s, from h and f:

HyppnTyz = m(hzy2)(hzy fTy) (fTSYy) -
We can now replace (Usy) by
(Mmgn) Ricostpym =T -
More precisely, one notices that

(Mpgn) = (Ugn)
(Umefh) = (Mmfh) .

Once stated, these implications are easily verified.
If we choose mzyz = (z + z) ~ y, we finally arrive at the following
equational presentation of primitive recursive arithmetic:

(Ear) s (Mpgn), (z+y)~y=1m.

The last equation must be postulated, because its usual proof depends on
(Ufn), whereas here it is used to derive (Uyp) from (Mo, sp).

It is quite easy to find a primitive recursive function fxyzt such that
Fermat’s conjecture asserts that f is the function with constant value 0. It
is not impossible that fxyz4 = 0 already in the algebraic theory discussed
here, in view of Fermat’s method of descent. (A similar question was raised
conversationally by Joyal.) We can, of course, replace f by a function of
one argument here. Work on reducing such polynomials to normal form
is being done by Okada and Scott. Unfortunately, as they point out, one
cannot expect to have both strong normalization and the Church-Rosser
property, in view of Gédel’s result that provability in Peano arithmetic is
not decidable.

Note added in proof: Gregory Mints informs me that Mal’cev and his
students have also studied algebras of primitive recursive functions.

9. Gentzen style proof theory (classical)

Gentzen devised a different sequent calculus for classical logic, with se-
quents of the form

FfiAy Ay — BB, .
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These were supposed to be interpreted as
f:AiN---ANA, - B V---VB,,
in categorical language
f:A X~ xAyp,—>B+---+B,.

Having convinced oneself that Gentzen’s intuitionistic sequents are noth-
ing else than operations in a many-sorted algebraic theory, one wonders
why his classical sequents have not surfaced in algebra.

Take, for example, a single-sorted “bi-operation”

f:AXA—-A+A.
Up to isomorphism, this may be written
f:A2 5 Ax2,

where 2 = {T,1} is a representative two-element set. We can write
f =< fo, f1 >, where

fo: A2 A, f1:A25 2,

the former being a binary operation, the latter a binary relation. It would
therefore appear that, in the single-sorted case, bi-operations may be an-
alyzed into operations and relations. Indeed, algebraists study ordered
groups and similar structures.

The classical Gentzen calculus can also be extended to the substructural
situation, where one should interpret f: A;---A,, —» By--- B, as

fAA® - ®A, 2B & --&B,.

The tensor product ® comes up in multilinear algebra. Its dual ® appears
in Girard’s linear logic, although in a different notation. It so happens that
in Hopf algebras @ coincides with ®, and the same is true in production
grammars. However, it is easy to give examples in which @ and ® are
different.

In the algebra of all binary relations on a set X, we may write:

a(R® S)b for 3Ipex(aRx AzSh),
a(R® S)b for Vyex(aRzV zSh).
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The former is the usual relative product. The latter may be described
classically as its De Morgan dual by

R@S:ﬂ(*ﬂR@ﬁS) s

but it also exists intuitionistically. Unfortunately, intuitionistic logic does
not suffice to prove that @ is associative. (See [L 1991 ¢].)

The categorical treatment of classical Gentzen style proof theory re-
quires something new in place of multicategories, namely “polycategories”.
These have been discussed by Szabo [1975] and others, but not yet in suf-
ficient generality to handle the last example above.

10. Completeness of higher order logic

Categories may also be used to clarify and sharpen some basic ideas in
model theory, though these may be far removed from the combinatorial
preoccupations of specialists in that area. We shall only briefly sketch the
situation as it concerns higher order logic.

On the one hand, there are certain intuitionistic higher order languages
or type theories; they form a category, whose arrows may be called “trans-
lations”. On the other hand, there are elementary toposes, namely carte-
sian closed categories with subobject classifier and, for the present pur-
pose, also a natural numbers object; they form a category too, whose
arrows are called “logical functors”.

For each higher order language £ we may construct a topos T(L), the
topos generated by L, essentially what logicians call the “term model”,
which might also have been called the “Tarski-Lindenbaum topos”. With
each topos we may associate a higher order language L(7), its internal
language. It turns out that L and T are functors between the two cat-
egories under consideration and that T is left adjoint to L. (Actually,
this assumes that toposes have “canonical” subobjects, a technical detail
which we shall ignore here, see [LS1986] for a fuller account.) In particu-
lar, this means that we have a one-to-one correspondence between logical
functors

T(L) - T

and translations

L—L(T),

either of which may be called an interpretation of £ in 7.
If we allow every such interpretation as a model, the completeness the-
orem would be quite trivial, as a single model would suffice, namely
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L — LT(L). We shall, however, define a model topos as one whose
internal language has very special properties:
(1) L is not true in 7, that is, not provable in L(7);
(2) if pV qis true in T, then p is true or g is true;
(3) if 3zcap(z) is true in 7, then ¢{a) is true for some closed term of
type A in L(T).

Peter Freyd observed that these properties can be translated into algebraic
properties of the terminal object 1 of 7:

(1) 10
(2) 1 is indecomposable;
(3) 1 is projective.

Here “projective” means exactly the same as in module theory, where the
term originated. It turns out that, when L(7) is classical, a model topos
is precisely a non-standard model in the sense of Henkin [1950].

The completeness theorem for intuitionistic higher order logic, in the
tradition of Godel {1931}, Henkin [1950], Aczel [1969] and others, may
now be stated as follows:

every higher order language £ has enough models, meaning that a for-
mula p is provable in £ if and only if it is true under every interpretation
of £ in a model topos 7.

Algebraically, this result asserts:
every topos is equivalent to a subtopos of a product of model toposes.

This last statement bears a formal resemblance to the following result
about commutative rings:

every commutative ring is isomorphic to a subring of a product of local
rings.

But actually we know more. According to Grothendieck and Dieudonné
[1960]:

every commutative ring is isomorphic to the ring of continuous sections
of a sheaf of local rings.

A similar result holds for toposes in which all subobjects of 1 are pro-
jective. This is so for toposes of the form T(L) when £ satisfies Hilbert’s
rule (see Hilbert and Bernays [1970]):

for any inhabited type A (i.e. 3;¢aT is provable in £), if a = {z € A|
w(z)} is a closed term of type PA, then there is a closed term e, =
ezeap(z) of type A such that 3zeap(z) - (eqy) in L.
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In [L1989] I wrongly asserted also the converse of this; I am endebted
to John Bell for pointing out the error.

One can get rid of the restriction to Hilbert’s rule, provided one looks at
toposes generated by languages with sufficiently many constants. The idea
goes back to Henkin [1949]. One may think of the constants as variables
held constant: if V' is a set of variables, £(V') is the same language as L,
except that now a formula is called “closed” if it contains no free variables
other than those from V. Here is the final result:

if £ is any higher order language and V is a sufficiently large set of
variables, then T(L(V)) is the topos of continuous sections of a sheaf of
model toposes.

I have been told that Grothendieck actually used the expression “local
topos” for what has here been called “model topos”, although in a different
context, making the analogy with commutative rings even more striking.

For successive versions of this sheaf representation the reader is referred
to [LM1982], [LS1986] and [L1989].
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GENTZEN-TYPE SYSTEMS AND
HILBERT’S EPSILON SUBSTITUTION METHOD. I

G.E.MINTS

Dept. of Philosophy, Stanford University, Stanford, CA 94305, USA

Introduction

The substitution method was suggested by Hilbert within the framework
of his program for the foundations of mathematics. It is a successive ap-
proximation method for finding a finite function solution of a system of
equations derived from a proof in a formal system. The problem of con-
vergence, i.e. termination of the process after a finite number of steps
was treated by von Neumann [1927] for quantifier free induction, by Ack-
ermann [1940] for first order arithmetic, and by other authors includ-
ing Kreisel [1951,1952] and Tait [1965a]. Related material is in Scanlon
[1973], Goldfarb and Scanlon [1974]. We present here a new proof of Ack-
ermann’s result allowing extension to analysis (second order arithmetic).
This extension, to be described in a sequel to this paper, settles one of
the problems stated by Hilbert in [1929].
The proof consists of the following parts:

1. The formalization in the infinitary sequent calculus of a non-effec-
tive proof of the existence of a solution.

2. A standard normalization proof.

3. A proof that the normal form after this normalization is a conver-
gence protocol for the epsilon substitution process.

Note that in the case of first order arithmetic there is a simple non-
effective proof of convergence (cf. Kreisel [1952], Tait [1965a], Mints [1982,
1989]), but no generalization of this proof to the second order case is
known.

The metamathematical means used in our convergence proof are the
same as in other normalization proofs for the systems considered: epsilon-
0 induction (on quantifier-free formulas) for first order arithmetic, and
Girard’s method of computability predicates in the second order case.
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Hence it is difficult to claim that it has a foundational significance, and
one should look for its applications elsewhere.

This work started at Steklov Institute of Mathematics (Leningrad), con-
tinued at the Institute of Cybernetics of the Estonian Academy of Sciences
and was finished at Stanford University. The author is grateful to partici-
pants of logic and proof theory seminars of these institutions for attention
and valuable discussions. Especially important was correspondence with
G. Kreisel who drew the author’s attention to the problem of convergence
of the epsilon substitution method and had systematically pointed out
various related problems (much more significant in his opinion than the
problem investigated here). Special thanks are to S. Tupailo, who went
through the first draft of this paper and helped to find and correct several
discrepancies and to improve the presentation.

1. Language and the description of the substitution method

We use standard terminology of the substitution method from Hilbert &
Bernays [1970].

There are two kinds of individuum variables: free variables, denoted by
a,b,ay, ..., and bound variables denoted by z, v, 2z, z;, ... . Primitive recur-
sive (PR) terms are constructed from free individuum variables and the
constant O by means of fixed supply of PR function symbols including suc
(successor), addition and multiplication. Numerals 0, suc(0), suc(suc(0)),

. are sometimes also treated as constants. PR formulas are constructed
from equations t = u between PR terms by boolean connectives &, V, ~
etc. Afv:= t] (abbreviated by A[t] when v is obvious) denotes the result
of substituting the expression ¢ for a variable v in the expression A.

Terms and formulas are defined by simultaneous recursion beginning
with PR terms and formulas. If A is a formula which does not contain
the bound variable z, and a is a free variable then exAfa := z] is an
(epsilon) term. The set of terms is closed under function symbols of our
language, and the set of formulas is closed under boolean connectives.

So our formulas are formally quantifier free. In fact the epsilon symbol
€ plays the role of a quantifier via the translation

(1) (3z)F — FlexF); (Vz)F — Flex ~ F|

which agrees with the interpretation of exA as the least natural number
z satisfying A[z] and 0 if ~ Alz] for all x.

Terms and finite sequences of terms are denoted by s,t,u,sy,..., for-
mulas are denoted by A, B,C,D,F, Aq,....
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The rank rk(t) of a term ¢ is the measure of nesting of bound variables
defined in a standard way. rk(t) = 0, if ¢ is PR, rank is not changed
by primitive recursive functions, and rk(ezA) = max{rk(eyB) : eyB is a
subterm of Alz := a] containing a} + 1, where a is a free variable which
does not occur in €z A.

The degree deg(t) is the familiar nesting of epsilon-terms. deg(t) = 0 for
PR term t, and deg(ezA) = max{deg(eyB) : eyB is a proper subterm of
exA}+1. An e-matrix or simply matrix is an e-term having only variables
as proper subterms with no variable occuring twice.

An e-substitution for an e-matrix exAz,ay,...,a,] with all free
variables (arguments) explicitly listed is a finite numerical function
flay,... ,an), i.e. a function of finite support with explicitly given finite
domain. By the definition f = 0 (trivial zero value) outside this domain.
The e-substitution for a finite set of e-matrices is the set of e-substitutitons
for each matrix. Each e-term t is uniquely representable in the form
t = exAlz,t,... tg) where tq,... % are terms and exAlz,aq,... ,ax] is
a matrix called the matrix of ¢. The value S(t) of a constant term ¢ under
a given e-substitution S is defined by recursion in a natural way with the
main step: if S(t1) = Ni,...,S(tx) = Ni then S(exAlz,t1,...,t]) =
f(N1,...,Ng) where f = S(exAlz,a1,...,ax]) is the e-substitution for

the matrix exA [z, a1, ..., ar]. This also determines the values of all con-
stant formulas.
The value of a matrix ezAlz,aq,...,ax] for a tuple Ni,...,Np of

numeric arguments is the same as the value of the constant term erA
[z, N1, ..., Ng] of degree 1. Such terms exAlz, Ny,..., Ni] will be called
canonical.

The role of quantifier axioms in Hilbert’s e-calculus is played by critical
formulas

(2) Alt] — AlexA]

Formula (2) is said to belong to the rank rk(exA).

The goal of Hilbert’s e-substitution method is to find a satisfying (or
solving) substitution for any system E of closed critical formulas , i.e. a
substitution S such that S(C) = true for any critical formula C in F.
Such a substitution provides finitistic proofs of constant combinatorial
identities and numerical realizations of £{ sentences provable from E in
a free variable equation calculus.

It is assumed that critical formulas in the system E are numbered

(3) Cr; : Aft]—Alex A)
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in such a way that formulas belonging to bigger ranks have greater num-
bers.

The epsilon substitution method as outlined by Hilbert and made pre-
cise by von Neumann [1927] and Ackermann [1940] applied to a given
system E of constant critical formulas (2) generates successive epsilon
substitutions Sg, S1,...,S;, for matrices in F until all critical formulas
Cr in E are satisfied: S,,(Cr;) = true for all 5.

By the definition, the initial substitution Sy is the trivial zero substitu-
titon assigning a function with empty domain to every matrix. In other
words So(M)(N) = 0 for every matrix M and every tuple N of numeric
arguments.

The successor S’ for any given epsilon substitution S is defined as fol-
lows. If all critical formulas in F are satisfied by §, i.e. S is a solution,
then S has no successor. Otherwise pick up the first critical formula (3)
in E which is false under S:

(4) S(A[t]) = true and S(AlexA]) = false

Change the value of exA to be equal to the least natural number N for
which S(A[N]) = true:

(5) S'(exA) = the least N < S(t) such that S(A[N]) = true

and make the domains empty for all matrices of greater rank. More pre-
cisely, if the matrix of exA is M, = ez Bz, a] then

(6) S'(M) = S(M) for all matrices M with rk(M) < rk(M)

except M, itself. If exA = ex B[z, u] then letting t* = S(¢), u* = S(u) etc.
put

(7)  S'(M)(u*) = the least N < t* such that S(A[N]) = true

(8) S'"(M;)(K) = S(M;)(K) for all remaining tuples K.
Put
(9) S'(M) = 0 for all matrices M with rk(M) > rk(M;)

If the substitution S; has already been defined and is not a solution for
the given system E of critical formulas, put

(10) Siy1 = (8:)
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The epsilon substitution method terminates (or converges) at the step @
for the system E if S; satisfies E.

2. Computations with epsilon terms

From now on an arbitrary system E of closed critical formulas
(1) Cr;: Alt] — AlezA]

is considered. The value of a closed e-term ex A, i.e. the least x satisfying
A, is not computable in general, but additional information can help:
if exA is canonical and A[N],~ A[N —1],...,~ A[0] are known to be
true, then exA=N provided the information is consistent. To be sure
the value has been really computed, we will also require the information
to be complete: the same kind of justification should be given for the
subterms of A[i] (z < n) etc. First we define a weak derivability relation
-» meaning roughly that an object (term or formula) can be computed
to a normal form (numeral, canonical term, truth-value) on the basis of
accessible information.

Such information is encoded in a sequent, i.e. finite list X of formulas.
Formulas which can be members of a sequent X (= occur in X) are closed
formulas of the epsilon-calculus as defined in section 1 (also called basic
formulas) as well as formulas of the form ?exA,lexA {(modal formulas)
with canonical exA. 7exA means that the term has trivial value 0 (roughly
corresponding to undefined). !ex A means that the term has numeric value
N satisfying

(2) A[N],~ A[N = 1],...,~ A[0]

The list (2) is abbreviated by ez A# = N.

The notation lex A=N means the sequent lez A, ex A# = N.

Unless stated otherwise we assume that the sequent X is correct: the
formula ?exA,'exA can have at most one occurrence in X (as a member
formula) and if 7ex A occurs, then lex A does not.

CALcULUS CX FOR COMPUTATIONAL VALIDITY

t,u are lists of terms, M, N are lists of numerals.

Tex A occurs in X;
ezA — 0

(—0)

lexA=N occurs in X; (exA# = N) — true (=)
exA - N o
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t —n; A[N]is a primitive recursive true constant formula
Alt] — true

(bool)

t — N; exAlz,t] occurs in X, E;
exAlz,t] — exAlz, N|

exAlz, N]
is canonical

(e )

¢xA — exB; exB — N
extA— N

(trans)

A — false means ~ A — true. CX : D — v means derivability of
D — v in CX. Reference to CX will be dropped sometimes. A sequent
X is computationally inconsistent (c.i.) if CX: A — false for some
formula A occurring in X. Otherwise it is computationally consistent
(c.c.) provided it is correct. A numeric value [t],]|A| of a term t or
formula A relative to a sequent X is any numeral N or boolean value v
such that CX: t — N or A — v. The canonical value ||t{| of an epsilon
term t is any canonical term s such that ¢ — s, or t itself if ¢ is canonical.

The substitution Sx determined by a given sequent X consists of nu-
meric values of all canonical terms: Sx(t) = |t|. In other words, if
M = erAlz,a] is an epsilon-matrix with free variables (=arguments)
a, then Sx(M)(N) = |ezAfz, N]|. It is understood that Sx(M)(N) =
0 if |exAlz, N]| does not exist.

LEMMA 2.1. If B is derivable in the calulus C X then one of the following
conditions is satisfied:
(a) B=exA — N withexA in X, F and N in X;
(b) B = exAlz,t] — exAlz, N] with exAlz,t] in X,E, N in X and
canonical exAfz, N|;
(¢) B = A[t] — true where Alz] is a primitive recursive formula with
tin X,E, and CX :t — N for some numerals N.

(Numeral 0 is assumed to occur in any sequent).

PROOF is by induction on the derivation in CX. Case (a) corresponds to
the rules —¢, —4, trans. Case (b) corresponds to the rule e —. Case (c)
corresponds to the rule bool. -

If not explicitly stated otherwise we identify constant primitive recursive
terms with their numeric values. We employ a somewhat non-standard
notion of a substitution instance of a term. This will be any result of drop-
ping some epsilon symbols and substituting numerals for all occurrences
of corresponding variables and for some terms.

LEMMA 2.2. (a) Derivability of t — u is decidable;
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(b) derivability of A — true for any formula A is decidable;
(c) existence of ||t||,t|,|A| is decidable.

PRrROOF: (a) By Lemma 1 a derivation of ¢ — u in the calculus CX con-
tains only terms and formulas from X, F and their substitution instances
by numerals in X. So there is only a finite number of derivations.

(b) follows from (a) by Lemma 2.1 (¢): a formula can be reduced to truth
in CX only if it is primitive recursive in a term ¢ such that CX :t - M
and t, M occur in X, F.

{c) For given ¢t only u, N occuring in X, F (and their substitution instances
by numerals in X') should be tested for derivability of t — u,t — N. To
find |A] one tests A — true and ~ A — true. =

LEMMA 2.3. |exA| = N implies the existence of a canonical exB such
that (exA = exB or exA — exB) and exB — N, i.e.

(3) (?exBisin X and N =0) or

(4) lezB is in X and A[N],~ A[N - 1],...,~ A[0] are in X and
reducible to truth in CX.

PRrOOF is by induction on the length of the derivation of exA — N. If
ex A is not canonical, this derivation ends in the trans-rule, and over the
right branch of this rule one of the rules —q, — 4 is situated. The latter
provides the data mentioned in (3),(4). -

LEMMA 2.4. A derivation of any relation e — v in CX contains only
substitution instances of its subterms. In particular the rank of terms in
the derivation does not exceed the maximal rank of terms in the derived
relation.

PRrOOF: The proof is by easy induction on the derivation. -

Now we establish a version of the Church-Rosser theorem.

LEMMA 2.5. If X is a correct c.c. sequent then |t|,||t|],|A| are unique
for any epsilon term t and formula A.

Proor: Apply induction on the sum of the lengths of derivations

d:A— v dy: A — vy
d:t— N; dy:t— Ny;
d:t—eyB; dy:t— eyBj.

Let L, Ly be the last rule in d, d;.
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Case 1. L is bool. Then Ly is also bool. If v is different from v{, then
the premises of L and L; assign different values for some subterm ¢ of A
with shorter derivation, which contradicts the induction hypothesis. So
v = v as required.

CASE 2. L is one of —y, —, trans with conclusion ¢ - N. Then L; is
also one of these rules. Consider possible combinations L, L;.
(—0,—0) is as required.
(—0, —+) is excluded since then X contains ?¢,!t and so is not correct.
(—o0, trans):
exA — exB; exB — N TexAin X
exA — N (trans) - o —ar (70
is impossible since exA in —¢ is canonical, and so the relation exA — exB
cannot be derivable.
(—4,trans) is impossible for the same reason as (—y, trans).
(—4,—4) lezA=N, lex A=N; occur in X and exA# = N,exA# = N; —
true.
Assuming N > Nj we see that A[N — 1],~ A[N — 1] are in X and
A[N — 1] — false since ~ A[N — 1] — true. So X is c.i.
(trans, trans):
exA — exB;exB - N €xA — exBy;exB; — Ny
etA - N exA — N;
By induction hypothesis for ||t|| one has exB = exBj, so again by
induction hypothesis N = Nj.

CASE 3. Lis € —. Then L, also is € —.
t— N; t— Ny; exAlz,t]isin X, E;
exAlz,t] —» N, Ny
Again N = N, by the induction hypothesis as required. .

COROLLARY 2.6. If exAlz,u] — N for exAlz,a] of degree 1 and terms u
different from numerals then u — M for a unique M and ez A{z, M] — N.

PRrooF: The relation ezA[z,u] — N can be obtained only by the rule
(trans) and both premises of that rule are uniquely determined by Lemma
2.5. The left premise is obtained by the rule — € as required. —

Recall that the substitution Sy determined by a given sequent X con-
sists of numeric values of all canonical terms: Sx(t) = |t|. Recall also
the definition of the correct epsilon substitution from Hilbert-Bernays
[1970]: substitution S is correct if for any matrix M = exA[z,a] with
arguments a and any corresponding tuple N of numerals S(M)(N) =0
or S(M)(N) = the least K such that S(A[K, N]) = true.
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LEMMA 2.7. The substitution Sx determined by a correct c.c. sequent
X agrees with derivability in the calculus CX:

(5) ife — v in CX then S(e) = S(v)

In particular Sx is uniquely determined and correct.

PrOOF: Uniqueness of S{M)(N) follows from the uniqueness of
lexAlz, N]|. (5) is proved by induction on the derivation. To establish
correctness of S assume exAfz, N} — K > 0. Then by the lemma 2.3 and
(5) one has S(A[N]), S(~ A[N —1}),...,S(~ A[0]) = true as required. -}

A closed term ex A is decided by a sequent X if [ezA| exists. A formula
A is supported by X if CX : A — true. A sequent Y is supported by X
if all formulas in Y are supported by X. A sequent X is supported if X
is supported by X. X is decided if all terms in X, F are decided by X.

We say that a basic formula A has rank r+ where r is the maximal
rank of epsilon terms in A. We put

(6) r<r+<r+1

Formulas 7exA,'exA have rank = rk(exA). For a sequent X its part
X < r consists of members of X with ranks at most 7. The sequent X < r
contains formulas of rank < r, including (r — 1)+.

The following proposition expresses subformula properties of the calcu-
lus CX.

LEMMA 2.8. Any formula of rank at most r supported by X is supported
by X <r.

Proor: This is a reformulation of Lemma 2.4.

3. Gentzen-type system PA.. Statement of results.

Recall that a system E of closed critical formulas
(1) Cr;: Alt] — AlezA]

is assumed to be fixed.

Derivable objects of the Gentzen-type system PA. will be sequents
X. A rough first approximation of the meaning of X is: any extension
of X to a decided sequent either is inconsistent or determines a solving
substitution. If E' is a closed arithmetic statement saying that the system
E has a satisfying (solution) substitution, then X can be interpreted as
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X — E’, i.e. X implies the existence of a solution substitution for E.
An alternative interpretation would be X,~ E’ — false (to stay in the
negative fragment and make the derivation intuitionistic). Each sequent
X in a derivation is decomposed into a fixed part Xy and a provisional
part X;:

Components of epsilon substitution determined by formulas in the fixed
part Xy should not be changed in a non-trivial way when the derivation
is followed bottom-up; they can only be truncated to zero.

Formulas in the provisional part X; can be changed during a H-step
(for Hilbert) of a generating new epsilon-substitution. The notation {A}
means that A is in the ¢-part (i.e. provisional part X;). The number I(X)
is the maximal 7 such that the i-th critical formula Cr; is computationally
true, i.e. CX: Cr; — true.

Recall that a sequent X is decided if |¢] exists for all terms ¢ in X, E,
and that the sequent X < r is obtained by deleting from X all formulas
containing terms of rank > r and all basic formulas containing terms of
rank 7.

Axioms different from the Az F(alse) below and conclusions of all rules
should be c.c. The conclusion of any rule exept (cut) and (Fr) and any
axiom exept AxF should be decided. In the axiom Axc and the rule H
we write J-th critical formula as Cry : B{t]| — BlezB|.

AXioms. A sequent X is an axiom in the following cases:
AxSol. I(X) = Ipay, i.e. Cry — true for all J
AxF. Xisci
Axc.  I(X) = J =1 < Ipax,?|ezB]] =7%exAis inXy, (exA# =
N) — true for some N.

INFERENCE RULES.

C TexA, X;. . lexA=N, X;. .. all N
(Cut) X TexAlex A= N
are in the f-part
o
(Fr) {tezd}, X The premise is c.c.

X
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where 7 = rk(ex A),
{lex A=N}, X <r I(X)=J-1< Ihax
(H) {?ex A}, X llexB|| = ex A,
CX :(exA# = N) — true

This concludes the description of PA..

f-derivation is a derivation containing no rules (Fr), (H), i.e. only the
rule cut and axioms.

The remaining part of the paper is devoted to proving the following
theorems.

THEOREM 1. The empty sequent is derivable in PA, by an f-derivation.

THEOREM 2. Every f-derivation of an empty sequent can be transformed
into a cutfree derivation by standard cut-reduction transformations.

THEOREM 3. A cutfree derivation of the empty sequent is finite and lin-

ear:
XO’le-" )Xn

It begins with axiom Sol (sequent Xg), ends with the empty sequent
(X,), and consists only of rules (Fr), (H). The corresponding sequence
SnySn-1y,--- S0 of epsilon substitutions S; = Sx, is a convergence pro-
tocol of the Hilbert’s substitution method: S, is the zero substitution and
S(i—1) either coincides with S; or is obtained from S; by Hilbert’s step.
Sq Is the solution substitution.

4. Construction of the original derivation. Rule CutFr. The
structure of derivations.

To derive the empty sequent 0 expressing solvability of our fixed set E of
critical formulas we proceed bottom-up introducing cuts until all terms in
E (and all necessary subterms) are decided. Then the resulting sequent
either is computationally inconsistent (c.i.) or falsifies one of the critical
formulas, or determines a solution substitution. In all these cases it is
an axiom of our calculus PA. and so the whole tree is well-founded. To
provide bounds for the length of its branches, i.e. for the height of the
whole tree it is convenient to use computation from outside in addition to
the computation from inside encoded in the calculus CX.

We introduce a new CALCULUS (' which differs from CX only in the
formulation of the rule (—4):

lexA=N occurs in X
exA — N

(—+)
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The requirement (ezA# = N) — true is dropped compared with the
calculus CX of section 2.

The notation e —; v means that e — v is derivable in C;. The meaning
of le|s, [|tll, , 1-decided etc. should be obvious. The next proposition shows
that eventually decidability coincides with 1-decidability.

LEMMA 4.1. If the sequent X is correct, c.c. and l-decided then it is
decided.

ProOF: Let 7(e) be the maximum rank of subterms of the expression
(term or formula) e. We apply induction on 7(e) to show that [e| exists.
The induction base r(e) = 0 is evident since e does not contain an epsilon
symbol, i.e. is a primitive recursive term or formula.

The induction step for a formula A follows from the induction step for
terms. The induction step for a term e is proved by induction on the
degree d(e).

INDUCTION BASE d(e) = 1.

Let e = exA. Since e is 1-decided, we have e in X (and e — 0) or
le = N, i.e lexA, A[N],~ A[i] (i < N) in X. Since deg(e) = 1, we have
r(A[j]) < rk(e) = r(e). By induction hypothesis [A[j]| (j < N) exists,
and since X is c.c., |A[N]| = true, |A[s]| = false (i < N).

So the rule (—4) of the calculus Cy yields (ezA# = N) — true as
required.

INDUCTION STEP FOR DEGREE-INDUCTION.

One has e = ez Az, u] with deg(u) < deg(e). Since e —; N is obtained
by the rule (trans); of Cj, and the left premise of this rule should be
obtained by (e —);

u— M
(e =)
exAlz,u] — exAlz, M}; exAlz,M]— N
exAlz,u] > N

(trans)

we can use induction hypothesis for u and ez A[z, M] to drop the subscript
1 in the rules. 3

A sequent is well-formed (wf) if it has the form

(4) Pexi1 Ay, ..., Tex  An,ley1 By = Ny, ..., leymBm = N

where for every j < m all formulas in ley;B; = N; are in the f-part, or
all of them are in the t-part. In other words all formulas except 7ez;A;
are separated into disjont clusters

!Eijj = Nj.
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NoOTE. Any sequent occurring in a derivation is wf. This is established
by bottom-up induction on the derivation.

Indeed the last empty sequent is obviously well-formed with n = m = 0.

Cut adds ?ex A to the left premise and the cluster lexA=N to the N-th
right premise. Fr adds ?exA. CutFr (cf. next page) is a combination of
Cut and Fr. Finally H adds a cluster {lexA=N} after deleting 7exA and
all formulas of rank > r. The latter operation deletes some clusters: if the
rank s of eyB is greater than r, then the rank of formulas in eyB# = N
is equal to (s — 1)+ which is still greater than r. If s < r, then !eyB is not
deleted, and the same is true for eyB# = N. From now on all sequents
are assumed to be wf unless the opposite is explicitly stated.

Note that for any wf sequent X and any lexA in X the value lexA|;
exists. We assume as before that all considered sequents are wi.

LEmMA 4.2. Let X be a correct sequent, L be any finite set of epsilon
terms and r be the maximum rank of undecided terms in X, E, L. Then
there is a deduction of X of height < wr by the rule cut from some axioms
and decided correct sequents X' containing X which decide all terms in
X',E,L.

PrOOF: We shall construct a derivation from 1-decided sequents which is
sufficient by the Lemma 4.1. We use induction on r and (inner) induction
on the number of 1-undecided terms of rank r. Take one such term exA
of minimum degree and write down the list

(1) €x141, ... ,expAg(= exA)

of its e-subterms including itself which are not 1-decided in order of in-
creasing degree (i.e. lesser degree comes first). We apply the rule cut
bottom-up to decide the term er;A; to be written e2C. All subterms
of ezC are 1-decided, otherwise it would not be the first in (1). So
€zC —1 eyB of degree 1 (or is of degree 1 itself).

CASE 1. Neither of ?eyB, leyB is present in X. Then eyB is 1-decided in

all premises of the rule

9 - = .
(cut) .eyB,X,....e‘g}/(B N, X;...

since eyB — 0 in the leftmost premise, and eyB — N in the (N + 1)-th
premise. So €zC' is also 1-decided as required.

CASE 2. Onme of ?eyB,leyB is in X. In the first case |eyB| = 0, in the
second case |eyB|, exists since X is wf. 4
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ProoF oF THEOREM 1 {cf. section 3): First apply Lemma 4.2 to the
empty sequent and the empty list of terms. Consider an arbitrary top
sequent X of the resulting figure. We show how to extend X to an axiom
if it is not one, L.e. if X is c.c. and I{X) < Iphax- Since X is decided we
have Cry — false for J = I{X) + 1. Then writing

(2) Cry: Alt] — AlexA]

we have A[t] — true, AlexA] — false. Since all subterms in (2) are
decided we have t — N for some N. Since ez A is decided we have ?|[ex A||
in X and lezA] = 0. Indeed, if !llexAll is in X and |exA| = M then
A[M] — true by the Lemma 2.3 and so AlexA] — true, which contradicts
AlexA] — false.

Now let L be the list of all e-terms occuring in the formulas

(3) AN —1],..., A0]

Apply Lemma 4.2 to sequent X and list L. Each of the top sequents X’
of the resulting deduction which is c.c. decides all formulas in (3). Let K
be the least numeral such that CX’ : A[K] — true. Such a K exists since
A[N] — true. Since Cry — false we have I(X’) = I(X) and the sequent
X' is an instance of the axiom Axc . 4

During cutelimination the cut rule will be gradually replaced by other
rules, but for technical reasons (to be explained in the subsequent sections)
some traces of eliminated cuts will be left in the derivation in the form of
the rule CutFr below.

We introduce a new system PAY by adding to PA, the new rule:

{TexA}, X;.. lexA=N, X;... The leftmost premise is c.c.

(CutFr) X lexA=N are in the f-part

In other words the leftmost premise is exactly as in the rule (Fr), and
remaining premises are exactly as the corresponding premises of Cut, i.e.
are the same as in the omega-rule. We call the leftmost premise of a cut
or CutFr the major premise of that rule, and remaining premises its minor
premises.

THEOREM 4.3. Let d be a derivation and X be a sequent in d.

(a) If 7exA is in X then either of the following holds:
(al) ?exA is in X and traceable to the major premise of a cut, or
(a2) ?exA is in X, and traceable to the major premise of a Fr or CutFr.
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(b) IflexA is in X then either of the following holds:
(bl) lexA is in Xy and traceable to a minor premise of a cut or CutFr;
(b2) lexA is in X; and traceable to an H-rule.

(¢) If a basic formula A is a member of X then either
(c1) A isin Xy and traceable to a side formula in a minor premise of a
cut or CutFr, or

(c2) A isin X, and traceable to a side formula of an H-rule.

The proof is by bottom-up induction on the derivation. The induction
base is trivial since the last sequent is empty. The induction step is proved
by cases depending on the last rule. Only side formulas of this rule are to
be considered. -

Call the derivation cutfree if it contains neither cut nor CutFr.

COROLLARY 4.4. Let d be a cutfree derivation of the empty sequent.

(a) only rules Fr and H are used in d;

(b) X = X, for every sequent X in d;

(¢) any sequent X in d is supported and c.c.;
(d) d begins with the axiom Sol.

PROOF: (a) By the definition of cutfree.

(b) By Lemma 4.3 any formula in Xy should be traceable to a cut or
CutFr below X, so X is empty by (a).

(c) Use bottom-up induction on d. The empty sequent is obviously c.c.
and supported. Rule (Fr) has c.c. proviso and its premise does not contain
new basic formulas compared to the conclusion.

Consider the rule H
{letA=N}, X <r

{TexA}, X

Assume that the conclusion {?ex A}, X is a correct supported c.c. sequent.
Then lexA does not occur in X, hence the premise ¥ = {lexA=N}, X
< r is also correct. Suppose for contradiction that CY : B — false for
some basic formula B in Y. Then rk(B) < r since formulas of rank exactly
rin Y are of the form 7ezC, lezC. By Lemma 2.8 we have C(Y <r): B —
false. The cluster {lexA=N} cannot be used in this derivation unless B
is a formula in exA# = N. In that latter case we would have C(X < r):
B — false which contradicts the proviso of the H-rule: CX : (exA# =
N) — true. All basic formulas in X < r are supported as before (by
Lemma 2.8) together with all basic formulas in exA# = N, as explained
above.

This argument is our version of Ackermann’s [1940] correctness argu-
ment (presented in Hilbert-Bernays [1970], section 2 of the Supplement
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V) showing that the next substitution S’ is correct if the previous substi-
tution S was correct.

(d) The uppermost sequent should be an axiom. It cannot be the axiom
False because of (¢), and cannot be Axc since the f-part is empty. -

LeEMMA 4.5. If X/X; is an inference according to the rule Fr then the
corresponding epsilon substitutions coincide: Sx, = Sx.

If X/ X' is an inference according to the rule (H) then the corresponding
epsilon substitution Sx, is a successor of Sx, i.e. is obtained from Sx by
Hilbert’s step : Sx, = (Sx)'.

PrOOF: By Corollary 4.4(c) all basic formulas in clusters lezxA=N are
supported, hence if such a cluster is present in a sequent X then the
substitution Sx contains a component exA=N, and consists exactly of
such components plus zero substitutions for all remaining canonical terms.
So the rule Fr only makes explicit existing zero components, and does not
change the substitution. The rule H eliminates all components of rank > r
(by eliminating whole clusters) and adds one new component of rank r
(in the form of supported cluster ez A=N) exactly as required in Hilbert’s
substitution method. =

PROOF OF THEOREM 3 (cf. section 3): Apply Corollary 4.4 and Lemma
4.5.

LEMMA 4.6. If X is a sequent in a derivation of an empty sequent, then
any basic formula in X; is supported and any formula lex A is 1-decided.

PROOF is by bottom-up induction on the derivation. New basic formulas
in the provisional part X; appear only in the rule (H), and there they are
supported by Lemma 2.8. New formulas of the form lexA in X, are 1-
decided by the same argument. In Xy they appear in the minor premises
of the rules (Fr) and (CutFr), and they are 1-decided by the very form of
these premises. If some formula F looses its support or 1-support in the
rule (H) since some of the supporting formula is deleted, then F' is also
deleted. -

5. The weakening rule
The weakening (or thinning) rule

X
(1) XA

in some form (postulated or proved admissible) is frequently used in the
process of cutelimination. It is not in general admissible in our systems
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with the e-symbol because adding a new formula (say TexA) to a cor-
rect sequent (say 'exA = 1) can make this sequent incorrect. The usual
method of proving the admissibility of weakening (1) is to add formula A
to the whole derivation of the premise X. Sometimes this transformation
is called multiplication of the derivation by A. Even if correctness of se-
quents is preserved, some of our rules can be destroyed by this transforma-
tion for reasons similar to the unstability of the proviso for (generalized)
eigenvariables of quantifier rules or (even more relevant) the restriction
in the necessity-introduction rule of S4. If the derivation of X in the
Gentzen-type formulation of the modal logic S4 contains this rule, one
has to drop A altogether at the conclusion of this rule. Our treatment of
weakening will be along these lines.
Recall that we consider wf sequents of the form

*) 2¢x1A1, ..., X Ap,ley1 B = Ny, ... YeymBm = Ny,

or X7, X! for short.
The product X x Y of two sequents will be defined by concatenating
them and identifying the whole clusters.

DEFINITION. Let X,Y be correct sequents, X be of the form (*) and Y
be of the the form

X172, X2, 117, Y5!
where the parts of Y coinciding with the corresponding part of X are
shown first, and the remaining parts are shown later. Then X xY is
X,Y1?7,Y5! with the t-part preferred: if at least one of the identified for-
mulas is in the t-part, the result is also placed in the t-part. If identified
clusters ltex A=Nj, ez A=Ns have different Ny, Ny, then the maximum is
preferred (in fact this case will never occur).

EXAMPLE. Assuming A; to be different for different i we have
7ex Ay, TexAqg,lex Az = 5 * Tex Ay, lev Az =5, lexAy =1 =
TexAi,7€xAg, lexAs = 5, lex Ay =1

and

?exAy, TexAg, {lexAs = 5} * TexAr,lexdsz = 5,lexAy =1 =
Tex Ay, TexAg, {lexAs = 5}, lexdy =1
Recall that {} means being in the provisional part. A sequent X is
supported (t-supported) if CX : A — true for every basic formula A in X
(in Xt)
NoTE. If sequents X and Y are correct and do not conflict in a formula

of the form ?ex A (i.e. one contains ?ex A and the second lezA) then X xY
is correct since such a conflict is the only possible reason of incorrectness.
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LEMMA 5.1. (a) If X,Y are c.c. supported sequents, and X *Y is correct
then X Y is also a supported c.c. sequent.

Proor: The sequent X xY is supported since the X-part is supported by
X and the Y-part is supported by Y. To prove computational consistency
of X Y consider a derivation of A — false in C(X *Y) for (say) A in
X. Since X is c.c. and supported we have a derivation of A — true in
CX. We apply induction on these derivations to prove that A — false for
a formula A in X,Y, or t - N, N, with different N, Ny, or t — t1,t5 for
different ty,%s implies that X % Y is incorrect. This induction is similar
to the one used in the proof of the Church-Rosser property for CX. The
induction step goes smoothly exept in the situation when ¢ is canonical
and the derivations of ¢ — N, N; are given. They should end in some
combination of the rules (—¢), (—4+). These rules cannot both be (—)
since then N = N; = 0. If both of them are (—.), use the induction
assumption for the formula A[min(N,N;)]. Otherwise X x Y contains
?7¢X A and lex A and so is incorrect. =

LEMMA 5.2. If X, Y are c.c. sequents, X is supported and X xY is correct
but not c.c. then there is a basic formula A in Y not decided by Y and
such that C{X *xY) : A — false.

PRrROOF: Again apply induction on the pair of derivations of A — false in
C(X +Y) and A — true in CX or CY or a pair t — N, Ny with different
N N N 1- —

Cuts will be eliminated in the usual way beginning with maximum rank
r. Eliminated cuts of rank r will be replaced by CutFr and H with the
same main term, i.e. with the same rank. More precisely, a cut will be
replaced by CutFr and then moved (permuted) up the derivation until
one encounters Axc with main term ?exA traceable to the main formula
7exA of that CutFr. Then the Axc is replaced by the rule H , and the
derivation of the corresponding right premise of the cut is placed over the
H-rule. After all cuts of rank r are eliminated, these CutFr will be pruned
to Fr. So finally cuts of rank r will be replaced by Fr of rank . The cut to
be eliminated will be one of the uppermost cuts of rank r. This motivates
the following

DEFINITION. A derivation d is an r-derivation if it contains cuts of rank
at most v, CutFr only of rank r, H only of rank > r, Fr only of rank > r,
and no CutFr or H of rank r is below any cut of rank r.
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rank r

A sequent U is an r-sequent if all formulas in its provisional part U, are
of rank > r — 1, and all formulas in its fixed part Uy have rank < r:

U, is contained in U(> r — 1) and Uy is contained in U(< r).

So Uy consists of U(< r—1) and some part of U(< (r—1)+) and U(=r),
while U, consists of U(> r) and the remaining part of U(< (r —1)+) and
U(=r):

U

] ] l
i 1 I

r-1 (r-1)+ r r+ r+1

Recall that basic formulas containing terms of rank r — 1 have rank
(r — 1)+ > (r — 1) by the definition. This is motivated by the fact that
all formulas in {lexA=N} for ez A of rank r should be treated together.

LEmMMA 5.3. Every sequent in an r-derivation is a t-supported r-sequent.

PROOF is by the bottom-up induction on the derivation. Induction base
(empty sequent) is obvious. For induction step consider cases according
to the last rule applied.

RULE Fr. 7ex A is added to t-part and is of rank > r. Everything else in
the t-part is supported in view of the induction assumption. The f-part
is not changed at all.

RULE Cut. ?exA is added to the f-part of the major (leftmost) premise.
Its rank is < r, so the conditions for the r-sequent are satisfied and no
new conditions for support have to be checked in this premise. In the
remaining premises formulas lexA=N of rank < r are added to f-part, so
again conditions for the r-sequent are satisfied and no new conditions for
support have to be checked.

RULE CutFr. This is the combination of the two previous cases.
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RULE H. Here {lezA=N} with exA of rank s > (r — 1)+ > r — 1 is added
to the t-part and all formulas of rank > s as well as 7exA are deleted
(from the conclusion). So the condition for the ¢-part in the definition of
the r-sequent is preserved, and no new formulas are added to the f-part.
The added formulas {exA# = N} in the ¢-part are supported in view of
the proviso in the rule H. The remaining formulas X < r in the t-part of
the premise are supported by the same derivations as for the conclusion:
all of them have rank < r, and by Lemma 2.4 only formulas of rank < r
were used in the supporting derivation. But none of those formulas was
deleted. .

LEMMA 5.4. (a) Let Z,U be c.c. t-supported r-sequents and Z x U be
correct. Then if Z¢(< r)xUs(< 1) is c.c. then ZxU is a c.c. t- supported
r-sequernt.
(b) If Z,U are correct c.c. t-supported r-sequents, Z coincides with
Z(< r) and contains U(< r), then Z«U is a correct c.c. t-supported
r-sequent.

ProOOF: (a) Z * U is a t-supported r-sequent since Z,U are such. We
prove uniqueness of |t], {jt]], |A] by induction on the derivations in the C-
calculus. If the rank is at most 7+ then the derivations use only Z(<
r) * U(< r). These in turn use only Z¢(< r) * Us(< r) since (by the
definition of r-sequent) the only formulas in the difference set are of the
form ?exA,lexA=N, with exA of rank r, but the derivation of ex4A — N
uses only formulas of rank < r which are in the f-part.

For the terms and formulas of rank > r+ we use induction on rank and
the fact that A — true in CZ or CU for each basic formula A of rank > r
in Z = U. Indeed in this case A is in the t-part and Z, U are t-supported.
(b) In this case Z;(< r) x Us(< r) is Zp(< r) which is c.c. by the
assumption. =

LEMMA 5.5. Let the conditions of Lemma 5.4(b) be satisfied and R be
an Inference rule with conclusion U. Then

(a) if R is (Fr) with side formula {?exA} and rk(?exA) > r or

(b) R is (H) of rank s > r and all terms in Z are decided,
then Z x R, i.e. the result of multiplying Z by all premises and the con-
clusion of R, is the same rule as R, and all premises are turned into correct
c.c. t-supported r-sequents.

PRroOOF: (a) Consider

{7ex A}, U
U

{?exA}, ZxU

(R) ZxU

(Z*R)
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Since rk(exA) > r, and rk(Z) < r, neither of 7ex A, lex A occurs in Z. The
conditions of Lemma 5.4(b) are satisfied also by Z and {?exA},U, and
moreover Z x {({?ex A}, U} =%ex A, (Z *U). So the premise is a correct c.c.
t-supported r-sequent and Z x R is an Fr-inference.

(b) Consider

{lexB, B[K],~ Bli],i < K}, X(< s)
{?ezB}, X

(H)

{tezB,B[K},~ Bli},i < K}, Z x X(< s)
?exB,Z x X

(Z*H)

By the proviso for the rule (H) and the subformula property of the cal-
culus C' we see that the premise {lexB = K}, X(< s) is a t-supported
r-sequent, and it is c.c. decided. Since Z is also t-supported, the con-
ditions of Lemma 5.4(b) are satisfied for the premise, so the result of
multiplication by Z is also c.c. decided, and since all terms in Z are
decided, the proviso of H is satisfied. .

DEFINITION. Let d be a deduction, that is a derivation from hypotheses,
and Z be a correct wf sequent. Let us define a figure Z = d by induction
on d. [Z*d will not be a deduction in general.] Roughly speaking Z *d is
the result of multiplying all sequents in d by Z, deleting everything which
is above incorrect or computationally inconsistent (c.i.) sequents and
pruning the branches over the premises of (cut) and (CutFr) which have
become redundant. More precisely, some members of Z can be deleted
in the process of going up the derivation when the rule H is encountered.
So in fact Z = d is defined in terms of W x d' for W contained in Z and
subderivations d' of d. We shall verify later that Z xd is again a derivation
in the cases we need. In the remaining (degenerate) cases the definition
will be more or less arbitrary.

INDUCTION BASE. U is the last sequent in d. If Z*U is incorrect (degen-
erate case) or c.i. then Z x d consists of the only sequent Z*U analysed as
AxF if it is correct but c.i.

INDUCTION STEP. Let W xd’ be defined for all correct wf sequents W and
immediate subderivations d’ of the given derivation d. Let d end in a rule
R with the conclusion U. If Zx U is incorrect or c.i. then Z xd consists of
the only sequent Z xU. If Z x U is correct and c¢.c. consider the following
cases.
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Case 1. R is cut or {CutFr). If Z does not contain the cut formula, i.e.
?rA or lex A, then multiply premises by Z and apply the rule R. This
means that

dy:Ug; . .0dp iUy ..
d: U

is transformed into

Zxd1:Z*xUy;... Z*dp:Z2%U,...
Zx*xd: ZxU

If Z contains the cut formula, then prune the branch of R containing the
complementary cut formula, delete the cut and proceed up the premise
containing the considered cut formula:

ds dn
TexA,U; lex = N,U
d: U

Derivation d is transformed into

TexA, Z™ xdy 2 Tex A, Z7 x U
or

lexA=N,Z *dn : lexA=N,Z~ « U

where Z =7ex A, Z™ or Z =lex A, Z~ with one exception. In a degenerate
case when the rule is CutFr and ?ex A is in the fixed part Z¢, Z x d is the
figure
{?exA}, Z ~ U
TexA, Z ~ U

which is not an application of any rule.

CASE 2. R is (Fr). If Z does not contain the Fr-formula, i.e. 7exA,lex A4,
then multiply by Z:
{?ex A}, U
U

is transformed into

{?ex A}, (ZxU)
Zxd: ZxU
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If Z contains 7exA in the t-part, prune (Fr). If Z contains lex A (degen-
erate case) then Z x d consists of the incorrect sequent 7exA,'exA, Z x U.

In the degenerate case when Z; contains 7exA the derivation Z x d
consists of the only sequent Z %= U.

Case 3. Ris (H). If Z does not contain ?exA, lex A, multiply the premise
by Z(< 7).
If Z contains 7exA, i.e. Z =7exA,V, multiply the premise by V.
Sequent Z cannot contain 'ex A since the conclusion U of the (H)-rule
contains 7ex A, and Z x U is correct by the assumption. This concludes
the definition.

We now begin to investigate sufficient conditions of the admissibility of
the thinning rule X/X,Y.

Consider the structure of a derivation of the right premise of an upper-
most rank r-cut in an r-derivation.

LEMMA 5.6. Let X be a sequent in an r-derivation of the empty sequent
0 with no (CutFr) of rank r under X. Then

(7) Xf=X(<r); Xe=X(>r)

PROOF is by bottom-up induction. For the last sequent 0 all parts in (7)
are empty. Consider possible inference rules.

Case 1. Cut rule
TexA,U; .odexA=N,U

U
Here rk(exA) < r and ?,lezA=N is in the f-part, rk(A[j]) < (r —
1)+ < r,and so (?,!ezA=N,U); =?,lexA=N,Us =7, lex A=N,U(< 1) =
(?,lexA=N,U)(< 7), and (?,!ezA=N,U); = Uy = U(> r) = (?,lexA=
N, U)(>r).

Cask 2. Rule (Fr).

{?ex;]‘l}, U k)

By the definition of r-derivation rk(exA) > r. Hence ({?exA},U); =
U = UL r) = ({PezA},U)L 1), and ({Tex A}, U); =?exA U, =
Pex A, U(>r) = ({7ex A}, UY(> 7).
CAsE 3. Rule (H).
{lexA=N},U
{?ex A}, U
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By the induction hypothesis rk(exA) > r, and so rk(lezA=N) > r+ > r.
We have ({lezA=N},U); = Uy = U(< r) = (lexA=N),U(< 7), and
({lexA=N},U); =lexA=N,U; =lex = N,U(> r) = ({lezA=N},U)(> r).

CASE 4. Rule (CutFr). This case is impossible by the condition of the
lemma since 7k(Cut¥Fr) = r in any r-derivation. 4

LEMMA 5.7. Consider an r-derivation with a branch

Azc ?eyB,Z,V
l rk(eyB) =r,7k(Z) <,
?eyB,..leyB =N, X rk(V) > r,(eyB = N) — true
| X ‘
d
| 0

ut

containing the left premise of an uppermost cut of rank r and correspond-
ing axiom Axc . Let d be a deduction obtained by deleting from the given
derivation the part above X. Then leyB = N,Z xd is a deduction of
leyB = N, Z from leyB = N, Z x X by the rules (Fr),(H):

leyB=N,Z*x X
(Fr, H) l
ZeyB=N

ProoF: We shall prove the following claims:

(a) Z contains X(< r)

(b) the segment from 0 to X contains neither (Fr) or H-rules of rank
< 7 nor (CutFr), and after multiplying by Z,leyB = N all cuts are
pruned from this segment, but a branch contained in the segment
is always chosen;

(c) all remaining rules, i.e. Fr and (H), are preserved, and all sequents
(leyB = N,Z) % U in the segment are c.c. r-sequents.

Indeed, by the definition of r-derivation all (CutFr) have rank r, all
H-rules have rank > r and there are no (CutFr) or H-rules of rank r
under any cut of rank r. So no formula of rank < r, in particular no side
formula of a cut, is deleted in any H-rule (viewed bottom-up), and Z(< r)
inherits all these formulas from X, which proves (a). Claim (b) follows
from the condition on the arrangement of cuts, H-rules and (CutFr) in an
r-derivation. Note that rank(H) > r, rank (CutFr) = r, rank (Fr) > r in
an r-derivation. To prove claim (c) we verify conditions of Lemma 5.4.
The relation Z = Z(< r) is equivalent to rk(Z) < r. Since ?eyB,Z,V
is decided, and ?eyB, Z is of rank < r, sequent Z is supported by the
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subformula property of the calculus C. It is c.c. since 7eyB, Z,V is c.c.
And it was just proved that Z is contained in U(< r). Rules not listed
in claims (a),(b) are (Fr) and (H) of rank > r. Their conclusions and
premises are c.c. t-supported r-sequents. So by Lemma 5.5 multiplication
by Z(< r) preserves them. Claim (c) is established. =

LEMMA 5.8. Let d be an r-derivation of a sequent TexA, X with 7exA of
rank r in the f-part. Then the result of provisionalization of Tex A, i.e.
moving Tex A into the t-part is a deduction of a sequent

{7exA}, X
where all inference rules and axioms except Axc with main formula {?ex A}
are correct.
PRrROOF: By inspection of axioms and inference rules. 4

LEMMA 5.9. Let d be a part of an R-derivation of 0 ending in an upper-
most cut of rank 7r:

d X ..M=N,X... dn

p (©)
cod—

Then

(a) d»,dn contain only (Fr)-rules of rank> r, CutFrs of rank r, cuts
of rank < r, H-rules of rank > r; any H-rule of rank v in d»,dn is
traceable to (CutFr) in d+,dN (not in d—); any axiom Axc of rank
r in dy is traceable to a cut in d—; axiom Axc in d- can also be
traceable to a cut in d— and to the explicitly shown cut.

(b) Xy =X(<r); X =X(>7)

(cl) for any sequent V in d» one has Vy = Xy U7t U side formulas of
cuts of rank < r and of CutFrs of rank r (fixed premises) in d
(c2) for any axiom Axc : t,Z in d- one has
Z(< r)= XsU side formulas of cuts of rank < r in d7 U
fixed side formulas 'u = K of CutFrs of rank r in d» U
(provisional) side formulas {'v = K} of H-rules of rank r in d7 U
provisional side formulas {?u} of CutFr of rank r.
In particular (Z¢), = (Xf)r U{{!lu = K} : rk(u) = r} where V, is
V < r intersected with V(> (r — 1)).

(d) for any sequent U in dy one has
Uy = Xy Ut = NU side formulas of cuts of rank < r and of
CutFrs (fixed) of rank r in dn.

Ufr = Xfr U {{!u: K} : rk(u) = ’I"}.
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This is summarized as follows:

Azc M, Z rk(H) > r,rk(Cut) < r,
] rk(CutFr) = r,
d X t=N,X (0) rk(Fr) > r,
X Azxe:7u,wy

u W lu=MW
w

I
0

Proor: (a) The definition of an r-derivation implies the condition on the
ranks of (Fr) (Cut) and (CutFr), and the bound > r for ranks of remaining
rules. The sharp bound > r for CutFr and tracing of Axc follows since
there are no cuts above (c). Part d— below the cut (¢) cannot contain
(CutFr) by the definition of r-derivation which concludes the proof of (a).
Parts {(b)—(d) follow from {a). -

THEOREM 5.10. Under the conditions of Lemma 5.9 let Axc: 7,2,V
with (?t,Z) = (7t,Z,V)(< r), CZ : t# = N — true be traceable to the
main premise of cut (c¢). Then dn x {!t = N}, Z is an r-derivation.

ProoOF: In fact we prove by bottom-up induction on dy the following
lemma.

LEMMA 5.11. Under the conditions of Lemma 5.9 let U be a sequent in dn
which is not pruned in the process of multiplication of dy by {!t = N}, Z,
and let W be the sequent to which U is multiplied in the process of
computing dy * (!t = N, Z). Then

(a) U x W is correct;

(b) if U« W is the topmost sequent, it is an axiom;

(c) if some formulas in U and W are identified, and only one of them

is in the f-part, it is the formula in U;
(d) every rule left in dy x {!t = N}, Z up to U x W is correct.

PRrOOF: Note that the sequent W for every U is of the form
(3) W={t=N}Z" Z=2Z'"U{{tu1},... , {?un}},n > 0,rk(w;) =7

i.e. Z'is obtained from Z by deleting of some formulas {?u} with rk(u) =
r. Indeed, only formulas of the form {?u} can be dropped from W in the
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process of the multiplication, so rk(u) < r and since { = N},Z is an
r-sequent and {7u} is in Z, we have rk(u) = r. Since {{t = N}, Z is a
supported correct r-sequent of rank < r and by the subformula property
of the calculus C the sequent W is also a supported correct r-sequent of
rank <r.

INDUCTION BASE: sequent X * {!t = N,Z}. From the fact that {It =
N}, Z =W = W(< r) contains X; = X(< r) by Lemma 5.9 (c2), and
the correctness of W it follows that

X«W = (X(<r),X(>r)«W =W, X(>1)

is correct. This sequent is also a c.c. r-sequent by Lemma 5.4(b). (b)
follows from X (< r) = Xy.

INDUCTION STEP. Let R be a rule in dp, and {a)-(d) be verified up to
conclusion U of R. If U x W is c.i., then it is an axiom, we are done.
Otherwise U «+ W is c.c. and we consider cases depending of R.

Case 1. U was an axiom in d. Then U * W is an axiom of the same
kind: since W is supported and U is supported, W % U is supported, so
all restrictions are satisfied for the new axiom.

CASE 2. R is Fr (of rk > r by Lemma 5.9 (a))

{u}, U

—— (Fr)

{tu}, UxW .
U

Te W k(u) >r

Since {7u} is added to the common part of U and U(> r), the sequent
{?u}, U x W is correct and {?u}U is c.c. The sequent U(< r)* W is a
correct c.c. r-sequent by induction assumption, so {?u}, U x W is a c.c.
r-sequent by Lemma 5.4(a), and R+ W is again an instance of (Fr) of rank
>,

CASE 3. R is (Cut) (of rank < r by Lemma 5.9(a))

€0 €N
2w, U ... lu=N,U; ...
U

rk(u) <r

(R)

CASE 3.1. Neither of 7u,!u is in W. Then all premises in

u, UxW;. . lu=NUxW...
UxW

(R+xW)

are correct. They are r-sequents since 7w or u is added to the f-part and
is of rank < 7. So R+ W is a correct application of (Cut).
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Cast 3.2. One of 7u,!u is in W. Then it is in W} since rk(u) < r and
?t,Z is an r-sequent. In particular u is different from ¢. So the cut is
pruned into repetition

egx W ep*xW
?u,U*WRe or lw=MUxW
UsW,7u - F UxW,lu=M

We used the fact that W is wf and supported, so if luisin W, then lu = M
is in W for some M.

CASE 4. R is (CutFr) (of rank r by the definition of r-derivation):

{7}, U;.. lu=N,U;..
U

- (CutFr)

CASE 4.1. Neither of ?u,!u is in W. Then R * W is again (CutFr):

{W}p,UxW; lu=NUxW
UxW

rk(u)=r

Indeed, the premises are correct since ?u,!u are not in W. They are
r-sequents since only {?u} is added to the t-part and rk(u) = r. The
premise {?u},U * W is c.c. by Lemma 5.4(a), since {?u}U is c.c.

CASE 4.2. Tuisin W. If 7u is in Wy then ?u is in X4~ by Lemma 5.9(c2)
and then ?u is in Uy, so the main premise of (CutFr) would be incorrect.
So 7w is in Wy, i.e. W = {?u}, W', and then (CutFr) is pruned into (Rep):

{2}, U« W’
UxW', {?u}

CASE 4.3. luis in W. Since W is wf and supported, 'u = M for some
Misin W,ie. W =W/ lu =M. If lu is in Wy then CutFr is pruned
exactly as a cut.

w=MUxW

UxW lu=M
If 'u is in W;, then it is supported, so (lu = M,U) *x ({lu = M}, W) =
{tu = M},U xW and (CutFr) can be pruned as before.
CASE 5. R is the H-rule.

{u= M},U(< 5)
{T),U

rk(u)=s>r, CU:u# =M — true
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Caskt 5.1. Neither of 7u, lu is in W. By the assumption the sequent {?u},
U x W is a c.c. correct r-sequent. Since U supports u = M, that sequent
also supports u = M. We have (U« W)(<s)=U(<$)*W(<s)=(U <
s}y« W, so Rx W is again the H-rule:

{lu=M}U(KLs)«xW
{Mu},UxW

CASE 5.2. One of 7u, lu is in W. It cannot be lu, since otherwise (?u, U) *
W would be incorrect. So W = {?u}, W where ?u should be in the t-part
since otherwise 7u is in Xy which is contained in Uy. Now ({?u,U)
({?u}, W) = {?u},U * W and since {?u} is pruned from W the figure
R+ W is again the H-rule:

{lu=sNEL(U<s)*W = ({lu=N},U<s)*xW
{tu}, UsW ({?u},U) * ({?u}, W)

It

This concludes the proof of Lemma 5.11 and hence of Theorem 5.10. -

6. Cutelimination

Now we can describe cutelimination transformation. Recall that in the
standard Gentzen-type calculus a cut

~A Z,A
t
& ~AX AY d,

(1) A%

in a derivation where all occurrences of ~ A are traceable to axioms (and
not to main formulas of rules) is reduced to the following derivation:

dy x Z [
Y. Z, A

do[~ A=Y |
Y, X

obtained from the original derivation by first replacing ~ A by Y and
then deriving images Y, Z, A of former axioms ~ A, Z, A by derivation d,
multiplied by Z. The axioms of the form ~ A, B, ~ B, Z are transformed
into Y, B,~ B, Z and the second derivation is not needed.
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In our e-calculus the role of the axiom ~ A, Z, A for the cut with main
formulas 7s,!s is played by the axiom Axc: 7s,Z with CZ : s = N —
true:

78,2

|

d? ?S,X s = N,X dN

X
l
0

It would be natural to transform such a derivation into the figure

dy * Z i
{!s?zN},Z,X (H)
{?s},Z2, X
{7s}, X (Fr)
X
d— I
0

but there are two problems. First, the H-rule in the new figure will be
incorrect in general since both Z and X can contain formulas of rank
> r. Second, the thinning rule is not admissible in general, in particular
the result of multiplying a derivation by a sequent is not necessarily a
derivation.

These problems are solved as follows. We leave d-» as it is, make 7s
provisional, truncate Z to Z(< r) over the H-rule (3) and reintroduce the
missing formulas from X by using the part d- of the original derivation
situated below X:

X Z(<r)yx X
a- Z(<r) * d- |
0 Z(<r)

while the standard cut reduction uses only the part above X.

DEFINITION. Let d be an r-derivation and (c) be a cut of rank r in d with
no cuts of rank r above (c) (cf. (2)). Then red(d, (c)) is the figure:
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dy * {ls= N}, Z(<r) |
{ls=N}LZ(<r) x X

d— x{?7s=N},Z(<r) |

{ls =N}, 2(< )

{?s}, 2
ot ? lX s = N, X
{?sh ‘;(' ’ (CutFr) dy
d- |
0

Note that in branches that do not end in the Axc with main formula
traceable to the cut (¢), no fancy transformations are needed: dp is simply
pruned.

The main syntactic result of this paper is the following

THEOREM 6.1. red(d, ¢) is an r-derivation.

Proor: Consider the parts of red(d,c) bottom-up. d— is left intact.
d+{} is correct by Lemma 5.8. Next, part d — *{ls = N}, Z(< r) is
correct by Lemma 5.7. The part dy * {!s = N}, Z(< r) is correct by
Theorem 5.10. It remains to verify the correctness of the rule (CutFr)
introduced instead of cut (¢). Indeed {?s} has rank r, 7s, X is correct and
(7s, X)(< r) =75, X(< r) which is c.c. since X(< r) and even X is c.c.
So {7?s}, X is c.c. by Lemma 5.4(b) =

We can now formulate

THEOREM 6.2. Any derivation of the empty sequent O (of height less than
€g) can be transformed into a cutfree deirvation (of height less than £g)
by cut-reduction red and pruning.

PROOF is standard: we use induction on the maximal cut rank r and
induction on the height A in the induction step. The only non-trivial
step left is the passage from an r-derivation to an (r — 1)-derivation in the
induction step of the induction on r. So suppose an r-derivation containing
no cuts (only CutFr) of rank r is given. Prune all minor premiss of (CutFr)
{and everything over them) and prove by bottom-up induction that the
resulting figure is an (r — 1)-derivation, i.e. contains only (r — 1)-sequents.
This is easily done by cases. 4
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ADMISSIBLE PROOF THEORY AND BEYOND

MICHAEL RATHIJEN

Universitit Minster, Germany

1. Prologue

Ordinals made their entrance in proof theory through Gentzen’s second
consistency proof for Peano Arithmetic by transfinite induction up to &g,
the latter being applied only to decidable predicates (cf. Gentzen [1938]).
Gentzen’s constructive use of ordinals as a method of analyzing formal the-
ories has come to be a paradigm for much of proof theory from then on,
particularly as exemplified in the work of Schiitte, Takeuti and their schools.*

One of the strongest theories for which ordinal-theoretic bounds have been
obtained is the impredicative subsystem of second order arithmetic based
on A} comprehension plus bar induction. The latter result was achieved
by employing the most advanced techniques in this area of research: cut
elimination for infinitary calculi of ramified set theory with Il,-reflection
rules. This gathering of tools was entitled “Admissible Proof Theory” (cf.
Pohlers [1982]), yet another appropriate title could have been “Proof Theory
of IIs-Reflection”. Unfortunately, these methods are not strong enough
for carrying through an ordinal analysis of II} comprehension, let alone for
second order arithmetic.

This article will survey the state of the art nowadays, in particular re-
cent advance in proof theory beyond admissible proof theory, giving some
prospects of success of obtaining an ordinal analysis of II3 comprehension.

Although a great deal of ordinally informative proof theory has been
pursuing an extension of Hilbert’s program, that is sought-for consistency
proofs, I shall only indulge very little in this issue.? Even those who wish
to detach themselves from consistency matters may benefit from ordinal
analyses. Ordinal analysis has proved to be an important tool in reductive

!cf.Schiitte {1977}, Takeuti [1987], Pohlers [1987], Pohlers [1991].
ZFor details cf. Takeuti [1987] and also the papers Feferman [1988] and Sieg [1988] being
written on the occasion of a special Symposium on Hilbert’s Program.
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proof theory and also for the determination of the provably total functions
of various complexities of a variety of theories. Putting things into a broader
perspective, a leit—motif for ordinal analysis could have been Kreisel’s ques-
tion:

What more than its truth have we recognized, when we have es-
tablished a theorem in a formal theory?

The article is divided into four parts. In Section 2 I roughly describe the
role of ordinals and ordinal analysis in proof theory.

Section 3 will be concerned with the program of admissible proof theory as
well as its achievements. Also, in a nutshell, the cut—elimination procedure
for Kripke—Platek set theory is given.

After having witnessed a real ordinal analysis, the reader will be more
prepared for a discussion of the many facets of ordinal analysis which will
be the purpose of Section 4.

The final Section 5 deals with new cut—elimination procedures for reflec-
tions higher than Il;. Cut—elimination for IT,-reflection entails a proof-
theoretic treatment of theories of nonmonotone inductive definitions. It is
also touched upon the question of how far afield all this is from IT} compre-
hension.

2. Ordinal analysis

Let T be a theory the language of which is rich enough to contain for-
mulas expressing well-foundedness properties. In addition, assume that T
comprises primitive recursive arithmetic PRA and that T is faithful, i.e.
whenever T - A, then A is true. Under these conditions the proof-theoretic
ordinal |T'| of T is often defined as follows:

|T|=sup {@: « provably recursive in T},

where o is said to be provably recursive in T if there is a recursive well-
ordering < with order-type « such that

T+ WO(<)

with WO(<) expressing in the language of T that < is a well-ordering.
The determination of |T'| is then called ordinal analysis of T.

The above definition of | T | has the advantage of being mathematically
precise, but as to the activity named ‘ordinal analysis’ it is left completely
open what constitutes such an analysis and in what terms | T'| is to be given.
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A nude set—theoretical ordinal is hardly ever of interest from the viewpoint
of foundation. In proof theory attention focusses on structured ordinals
which can be dealt with in a finitary manner. The paradigm is Gentzen’s
use of Cantor’s representation of ordinals < g5. Every ordinal 0 < a < g¢
has a unique representation of the form

o =w 4 F

witha, <---<a; < a.

Therefore the ordinals < €3 can be represented by terms built up from
a symbol for 0 and symbols for the function + and A.wé. We also gain
finitary control on such (infinite) ordinals because of the following facts:

e For every expression E composed of the symbols 0,+,w it can be
decided whether F represents an ordinal.

e Given two representations Fjg, F; of ordinals g, oy respectively, we
know how to compare og and «a; solely by means of the build-up of
EO and El-

It is by now clear that | T | is to be given in terms of a system of ordinal
representation usually called ordinal notation system. Significant features
that ordinal notation systems should have will be adressed in Section 4.

I have always found the description of ordinal analysis as a quest for
proof-theoretic ordinals to be bad propaganda, above all, since it remains
silent about the most interesting aspects of ordinal analysis and prejudices
people against this enterprise. If experience has shown that the ordinal |T|
is intrinsically related to the proof power of T, it is rarely the sheer knowing
of |T'| that lends itself to important information about 7> Most of the vital
information springs from the proof itself. Turning attention to practice, an
ordinal analysis of T’ provides, among others, the following results:

o A reduction of T to Heyting’s Arithmetic, H A, plus a scheme of trans-
finite induction.

¢ A consistency proof of T
o A classification of the provably recursive functions (on IN) of T.
o A classification of the provably hyperarithmetical functions of T

e A classification of the provably Al functions of T

3 Actually, it has to be reckoned with theories where the proof-theoretic ordinal in the
above sense doesn’t reflect the proof-theoretic strength of the theory.
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e A description of partial models of T, for instance models of all I1} or
T1} theorems of T'.

A discussion of these points will be more fruitful and lively after the reader
has gained some experience with ordinal analysis, so we defer it to the next
but one Section.

3. Admissible proof theory

Admissible proof theory arose out of the work of Jiger und Pohlers (cf.
Pohlers {1982], Pohlers [1987]) who from a proof-theoretic stance started to
investigate weak set theories featuring admissible sets. The direct proof-
theoretical treatment of set theories is rather recent. Historically, the pri-
mary concern has been on subsystems of second order arithmetic and theories
of iterated inductive definitions (cf. Buchholz et al. [1981]).

Admissible sets are the transitive models of a remarkable subsystem of ZF,
known as Kripke-Platek set theory (hereinafter called K P). Admissible sets
were a major source of interaction between model theory, recursion theory
and set theory (cf. Barwise [1975]).

In this section I am going to sketch an ordinal analysis for K P. The
motivation behind this is twofold. On the one hand, I would like to give
some insight into admissible proof theory by presenting the basic ideas that
underly its cut—elimination procedures. On the other hand, this will serve
as a foil for a comparison with new cut—elimination procedures in Section 5
and also for the discussion in Section 4.

3.1. The system KP

Though considerably weaker than ZF, a great deal of set theory requires
only the axioms of KP. The axioms of KP are:*

Extensionality: a="b— [F(a) < F(b)] for all formulas F.
Foundation: 3zG(z) — 3z[G(z) A (Vy€z)-G(y)]
Pair: 3z (z = {a, b}).

Union: 3z (z=Ua).

4For technical convenience, € will be taken to be the only predicate symbol of
the language of set theory. This does no harm, since equality can be defined by
a=b:% (Vzea)(zeb) A (Vzeb)(z€a), provided that we state extensionality in a
slightly different form than usually.
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Infinity: Jz [z #0 A (Vyex)(3zex)(yez)]®

Ao Separation: 3z (z = {y€a: F(y)})® for all Ag—formulas F
in which z does not occur free.

Ao Collection: (Vz€a)3yG(z,y) — 32(Vx€a)(3y € 2)G(z,y)

for all Ag—formulas G.

By a A, formula we mean a formula of set theory in which all the quantifiers
appear restricted, that is have one of the forms (Vz €b) or (3z €b).

KP arises from ZF by completely omitting the power set axiom and
restricting separation and collection to absolute predicates (cf. Barwise
[1975]), i.e. Ag formulas. These alterations are suggested by the informal
notion of ‘predicative’. K'P is an impredicative theory, notwithstanding. It
is known from Howard [1968],[1981] and Jager [1982] that K P proves the
same arithmetic sentences as Feferman’s system ID; of positive inductive
definitions (cf. Feferman [1970]). Its proof-theoretic ordinal is the Howard—
Bachmann ordinal feq 0.

3.2. Infinitary calculi

Peano Arithmetic, PA, does not admit cut—elimination. However, it is well
known that the infinitary calculus P A, which results from PA by replacing
the induction scheme by the so-called w-rule

I, A(n) for all n
I, VzA(z)

does admit cut—elimination.” An ordinal analysis for PA is then attained as
follows:

e Each PA-proof can be unfolded into a PA,~proof of the same sequent.

e Each such PA,~-proof can be transformed into a cut-free PA,-proof
of the same sequent of length < &g.

In order to get a similar result for K P, we have to work a bit harder.

Experience has shown that the main obstacle for understanding ordinal
analysis of impredicative theories is raised by its being intimately linked

5z = {y € a : F(y)} stands for the Apformula (Vy € z)[y € a A F{y)] A
(Vy€a)[F(y) - yea].

SThis contrasts with Barwise [1975] where Infinity is not included in K P.

"% stands for the nt* numeral.
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to specific systems of ordinal notations, even worse, to auxiliary deduction
functions or relations needed in order for this method to work (cf. Pohlers
[1981]).% Fortunately, Buchholz [1991] has presented a new approach which
is distinguished by conceptual clarity and flexibility, and in particular by the
fact that its basic concepts are in no way related to any system of ordinal
notations. We are going to take up Buchholz’s approach but in an even
more relaxed atmosphere, thereby refraining from technical details as far
as possible. Especially, we shall put forward that the collapsing of proof
trees which is paramount in impredicative proof theory can be understood
in terms of the usual Mostowski collapse familiar from set theory.

At the outset, we set up an infinitary calculus of ramified set theory which
is modelled upon the constructible hierarchy.

For « an ordinal, L, is the o* level of Godel’s constructible hierarchy, i.e.

Lg:‘@

Ly = U Lg if ais a limit ordinal
B<a

Lo ={X : X C Lgand X is definable over (Lg,€)} if a=p+1.

Guided by the analogy with PA,,, we would like to invent an infinitary rule
which when added to K P enables us to eliminate cuts. However, as opposed
to the natural numbers, it is not very clear how to bestow upon each element
of the set—theoretic universe a name that reflects its generation; but within
the confines of the constructible universe which is made from the ordinals it
is pretty obvious how to name sets once we have given names to ordinals.
Thus we are naturally led to the calculus RS we are going to introduce next.

3.2.1. Infinitary syntax

RS—terms and their levels are inductively defined as follows.

1. For every ordinal a, L, is an RS-term of level a.

2. U F(z,y1," -, yn) is a formula of set theory with no free variables other
than shown, and sy, - - - s,, are RS—terms of levels < «, then the formal
expression

[z€ Ly : Fz,51,- - 80)]

is an RS—term of level o.

8For instance, several years ago in a seminar at Miinster devoted to the ordinal analysis of
v-fold iterated inductive definitions, more than half of the time was spent on developing
collapsing functions with peculiar features, and those collapsing functions were not the
ones that surfaced in the corresponding notation system.
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We denote the level of an RS-term t by |t|. For a formula F, we denote
by F® the formula that is obtained by restricting any unbounded quantifier
in F by a.

The interpretation i of an RS-term in L is, as was to expected,

. i(lu/a) =L,

v

o i(fz€La: Fla, s, su))) = {€ Lot Lo F Fla,i(s1),-- -, i(sa)}
= {IELa 'L % F(IL', i(sl)’ o '7i(sn))La}'

An RS—formula is one that arises from a Ag formula of set theory by replac-
ing all its free variables with RS-terms. Let G be an RS—formula. By way
of the interpretation i, validity of G in L, L }= G, is understood.

Abbreviations.
k(G) = {a: Ly occurs in G}  (subterms included).
| G |= sup k(G).

For RS-terms a,b with |a|<|b|, ¢ a propositional junctor, and A an arbi-
trary RS-formula, we set

N [ B(a)oA if b=[zeLs: B(z)]
(“eb)M‘{ A it b= g,
Obviously (a€b) o A and (a€b) o A have the same truth-value.

3.2.2. Infinitary rules

Next we introduce an infinitary sequent calculus, RS, that admits cut elim-
ination.

A,B,C,... F(t),G(t),... range over RS—formulas. We denote by up-
per case Greek letters I', A, A, ... finite sets of RS—formulas. The intended
meaning of I' = {4,,---, 4,} is the disjunction A; V ---V A,. T, A stands
for TU {A}.

The rules of RS are:

A T,A

(/\) ol LN L

LLAANA
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T A, ...
(V) m if 16{0, 1}

) [',s€t — F(s) for all s such that |s|<|t]
T, (Vz€t)F(z)

[,s€tAF(s) .
Q) rErenrE T IsI<lt
[,s€t — r # s for all s such that |s|<|¢]
(é) T.rdt
(where r # s:= = (r = s) and r ¢t := - (r€1))

I'sét Ar=s .
© TEGLGE it |sl<lt]

(Cut) —’—F—7—F A T.oA
As in Schwichtenberg [1977] we shall regard - in front of a non—atomic
formula as a defined operation:
- A is defined to be the formula obtained from A by (i) putting a - in
front of any atomic formula, (ii) replacing A, V, (Vz € a), (3z € a) by V, A,
(3z €a), (Vz €a), respectively, and (iil) dropping double negations.
Owing to the symmetry of the pairs of rules

(N, (V)
v), 3)
(€), ©,

the usual cut-elimination procedure (cf. Schwichtenberg [1977]) applies to
RS. But unequal to the situation for PA and PA,, RS does not allow of
any nontrivial embedding of K P; the trivial one being provided by the fact
that for any admissible ordinal «, L, is a model of K P and the following
completeness property of RS:

Theorem. (cf. Pohlers [1991], Theorem 3.2.6) For each RS—formula G, if
L = G, then there is an RS proof of G.

The only axioms of K P that shatter hopes of obtaining an informative
embedding into RS are instances of A collection. To remedy this, we simply
add a new rule to RS which plainly entails Ay collection. The reverse of
the medal is that we need to be particular about permitting derivations in
order to restore (partial) cut—elimination.
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In the sequel, we fix an admissible ordinal 2. Henceforth we will only be
concerned with RSq-formulas, i.e. RS—formulas of the form F(sy,-- -, s,)l9,
where s1,- -, s, are RS-terms of levels <  and F(zy,---,x,) is a formula
of set theory. In case that F(zi,---,z,) contains no unbounded universal
quantifiers, F(z1,- -, Zy,) is said to be a ¥ formula, and F(sy,---, sn)’:n will
be called £(2) formula. Frequently we write A* instead of Ale Occasion-
ally, (3z%) will be a shorthand for (3z € L,).

The already announced rule is

T, A?

—if A% is N(Q).
T, (3z€ Lg)A?

(2~Refg)

The motivation behind this rule is that on the basis of the other axioms of
KP, Ay collection is equivalent to the scheme of ¥ reflection, i.e.

B — 3zB*

for every ¥ formula B (cf. Barwise [1975]).

3.2.3. H—controlled derivations

The concept of H-controlled derivations stems from Buchholz [1991].

Let P(ON) = {X : X is a set of ordinals}.
A class function
H: P(ON) — P(ON)
will be called operator if the following conditions are satisfied for X, X’ €
P{(ON):

(HI) 0€ H(X). For @ = w® + -+ + w with a; > -+ > ay, it
holds o€ H(X) if and only if ay,...,a, € H(X). (Especially, H(X)
is closed with respect to + and A.wf, ie., if @, € H(X), then
a+ Bw*eH(X).)

(H2) X CH(X)
(H3) X' CH(X) = H(X') CH(X).
Abbreviations. a€H = acH(})

X CH:=XCH®
For an RSq-term s, H(s| denotes the operator (X — H(k(s) U X)) xcpony:



132

Let 0 € H and T be a finite set of RSg—formulas. The relation H =T

(H-controlled derivability) is defined inductively by
{a}UKT)CH

and the following rules

HI2A A  HEAA

% HIEA, Ay A A
HE2AC i
v) HErAVD fCe{A, B}
W) CH[s) A, s&t — F(s)---(Is]<[t])
HFE A, (Vzet)F(z)
HI2 A s€ AF(s) .
3 f
& HEA Bzet)F(z) i Jsl<lel
CH[s] FE A s€t - r £ s (s]<]t])
(¢) a
HEAT¢E
HIEEA sétAr=5s £ s
(€) HEAret f]s|<|t]
Re H A, A® 4 A9
(Z-Refq) HEA G I f A2e5(Q),
(Cut) HF2AB  HIEA-B

HEA

Qg, 0] < &

Gy <

oy < o

ao,|s|< e, k(s) CH

a, < o

ag, |s|< a, k(s) CH

Qg <

oy < Q.

Since we also want to keep control of the cuts of H—controlled derivations,
we assign a rank, rk(A), to RSq-formulas A. All we need to know is
that 7k(4) = w - | A| + n for some n < w, rk(4) = rk(-A), and

rk((3z€ Lo)A?) = Q if A€ X(Q).

We write H }3 T' to express that there is an H—controlled derivation of I'
such that rk(Bg < p holds for all cut formulas B in this derivation.

Having defined H—controlled derivability, the notion of an H-controlled
derivation (or proof) is understood. To be more precise, an H—controlled
derivation is a well-founded tree the nodes of which are pairs {a, I') resulting
from its immediate successor nodes by one of the above rules.
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We will use the notation HH}%F to indicate that Il is an H—controlled
derivation witnessing H'% r.

3.3. Embedding KP
Let d be a K P—proof of a sentence . Then there exists an integer n such
that for every operator H with Q€ H we have an H—controlled derivation

HHQ}_——FQ

Q4n

(cf. Buchholz [1991]). Furthermore, it is to be noted that the construction
of the H-proof Iy o of F* is uniform in ‘H and Q. This is reflected by
the following facts: If H' majorizes H, ie. VX(H(X) C H'(X)), then
Myag =My Q< Qe H, then Il o and HHQ are closely related to
each other. Ilyq can be obtained from II; ¢ by the following pruning and
substitution processes:

e Omit from each instance of a rule

CAH®) - (Jt< D)
A, H(z)

in I1,, 5 all premisses A, H(t) with Q <|t] as well as the subproofs of
these premisses.

e Within the mutilated proof, each ordinal & > 0 has Cantor normal
form o = QF1 8 + -+ QF 3, where ky > --- >k, and fy,- -+, O, < S
Now replace o by Q¥1 8, 4 --- +QF 3,

The use of a whole family of proofs is reminiscent of Girard’s notion of
B-proof (cf. Girard [1985}).

Indeed, there are more points of contact. Usually for a single H, it will not
be possible to transform an H-proof into a cut—free H-proof. To overcome
this difficulty, we pass over to stronger and yet stronger operators during
the cut—elimination procedure, but in a controlled manner, thereby working
simultaneously on a whole family of proofs indexed by operators.

3.4. Cut—elimination

As already mentioned, (X¥-Refq) is the only rule that spoils cut—elimination.
Since an instance of (¥-Refq) always introduces a formula of rank §, we
can at least remove all cuts of rank > . So we get
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Cut-elimination I. Let n > 0. Then:
Qn Q(n)
Mo T = HEST,
where Q(1) := Q and Q(k + 1) := Q¥®) 9
A first step towards elimination of (¥-Refq) is provided by the following

Bounding Theorem. Let B be a ¥(Q) formula. If« < Q and H |—- T, B,
then H T, B

This result is easily proved by induction on «. First let us focus on the case
when the last inference is (¥-Refq) with principal formula B®. Then B®
is of the form (3z € Lq)A?, and we have H }—— T, A% for some oy < a. By
induction hypothesis we get

HEIT, A,

which is the same as H |2 T, Lo &Lqg A ALao, thus H [ET', (3z € Lq)A?
follows by an inference (3).

The key to an understanding of the Boundedness Theorem is provided by
the case when the last inference is of the form

H T, F(s)% A
HET, (3zeLo)F(s)®

with A = (3z€ Lg)F(z). Using the induction hypothesis we then get
HEST, F(s)ke, A°.

The conditions imposed by (3) ensure that |s|< a, thus H |—— I, A% via an
inference (3).

The Boundedness Theorem also traces out the way for an elimination of

(5~Refq) in the more general situation when H l% I' with g > Q. However,
we can no longer deal with arbitrary operators. In the sequel we shall restrict
ourselves to operators H such that for each H-controlled derivation Ily
without {2-branchings the following “collapsing” properties are satisfied:

(C1) The set { |s|< Q: s occurs in Iy} is bounded below Q

9This is the right place to explain why we demanded H(X) to be closed under + and
a — w?®: simply because these closure properties are needed for the above cut—elimination
method.



135

(C2) The Mostowsk: collapse of the set {a : a occurs in Iy} is less than 2.

Of course, requiring that IIy has no Q-branchings is a necessary condition
for (C1) and (C2) to hold. But the reader might have a suspicion that the
restrictions imposed by (C1) and (C2) give a too narrow class of operators
in order for the cut—elimination to work. At the end of this Section we
shall deliver a class of operators that fulfills (C1), (C2) and, in addition, is
sufficiently rich for the purpose of cut—elimination.

Now let us fix an H-controlled derivation Il |ﬁ I' without {}-branchings.
This is for instance guaranteed if I' is a set of £(£2) formulas. On the other
hand, if I" entails a formula D which contains a quantifier (Vz € ig), then it
can be shown that H }% I'\ {D},ie. D can be dropped from the derivation.
Thus the exclusion of (2-branchings is almost equivalent to I" being a set of
() formulas.

Henceforth we assume that I' is a set of ¥(Q) formulas.

We are going to transform Il into a proof-tree without instances of
(3-Refq). To this end, using (C1), pick § < € such that

{1sl<Q : soccurs in Iy} C .

By (C2), we then find an order preserving function
f:BU{a: aoccurs in Iy} — v

onto some v < €1.
Next let H{_t denote the tree that results from 4 by replacing every node
(¢,T) in ITy by (f(€),T). If we now define Hz via the equation

Hp(X) = H(X U (B +1)),

we may expect that H;; }?F is an Hg—controlled derivation. Indeed,
this is readily verified. Since f(a) < 2, we can employ the technique of
the Bounding Theorem to get rid of all instances of (X¥-Refq) in H{{. We
just have to replace the transitions in H;{ that are under the command of
(2-Refq) by suitable instances of (3). So we come up with a derivation

g Fﬁg ' that no longer contains (£-Refq).
After having devised ways and means to remove (L-Refq) from derivations
My 5T

with I' C £(2), we may now attack the problem of removing cuts of rank
from derivations [Iy I%II I.
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The reason why the usual cut—elimination method fails for cuts with rank
Q is that it is too limited to treat a cut in the following context:

I, % T, A%
I, T, (3z€ Lo)A®

s
< T T, A% ([s]< Q)
IZ £ T, (vVz€ Lo)-A®

(Z~R6fg)

HH}%P

+

(v)

(Cut)

In this situation we are apt to apply the above introduced collapsing tech-
nique to I1%,. Thus from I, we can extract a 8 <  and a function f such

that Hg %@F, Af) | Next we single out the f(&)™ premiss of the last
inference of I1%,, that is

£1(¢o)
My peo) fg— T ~ATE),

and, as k(A7) < Q, a cut yields

HaleT
for some 6.
In order to get rid of all cuts of rank € in an arbitrary derivation My I;—H r,
one has to repeat the foregoing process at worst & many times.

3.5. The functions 4,

Yet another point is that we want to extract bounds from proofs of ¥ for-
mulas in K P. Therefore we have to take account of the quantitative aspects
of “collapsing”. Specifically, the “seize” of the operator after reducing the
cut-rank from Q + 1 to § has to be related (via a functional dependence)
to the “seize” of the input operator.

Through the above construction of Hg from H, one is quite naturally led
to processes lying behind the construction of the Feferman-Aczel functions
8, (cf. Schiitte [1977]).

The functions 6, : Q@ — € are inductively generated as follows:!°

Let
closure of {0,Q} U B

Cla,B) = { under +, €W, (&, (—06(0))¢cacca

100n the basis of the assumption @ = ®; (cf. Schiitte [1977]) it is easily verified that
8,(€) < Q holds for £ < € because of the countability of the set C{a,£). If, instead,
) is merely supposed to be an admissible > w, it is by no means trivial to show that
8a(£) < £ (cf. Rathjen [1991b],[1991c]).
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and
0.(n) = n*" ordinal § such that 6 ¢ C(a, 6).

So this is a recursion with regard to a. If we now define operators H* by

HY(X)={C(,8): X CC(v,B) ha <},

then the family of operators

(Ha)t)z(E(H.l ?

where g1 = sup §)(n), is sufficient for all our purposes. However, it takes
nw

some efforts to show that the operators H® (o < €q41) meet the require-
ments (C1) and (C2). Moreover, the technical details of the cut-elimination
procedure via the familiy (H%)a<eq,, are very delicate and fiddly; but we
shall be satisfied by having pointed out the key ideas.

3.6. II,—reflection

As yet we have been dealing merely with X-reflection. One could argue that
by doing so we covered Il;—reflection as well since IIy-reflection is a conse-
quence of ¥-reflection, at least for structures of the form L, (cf. Barwise
[1975]). On the other hand if instead of (£¥-Refq) we incorporated the rule
(TI1s—Refq) in the infinitary calculus, cut—elimination could be handled in
almost the same spirit. By (II,-Refq) is meant the rule

[, V2 3y F(z, )
[,3z2 [Tran(z) Az # 0 A (Vz€2)(Fy€2)F(x,vy)]

where Tran(z) says that z is transitive and F ranges over the Aqy(Q)-
formulas.

At first glance it might be surprising that the collapsing technique of 3.4
also renders (ITIo-Re fo) accessible since, as a rule, a derivation with instances
of (II,—Refq) will have 0-branchings whilst the collapsing technique is evi-
dently constrained to derivation without such branchings. To overcome this
difficulty, one employs an asymmetrical interpretation of the quantifiers. To
explain this, let Iy l}TA be a derivation, possibly containing instances of
(II,-Refq), and suppose that A is a set of RSq—formulas of utmost com-
plexity II(2). Now proceed as follows:

e Pick v < 2, and remove from each rule

--~A,H(t)---(]t|< Q)
AV H(z) )
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in Iy all the premisses A, H(t) with v <|t| as well as their sub-
proofs. In the remaining tree replace every quantifier Yz by Vz”.
For a suitably chosen operator (uniformly in +) this will give a new
proof without {2-branchings to which the collapsing technique of 3.4
can thus be applied. After collapsing employ the Bounding Theorem
to the collapsed derivation in order to extract a bound g(7) < Q for
the existential quantifiers (3z%).

e Compute the function ¢’ which enumerates the fixed points of g.

o Construct a new operator H' from H which is closed under ¢/, i.e.
neH'(X) entails ¢'(n) e H'(X).

e By combining all the previous steps one receives an H'-controlled
derivation Il la-A without any instances of (Il,-Refq).

The final result reads as follows:

Theorem. If KPtVz3yF(z,y) with F a ¥ formula, then there exists an
n such that for all £ < {2,

(Vx € Lf)(ay € Lan(n)(§+1))F(x7 y)

3.7. More admissibles

The cut-elimination procedure we have seen operating so well on K P can
be adapted to extensions of the form

KP + ‘there are many admissibles’.

A prominent example for such a theory is Jiger’s system K Pi which, in
addition to K P, has an inaccessibility axiom saying that for every set z
there is an admissible set y containing it, i.e. z € y.

It turned out that KPi is of the same proof-theoretic strength as the
subsystem of second order arithmetic, (Aj — CA) + BI. The latter system
consists of arithmetic plus

(A} — CA): Vn[F(n) « G(n)] - 3XVn[ne X « F(n)]

for all Fell}, GeXy,
BI : WO(<x) AVn[Vm<xn H(m) — H(n)] — VYnH(n),
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where m<xn:=3"-5"€X.

However, adjusting the methods which have been fruitfully employed to
KP to KPi, is easier said than done. When ascending from KP to KP4,
the ordinal notation systems as well as the cut—elimination procedures get
more and more complicated. Notwithstanding that, the key idea pervades.

Finally, I shall briefly report on the theory KX PM which is somewhat on the
verge of admissible proof theory. KPM is designed to axiomatize essential
features of a recursively Mahlo universe of sets, i.e. a universe that is a
model of K Pi and the scheme

(M) Vz3yH(z,y) — 32[Ad(2) A (Vz€2)(Fy€z)H(z,y))

for all Ag—formulas H(a,b), where Ad(z) signifies that z is an admissible set.

It is easily verified that L, is a model of KPM if and only if o is a
recursively Mahlo ordinal (cf. Hinman [1978])."

An ordinal analysis for KPM was published in Rathjen [1991] and has
also been obtained independently by Arai [1989].

Roughly speaking, the central scheme of KPM falls under the heading
“IIp-reflection with constraints”. The main stumbling block for an analysis
of KPM was the invention of a suitable ordinal notation system. Till that
time the recipes for creating ordinal notation systems had been based on
ideas of Veblen and Bachmann. But these ideas only enabled one to engender
collapsing functions which take as their values ordinals that, even when
looked at from within the notation system, have cofinality w, thus are highly
singular ordinals. To be more precise, from the viewpoint of a notation
system NN the regularity of an ordinal k € N is manifested by its being
equipped with a collapsing function ¥, : N — NNk. Yet, in the approaches
we have been just alluding to, the image of 4, would never contain an ordinal
7 that is anew equipped with a collapsing function 1,, whereas the ordinal
analysis of K PM requires a collapsing function always having this property.
Eventually, such collapsing were developed in Rathjen [1990].

Not to leave any stone unturned, a characterization of K PM in terms of
subsystems of second order arithmetic may be found in Rathjen [1991d]. It
turns out that K PM proves the same sentences of second order arithmetic
as (Al — CA) + BI augmented by an axiom schema expressing that every
true I1} sentence (possibly including parameters) is already satisfied in a
f-model of (A} — CA).

1An admissible ordinal o is said to be recursively Mahlo if for every total function
f : a — o that is T-definable in L, there exists some 0 < § < « such that

(Y€ < B)(f(€) < B).
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4. Aspects of ordinal analysis

This Section is reserved to the discussion of consequences of ordinal analysis
which were exhibited at the end of Section 2.

To explain these points, let (D, <, - - -) be an ordinal notation system where
D stands for a set of terms and < denotes their ordering relation.!? More-
over, let T be a theory which has been analyzed by way of (D, <,---),
resulting in | T |=|<]|.

4.1. Consistency

By PRWO(<) we mean the II5-sentence of arithmetic expressing that < is
primitive recursively well-ordered, i.e. for every primitive recursive function
p a strictly <—descending chain p(0) < p(1) < --- must terminate after
finitely many steps.

Then a consistency proof of T' can be carried out in PRA extended by
PRWO(<).

PRA is distinguished here since it is widely agreed that this system does
not go beyond finitary reasoning in Hilbert’s sense.

However, PRA+ PRW O(<) proves a much stronger consistency property,
namely the l1-consistency of T, signifying that any XY sentence which is
provable in T is also true.

As to PA, the result PRA+ PRWO(gy) - Con(PA) can be easily drawn
from Gentzen’s 1938 paper. There he assigned ordinal notations ord(d) < ¢
to PA-derivations d and gave a primitive recursive reduction procedure R
such that, for any derivation d of an inconsistency, R(d) is also a derivation
of an inconsistency and, in addition, ord(R(d)) < ord(d).

Later on, the ordinal £y was recbtained as the ordinal of PA by use of
derivations in infinitary logic with w-rule, especially through Schiitte’s work.
In the infinitary setting ordinals make a canonical appearance as a measure
of the lengths of proof trees as well as of their cut-ranks. One is naturally
led to ask whether Gentzen’s result can also be achieved by employing cut—
elimination for infinitary logic. This can be answered in the affirmative. It
has turned out that primitive recursive proof—trees suffice and that the syn-
tactical transformations employed in the course of cut—elimination can be
represented by primitive recursive functions on the codes (cf. Schwichten-
berg [1977]). Thus the use of infinitary derivations in metamathematics is
much in keeping with Gentzen’s extension of the finite standpoint since the
only principle for dealing with them that transcends finitistic means is a de-

12«...» ig supposed to indicate that such a notation system usually conveys a much richer

structure.
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scending chain principle to show that certain ‘concrete’ (primitive recursive)
processes terminate.

4.2. Reduction

< will arise as the union of initial segments <, (n € N) such that, for any
neN, T proves <, being well-ordered.

Let PA.r| stand for Peano Arithmetic endowed with the scheme of trans-
finite induction for all the orderings <,. Then T is conservative over PAp|
with respect to all arithmetic sentences or, equivalently, T is conservative
over the intuitionistic system H A, with respect to all arithmetic sentences
modulo - translations.

Just to mention two applications of such reductions:

By an ordinal analysis of the theories 1D, formalizing v-fold iterated
inductive definitions, Pohlers and Buchholz (cf. Pohlers [1981]) showed that
these theories were reducible to their intuitionistic counterparts ID:.

Another famous example is provided by the reduction of Al comprehen-
sion plus bar induction to Feferman’s constructive theory Ty of functions
and classes. Ty is based on intuitionistic logic and is a suitable framework
for Bishop style constructive mathematics. In 1977, Feferman (cf. Feferman
and Sieg [1981]) had shown that Tj is interpretable in (Al — CA) + BI.
The ordinal analysis of the latter system is due to joint work of Jiger and
Pohlers [1982]. Jédger [1983] then showed that the well-ordering proof for
any ordinal <|(A}—CA)+ BI| can be carried out in Ty; thereby completing
the reduction.

4.3. A classification of the provably recursive functions

The <-descent recursive functions, DCR(<), constitute the smallest class
of recursive functions that has all the closure properties of the primitive
recursive functions and, in addition, is closed with respect to the scheme:

If g and h are in the class, and there is some natural number & such
that A(z,y) < & holds for all z,y€ N, then so is

f(m) = g(un.[h(n, m) X h(n +1,m)],m),
where pn indicates the least n in the ordering of the integers.

The reason for introducing the class DCR(<) is (as was to be expected)
that this class coincides with the provably recursive functions of T'.

The concept of descent recursive function is for instance discussed in Smith
[1985].
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5. Beyond admissible proof theory

The strength of II} comprehension is greatly bigger than that of A} com-
prehension. In particular, there is no way to describe this comprehension in
terms of admissibility.

As to the set-theoretic side, I} comprehension corresponds to ¥ separa-
tion, i.e. the set of axioms

Jz(z = {z€a: F(z)})

for all ¥ formulas F' in which z does not occur free.
The precise relationship reads as follows:

5.1 Theorem. KP + X separation and (II} — CA) + BI prove the same
sentences of second order arithmetic.'3

The ordinals « such that L, = KP+ ¥ separation are familiar from ordinal
recursion theory.

5.2 Definition. An admissible ordinal k is said to be nonprojectible if there
is no total k-recursive function mapping « one-one into some 3 < k, where
a function F : L, — L, is called k—recursive if it is ¥ definable in L,.

The key to the ‘largeness’ properties of nonprojectible ordinals is:

5.3 Theorem. For any nonprojectible ordinal x, L, is a limit of X,~
elementary substructures'*, i.e. for every 3 < k there exists a 8 < p < K
such that L, is a ¥;-elementary substructure of L,, written L, <; L.

Such ordinals satisfying L, <; L. have strong reflecting properties. For
instance, if L, = F' for some set—theoretic sentence F' (possibly containing
parameters from L,), then there exists a v < p such that L, = F. This is
because L, = F implies L, = 3yF7, hence L, | 3yF% using L, <; Ly.

The last result makes it clear that an ordinal analysis of T} comprehension
would necessarily involve a proof-theoretic treatment of reflections beyond
those surfacing in admissible proof theory. Here one encounters two difficul-
ties.

1. Significantly stronger notation systems are required. The problem is (as
always in this area) to develop a constructive object, i.e. a notation system,
that shares “enough” properties with a (recursively) large ordinal. So far

13Warning: It is crucial to this result that Infinity is among the axioms of KP.
147, is said to be a X;~elementary substructure of L, if every T;—sentence with param-
eters from L, that holds in L, also holds in L,.
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definition procedures based on ideas of Veblen and Bachmann have been
paramount, but it seems that this approach is constrained to admissible
proof theory. So some new ideas will be needed.

2. New cut—elimination procedures have to be invented. Of course, this
task cannot be completely separated from the previous one since the ideas
giving rise to a notation system should lend themselves to a cut—elimination
procedure.

Recently we have been able to get hold on II,—reflection for arbitrary =.

5.4 Definition. A set-theoretic formula is said to be II, (respectively
¥,) if it consists of a string of n alternating quantifiers beginning with an
universal one (respectively existential one), followed by a Ay formula. By
I1,,—reflection we mean the scheme

F — 3z[Tran(z) Az # O A F?)

where F' is I1,, and Tran(z) expresses that z is a transitive set.
a > 0 is said to be Il -reflecting if L, k= 11, —reflection.
Yn-reflection and E,-reflecting ordinals are defined analogously.

II,,-reflecting ordinals have interesting points of contact with non-monotone
inductive definitions.

5.5 Definition. A function I" from the power set of N into itself is called an
operator on N. T' determines a transfinite sequence (I'¢ : £ € ON) of subsets

of N defined by
F/\ — F<)\ U 1'\(1‘\<)\),

where ['* = |J T%.
£<A

The closure ordinal |T'| of T is the least ordinal p such that I**! =T?.
I is said to be ITJ in case there is an arithmetic 113 formula F(U,u) with
free second order variable U such that for X C NN,

[(X)={neN: F(X,n)}.
Let | II3 |:= sup{| " |: T is T19}.

By work of Aczel and Richter [1974] we have the following characteriza-
tion.

5.6 Theorem.

|TI3 | = first Tlxy,-reflecting ordinal .
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Several notions of recursively large ordinals are modelled upon notions of
large cardinals. This is especially true of notions like “recursively inaccessible
ordinal” and “recursively Mahlo ordinal”. It turns out that the least II3—
reflecting ordinal is greater than the least recursively Mahlo ordinal, indeed
much greater than any iteration of “Mahloness” into the transfinite from
below.

5.7 Definition. Assume that  is recursively Mahlo. x is called recursively
a—Mabhlo if for every k-recursive function f : kK — k there is an ordinal
[ < k closed under f such that (3 is recursively y-Mahlo for any v < a.

Kk Is recursively hyper—-Mahlo if k is recursively k—Mahlo.

As a matter of fact, there are ‘many’ recursively hyper-Mahlo ordinals below
the first IT3-reflecting ordinal. Aczel and Richter [1974] have convincingly
argued that [I3-reflecting ordinals are the recursive analogue of weakly com-
pact cardinals also known as ITj-indescribable cardinals. The same consid-
erations justify the view that IL, .o-reflecting ordinals provide the recursive
analogue for the IT!-indescribable cardinals for all n > 0.

Next we shall glimpse at an ordinal notation system which in some respect
internalizes the first II3-reflecting ordinal. Rather than exhibiting such a
notation system, it is more appropriate to give a model for the peculiar
functions the notation system is made from. Such a model can be provided
on the basis of a weakly compact cardinal.

So let us indulge in a little science fiction and fix a weakly compact cardinal
K.

5.8 Definition. Let
v= | Vu
acON
be the cumulative hierarchy of sets, i.e.

Vo=0, Vou={X:XCV,}, W= U V¢ for limit ordinals A.
£<A

A cardinal k is weakly compact if whenever U C V,. and A(P) is aIl} formula
of set theory with P a class variable such that (V,,€) = A(U), then for some
a < K:

(Va,€) E AU N V).
For & a regular cardinal, a subset S C k is stationary in x if SNC # @ holds
for every set C C k that is closed and unbounded in k.
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5.9 Definition. Let x be a weakly compact cardinal. By recursion on o we
define sets B(a, §), M® and the function =, as follows:

| closure of U {0, x}
B(a,p) = { under +, /\f.w€ and (f’_’EK(é))€<a

M® = {r < k:Bla,7) Nk =7 AVEEB(a,7) Nafr N M* stationary in 7]}
Z(a) = least element of M®.

The hypothesis that « be weakly compact will be needed to ensure that
M # ( and thus to show that Z, (o) is defined.

In a second step, for every m € M and £ € B(a, 7) N, one defines collapsing
functions

0% : ON — 7N ME.

With the aid of (symbols for) the functions and constants =, 0%, +,w, &, 0,
and special constraints needed to ensure uniqueness of notations, it is then
possible to construct a primitive recursive system of ordinal notations N (k)
which reflects some properties of the rather large cardinal x.

Akin to RSq one can invent an infinitary calculus RS, which in addition
has the following rules:

I, A®
T, (3z€ L) [Tran(z) Az # O A A7)

for every ITs(x) formula A and

(H3~Ref,¢)

I,B
(3ze L,)(z€ M A B?)

(Iy-Ref?) T

for every Il (w)-formula B, where m€ M®, £ < «, £ € B(a, ).

The rules (II, — Ref¢) are not needed for an embedding of KP + II3-
reflection into RS,. They are only required for carrying through the cut—
elimination procedure. Usually, removing one instance of (II3-Ref,) in a
derivation can be done only at the expense of introducing a bunch of new
(TI;-Ref¢) rules. This discriminates the cut—elimination for RS, sharply
from that for RSq, where instances of the impredicative rule (5-Refq) are
replaced by instances of the predicative rule (3).

Cut~elimination for RS, can be achieved by using the H—controlled RS-
derivations, with H ranging over the operators

Hy(X) =({B(a,8): X CB(a, ) Ay < a A B < K}
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where y€ N(k).

ForT'={A,---,An} we set I'" := {A],---, A"}
The key to the elimination of (II3 — Ref,) is the following theorem.

5.10 Theorem. If T is a set of Il3(x) formulas and H, i:—ﬂf‘, then, for

every T€ Mf(a»’)’)’
Ex(flamm) oy
Hj(am 7] Ec(flan+m)

where f is a function that depends only on T

It is not by accident that in Theorem 5.9 a single derivation is ‘collapsed’ into
a family of derivations indexed by a stationary subset of k. The elimination
of (II3-Ref,) requires such a “stationary collapsing” technique.

Unfortunately, we will not be able to go any further into details. The
interested reader is referred to Rathjen {1991e].

At the end we hasten to assure that this is not the first of an infinite series
of new cut—elimination procedures. IIz—reflection just served as a paradigm.
Stationary collapsing is applicable to all of the theories K P + I1,,-reflection.

To close, we raise the question of how far afield from IT} comprehension
all this is. The idea is to approach I} comprehension by stronger and yet
stronger reflection principles in an autonomous manner. I conjecture that
the large cardinal analogue for a suitable notation system resides below the
first Ramsey cardinal, and, moreover, is compatible with V = L.
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ON THE REDUCIBILITY ORDER BETWEEN
BOREL EQUIVALENCE RELATIONS

ALAIN LOUVEAU

Equipe d’Analyse, Université Paris VI, Paris, France

Introduction

An equivalence relation E on a set X is a Borel equivalence relation if
both X and E are Borel, in some Polish space ( which can always be taken
to be the space 2¢), and its square, respectively. We denote by BOREQ
the class of all Borel equivalence relations.

We say that {X, F) is reducible to (Y, F) if there is a Borel function
f: X — Y such that

Vz € XVy € X (zEy < f(z)F f(y)).

This defines a quasi-ordering < on BOREQ, with associated equivalence
=. For more information about this quasi-ordering, see the paper of
Kechris [6].

In [2], H. Friedman and L. Stanley prove:

Fact 1. (BOREQ, <) has no maximum element.

In fact, they introduce a “jump” operator, a version of which is defined
as follows: To each F, associate ET on X*“, defined by

(z,)ET (yn) & VYn3Im (2, Eym) A VnIm (2, Eyn).
Fact 1 then follows from:

THEOREM (Friedman-Stanley). For all E in BOREQ with at least two
classes, E < E™.

The original proof of this theorem used the deep results of H. Friedman
on Borel diagonalizations, and in particular was not elementary (i.e. in
second-order arithmetics). In [3], Harrington gives an elementary proof of
this theorem. For each countable ordinal £, let E(£) be the £th iterated
jump, using the above operator +, of (2%, =). Harrington proves:
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THEOREM (Harrington). The family FE(£), £€w; is unbounded in
BOREQ. In fact for each £, and each Eg equivalence relation E,
E(¢+1) L E.

This result easily implies the Friedman-Stanley theorem, hence Fact 1,
but also

Fact 2. BOREQN X is not cofinal in BOREQ.

Harrington’s proof is elementary, but uses a delicate forcing argument.
The aim of this paper is to give a different, and much simpler, proof
of Facts 1 and 2, based on a different “jump” operator, for which we
will prove analogs of the two theorems above. This proof also brings
in an interesting invariant of the reducibility equivalence relation =, the
potential Wadge class of a Borel equivalence relation.

I would like to thank R. Sami and J. Saint Raymond for the discussions
we had on the subject.

1. Potential Wadge classes

DEFINITION 1. Let " be a Wadge class, and X a Borel set. A subset A
of X? is potentially of class ', written A € potl, if for some finer Polish
topology 7 on X, Aisin T in (X, 7)2.

One can define the potential Wadge class of a Borel set A C X%
potl'(A), as the least I such that A € potT’ (this is clearly well-defined).
Now if A C X2 and B € Y? are such that there exists a Borel function
f: X =Y with (z,y) € A — (f(z), f(y)) € B, then potI'(A) C potT'(B).
We will apply this remark to Borel equivalence relations.

Note that the notion of potential Wadge classes is non trivial: For each
non self dual Borel Wadge class T, with dual class I, there is in (2v)? a
set in T’ which is not in potI', namely any I'-universal set. To see this, note
that any two Polish topologies, with one finer than the other, coincide on
a dense Gy set, hence on a perfect set, which contains a set in I‘\f‘.

It is usually hard to compute the exact potential Wadge class of a Borel
equivalence relation. However, we will be able to do it in enough particular
cases.

Let F be a filter on w. We define the relation 2 on 2¢ by

a2” fo {n:aln)=pn)}cF.

THEOREM 2. Let I' be a Wadge class closed under intersections. If 2% is
in potl’, then F isin T.

PROOF: Let 7 be the finer Polish topology on 2¢ for which 2% is in T,
and H C 2% be a dense G set on which the two topologies coincide. We
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claim that there is a partition of w into two sets Ag, A1, and two sets By,
By, with for i = 0,1 B; C A;, such that for 4 = 0 or 1, if A C w satisfies
ANA; = B;, then A € H. This claim will finish the proof, for one has,
for A C w:

AE}-H(AﬂAo)UBl 2'7:31 A (AﬂAl)UBO 2’7:30

(here and below, we identify a subset of w with its characteristic function).
And as 27 is in I’ on H?, this gives a T definition of F, as desired.

To prove the claim, note first that for any dense open set G in 2%, and
any k, there is an [ > k and a subset S of [k,[[ such that any 4 C w
with AN [k,l{[= S is in G: Enumerate all subsets of [0, k[ as (Sn)n<o*,
and build inductively k, and T,, C [kn, kn+1[, starting with ko = k, so
that for each n < 2%, if AN [k;, ki1[= T; for all i < n and AN[0, k{= S,,
then A € G, using the density of G. Then [ = kyx and S = U, T, work.
Applying the subclaim successively to a decreasing sequence (G )ne, of
dense open sets with intersection H gives a sequence k, with kg = 0,
and sets S, C [kn, kn+1[ such that if AN [kn, kny1[= Sn, A € G,. Then
A, = Un[k2n+i7k2n+i+l[ and B; = Un S2n+i7 for ¢ = 0,1, satisfy the
claim. —

Remark. The claim used in the previous proof is a folklore result. It
can be used e.g. to show that a free Borel filter F on w is meager, or
that there exists a finite-to-one function ¢ : w — w with ¢(F) = M. More
interestingly, W. Just uses it in [5] to prove that there are in (BOREQ®, <)
antichains of arbitrary finite cardinality.

By the previous result, the computation of the potential Wadge class
of 27 is reduced to the computation of the Wadge class of F. We do not
know exactly which Wadge classes are Wadge classes of filters on w (Easily,
AY, TI9 and £9 are such classes, and by a Baire category argument, any
113 filter is T19. Calbrix [1] has exhibited filters of Wadge class II{ and
Zg for all £ > 2). Nevertheless, it is easy to check that Borel filters have

Wadge classes unbounded in Al. In fact if we let A be the Fréchet filter,
N = {A C w: A is cofinite}, and if we define its iterates (N¢)ecw, by
induction by

Ni=N
AeNey1 o {n:{m:p(nm)e A} eN} EN

where ¢ is a bijection between w and w?, and for limit A

AeNye{n:{m:o(n,m)e A} e Ny} €N
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where 1 is a bijection between w and A, then one easily checks that all
Borel sets are obtained from the clopen sets by the operation of liminf
along one of these iterates. So their Wadge classes are unbounded, and
by the theorem above, we get:

COROLLARY 3.

(a) The sequence (2V¢)¢e,, is unbounded in BOREQ.

(b) Given any countable 0, there is a £ such that for any 22 equivalence
relation E, 2V £ E (In fact, by the exact computations of Calbrix [1],
one can take £ =1 ).

Remarks. 1. Theorem 2 has another nice consequence. In [4], Harring-
ton-Kechris-Louveau prove that any Borel equivalence relation either is
smooth, i.e. reducible to (2¥, =), or else reduces 2. From this, they infer,
using a measure theoretic argument, that every Gs equivalence relation
is smooth. This can also be derived from Theorem 2, by noting that
otherwise 2V would be potentially T13, hence A would be II3 in 2%, a
clear contradiction.

2. In the proofs above, the only property used of the reducing function
was the Baire Property, so that our arguments would apply, using the
appropriate level of determinacy, to more general notions of reducibility,
up to reducibility by arbitrary functions in the context of AD, as noticed
by A.S. Kechris.

2. A jump operator in BOREQ

DEFINITION 4. Let F be a Borel filter on w, and E a Borel equivalence
relation on some Borel X. We define the relation E¥ on X“ by

(20)E* (yn) & {n:z Ey} € F

Note that with this notation, 2% is just (2,=)%.

THEOREM 5. The operator E — EV is a jump operator in BOREQ: For
every Borel E with at least two classes, E < EN.

Proor: Clearly, E < EV, by sending any = € X to the constant sequence
(z). Assume that EN < E. We claim that for every ¢ < wi, ENe < E.
This is proved by induction on £. Suppose first £ = 17+ 1 is successor, and
let f be a Borel reduction of EN7 to E. Define F: X¥ — X by:

F((mk)) = (f((x‘p(n,m))m))n-
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Oune gets

(ze) BV (yi) < {k - 2By} € N
o An:{m: Zymm) EYpmn,m)} ENg} €N
o (@ mm))m)n (BN (Wpn,m) )m)n
o F((z) EN F((yr))

So ENe < BV < E, as desired.
The proof for limit £ is similar: Let for each n < £ f,, reduce ENnto E,
and set

F((zi)r) = (Fpom)(Zon,m))m))n-

By a computation similar to the one above, one checks that F' reduces
ENe to EN| and as above we get the claim.

Suppose now that (2, =) < E. Then easily for any F, one gets 2* < E¥,
hence by the previous claim, for all £ < w;, we get Ne < E, contradicting
Theorem 2. -
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Inner models, and in particular core models, have made important contri-
butions to the theory of measurable cardinals and of other large cardinal
properties of similar consistency strength. Until recently, however, very
little was known about the inner model theory of cardinals beyond mea-
surable cardinals. Part of the reason for this weakness was our lack of un-
derstanding of the potential of large cardinal properties: it was generally
believed that the smallest important cardinal larger than a measurable
cardinal was a supercompact cardinal, and even supercompact cardinals
were believed to be relatively weak — far weaker, for example, than the
axiom of determinacy for 21 sets of reals. This made inner model theory
a hard nut to crack: very little is known even today about inner model
theory for supercompact cardinals. Work of Foreman, Magidor, and She-
lah [6] started to reverse these views, showing that supercompactness was
stronger than previously believed, and following this Woodin built on their
ideas to pinpoint a property, now known as a Woodin cardinal, which is far
weaker than supercompactness but appears to be at least as interesting.
Further work has confirmed the importance of Woodin cardinals, most no-
tably through the discovery by Martin and Steel [8] and by Woodin [10]
that the existence of a Woodin cardinal is equiconsistent with the axiom
of determinacy for X} formulas, and that the existence of infinitely many
Woodin cardinals is equiconsistent with the full axiom of determinacy.
This work has led to major advances in core model theory. On the
one hand it has given an additional impetus to the study of cardinals
small enough that a core model theory is practical at the present time,
while on the other hand it has provided new tools together with a new
understanding of some of the older tools. The purpose of this paper is
to give an exposition of the current state of core model theory, and in
particular of the core model theory for large cardinals up to a Woodin
cardinal. The core model which we will be describing is due to J. Steel
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[19]; other major contributors to the inner model theory leading up to
this have been S. Baldwin, R. Jensen, D. A. Martin, W. Mitchell and
H. Woodin.

This paper is not intended to be technical discussion of the core model.
It does not assume a knowledge of core model theory for measurable car-
dinals, and will not attempt to give more than a superficial knowledge of
the new core model theory. It will attempt to give some idea of what has
been accomplished, of the main difficulties that have been surmounted,
and of some of the gaps and limitations in the current theory.

§ 1. What is a core model?

What we will call “the true core model” is a model, to be denoted by K,
which contains all of the large cardinal structure existing in the universe,
but which is, at the same time, as much as possible like the constructible
sets L. The existence of this model is speculative, but K is known to
exist under appropriate assumptions restricting the size of large cardinals
existing in the universe. The results discussed in this paper imply that
it exists under the assumption that there is no Woodin cardinal together
with a further technical assumption.

For the core model program to succeed it is not enough that this “true”
core model exist, but it is also necessary that it be recognizable when it
is found. With this in mind we will begin by describing some examples
of core models for smaller cardinals, locking at their characteristics as a
guide to what to expect as we move up to larger cardinals.

ExAaMPLES OF THE CORE MODEL. The simplest example of a core model
is simply the class L of constructible sets. This model does contain the
large cardinal structure of the universe, provided that this structure is
not too large: for example any cardinal which is inaccessible, Mahlo, or
weakly compact in V has the same property in L. Measurable cardinals,
on the other hand, cannot exist in L. A large cardinal property which is
weaker than measurability but still cannot hold in L is the existence of
a nontrivial embedding ¢: L — L, which is necessarily not a member of
L. This property is equivalent to the existence of a class of indiscernibles
for L, and also to the existence of a particular subset, known as 0#, of w.
The existence of 0% is a critical dividing line: it is inconsistent with L,
but every smaller large cardinal is not only consistent with L but reflects
to L just like inaccessibility and weak compactness. Thus we say that L
is the core model up to 0%, that is, K = L provided that 0¥ does not
exist.
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The second example of a core model to be studied was L{u|, the class
of sets constructible from a measure p. It is easy to check that L{u] is the
minimal model in which y is a measure, but Kunen showed in [7] that in
addition p N L{y] is the only measure in L[y}, and that the model L[]
does not depend on the choice of the measure g, but only on the cardinal
x where g lives. This work, together with work of Silver ([17], {18]) led
to the recognition that L[] has the properties which now lead us to call
it a core model: we say that K = L{u] provided that L{u] exists (that is,
that Ju, k L{p] E “p is a measure on «”), that & is as small as possible,
and that 07 does not exist. The nonexistence of 07, by analogy with 0#,
asserts that there is no nontrivial embedding from L[u] to L[u]. Many of
the techniques which are used in more general core models are taken from
this basic work on L{u].

There is a large gap between L and L[u]. This gap ranges from 0% up
to a measurable cardinal, so that these models are of little help in un-
derstanding important intermediate notions such as Ramsey cardinals. In
addition, L[y} is frequently not very useful even in dealing with conditions
which are as strong as a measurable cardinal. The problem is that if we
want to show that some property P implies the consistency of a measur-
able cardinal, then it may not be of much use to have a model which can
only be constructed after we have our hands on a measure . What is
needed is a model which exists without any preconditions but which will
give us a model with a measurable cardinal if there is such a model. The
birth of true core model theory came with the construction by Dodd and
Jensen ([2], (3], 4], [5]) of a model satisfying these conditions. The idea
of the Dodd-Jensen core model K is that even if there are no measurable
cardinals there may exist approximations to measurable cardinals. These
approximations, called mice, are models M = L,[U] such that

(1) L,[U] = U is a measurable cardinal on some ordinal x < a.
(2) All iterated ultrapowers of L,[U] by U are well founded.
(3) Lo+1[U] E || = p for some p < k.

The Dodd-Jensen core model K is equal to L[M], where M is the class
of all mice. The measure U in a mouse L,[U] is partial by necessity;
clause (3) guarantees that U cannot be extended to a measure on any set
extending P(k) N L,{U]. These partial measures can, however, be used
in connection with cardinal properties smaller than measurable cardinals.
Suppose, for example, that « is a Ramsey cardinal in V. This is equivalent
to the existence of a certain kind of ultrafilter on each field of subsets of
 of cardinality at most x. This ultrafilter can be used to construct the
ultrafilter U which is needed to define a mouse and the mice constructed
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in this way can then be used to show that x is a Ramsey cardinal in K
(see [13]).

The simplest example of the Dodd-Jensen core model K occurs when
0# exists, but no class of indiscernibles exists for L[0#]. In this case K
is equal to L[0¥#]. To see why this is true, recall that 0¥ holds if and
only if there is an embedding ¢: L — L which is not the identity. If &
is the critical point of 7 then set U = {x C k : & € i(x)}, so that U is
the ultrafilter on P(x) N L which is generated by the embedding 7. Then
L{0#] = L[U]. The ultrafilter U is not a measure on « in L{U]; in fact if ¢
is chosen so that its critical point « is as small as possible then Ly41{U]
is a mouse.

An important fact about K is that the measures in the mice can be used
to define a canonical well ordering of the class M of mice. To decide which
of two mice L,[U] and L,/ [U'] is smaller, we take iterated ultrapowers

i:LalU] = LplU*]  and ¢ : Lo/ [U'] — L [U%]

of each of them until the measures U* in the two resulting structures
agree. The lengths 8 and ' of the iterated ultrapowers then determine
the order of the the mice. This well ordering of the mice, to which will
return later in this paper, yields a L-like structure on the Dodd-Jensen
core model K.

The model L{u] has been generalized ([12], [15]) to an inner model L[]
for a sequence U of measures, and to the associated core model K[U/]. A
key concept here is the notion of a coherent sequence of measures, which
allows for models with measures concentrating on measurable cardinals.
In this paper we will not discuss further the concepts of coherence or
general sequences of measures, though the reader should be aware that
they are important ingredients in the core model we will be studying.

CRITERIA FOR A CORE MODEL. Suppose that we are given a model: how
do we recognize it as the core model? There is only a limited sense in which
we can give an answer to this question — as we consider larger and larger
cardinals the core models will look less and less like L, and a good part
of the interest in the investigation of large cardinals, including core model
theory, is in the discovery of these necessary differences. One possible way
around this question is to simply assert that we will recognize the core
model when we see it. This answer is not entirely frivolous: part of the
strength of core model theory so far has been that the core models defined
have been clearly and unambiguously recognizable as such. Nevertheless
we can describe some properties of the known core models which we can
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expect to continue to hold, at least for core models at the levels which we
are currently considering.

The most basic characteristic of L which we would like to be preserved
in future core models is its method of construction: it is built around the
ordinals, which form its basic skeleton, and it is built up “from below”
along this skeleton by pieces L, which are defined by recursion along
the ordinals using some very simple closure properties. One consequence
of this construction is that the logical complexity of L comes entirely
from that of the ordinals. Another consequence of this construction is
the absoluteness of L: if M is any well founded model of set theory then
LM} the model L as constructed inside M, is equal to L, where « is
the order type of the ordinals of M. For the Dodd-Jensen core model K
described above we have a similar situation, but in this case the central
skeleton is given not by the well ordering of the ordinals but instead by
the more complicated well ordering of the class M of mice. As with
L the complexity of K comes entirely from the complexity of the well
ordering of its skeleton. The well ordering of the reals in L, for example,
is Al. The reason for this is that if #(F) is the formula asserting that
(w, F) is isomorphic to some countable initial segment (L., €) then the
only nonarithmetical part of ¢ is the assertion that the relation E is well
founded, which is a I1} condition. The assertion that (w, F) be isomorphic
to some mouse L, {U] involves the assertion that every iterated ultrapower
of (w, E) by its measure is well founded. This is a I3 condition, and hence
the well ordering of the reals of K is Al.

An important consequence of the method of construction of L is the con-
densation principle: if « is an ordinal and M = H <; L, then M = L
for some ordinal o’ < a. The condensation principle leads immediately
to the proof that GCH and ¢ hold in L and is the basic fact behind the
fine structure theory of L, including such applications as O and morasses.
This principle is obscured in the normal description of L{u], and is also
obscured (though to a lesser degree) in the Dodd-Jensen core model K,
but it is as critical to the theory of each of these models as it is to that
of L. One of the recent advances in inner model theory [11] is a way
of defining core models (including K and L[g]) so that condensation is
(almost) literally true instead of being hidden in the machinery.

A second basic characteristic of the core model is rigidity. We men-
tioned that an elementary embedding ¢ : L — L is the least large cardinal
inconsistent with L, and similarly the existence of an nontrivial embed-
ding ¢ : K — M of the Dodd-Jensen core model implies that there is a
model L{u] with a measurable cardinal. This is one of two basic ideas for
using the core model to prove the existence of inner models with large
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cardinals. In general a basic condition for recognizing a model K as the
correct core model up to some large cardinal property P(x) is that the ex-
istence of a nontrivial embedding i : K — K is equivalent to the existence
of a model with a cardinal  satisfying P(«). In the well established core
models we have the stronger property that there is no nontrivial embed-
ding i : K — M for any well founded class M, but it is still open whether
this stronger rigidity property will hold past a strong cardinal.

A third basic characteristic of the core model is the covering lemma,
but it is difficult to use this as a criterion for a core model since it is
not clear what we can hope for in an abstract covering lemma. Jensen’s
original covering lemma [1] for L asserted that if 0% does not exist — that
is, if L is the true core model — then any set z of ordinals is contained in
some set y € L such that |y| < [z]| + N;. This same covering lemma holds
for the Dodd-Jensen core model K, provided that there is no model with
a measurable cardinal, and this is the second of the two basic ideas for
using the core model to prove the existence of a model with a measurable
cardinal. For the model L{u] it becomes necessary to admit an exception:
Prikry forcing over L[p] will yield a w-sequence C of indiscernibles over
L{u] which is cofinal in the measurable cardinal x of L{y], and this set
C is not contained in any member of the core model L[] of cardinality
smaller than «. If there are longer sequences of measures this exception
expands: the set C of indiscernibles for the single measure p becomes a
system of indiscernibles for the measures in the sequence, and each set =
to be covered begins to require a different system of indiscernibles. There
is, however, one corollary of the covering lemma which holds in all of these
models. This corollary, known as the weak covering lemma, asserts that
if X is any singular strong limit cardinal then A* = A*X), The weak
covering lemma remains true up to a Woodin cardinal, but at that point
either it or the immutability of K will also have to be sacrificed, as another
exception appears: we will later discuss the stationary tower forcing at
a Woodin cardinal x which, among other things, will collapse A* for an
unbounded set of singular cardinals A below k.

While the statement of the covering lemma has been changing so dra-
matically, however, one thing has stayed relatively constant: the basic
proof of the covering lemma. Suprisingly, the increasing awkwardness
necessary to incorporate the exceptions such as Prikry sequences into
the statement of the covering lemma is not reflected in the proof, which
remains essentially the same except for some fairly difficult but straight-
forward adaptations to the complications of the larger models. The awk-
wardness comes from interpreting what it is that the proof actually proves.
It is still open whether there will be a similarly straightforward adaption
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to handle the latest exception, stationary tower forcing, but there are in-
dications of how the proof may eventually take account of this case as
well.

We will mention one final characteristic of core models: correctness (or
absoluteness). If I' is a class of formulas over the reals then we say that
a model M is I'-correct if for all formulas ¢ in I" and all reals r € M we
have M | ¢(r) <= V [ ¢(r). The concept of correctness may not
at first appear to be an extrapolation from L, but recall the statement of
Shoenfield’s T1-absoluteness theorem [16]: Any model M containing L,
is E%-correct. The theorem is usually stated with w; in place of L,,,, but
as long as M is a model of a fragment of ZF the statements are equivalent.
It has turned out that for stronger correctness theorems it is not enough
to use some ordinal larger than wy, but instead it is necessary to look
at the more complex well ordering of the mice. We have the following
conjecture:

CONJECTURE Assume that the sharp a* of a exists for every real a (and
probably something more), and let K* be the core model for a Woodin
cardinal (and slightly more) if there is an inner model with such a cardinal,
and let K* be the true core model K if there is no such model. Then any
model M of set theory which contains an iterated ultrapower of K* is
Yi-correct.

This is known to be true under the additional assumption that there is
no inner model with a strong cardinal (or with more than a few strong
cardinals), but the point is that the correctness theorem should be true,
for this fixed model K* which cannot contain more than one Woodin
cardinal (plus a bit more), no matter what additional cardinal structure
may exist in the universe.

It appears that correctness may be not only a pleasant application of
core model theory, but also a prerequisite to the further development of
core model theory. We will mention later how the iterability of a model —
the property that every iterated ultrapower of the model is well founded
— becomes much more complex as we get into larger cardinals. A major
jump occurs at a Woodin cardinal, as is to be expected from the theorem
of Martin and Steel that slightly more than a Woodin cardinal implies the
axiom of determinacy for £} formulas and hence that there can be no Al
well ordering of the reals. One scenario suggests that the Y.1-correctness
given by the conjecture will be necessary for a full theory of iterability for
models with up to two Woodin cardinals. An alternate scenario, due to
Woodin, suggests that the necessary correctness will come instead from de-
scriptive set theorical considerations. This reflects the increasingly strong
interconnections between the core model and descriptive set theory.



164

§ 2. Why is a Woodin cardinal interesting (and what is it)?

Woodin cardinals, like most large cardinal properties above measurable
cardinals, are defined in terms of the existence of elementary embeddings
i: V — M where M is a well founded model which is, in some sense, large.
A cardinal x is measurable provided that there is such an embedding
i: V — M with x equal to the critical point of i, the least cardinal «
such that i(a) > a. Strong cardinals increase the constraints on M: &
is A-strong if there is such an embedding with critical point « such that
V) C M and k is strong if k is A-strong for every A. The definition of a
Woodin cardinal & uses embeddings with critical point smaller than k:

DEFINITION. A cardinal k is a Woodin cardinal if for any function f: k —
k there is an embedding i: V — M with critical point o < k such that
ffa Caand Vi) C M.

A cardinal is A-supercompact, for A > k, if there is an embedding
i: V — M with critical point & such *M C M. For & to be a Woodin
cardinal is much weaker than for it to be even x*-supercompact.

The definition of a Woodin cardinal has been included to satisfy the
reader’s curiosity, but it was probably more puzzling than satisfying. As
the title of this section suggests, we will rely on the consequences of a
Woodin Cardinal rather than the definition to justify the claim that the
extension of the core model to a Woodin cardinal is an important step in
the progress of set theory.

The most important of these consequences involve the axiom of deter-
minacy. Martin and Steel have shown [8] that a Woodin cardinal, plus
slightly more, implies that the axiom of determinacy holds for £ sets
of reals, while Woodin has shown [10] that 3} determinacy implies that
there is an inner model with a Woodin cardinal. Later, Woodin showed
that the full axiom of determinacy is equivalent to the existence of a model
with infinitely many Woodin cardinals.

Since the axiom of determinacy for X} sets implies that every T} set
of reals is Lebesgue measurable it follows that no model containing more
than a Woodin cardinal can have a A} well ordering of the reals. Thus
the minimal inner model for a Woodin cardinal is the the largest inner
model having a A} well ordering of the reals, and in this respect it is just
one step past L, which is the largest inner model which has a A} well
ordering of the reals.

The second reason for the importance of a Woodin cardinal is the sta-
tionary tower forcing which was briefly referred to earlier. A condition of
the stationary tower forcing on a cardinal « is a pair (S, X), where X € V
and S is a stationary subset, in the appropriate sense, of X. A condition
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(S’, X') is stronger than (S, X) if X’ D X and $'NX C S. Thus a generic
object G for the stationary tower forcing is a tower of ultrafilters on the
power sets of the members X of V.., and it is possible to use this tower to
form a generalized ultrapower i¥: V — ult(V,G). It can be shown that if
& 1s a Woodin cardinal then ,g(u“(v’G)) = V,Q(V[G]), and in particular k is
still a cardinal in V[G].

Now suppose that A < & is a cardinal and ¥ < A is a regular cardi-
nal, and consider the condition (S,, Hy+), where Hy+ is the set of sets
hereditarily of cardinality less than At and

S, ={M < Hy+ : A C M and cf(ordinals(M)) = v}.

This condition will force that A% is the critical point of i, so that A* is
collapsed in ult(V, G) and hence in V[G]. On the other hand A remains a
cardinal in ult(V, G), and since y V) = yVISD it remains a cardinal
in V[G] as well. Furthermore A*(V) has cofinality v in ult(V, G) and hence
in V[G]. Notice that no assumptions were imposed on the cardinal A: it
could be choosen to be Rg, or 8., or a measurable cardinal. Thus we can
collapse the successor of a singular cardinal while giving it any cofinality
we wish, or we can collapse the successor of a measurable cardinal while
keeping the cardinal measurable. Neither of these is possible below a
Woodin cardinal.

There is one further, rather startling, consequence of a Woodin cardinal
which should be mentioned. Woodin (unpublished) has shown that if L[£]
is the minimal model of a Woodin cardinal « then there is a notion P of
forcing in L[£], having the k-chain condition, such that if X is any set
whatsoever, taken from the universe V, then there is an iterated ultra-
power i: L[€] — L[£’] such that X is i(P)-generic over L[E']. Of course ¢
will not in general be a member of L[] (and in fact slightly more than a
model of a Woodin cardinal is needed to prove that this iteration can take
place) but the point is that X could be any set whatsoever: for example,
X could code a class model containing a supercompact or a huge cardinal,
or even the sharp of a minimal model for a Woodin cardinal.

& 3. How is the model constructed?

The definition of a Woodin cardinal, or even a strong cardinal, requires
the existence of embeddings i: V — M with V), C M for ordinals A larger
than the critical point & of ¢, and hence we will need to have a way to
represent such embeddings. A measurable cardinal k is traditionally given
by a x-complete, normal ultrafilter U on x. The canonical embedding
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iY:V — M = ult(V,U) using such an ultrafilter has the property that
(1) M={Y(f)(x): feVn"V}].

The embeddings for cardinals stronger than measurable cardinals are
given by extenders. A (k,A)-extender E, with x +1 < A, has an em-
bedding i¥: V — M = ult(V, E) with the property that

(2) M={P(H@):feVAam<w(f: "=V AaecA")},

which is essentially formula (1) with the ordinal  replaced by the interval
[k,A). This may look unwieldy, but it is made workable by realizing
that, just as the embedding iU defines the ultrafilter U by setting U =
{z: k € iY(z)}, an embedding i¥ with property (2) defines a sequence of
ultrafilters E, = {x C «" : a € i¥(z)}. The extender E itself is defined
to be the sequence (E, :a € [A\]<¥) of all these ultrafilters. Notice in
particular that a measure on k may be regarded as a (k, k + 1)-extender.

There are three basic problems connected with the movement from
ultrafilters to more general extenders, all of which arise from the problem
of overlapping extenders. The models we are looking at have the form
L[€] where each member £, of the sequence £ is a (k,, A, )-extender for
some pair (k,,A,) of ordinals. Now the length A, of the extenders is
almost a nondecreasing sequence, but once we pass a strong cardinal there
are essentially no restraints on the behavior of the critical points «, of
the extenders. Thus there are ordinals a such that k, < a, and hence
i®(a) # a, for cofinally many extenders &, in the sequence £. This
contrasts with the behavior of a model L[], where U is a sequence of
measures. Here each U, is a measure on a cardinal k, and the sequence
Kk, is nondecreasing, so that if ¥ > a1 then s, > a and hence « is not
moved by v,

The first problem in its most serious form is connected with the fact
that we may have two extenders Fg and F; which overlap in the sense that
Ey is a (kg, Ao)-extender and Ej is a (K1, A1 )-extender, with ko < K1 < Ag.
To see why this is a problem, let us look briefly at iterated ultrapowers
as they come up in the theory of inner models for sequences of measures.
A typical two stage iteration would look like

(3) i Mg - My = ult(Mo, Up) -0 My = ult(My, U;)
where kg < k1 and U; is an ultrafilter on «; in M; for ¢ = 0,1. By

property (1) above, if z € P(ko) N Mp then z € Uy <= kg € io(z), and
since k1 > ko we have i;(kg) = ko and hence z € Uy <= kg € i(x).
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i1(K0) = Ko

My - M, - M,
Figure 1

Since ko is never moved after the first embedding g, we can keep track
of Uy by keeping track of the ordinal kg. This situation is illustrated in
figure 1.

Now consider the same situation with the measures Uy and Uy replaced
by overlapping extenders Fq and Ejy, so that the embedding (3) becomes

(4) 7: Mo —ZQ*Ml = ult(Mo,Eo) -lQ->M2 = ult(Ml,El).

Now we want to use property (2) to keep track of Ey, but this will require
keeping track of the whole interval [ko, Ag) instead of just the ordinal «q.
Unfortunately k1 < Ag, and as a consequence ¢; is not the identity on this
interval, as is illustrated by figure 2 where the generators of Ey, indicated
by the thicker line, are broken up by the embedding ;.

i1(Xo)

il(li',l)

My % My Y M
Figure 2

The theory breaks down because of the difficulty of keeping track of
these moving generators. Fortunately there is a way out, namely iteration
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trees. The iteration (4) is restructured to become a tree

/’io/’,.’-—P M1 = ult(Mo, Eo)
My

11

M2 = ult(Mo, EI)

where the extender E; is applied to My even though it is a member of,
and would thus naturally be applied to, M;. In a more general iterations
of length « this leads to a tree T with nodes (M, : v < a), where there is
an embedding from M, to M, just in case M, is below M, in the tree
T'. The tree T may branch any number of times at any node, and may
have arbitrarily large height.

Now suppose that o is a limit ordinal and the iteration tree T has been
defined with nodes (M, : v < ). In the case where there only ultrafilters
this tree never splits, so that the tree is a well ordering and the limit M,
of the iterated ultrapower is just the direct limit of the sets M, for v < a.
In this case the only question is whether M, is well founded. With a tree
iteration, there is more of a problem. In the first place, there may or may
not even be a cofinal branch — the tree could conceivably consist of a
root node and infinitely many branches each of length one. If it does have
cofinal branches then we can take the direct limit M, along any cofinal
branch b of T, and the models M, may or may not be well founded. In
order for M to be iterable we will need to have an iteration strategy, that
is, a function o on iteration trees such that o(T') is always a cofinal branch
b of T such that M, is well founded, provided that T is a tree that was
formed by following o at all previous limit points.

If there is no model with a Woodin cardinal then this iteration strategy
has a simple description: A theorem of Martin and Steel [9] asserts that
if there are no Woodin cardinals then no tree has more than one cofinal
branch with a well founded limit, so that the only possible iteration strat-
egy is to always pick the unique well founded branch and the condition
for iterability is that every iteration tree have at least one well founded
branch. This would seem to be a II} condition, but Martin and Steel
also show that if T is a countable tree with no well founded branch then
there is a witness to this ill foundedness which is continuous in T, so that
the condition is I1}. Recall that the well ordering of the reals of L is A}
because of the fact that “E is well founded” is 11}, while the ordering of
the reals in the Dodd-Jensen core model is A} because the assertion that
every countable iterated ultrapower of a countable model M = (w, E) is
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well founded is II}. Thus the well ordering of the reals of the core model
is still A} up through a Woodin cardinal.

As soon as we pass a Woodin cardinal we will have trees with more
than one well founded branch b, but Martin and Steel prove that below
two Woodin cardinals there is at most one of these branches such that
the direct limit M} has the additional property that every iteration tree
starting anew from M} has a well founded branch. The iteration strategy
then calls for choosing the branch with this stronger property, and the
iterability condition on M is that there always is such a branch. This is
a 13 condition, and thus the well ordering of the reals is now Aj.

There remains the problem of showing that there exists some sequence £
such that every iteration tree on L[€] has a well founded branch. With the
unbranching trees which come from using only ultrafilters this problem of
iterability has a simple solution: If all of the ultrafilters in £ are countably
complete then every iterated ultrapower will be well founded. Steel’s
solution for iteration trees — which so far is only a partial solution — is
given by background embeddings. For each (k, A)-extender E in the inner
model M we require that there be a background embedding ¢* : V — M*
in the real world which extends F in the sense that E, = {z € P(s™)NM :
a € i*(z)} for each a € [A]™, but which is stronger than the embedding i .
The appropriate notion of “stronger” has changed with the development of
the theory. When Steel first introduced background extenders he required
that the embedding ¢* map a rank into a rank, so that much more than
huge cardinals were needed in order to get an inner model with a Woodin
cardinal. Martin and Steel then reduced this requirement [9] so that an
inner model with a Woodin cardinal could be constructed using only a
Woodin cardinal in the universe, and finally Steel [19] further weakened
the requirements on the background extenders so that they can be used,
with restrictions, to construct a core model.

Background extenders, while useful, present a problem: it is not pres-
ently known how to get the extenders without assuming some sort of extra
large cardinal structure in the universe. Steel’s original notes assumed
that there was a complete ultrafilter on the definable subsets of the class
of ordinals. This condition can apparently be weakened to a strong form
of ineffability, but it is not know whether it can be eliminated. The
difficulty that this causes in applications is illustrated by a theorem of
Steel asserting that if there is a wo-saturated ideal on w; together with a
measurable cardinal then there is an inner model with a Woodin cardinal.
The measurable cardinal is needed in order to provide the extra large
cardinal structure needed for the core model. The conclusion probably
follows from a saturated ideal alone, but no proof is known.



170

The other two problems arising from the movement to extenders come
from the fact that the sequence £ of extenders may have cofinally many
extenders £, with critical point below some fixed ordinal a. Recall that a
mouse in the Dodd-Jensen core model is a set m = Lo[U], where m = “U
is a measure on k” and Lo41[U] |= |a| = p < k. Thus there is a subset
Ty of p which is definable in, but not a member of, L,[U]. To see the
critical role this set =, plays in the theory, we recall the definition of the
well ordering of the mice. Suppose that m = L,[U] and m’' = L [U’] are
two mice, each of which adds a new subset of an ordinal p < min(k, k).
To see which is larger we form iterated ultrapowers

Lo[U] = L,[U”]

Lo[U"] -5 L [U*]
so that ¢(U) = ¢'(U’) = U* agree. Since p < min(k,«’) both of the
embeddings ¢ and ¢’ are the identity on p and hence the sets zn, and zy
are definable in, but not members of, L,[U*] and L,.[U*] respectively.
Suppose that v < v/. Then zy € L,4+1{U*] C L,/[U*] and hence z, €
m’ = Ly [U] so that m’ is larger than m in the well ordering of the mice. If
the mice m and u' contain extenders then this no longer works, since the
mice m and m’ may have cofinally many extenders £, with critical point
smaller than p, and hence the embeddings ¢ and 7' need not be the identity
on p. There is a way around this: we build into the theory of iteration
trees the condition that whenever this situation arises we will apply the
offending extender to the core model K rather than to the current iterate
of the mouse m. The weak covering lemma referred to earlier, asserting
that At = AT for singular cardinals ), can then be used to substitute
for the use of the set z,, above, and in fact the argument shows that this
situation never occurs on the unique well founded branch of the final tree.
Unfortunately this approach is circular — we need to be able to compare
mice long before we can prove the covering lemma. Steel avoided this
problem by again using the extra large cardinal structure in the universe
to show that the weak covering lemma holds on a stationary class even
without the covering lemma. This allows the core model theory to go
through, eventually proving a form of the covering lemma which implies
that the weak covering lemma is true everywhere. Again, this trick comes
at a cost: it only works with the assumption that we have this extra large
cardinal structure.

The final problem is more subtle. In order to see where the problem
arises we will consider the core model for two measures, which has the
form L[Uy, Uz, M| where U; and U, are the two measures and M is the
class of mice. The measures U; and U, are chosen in sequence, so that
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nothing is known about U at the time U; is chosen. Thus some care is
required in picking U; to ensure that it will remain iterable after Us is
chosen. There is no such problem with the mice. To see why this is so it
is enough to recall the Dodd-Jensen mice below one measure, which have
the form m = L, [W] where W is a measure on a cardinal « in L,[W] but
la| < & in La41[W]. There is no need to worry about the well foundedness
of ultrapowers of the core model by W, since W is not a measure even in
Lo [W].

With extenders this situation can change. An extender which first ap-
pears in a mouse m may have critical point smaller than the projectum
p of m, so that it may survive to be an extender in the final core model.
Thus the same care has to be taken in adding mice to the core model as
is necessary in adding extenders.

This section has concentrated on problems arising in dealing with larger
embeddings, and seems to suggest that what was a difficult construction
in the original core models has become exponentially more complicated.
It is true that the models have become more complicated, but we conclude
this section on a more positive note, outlining one development which has
lead to a substantial simplifications even in the older cases where there
were no extenders, only measures.

The original construction of the core model for sequences of measures
[14] involved three different sorts of models. First there were ordinary
inner models for sequences of measures, which had the form L[U/] where
U is a sequence of measures. Next were the mice, which had the form
Lo[U T p, W] where W was a sequence of measures peculiar to the mouse,
and finally there was the core model itself, which had the form L[/, M]
where M was the class of mice. Some ten years ago I proposed, in an
attempt at a solution of the first two problems described above, a first ap-
proximation to the concept of iteration trees together with the suggestion
that all three models should have the same form. In particular a mouse
should look like the core model, having the form m = Lo/ | o, M | o]
where M | « is the set of all mice smaller than m. I dropped work on
this approach, partly because I was unable to solve the iterability prob-
lem but also because this approach seemed likely to become excessively
complicated. Recently Stu Baldwin mentioned to me that he had been
thinking of a approach which, on examination, turned out to be essen-
tially the same as mine. He remarked that this approach made things
much simpler, so I went back and looked at it again and I found that he
was right: this approach not only makes a good inner model theory for
extenders possible, but it makes the core model theory much simpler even
for well understood models such as L] and the Dodd-Jensen core model.
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The proper approach turns out to be to code the class M of mice by
the extenders appearing in the mice. Thus the core model K has the form
L[] where & is a sequence containing both full extenders in L[] and
partial extenders which are extenders only in mice from L[£]. The actual
condition on the sequence £ is that each member £, of the sequence is an
extender only on sets in L[€ | v]. The extender £, may or may not survive
to be an extender in L[€]; this depends on whether there is a subset z of
the critical point k, of £, which is in L[] but is not in L{€ | v]. The
mice in this approach turn out to be simply the initial segments L,[€ | o]
of the full core model L[€]. Fine structure can be defined in this model
word for word the same (except for the need for a ¥ code) as it is defined
in L: and condensation holds exactly® as in L, at least for substructures
of Lo(&) of the form HE=(8)(pUp) where p is an ordinal, p is finite, and
H(pUp) is the Skolem hull.

§ 4. What is to be done?

I will conclude this paper with a list of three conjectures, some of which
are repeated from earlier in this paper. These conjectures will illustrate
the depths and gaps of our current understanding of the core model. In
general, the depths become shallower and the gaps deeper as the size of the
cardinals increase: We have a very good understanding of the core model
up to a strong cardinal, and with the results outlined in this paper we have
a good understanding, with serious gaps, up to a Woodin cardinal. Steel
has looked at the theory for larger cardinals: there are problems at the
levels of a Woodin cardinal and of infinitely many Woodin cardinals, and
there are major difficulties at the level of a measurable limit of Woodin
cardinals. Beyond this point very little is known, and much of what is
known consists of results of Woodin and others which indicate that some of
the properties which we expect to hold of a core model will eventually have
to fail. Studies of inner models for these larger cardinals will provide a
fertile field for research, but most of the questions listed below concentrate
on the better understood area discussed in this paper.

CONJECTURE 1. Assume that the sharp a¥ exists for every real a (and
possibly something more), and let K* be either the core model for a
Woodin cardinal (and slightly more), or the true core model K if there is
no model with this much large cardinal structure. Then any model M of
set theory which contains an iterated ultrapower of K* is ¥}-correct.

! Actually there is one remaining technicality, although Sy Friedman has suggested a
way in which this technicality may be avoided.
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Recall that this is currently known to be true up to a strong cardinal
and slightly beyond. A solution to this problem would both materially
advance our understanding of the core model below a Woodin cardinal
and provide a valuable tool for the understanding of the core model above
a Woodin cardinal.

CONJECTURE 2. If there is a wq-saturated, countably complete ideal on
w1y then there is an inner model with a Woodin cardinal.

It will be recalled that Steel has proved this with the additional hy-
pothesis of a measurable cardinal. The problem here is to eliminate the
need for the extra large cardinal structure in the construction of the core
model, perhaps by giving a proof of the covering lemma which does not
presuppose the weak covering lemma and does not require background
extenders stronger than given by the proof of the covering lemma itself.
It is possible that the extra structure is in fact essential to a full core
model theory, in which case the behavior in the important special cases
in which there is no such structure should be very interesting.

CONJECTURE 3. Suppose that X is a singular cardinal and At # A1),
Then there is a model M of set theory with a Woodin cardinal and a set
G such that G is generic over M for some variant of the stationary tower

. (MiGD
forcing and A\t = A% .

The question here is how stationary tower forcing, the next exception to
the covering lemma, is to be handled. It is already known (at least with the
extra large cardinal structure required for the core model) that a Woodin
cardinal is required to collapse the successor of a singular cardinal. It
should be noted that there is an additional question hidden here: exactly
what happens if there is inner model with a Woodin cardinal, but nothing
more. For technical reasons it appears likely that there may not be a core
model, at least in the traditional sense, in this situation.

I will conclude with one more conjecture, which is related to conjec-
ture (3) but goes far beyond the known core models. The second condition
was suggested by Woodin.

CONJECTURE 4. Suppose that M is a model of set theory, M[G] is set
generic over M, and X is a singular cardinal of M[G] such that A\*(M) js
collapsed in M[G] and either (i) X is the only such cardinal or (ii) \*T (M[G])
is accessible in M. Then there is a model with a k*-supercompact cardinal
K.

The results outlined in this paper show that large cardinals, which once
seemed an amorphous contrast to the order of the constructible sets, can
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in fact be gathered into a similarly rigid and powerful structure, and the
problems listed in this section show that there is yet much to be done.
I expect this area to continue to be an exciting and fruitful field in the
foreseeable future.
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1. Introduction

The characterization of the finite lattices embeddable into the recursively
enumerable (r.e.) degrees (possibly with various additional restrictions,
such as preserving the least and/or greatest element) is important to re-
cursion theorists for two reasons: On the one hand, it gives insight into
the (very complicated) structure of the r.e. degrees. On the other hand, it
constitutes a crucial step in determining the decidability of the universal-
existential theory of the partial ordering of the r.e. degrees and of the
existential theory of the r.e. degrees in the language of lattices (where
meet is a ternary relation), possibly with constant symbols for the least
and/or greatest element.

Unfortunately, even though substantial progress has been made, the full
characterization of the lattices embeddable into the r.e. degrees remains
open. Work by Lachlan, Lerman, Thomason, Yates, and others [6,13,14]
led to a proof of the embeddability of all countable distributive lattices
into the r.e. degrees, while Lachlan [7] showed the embeddability of the
two nondistributive five-element lattices, M5 and Ns. Hopes that all fi-
nite lattices might embed into the r.e. degrees were dashed by Lachlan
and Soare [9], who exhibited the counterexample Sg. The latest word on
lattice embeddings into the r.e. degrees is Ambos-Spies and Lerman [3,4],
who isolate sufficient conditions (for both embeddability and nonembed-
dability). It is not known whether these conditions are complementary.

This research was partially supported by the Mathematical Sciences Research Institute
(where all three authors stayed in the spring of 1990), the Deutsche Forschungsgemein-
schaft (for the first author), and the last two authors’ NSF grants DMS-8901529 and
DMS-8900349.
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All known lattice embeddings into the r.e. degrees preserve the least el-
ement, 0. Preserving the greatest element, 1, turned out to be quite a bit
harder. Lachlan [8], and independently Shoenfield and Soare [10], showed
the embeddability of the diamond lattice preserving 1, and Ambos-Spies
[1] extended this proof to all countable distributive and some nondistribu-
tive lattices (the latter all generalizations of Ny).

Here, we show the embeddability of M5 into the r.e. degrees preserving
1, which is harder since the usual proof for embedding requires infinitary
traces. We also reprove the embeddability of N5 published in Ambos-
Spies’s thesis (1] but not elsewhere.

Our notation is standard and generally follows Soare [12] with two ex-
ceptions. Here, the use of a computation ®X(y) is the largest number
actually used in the computation and is denoted by ¢(y) (and similarly
for other Greek letters). If the oracle is given as the join of two sets then
we assume the use function to give the use separately for each set of the
join, thus XOYIN@(2)+1)(2) is the same as ®X N@()+1OY Hp(2)+1) (),

2. The theorems

We consider embeddings of two lattices, M5 and Ns. Both have five
elements (including the least element, 0, and the greatest element, 1) and
are nondistributive. Mj is a modular lattice and contains three pairwise
incomparable elements while N5 is a nonmodular lattice and contains two
comparable elements both of which are incomparable to a third element.
An embedding of a lattice into the r.e. degrees is said to preserve the
greatest element, 1, if the image of 1 under the embedding is the complete
r.e. degree 0'.

The purpose of this paper is to give the proofs of the following two
theorems:

THEOREM 1. The modular nondistributive five-element lattice, Ms, can
be embedded into the r.e. degrees preserving the greatest element.

THEOREM 2. The nonmodular nondistributive five-element lattice, Ns,
can be embedded into the r.e. degrees preserving the greatest element.

(In [1], Ambos-Spies also shows the embeddability of several other lat-
tices (similar to Nj) preserving 1.)

The proofs of the two above theorems are fairly unrelated. We begin
with the first and more complicated proof.
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3. The requirements and the intuition for My

We need to construct three incomplete r.e. sets Ag, A1, and A, and an
r.e. set B such that any two of the degrees of Ag, 41, and A5 join to 0’
and meet to the degree of B. We thus also build partial recursive (p.r.)
functionals I'g, ', and I's and infinitely many p.r. functionals A and p.r.
functions A (of which we suppress the indices), and we ensure the following
requirements:

S;: B <t A; (fOI‘ 1 < 3),
P, : T4 = K (where {4,4,k} = {0,1,2} and j < k),

My 1 @4 = 34 total = IA(AP = %)
(for j < k < 3, all p.r. functionals &), and
NY 94 = K = JA(A = K) (for i < 3, all p.r. functionals ¥).

(Here K is the complete r.e. set of the halting problem. Notice that we
assume Posner’s trick (see Soare [12]) for the M-requirements, so we can
assume the same p.r. functional ® for both A; and Ag.)

The global requirements S; are easily met by putting all numbers en-
tering B also into all A; so as to ensure B = A; N R; for recursive sets
R;.

The global requirements P; are met by ensuring that the functionals
I‘fj ®4% are total and correctly compute K. (The hard part here will be
totality.)

For the local requirements M;Ijk, we use Fejer’s strategy [5]. Whenever
APB(z) is defined but equal neither to ®4s(x) nor to ®4*(z) then that
strategy puts a number y < §(z) into B to allow the correction of AP ().

For the local requirements A;¥, the problem in meeting ¥4 # K (set-
ting ¢ = 0 to simplify notation) is that protecting computations ¥4 (n)
for the Sacks preservation strategy conflicts with higher-priority P;- (and
M;?,k-) requirements putting numbers into Ag (either directly or via B).
The usual way to resolve this conflict with P; is to fix a number yq (in-
dependent of n) and to “lift” uses v;(yo) < %(n) by enumerating ;(yo)
into Ay (for k # 0) so that v;(yo) > ¥(n) can be achieved without having
injured ¥4°(n). But in order to “lift” all three v;(yo) (for j = 0,1,2),
we need to put numbers into at least two sets, namely A; and A (since
T4 (n) must not be injured). If we put numbers into A; and Ay simul-
taneously, this may injure a higher-priority M‘fz-requirement and cause
it to destroy W4°(n) through the correction process. So we have to put
a number into A, first, wait for ®4 to recover, and then put a number
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into A. While we wait for ®41 to recover, ¥4°(n) is still unprotected
and thus may be destroyed before we can put a number into As. If this
pattern repeats infinitely often then ¥4°(n) is undefined but also vo(yo)
and y5(yo) enter A; infinitely often, so ['a2®42(y5) and I'50®41(y0) are
undefined, injuring our highest-priority requirement.

We use a trick first used by Ambos-Spies, Lachlan, and Soare in their
refutation of the existence of a minimal cupping pair of r.e. degrees [2].
It consists in not using y = yg at first but some y = y; > yo, and then
repeating the procedure for y = y; — 1, y1 — 2,...,yo. We will be able to
show that once we have reached y < y;, only a K | (y + 1)-change can
cause the destruction of ¥4o(n).

The full strategy o for an Ny -requirement thus proceeds intuitively as
follows (for a fixed number yp):

(1) Fix y; “big”, set n = 0.

(2) Wait for ¥4° | (n+1)=K | (n+1).

(3) For y =y1,y1 — 1,...,90 + 1, yo, proceed as follows:

(

a) Put vo(y) and v,(y) into A;; if y < y; then also put v1(y + 1) into
Ag. Wait for all higher-priority M-strategies to recover.
(b) Put vo(y) and v1(y) into Az, and put v2(y) into Ag. If y > yo then
wait for all higher-priority M-strategies to recover.

(4) Define A,(n) = K(n), increment n by +1, and go to 2.
Our strategy assumes that K | yo will no longer change; so whenever
K ! yo does change, we “reset” o (thus discarding A,) and start again at
(1) with the same yo. (This constitutes only finite injury to o.) Further-
more, while ¢ is in (3) it may be injured by higher-priority Mf ;-strategies
7 with 77(0) C o (i.e. 7’s of which o assumes the infinite outcome). Be-
fore performing (3)(b), o will check if Ag or Az have changed (on an initial
segment to be specified later). Before performing (3)(a) (for y < 1), ¢
will check if Ag or A; have changed (again on an initial segment to be
specified later). If so (in either case), o will destroy ¥4°(n) (by putting
some §(y) < (n) into B and thus also into Ag), increment y; by +1, and
go back to (2).

The possible outcomes of the Ny -strategy o (neglecting the finite injury
by K | yo) are thus as follows:

(A) o eventually waits at (2) forever. Then clearly ¥4 £ K.

(B) A, is total. Then we will be able to show A, = K, a recursive
computation for the nonrecursive set K. Thus this outcome cannot
actually occur.

(C) Otherwise. Then n must come to a limit, ng, say; y; is incremented
infinitely often; and ¥4¢(ng) must be destroyed infinitely often (we
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call this the “infinite outcome for ng”). We will be able to show
in this case that for each y', eventually ¥#4°(ng) will always be
destroyed before we put v;(y’) into any Ay (for j,k € {0,1,2}),
thus allowing each I'; to be total. In order to show this, we will
use the fact that when y; >y’ and n = ng then ¥4°(ng) can only
be destroyed if either y > ¢’ or K | (y' + 1) changes (where the
latter, of course, can occur at most finitely often for each y'). The
hard part will be to show that no higher-priority M-strategy 7
with 77 (0) C o (i.e. of which ¢ assumes the infinite outcome) will
injure o infinitely often while y < 3’. Here we will use the fact that
Ag “holds one side” for 7 if 7 is an Mgh- or M3 ,-strategy, and
that A; “holds one side” for 7 if 7 is an Mfz-strategy where j = 2
between (3)(a) and (3)(b) and j = 1 between (3)(b) and (3)(a).
(For this, we use a variant of the concept of “configurations” from
Slaman’s proof of the density of the branching degrees [11].)

We are now ready to describe the full construction.

4. The construction for Mjx

Our tree of strategies is the full binary tree T = 2<% with the ordering on
T induced by the ordering on 2. The requirements S; and P; are global
and will not be put on the tree. We effectively w-order the M;-I”k- and
N¥-requirements as {Mp}new and {Ny}new, respectively. A node pe T
works on M, if |p| = 2n is even, and on N, if |p| = 2n +1 is odd (we call
p an M,,- or N,-strategy, respectively). We identify 0 with the infinite
outcome and 1 with the finite outcome of a strategy p.

Each M,,- (or N,,-) strategy p € T builds a p.r. functional A, (or a p.r.
function A,, respectively) to satisfy its requirement. (We will frequently
suppress the index on A and A.)

A strategy p € T is initialized by making all its parameters undefined
and its functional undefined on all arguments. A strategy p € T is reset
by initializing it, except that if p is an NV -strategy then p’s parameter yg ,
remains defined. A parameter is defined big by setting it to a number
greater than any number mentioned thus far in the construction.

We now describe each stage of the construction.

At stage 0, we initialize all strategies and let all I’ ;4 %4 be undefined
on all arguments.

A stage s + 1 consists of substages ¢ < s + 1 with some additional
action before the first and after the last substage. At each substage ¢, a
strategy p € T of length ¢ is “eligible to act” and either “ends the stage”
or determines the strategy p’ O p eligible to act at substage ¢ + 1.
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yol

set yo big

»7{0) eligible next

p” (1) eligible next

set y; and n big,

0" (1) eligible next

for each such 7:
put §-(y-) into
‘—B and all 4y,

increment y; by 41

increment y; by +1

for each such 7:
L _{put é-(y-) into
B and all 4,

increment y; by +1

37(r can
S«-injure p)

put 7i(y) and 1x(y) into 4,
set s, = current stage, hd

end stage

put 7x(y) into A,

end stage

put 7i(y) and 7;(y) into Ay,

set s, = current stage,

*|decrement y by 41

set A(n) = K(n),
increment n by +1,
initialize &ll p’ > p

put 75(y) into 4,

Diagram

Diagram 1: The N¥-strategy p.
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Before the first substage of stage s + 1, we determine the (least) n €
K,,1—K, (if any). If n exists then, for all ¢, j, and k such that I‘fj@AK (n)
is currently defined, put ;(n) into B, and thus into A; for all ¢ < 3, and
reset all strategies p € T for which there is an N -strategy o < p whose
parameter yo , is defined and > n. Now proceed to substage 0 of stage
s+ 1, at which the strategy @ is eligible to act.

At a substage t of stage s+ 1, suppose p is eligible to act. We distinguish
cases depending on whether p is an M- or an N -strategy.

If pisan Mgﬁk-strategy we first check if there is a (least) zo such that
Af (zo) is defined but equals neither ®4 (z4) nor ®4# (z4). If so then pick
1 < ro minimal such that

(1) Ve(z; <z < g =
Vi € {j, kH@4 (1) L= AB(z) — p*i(z) > 8,(z +1))).

(L.e. correcting Af(xo) by putting é,(zo) into B and thus all 4;’s would
trigger a cascade of corrections ending with the correction of Af (z1).)
Then put §,(z1) into B and all A;’s.

Next check if the length of agreement

U(p) = max{z | Vo' < (&% (2') |= 84 (2") 1)}

is now greater than at any previous stage at which p was eligible to act.
If so then for each z < £(p) (for which now Al (z) is undefined) set
Af(x) = ®4i(z) with the previous use (if Af () was defined before and
n0 8,(y) (for y < x) has entered B since the last definition of AZ(x)) or
with big use (otherwise), and end the substage by letting p~ (0) be eligible
to act next. Otherwise, end the substage by letting p" (1) be eligible to
act next.

Now assume an N;Y-strategy p is eligible to act at substage t. We
describe its action using the flow chart in Diagram 1. After each initial-
ization, p starts in state init, and at each substage at which it is eligible to
act, it proceeds from one state (denoted by a circle) to the next, following
the arrows and along the way executing the instructions (in rectangular
boxes) and deciding the truth of statements (in diamonds, following the
y-arrow iff the statement is true). The parameters defined in the flow
chart intuitively have the following meaning: n is the argument at which
we currently attempt to define A; y is the number for which the 7 (y)’s
are currently lifted by strategy p to a large number; yo and y; are the
current lower and upper bounds for y; ¢, j, and k are indices of the sets
A; where {i,j,k} = {0,1,2}, i is determined by A;¥, and j < k; and s,

7
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is the latest stage at which markers were lifted (this parameter is needed
to measure (potential) injury).

Given an M;P,’,c,-strategy 7 with 77(0) C p (i.e. of which p guesses the
infinite outcome and by which p could be injured), we define (for I = 5’
or k')

m] = pz > max{goA’ () | 6-(y) < ¥(n)}Vy(6:(y) 1< 2
= oM (y) 1< 2)).

(Note that we allow m] = oo if ®4t(y) 1 for some y with AB(y) |.) We
say T can s.-injure p at stage s+ 1 if (a) p was in waitA; at the beginning
of stage s + 1, j/ = j, k¥’ = k, and some number < mf[s,] has entered
Ay since stage s. (note that Ay was supposed to “hold one side” for 7);
or (b) p was in waitAy at the beginning of stage s+ 1, j' = j, k' = k,
and some number < m}[s,] has entered A; since stage s. (note that A;
was supposed to “hold omne side” for 7); or (¢) j/ # j or ¥ # k, and
some number < m][s,] has entered A; since stage s, (note that A; was
supposed to “hold one side” for 7). If (a), (b), or (c) applies then we
define

yr = max{y | & (y)[s.] < P(n)[s.]}-

We say p has been s.-injured if some number < (n)[s.] has entered A;
since stage s. (this takes care of miscellaneous injury). Note here that we
may assume

() Vn(n < 4(n)).

We end the stage if Diagram 1 specifies so or if s < ¢, otherwise we go
to substage ¢t + 1.

At the end of stage s+1, i.e. after the last substage, we define Ffj ®As (n)
(for each F?j@A" and each n < s such that I‘? 1®4% (1) is now undefined)
with the previous use (if I“?j BA (n) was defined before and no v;(n') (for
n’ < n) has entered A; or Ay since the last definition of T’ ;4 1®A (n)) or
with big use (otherwise). Furthermore, we initialize all strategies > the
strategy last eligible to act, and proceed to the next stage.

This ends the description of the construction.
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5. The verification for Mj
Our first two lemmas are easy:
LEMMA 1 (S;-SATISFACTION LEMMA). B <t 4; fori = 0,1, and 2.

Proor: Fix any number z. By the construction, B C A;. So assume
z € A;, say « € A; 5 for some stage s. But then z € B iff z € B, by the
construction. This establishes the claim. W

LEMMA 2 (RESETTING LEMMA). If p € T is initialized at most finitely
often then it is reset at most finitely often.

PROOF: Since p is initialized only finitely often, the same holds for any
p' < p, and thus yo , comes to a limit. Furthermore, yo ,» < yo,, at any
stage at which yo s is defined for any p’ < p. Thus p is never reset after
Yo,p and K [ limg yo p s settles down. B

We define the true path f € [T by induction as follows: Let p = f [
Then f(n) = 0 if p~(0) is eligible to act infinitely often, and f(n) =
otherwise.

We now turn to the M-requirements:

LEMMA 3 (M, -SATISFACTION LEMMA). If an M3, -strategy 7 C f is
eligible to act infinitely often and is initialized at most finitely often then
it satisfies its requirement.

PRrOOF: Suppose ®4i = &“* are both total. By Lemma 2, 7 is reset at
most finitely often, so A, is never discarded after some (least) stage so,
say. By the first part of 7’s action in the construction, AB(z) |# ®4i(x)
is impossible for any z.

Thus we only have to show AZ(z) | for all z. Suppose this fails for some
(least) zo, and AP | 2o as well as &4 (24) and ®4*(xg) are defined by
correct computations after some (least) stage s; > so. Since limg £5(7) =
o0, we have p~(0) C f and thus AZ(z)[s] must be defined at infinitely
many stages s. Since AB(zo) 7, we have lim, 6, 5(zo) = co. By the way
8 s(xo) is defined, it can only be increased by the action of 7 or some
N-strategy o D 77 (0). Once &, 4(x0) > ¢4 (x0), p?* (o) and s > s1,
7 will not increase 6, s(zo) by our assumption on s; and by (1). There
are only finitely many N -strategies ¢ 2 7" (0) that ever set their s, < s;.
Let s9 > s; be the least stage such that each such o will either never put
8:(y) (for y < z) into B after stage sy or has already set its s, > s1.
Suppose some N -strategy o 2 7" (0) causes é,(zo) to increase by putting
6-(y,) into B (for y, < xo) at a stage s > s3. By our assumption on s;
and the minimality of zo, we have y, = zo. Then A; I (m][s.] + 1) or

P (mf[s«]+1) must have changed between stage s, and s; without loss
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of generality assume the former has changed. Since s, > s; and by our
assumption on s1, m][s.] > ¢ (zo). But by the definition of y, (= xo),
we have 6, (zo + 1)[s.] > ¥(n)[s.], and thus, by 8- (z0)[s.] > ©% (o), we
have m}[s.] < ¢ (o), a contradiction. M

We now prove a very technical lemma, which constitutes the induec-
tive step in the proofs of the satisfaction of both the A/- and the P-
requirements:

LEMMA 4 (CONFIGURATION LEMMA). Let {i,5,k} = {0,1,2} withj < k.
Leto C f bean Ni‘l’—strategy, and suppose that o is not initialized or reset
after some (least) stage so. If o reaches state waitAy with parameter y at
a stage s; > sg, then U4 (n) will not be destroyed after stage s; unless
K | y changes. If o reaches wait¥, having defined A(n) for some n at a
stage s1 > o, then U4 (n) will not be destroyed after stage s1.

Proor: Let {i,7,k} = {0,1,2} with j < k. Let

T=A{r Mfk-strategy | 77(0) C o0 A® p.r. functional}, and
T=Ar Mﬁk,-strategy | 77(0) C o A® p.r. functional
N (G#5 ork#E)}

(These are the M-strategies “dangerous” to o.) We will first note that
by reverse induction on y € [yo, y1] the following hold:

(3) If 0 is in waitA; with y = y; then

(32) 7i(v1), 1k (v1) > m[s4), ¥(n)[s4] for all T € Tq, and
(3b) vi(y1), 76(y1) > mI[s.), ¥(n)[s.] for all T € T5.

(4) If o is in waitAy with y = y; then

(4a) vi(1),7i(v1), (1) > mj[s.], ¥(n)[s.] for all 7 € Ty, and
(4b) vi(y1),v5(¥1), ve(y1) > mI [s.], ¥(n)[s.] for all T € T.

(5) If o is in waitA; with y < y; then
(5a) 7i(y),vi(y + 1), %(y) > m[s.],¥(n)[s.] for all 7 € Ty, and
(5b) vi(y),vi(y + 1), m(y) > m[s.],%(n)[s.] for all 7 € To.

(6) If o is in waitAg with y < y; then
(6a) 7i(¥), 1 (¥), (y) > m}[s.],9(n)[s.] for all T € Ty, and
(6b) %i(¥),7i(y), v (y) > m][s.],9(n)[s4] for all T € T.

(7) If o reaches wait? while defining A(n) for some n at a stage s > sg
then (6a)—(6b) hold for this n and s until o reaches a new state.
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It is not hard to verify (3)-(7), keeping in mind the definition of the
T-uses, the actions of o, and the fact that the right-hand sides are defined
and finite since all the 7 € 77 U7, have outcome 0 at stage s, (i.e. greater
length of agreement than at all previous 7-stages).

Note that ¢ ends the stage when it reaches any state other than wait¥
and initializes all p > ¢ when it defines A on some n. By this feature, the
definition of the m]’s, our assumption on so, and (3)—(7) we have after
stage $Sp:

(8) After o reaches waitAy for some y and n, we have

)
(8a) vi(v), (), ve(y) > m7, ¥(n) for all 7 € Ty, or
(8b) vi(y), vi(y), ve(y) > mk,w(n) for all 7 € 7y; and always
(8c) 'yl(y) v5(¥), 1e(y) > m7,(n) for all T € Ty
unless K [ y changes later.
(9) After o reaches wait¥ having defined A(n), we have (8a)-(8c) for
Y = Yo-
By (8a)—{8c) and (9a)—(9c), we have established the lemma since the
7 € T1 U T, are the only strategies able to destroy ¥4:(n) but are pre-
vented from doing so by m] or my for 7 € Ty, and by m] for 7 € T3,
respectively. W
The satisfaction of the N-requirements now follows easily:

LEMMA 5 (N;Y-SATISFACTION LEMMA). If an N;¥-strategy o C f is
eligible to act infinitely often and is initialized at most finitely often then
it defines A, = K | dom A, correctly and satisfies its requirement.

PROOF: Suppose ¢ is not initialized or reset after some (least) stage s,
using Lemma 2. Then, after stage s', o will pick a big n (call it ng) and
will try to define A,(n) for all n > ng. Once A(n) is defined, the corre-
sponding ¥4¢(n) cannot be destroyed by Lemma 4 and our assumption
on s, establishing the first half of our claim.

Now suppose ¥4¢ = K, and fix s, > s’ (for n > ng) such that ¥4i |
(n + 1) is never destroyed after stage s, and such that K; | (n+1) =
K [ (n+1). Then, after stage s,, o will enter states waitA; and waitAg
with this n and, since ¥4+ (n) is no longer destroyed, return to state wait¥
only after having defined A, (n). Thus A,(n) = K(n) for cofinitely many
n, establishing the satisfaction of the M¥-requirement. B

LEMMA 6 (INITIALIZATION/ELIGIBILITY LEMMA). Each p C f is eligible
to act infinitely often and is initialized at most finitely often. Thus all
M2, and N -requirements are satisfied.

PROOF: Since K is not recursive the domain of A, for any N-strategy
o C f must be finite. Thus no N-strategy ¢ C f will initialize o~ (0)
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infinitely often. Furthermore, o can be in states waitA; and waitAy at
most finitely often before returning to state wait¥, and it will return
almost always via injury. Thus ¢ will not end the stage at infinitely many
of the stages at which it is eligible to act. This establishes the first half
of the lemma. The rest follows by Lemmas 2, 3, and 5. #

LEMMA 7 (P;-SATISFACTION LEMMA). If {i,7,k} = {0,1,2} and j < k
then T®4 = K.
PROOF: By the construction it is impossible to have I‘?’@A" (2) |# K(2)

for any z. It thus suffices to show that I‘?" ®4 is total. So assume

I‘fj ®4% () is undefined for some (least) z. By the construction, I‘fj S (2)
is defined infinitely often, and by the assumption on z, F?jEBA’“ (2) is de-
stroyed infinitely often by some N-strategy . By the way o is picked,
only finitely many N -strategies o can destroy F?j B (2), so say og is the
<-least of them destroying F?"@A" (2) infinitely often. Then necessarily
oo C f (by initialization). By Lemmas 6 and 2, oy is not initialized or
reset after some (least) stage sg. Thus lim, y;1 s = 00, say y1,s > 2+ 1 for
all s > s; (for some s; > sp). Then o must reach waitA; with y =z +1
infinitely often, and, by the first sentence of the proof of Lemma 6, almost
always with the same n. So Ui (n) is defined infinitely often after stage so
when oy reaches waitAy with y = z+ 1 but later destroyed. By Lemma 4,
K | y must change every time, a contradiction. M

This concludes the proof of Theorem 1. We now turn to the proof of
Theorem 2.

6. The requirements and the strategies for Vs

We have to construct r.e. sets Ag, A, Az, and B such that for a; = deg(4;)
(1=0,1,2) and b = deg(B),

agUag =0,

a;jNag =b,

b < ag < aj, and
b < as.

We ensure this by the following requirements:
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S:B <1 Ag <t Ay and B <t 4y,

P:K <1 Ag ® Aa,
M2 @4 = 342 total = JA(AP = &41) (for all p.r. functionals @),
DY . A; # U8B (for i = 0,2 and all p.r. functionals ¥), and
DY : A; # ¥4 (for all p.r. functionals ¥).

The global requirement S is met by direct coding, i.e. whenever a num-
ber enters B (Ao, resp.) it also enters Ag, Ay, and Ay (A;, respectively).

To satisfy the global requirement P we construct a functional I" which
computes the complete set K from Ay & A2. We will define I' implicitly
by a marker function y(z) which may be viewed as the use function of I'.
The zth position of v at the end of stage s will be denoted by v(z)[s|.
The marker obeys the following rules (for any numbers z,y, s,t):

() z#y = 7(a)ls] # ()l

(") v(@)[s] # v(@)[s + 1] = y(2)[s] <(z)[s + 1]
and, for some i € {0,2}, v(z)[s] € A;[s + 1],

(v?) lim, v(z)[s] exists,

() (@)l5] € (AU Ag)fs], and

(%) z€ Koy — Ks = 7(z)[s] € (AgU A2)[s + 1].

Then, by (y!) and (v%), v*(z) := limsv(z)[s] exists and +*(z) =
sup, 7(x)[s]. Moreover, by (y!) and (v%), v* <1 Ao ® Az. Finally, by
(7%) and (v*),

7 (2) = 7(2)[s] = Ks(z) = K(x).

So to compute K(z) from Ag @ A,, ['4942 computes the first stage s
such that v*(z) = v(z)[s] and checks whether z has entered K by the end
of this stage. If so, € K; otherwise z ¢ K.

For the local requirements M?, as in the preceding proof, we use Fejer’s
strategy [5]): Whenever AP(z) is defined but equal neither to 41 (z) nor
to ®42(x) then the strategy puts a number y < §(z) into B to allow the
correction of AB(z).

For the local requirements DY for i = 0 (i = 2, respectively) we basically
use the Friedberg-Muchnik strategy: The strategy has a follower z. If
¥B(z) = 0 at some stage then it puts z into A; and tries to preserve the
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computation ¥P(x). The latter conflicts with the M-strategies which are
the only ones which put numbers into B. To prevent that an infinitary
higher-priority strategy M® destroys ¥2(z), the D -strategy attacks only
at P-expansionary stages and tries to protect the computations ®42(y) =
AB(y) (or @1 (y) = AB(y), respectively). This is achieved by initializing
lower-priority D- and M-strategies and by lifting markers v(z) < ¢(y) by
enumerating them into A;.

The strategy for the local requirements DY is similar but slightly more
complicated. Again the strategy has a follower = and waits for ¥4 (z) = 0.
Then it wants to put z into A; and hold A¢ | (¥(x) + 1) to ensure
Ay(z) # U4 (z). Now, to lift a marker y(z), however, we have to put
v(z) into Aj, since putting v(z) into Ag might destroy ¥4o(z). So if we
put z into A; at the same time, for some M? and y as above we might
destroy both sides of an agreement

M (y) = AB(y) = 2 (y),

thereby causing M? to put a number u < §(y) into B and therefore into
Aq (by P), which might destroy ¥#4°(z). This problem is overcome by
doing the attack in two stages.

At the first expansionary stage we lift markers y(z) via A to protect
W40 (z) (and hold A4; to prevent M? from acting). Then, at the next ex-
pansionary stage, we put (z) into Ap and z into A;, thereby diagonalizing
(and now hold A, to prevent M? from acting).

7. The construction for Nj

We define the tree of strategies to be
T={re2%|Vn(a(2n+1) | = a(2n+1)=1)}

Let {Mp}new and {Dp}nen be effective listings of the M?®- and D¥-
requirements, respectively. As before, node o works on M,, if o] = 2n
is even and on D, if |o| = 2n 4+ 1 is odd; and we call 0 an M- or D,-
strategy, respectively. (Since the D,-strategies are finitary we have put
only their finitary outcome 1 on the tree T.) Every M,-strategy o builds
a functional A, to satisfy M,,. Initializing a strategy o is defined as in
the previous construction. We let In(o)[s] be the greatest stage ¢t < s at
which ¢ is initialized.
For n with M, = M?® we let

€(n)[s] = max{z : Vy < 2(®*(y)[s] |= 42 (y)[s] 1)}-
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Here we adopt the convention that if ®4:(y)[s] |# ®4:(y)[s + 1] then
®4i(y)[s + 1] T (“hat-trick”, see Soare [12]).

Based on the length function ¢, o-stages and o-expansionary stages are
defined as usual by induction on |o|: Any stage is a @-stage, and stage s
is (-expansionary if s = 0, or s > 0 and Vt < s (£(0)[t] < £(0)[s]). For o
with |o| > 0, s is o-expansionary if |o| = 2n is even, s is a o-stage, and

{(n)[s] > max{f(n)[t] : t < s Atisa o-stage}.

Finally s is a o " (i)-stage if |o| < s and either i = 0 and s is o-expansion-
ary, or ¢ = 1 and s is a o-stage but not a o-expansionary stage.

The unique string o of length s such that s is a o-stage will be denoted
by als].

In the following description of the stages of the construction, a number
y is called big if y is bigger than all numbers mentioned in the construction
up to this point (with the exception of the values of the marker function
)
Stage 0: Initialize all strategies 0. Let y(z)[0] = 2(z, 0).

Stage s + 1: The stage consists of 6 steps.

Step 1: Initialize all strategies o with afs] < o.

Step 2 (D-Strategies): For any o C «fs] with |o]| = 2n+1 odd and D,, =
D;I' , o requires attention if either o has no follower or, for the follower z,
Ai(z)[s] = TB(z)[s] = 0 (if i € {0,2}) or Ay(z)[s] = TAo(z)[s] = O (if
1=1).

Fix the least o which requires attention, say |o| = 2n + 1, D, = DY.
(If no ¢ requires attention, Step 2 is vacuous.) Say that ¢ acts. Initialize
all strategies ¢’ with ¢ < ¢’. If o has no follower, let = be the least big
odd number and appoint z as a o-follower. If ¢ has a follower, say x, then
distinguish the following 3 cases.

Case 1: i € {0,2}. Then put z into 4;. Moreover, for any y > In(o)[s],
put v(y)[s] into A; and let y(y)[s + 1] = 2(y, s + 1).

Case 2: i = 1 and z is not yet confirmed. Then, for any y > In(o)[s],
put y(y)[s] into Az, and let y(y)[s + 1] = 2(y,s + 1). Say that z is
confirmed.

Case 3: 1 = 1 and z is confirmed. Then put z into A;. Moreover,
for any y > In(o)[s], put y(y)[s] into Ao and let v(y)[s + 1] = 2(y, s + 1).
Moreover, for any y > In(o)[s], put v(y){s] into Ag and let v(y)[s+ 1] =
2(y,,)s + 1.

Step 3 (P-Strategy): For any z such that z € K1 — K and y(z)[s+1]
has not been redefined in Step 2, put vy(z) into Ao, let y(z)[s + 1} =
2(z,s + 1}, and, for any o such that |o| is odd and z < In(o)[s], cancel
the o-follower (if there is any).
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If not stated otherwise above, v(y)[s + 1] = v{(y)[s].

Step 4 (M-Strategies; correction): For any ¢ such that ¢ has not
been initialized in the previous steps and |o| is even, say |o| = 2n and
M, = M?, and for any number y do the following: If ®4:(y)[s] #
AB(y)[s] 1# ®%2(y)[s] then put 6,(y){s] into B, let &,(y)[s + 1] T and
AB(y)[s + 1] 1, and initialize all o’ with o~ (0) <z, o'

Step 5 (M-Strategies; extension): For any o such that o (0) C afs],
o has not been initialized in the previous steps and such that |o| is even,
say |o| = 2n and M,, = M®, and for any number y do the following: If
y < £(n)[s] and AZ(y) 1 then let AZ(y)[s + 1] = &4 (y)[s] = D2 (y)[s] |
and let 6,(y)[s + 1] be the previous use (if AZ(y) has been defined before
and no &,(y’) for ¢’ < y has entered B since the last definition of AZ(y))
or the least big odd number (otherwise).

Step 6 (S-Strategy): Put any number which has entered B (A4¢) in one
of the previous steps also into Ag, 4, and A (A;, respectively).

This completes the description of the construction.

8. The verification for Ny

LEMMA 1 (S-LEMMA). B <1 Ag <1 A4; and B <t Aj.

ProOF: Any number z which enters any set under construction at stage
s + 1 has not entered any other set under construction at any previous
stage. So the claim is immediate by Step 6 of stage s+ 1. B

The true path f € [T] is defined to be the leftmost path through T such
that for any n, f { n C «afs] for infinitely many s.

We say z is a permanent o-follower if z is o-follower from some stage
on.

LEMMA 2 (INITIALIZATION LEMMA). Let o C f.

(a) o is initialized only finitely often.
(b) If |o| is odd then o acts only finitely often and has a permanent
follower.

PRrROOF: We proceed by induction on |o]|.

Fix s¢ such that o < afs] for all s > so and such that, by inductive
hypothesis, no ¢’ with ¢’ C o acts after stage sg. Then o will not be
initialized in Step 1 or 2 of any stage s > sg. Moreover, no 8.(y) for
77(0) <r o will be appointed after stage sg (in Step 5), whence, there
will be a stage s; > sg such that o will not be initialized in Step 4 of any
stage s > s1 and hence will not be initialized after stage s; at all.
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Now, if || is odd, fix sg > s; such that K, | (s1+1)=K | (s1+1).
Then no follower of ¢ will be cancelled in Step 3 of any stage s > sq,
whence any o-follower existing after stage sy is permanent. Moreover, if
s3 is the least o-stage > so then either there is a o-follower at the end of
stage s3 or a o-follower is appointed at stage s3. So ¢ will act at most
once (if 7 € {0,2}) or twice (if ¢ = 1) after stage s3+ 1. W

LEMMA 3 (P-LEMMA). K <1 4; ® A;.

PRrROOF: By the discussion of the P-strategy preceding the construction
it suffices to show that the function ~(x)[s] satisfies conditions (y°)—(v*).
For (7°)~(v1) and (3)-(v*) this is immediate by the construction. For a
proof that lim, v(x)[s] exists fix z. By Lemma 2, choose stages s; and sg
such that s; > so > z, afso] C a[s1] C f, and no o with 0 < afso] acts
after stage s;. Since any o with afsg] < o is initialized in Step 1 of stage
so + 1 > = and since only such ¢ will act after stage s1, v(z)[s] will not
be redefined in Step 2 of any stage s + 1 > s;. So the value of y(z)[s]
will change at most once after stage s;, namely if  enters K after that
stage. ll

LEMMA 4 (A-CORRECTNESS LEMMA). Let M® = M, |o| = 2n, and
o"{(0) C f. Ifsis a o (0)-stage and AB(y)[s] | then AB(y)[s] =
41 (y)[s].

ProoF: For a contradiction assume that AB(y)[s] # ®41(y)[s]. Let t be
the greatest stage < s such that AZ(y)[t] 1. Then ¢ is a o-expansionary
stage and

AZ (W)l = AJ W)t + 1] = 4 (y)[t] = 2% (m)[t).

Since s is o-expansionary, too, we must have AZ(y)[s] # ®41(y)[s] | and
AB(y)[s] # ®42(y)[s] |. So, by the “hat-trick”, there must be a stage v
such that ¢ < v < s (whence AB()[t + 1] = AZ(y)[v] = AB(y)[s]), and
AB(y)[v] # @41 (y)[v] and AZ(y)[v] # ®42(y)[v] (where one of the right-
hand side computations is undefined). So, by Step 4 of the construction,
AB(y)[v+ 1] T contrary to the choice of t. B

LEMMA 5 (M-LEMMA). Each M?® is met.

ProOF: Without loss of generality, we may assume that ®41 = ®42
is total. Pick n and o such that M® = M,, |o| = 2n, and 0 C f.
Then, by assumption, lim, £(n)(s] = co. So there are infinitely many o-
expansionary stages, whence ¢~ {0) C f. Moreover, by Lemma 2, there is
a stage after which o is never initialized. It easily follows from Step 5 in
the construction that AZ is total and, with Lemma 4, that A2 = ¢4,
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LEMMA 6 (D-LEMMA). Each D¥ is met.

ProOF: We give the proof for ¢ = 1. (The other cases are similar and
somewhat simpler.) Fix n and o such that D, = D¥, |o| = 2n + 1 and
o C f. By Lemma 2 there is a stage sg such that at stage sg + 1 a o-
follower z is appointed which will never be cancelled. We will show that
Ai(x) # U4 (z). We distinguish two cases.

Case 1. There is a o-stage s > sg such that

o (z)[s] [=0.

Then let s; be the least such stage. By the choice of sg, o acts at stage
s1 + 1 and z becomes confirmed. Now let s5 be the least o-stage > s1.
We claim that

(%) Bls1] | s1 = Blsg] I s1 and A;[s1] | s1 = A;ifs2] | s1
for i = 0, 1, whence in particular
Ao (z)[s5] = TAo(z)[s1] = 0

via the same computation. For a proof of (%) we note that all strategies
o' > o are initialized whence such strategies cannot injure (x). Moreover,
since, by choice of sg, o is not initialized after this stage, no M-strategy
o’ with ¢’ {0) <p o will put a number into B after stage so and no D-
strategy o’ with ¢’ < o will put a number into any set A; (j = 0,1,2).
Since o itself does not destroy (*) (at stage s; +1 it puts numbers into A,
only and it does not act before stage sz + 1 again), this leaves only the P-
strategy and M-strategies 7 with 7" (0) C 0. Now, by action of o at stage
s+ 1, v(y)[s1 + 1] > s1 for all y with y > In(o)[s1]. So if the P-strategy
injures (), then it enumerates some v(y)[s] with y < In(c)[s1] < In(o)[s]
into some A;, which will result in cancellation of the follower x contrary
to the choice of z. Finally, consider an M-strategy 7 with 77 (0) C o.
Then s, is T-expansionary and, by Lemma 4,

Vy(AZ()lsi) L = AZ()[si] = @4 (y)[sa] 1= 22 (y)[s1)) -

Now 7 will injure (x) at a stage s + 1 > s; only if, for such a number
y, 41 (y)[s1] # @41 (y)[s] and ®42(y)[s1] # ®42(y)[s], i.e. if some other
strategy has injured Ai[s1] | s1 = Ai[ss] | s1 before. As we have shown,
however, this will not happen.
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Now at stage so + 1, ¢ becomes active again and puts z into 4;. To
show that ¥4e(z) = ¥Ao(z)[sy] = 0 (whence D,, is met) it suffices to
show

(x%) Blss] | s2 =B | 52 and Az[sg] | s2 = Az | s2.

This is shown as (x). We only have to note that o acts at stage s + 1
for the last time and that it does not put any numbers into B or A3 at
this stage. (Also note that the y(y)[s2] which ¢ enumerates into Ay have
been lifted at stage s; already whence they cannot injure the computation
TAo(z).)

Case 2. Otherwise. Then ¥4°(z) # 0 and z never enters A;. So
A # U4 whence DY is met. B

This completes the proof of Theorem 2.



198

10.
11.

12.

13.

14.

REFERENCES

. K. AMBOs-SPIES, “On the Structure of the Recursively Enumerable Degrees”,

Doctoral Dissertation, University of Munich, 1980.

K. AMBOS-SpPIES, A. H. LACHLAN, R. I. SOARE, The continuity of cupping to
0', Ann. Pure Appl. Logic (to appear).

K. AMBOS-SPIES, M. LERMAN, Lattice embeddings into the recursively enu-
merable degrees, J. Symbolic Logic 51 (1986), 257-272.

K. AMBOS-SPIES, M. LERMAN, Lattice embeddings into the recursively enu-
merable degrees, II, J. Symbolic Logic 54 (1989), 735-760.

P. A. FEJER, The density of the nonbranching degrees, Ann. Pure Appl. Logic
24 (1983), 113-130.

A. H. LACHLAN, Lower bounds for pairs of recursively enumerable degrees,
Proc. London Math. Soc. 16 (1966), 537-569.

A. H. LACHLAN, Embedding nondistributive lattices in the recursively enumer-
able degrees, in “Conference in Mathematical Logic, London, 1970”, Lecture
Notes in Mathematics No. 255, SpringerVerlag, Berlin, Heidelberg, New York,
1972, pp. 149-177.

A. H. LACHLAN, Decomposition of recursively enumerable degrees, Proc. Amer.
Math. Soc. 79 (1980), 629-634.

A. H. LACHLAN, R. 1. SOARE, Not every finite lattice is emnbeddable in the
recursively enumerable degrees, Adv. in Math. 37 (1980), 74-82.

J. R. SHOENFIELD, R. I. SOARE, The generalized diamond theorem, abstract
# 219, Recursive Function Theory Newsletter 19 (1978).

T. A. SLAMAN, The density of infima in the recursively enumerable degrees,
Ann. Pure Appl. Logic 52 (1991), 155-179.

R. 1. SOARE, “Recursively Enumerable Sets and Degrees”, Perspectives in
Mathematical Logic, Omega Series, Springer-Verlag, Berlin, Heidelberg, New
York, London, Paris, Tokyo, (1987).

S. K. THOMASON, Sublattices of the recursively enumerable degrees, Z. Math.
Logik Grundlag. Math. 17 (1971}, 272-280.

C. E. M. YATES, A minimal pair of recursively enumerable degrees, J. Symbolic
Logic 31 (1966), 159-168.



Logic, Methodology and Philosophy of Science IX
D. Prawitz, B. Skyrms and D. Westerstahl (Editors)
© 1994 Elsevier Science B.V. All rights reserved. 199

CONTRIBUTIONS TO THE HISTORY OF VARIATIONS
OF WEAK DENSITY IN THE n-R.E. DEGREES

MARAT M. ARSLANOV

Department of Mathematics, University of Kazan

A set A C w is called n-re. if n = 1 and A is recursively enumerable
(r.e) or n > 1 and there is an r.e. set A; and an n-r.e. set Ay C Ay such
that A = A; — As. A Turing degree is called a n-r.e. degree if it contains
a n-r.e. set; it is called properly n-r.e. if it is n-r.e. but not n — 1-r.e.
Clearly a set A is n-r.e. if and only if there is a recursive function f such
that for all zlim, f(s,z) = A(z), f(0,z) =0 and

(1) card{s: f(s+1,z) # f(s,z)} < n.

In the obvious way, a set A C w is called w-r.e. iff it satisfies the same
definition where (1) is replaced by

(1) card{s: f(s+ 1,z) # f(s,z2)} < h{x)

for some recursive h. The reader should note that if a set A satisfies
(1) for some recursive h then it satisfies (1) for any recursive unbounded
function g (see {1]).

The existence of properly a-r.e. degrees was first proved for 1 < a < w
by Cooper [2] and for @ = w by Epstein [5] and Lachlan (1968, unpub-
lished), who showed that there is an w-r.e. minimal degree, and that
every nonrecursive n-r.e. degree for 1 < n < w bounds a nonrecursive
r.e. degree, respectively.

During the past decade, an intensive study of the structure of n-r.e.
(and more particularly d-r.e.=2-r.e.) degrees was initiated. Interest in
the n-r.e. degrees stems from their affinity with the r.e. degrees, although
a number of recent papers have sought several essential differences be-
tween these structures. Probably the most fundamental result in this di-
rection is the Cooper-Harrington-Lachlan-Lempp-Soare Nondensity The-
orem, which states that the partial orderings of n-r.e. degrees for any
n > 1 are not dense.
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THEOREM 1 (Cooper, Harrington, Lachlan, Lempp, Soare [3]) There ex-
ists a d-r.e. degree d < 0’ with no n-r.e. (for all n > 1) such that

d<a<(0.
Some authors studied variations of the next “weak” density problem for

n-r.e.degrees. Let n > 1 and I(n) denote the set of integers k such that
for any two n-r.e.degrees a < b there is a properly k-r.e.degree ¢ such

that ¢ < ¢ < b. The question is whether k € I(n) for several k,n. The

next two results assert that for any n > m > 1, m ¢ I(n) and 2 € I(1),
respectively.

THEOREM 2. (Hay and Lerman [6]) For all n,m such that n > m > 1,
there exist n-r.e.degrees a < b such that there is no m-r.e.degree between

them.
THEOREM 3 (Cooper, Lempp, Watson [4]) Given r.e. degrees a < b there
exists a properly d-r.e. degree ¢ such that a < ¢ < b.

Further, the Nondensity Theorem for n-r.e. degrees asserts that for any
n>2and k > 1,k & I(n). Therefore, the only open question in this

area is whether n € I(1) for all n > 2.
Our notation generally follows Soare [8].

1. The theorems

In this paper we study the next related question. Let @ and b be d-
r.e. degrees such that a < b and either a or b is r.e. In which cases do
r.e. degrees ¢ exist such that a < ¢ < b?

Before presenting our results, we survey the related results known to
us. We first consider the case when a is r.e.

THEOREM 4. (Lachlan, unpublished) For any n-r.e. b > 0 there is a
r.e. degree ¢ such that 0 < ¢ < b.

THEOREM 5. (Kaddach, unpublished) There are r.e. a and d-r.e. b such
that a < b and there is no r.e. degree ¢ between them.

Assume now that a is d-ree. and b isr.e., a < b.

LEMMA 1. (Cooper, Harrington, Lachlan, Lempp, Soare [3]) There exists
a d-r.e. degree a < 0’ with no n-r.e. ¢ such that a < ¢ < 0’ for any

n < w.
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This result compares with theorem 7 below. For the case c r.e. it was
first obtained by Hay and Shore (unpublished).

The next theorem also follows from known results.

THEOREM 6. For any high r.e. degree b < Q' there exists a d-r.e. degree
a < b with no r.e. degree ¢ such that a < ¢ < b.

PROOF: Let b < 0’ be an r.e. degree such that b’ = 0”. Harrington

proved (see [7]) that every high r.e. degree has the anticupping property:
there is a nonzero r.e. degree d < b such that for no re. ¢ < b does

b = dUc. Cooper, Lempp and Watson [4] proved that there is a d-
r.e. degree a < b such that a Ud = b. Obviously, there is no r.e. degree
¢ between @ and b.

Studying the last question we add to this list of known results the next
two theorems.

THEOREM 7. Given r.e. sets A, P and a d-r.e. set B = By — By such
that A <r B,B|pP and By <t P, there is an w-r.e. set X such that
A<y X <pr B.

We have noted above that we can choose the sets A and B so that in
this theorem X cannot be r.e. A very interesting open question is the
following: is it possible to generalize the theorem so that the condition
“Xw-r.e.” is replaced by “Xn-r.e.” for some n,1 < n < w?

THEOREM 8. Given an r.e. set A <p @', A" =p 0", there is a d-r.e. set B
such that A <t B and there is no r.e. set C such that A <p C <7 B.

Theorems 6 and 8 imply the following interesting

COROLLARY. For any high r.e. degree a < 0’ there are d-r.e. degrees b
and ¢ such that b < a < ¢ and a is the single r.e. degree between b and
c. (Of course, it means that any high r.e. degree a is definable in R (the

structure of the r.e. degrees) using two parameters from D, (the set of
d-r.e. degrees) by the formula ®(z,b,¢)=b<z <c.)

2. The proof of Theorem 7

We first note that given an r.e. set A and a d-r.e. set B such that A <¢
B <r ¥, it is easy to prove the existence of an r.e. set P such that A <7 P



202

and B|rP. Indeed, it suffices to construct such a set P = A ® Q meeting
for all e the requirements:
Se: B # 0499,
T.:Q # @2,
The overall requirements will ensure that either A <7 P <7 B and the
theorem is proved with the r.e. set P instead of X, or A <r P and P|rB.
Let us give a recursive enumeration {K,}s¢c, of the creative set K. To
meet T, we compute ®2((e,z)) for any z € K,. If for some ¢ > s and
¢ C w d2:1%((e,z)) |= 0 then (e,z) € Q, otherwise (e,z) ¢ Q. Obvi-
ously, either there is an z such that ®2((e,z)) # Q((e,z)), or for any z
we have z € K & @égw’ ({e,z)) | for the least s — As; | ¢ £ A | ¢. Thus,
we have r € K & z € Ky, where s’ = ps{3¢ C w (2221 ((e,)) | &
As = A ¢)} and K is hence recursive in A.
The strategy for meeting Se (cycle k) is next.

1.  Fix a length of agreement = > (e, k).
2. Wait for a stage s at which
By tzx= @&ﬁs@‘?s)”’ I  for some ¢.

3. Start cycle k + 1, to run simultaneously. Set
By(k) = AZ+19()
and restrain @ [ ¢ from strategies of lower priority.

4.  Wait for B(k) to change at some stage t > s.

(If A | ¢ changes between stages s and ¢, then go back to 2.)

5. Cancel cycles greater than k. Wait for a stage u > t at which a new
agreement B, [ = = @é@“%“”"" ! ¢ is achieved for some ¢’ D ¢.
(Obviously, this happens only if A, [ ¢ # A5 | ¢).

6. Set B(k) = By,(k) = AZ+«!®(k). Cancel the restraint of this cycle
and start cycle k£ + 1.

There are three possible outcomes of this strategy.

A.  Some cycle waits forever at 2 or 5. It clearly means that B # ®46Q
and we meet Se.

B.  There are infinitely many cycles, and every cycle finishes in 4 or 6.
It obviously means that B <7 A which contradicts the condition.
Therefore, S, cannot have this outcome.

C.  There are infinitely many cycles, and A | ¢ changes at any time
between stages s and t. It means that ®49? is partial and we
again meet S..
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It is easy to see that S, as well as T,,e € w, causes finite injury to
lower priority requirements. So, the whole construction is a finite injury
argument on the priority orderings So,75,...,Se, Te, . - ..

Therefore, let P be an r.e. set such that P|rB and {P;}se. be a recur-
sive enumeration of P. We construct an w-r.e. set M <p B meeting for
all e € w the requirements

Ue: M # 02,
V. : B # 0A0M,
Then X = A® M will be the desired w-r.e. set.
The priority ranking of requirements is Up, Vp,... ,Ue, Vo, . ...
To ensure that M <7 B we use the permitting argument. The strategy
for V. proceeds as follows (cycle k).

1.  Choose an z > (e, k).

2. Wait for a stage s at which B; [ z = @é:“ss@Ms)f‘i’ t
Start cycle k& + 1, to run simultaneocusly. Set

Bs(k) = T 14(k).

x for some ¢.

Restrain M | ¢ from other strategies with priority S..
Wait for B(k) to change at some stage t > s.
5. Cancel cycles > k. Wait for a stage u > t at which a new agreement

B, [z =@M 1 o

is achieved for some ¢'. (Notice that this can happen only if A, |
¢ # Aul $.)
Cancel the restraint of M | ¢.
If B,(k) = 0 (thus B(k) = By(k)) then set B(k) = ['4«!%'(k).
Start cycle k + 1.

8. If By(k) =1 then restrain M | ¢', set B,(k) = I'2!® (k) and start
cycle k + 1, to run simultaneously.

9. Wait for B(k) to change at some stage v > u.

10.  Cancel cycles > k. Wait for a stage w > v at which a new agree-

ment

By |z = {Ap®MIe" 1 4

is achieved for some ¢”. (Again, this can happen only if A, | ¢’ #
Ay 1) ,

11.  Cancel the restraint of M | ¢’ and set B(k) = B, (k) = T21%' (k).
Start cycle k + 1.
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There are three possible outcomes:

A.

B.

Some cycle waits forever at 2, 5 or 10. Then clearly B # ®4®M
and we meet V.

There are infinitely many cycles, and every cycle finishes in 4, 9 or
11. Then B <1 A, which contradicts the condition. Therefore V,
can not have this outcome.

There are infinitely many cycles, and A | ¢ or A | ¢’ changes
at any time between stages s and t or between stages v and v,
respectively. Obviously, this means that ®2 is not total and we
again meet V.

INJURY LEMMA for V.. Any V,-strategy causes finite injury to lower pri-
ority requirements.

ProOOF: If V. has outcome (A) then each of its finitely many cycles causes
finite injury to lower priority requirements. If V. has outcome (C) then
each of its cycles creates restraints which later are cancelled. Therefore,
V. again causes finite injury to lower priority requirements.

Strategy for U, (cycle k).

1.

3a.
3b.

o

~J
D4

(M

Wait for a stage s at which k& € P,. Start cycle k¥ + 1 to run
simultaneously.

Wait for a stage ¢ > s at which @é;((e, ky) 1.

If @é’t((e, k)) = 1 then restrain (e, k) from X and close this cycle.
If 32((e, k)) = 0, then

Wait for B | (e, k) to change at some stage u > s.

Put (e, k) into X if it is not restrained by some V; of higher priority.
(If {e, k) is restrained by some V;,i < e, then

Wait for a stage v’ > u at which the restraint of V; is lifted and
then go to 5.)

Wait for a stage v > u at which again B, | (e, k) = By | {e, k) for
some t' < ¢.

Remove (e, k) from X and go to 4 with s = v if (e, k) is not re-
strained by some V;,i < e. (If (e, k) is restrained by V;,7 < e,
then

Wait for a stage v’ > v at which the restraint of V; is lifted and
then go to 7).
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LEMMA 2. X <y B and X is w-r.e.

Proor: Obviously, by the construction we have X <t B and X is w-r.e.:
there exist not more than 2{e, k) + 2 stages s such that Bs | (e k) #
Bsyq | (e, k). Therefore, for any k, X({e, k)) changes its value not more
than 2(e, k) + 2 times.

LemmMmAa 3. X <p A.

PROOF: Assume that X = &2 for some e and choose the least k such that
any z > k is never injured. Then Jooz{z € P; & @é;r‘ﬁ | for some least
s€wand ¢ Cw&(As | ¢ = A ¢)}. (Obviously otherwise we have
P <p A). IfVz > k{[z € P;&®24'%((e,z)) |= 0 for some least s
and ¢&(A; | ¢ = A | ¢)] - Bs | (e,z) = B | (e,z)}, then obvi-
ously we have B <r A@® P =p P. Therefore, for some z > k we have
T € Ps&\Ilégw((e,x)) | for the least s,¢ — Ay [ ¢ = A | ¢ and
P2:1%({e,z)) = 0 — Bs | (e,z) # B | ({e,z)). This means that at the
cycle z of the Ug-strategy we meet U,.

LEMMA 4. BLr A6 X.

ProorF: At the end of the description of the V.-strategy we have seen
that if the strategy for U, is finite injury then for any e we meet V.

The above lemmas establish the theorem.

3. The proof of Theorem 8

Let A be an r.e. set, A’ =r 0" and ¢ £r A. We construct a d-r.e. set B
meeting for all e € w the requirements
T.: B # ®4;
Se: W, = 0488 W, =r4,
Then A & B will be the desired set.
In satisfying S, we shall construct a functional I'.. The priority ranking
of the requirements is Ty, So, 71, 51,... , e, Se, . ...
The strategy for 7, is the same as that for T, of Theorem 7. Let us

now consider the requirement S.. We may assume that A is e-dominant,
namely, the computation function ¢4 defined by

calz) =ps{As z=A |z}
dominates every total recursive function f, i.e.,

JzoVe > zo{calz) > f(z)}.
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The strategy for Se (cycle k) proceeds as follows:

1.
2.

(x)
3.

(3xx)

7a.

7b.

7b;.

7ba.

Choose an = > (e, k).
Wait for a stage s at which

Wes [z = @gﬁ“@Bs)M t z for some ¢.
Start cycle k + 1, to run simultaneously. Set
We,S(k) = Fés Nh(k),

where ¢; > any ¢ used to stage s of the construction.

Wait for W,(k) to change at some stage ¢ > s.
(Note: If A | ¢ or B | ¢ changes between stages s and t, go back
to 2.)

Restrain B | ¢ from other strategies of lower priority from now on,

cancel cycles greater than k, and

Wait for a stage u >t at which a new agreement
Wes 1 2= S0P [
is achieved for some ¢'.

If (xx) is achieved because of A, | ¢1 # A; | ¢1 (clearly we have
Wes [z = @gﬁt@&”"’ | x, see Note at 4.) then set

We,u(k) = We(k) = P?u Ml(k),

cancel the restraint of B | ¢ and start cycle £ + 1.

Suppose now that A, [ ¢1 = A; | ¢1. Therefore we have B; | ¢ #
B, | ¢. There are the following possible cases.

Some b is removed from B at stage t’',t < ¢ < u. This means (see
7bs below) that either some requirement S;, ¢ < e, of higher priority
is satisfied at some stage k' because W;(k') # pAeDIY’ (k"), or
later A | ¢’ will be changed. By construction we restrain B |
¥’ in the S;-strategy at some stage < t' hence ¢1 > ¢ (see 3.).
Therefore, in this case we must wait for A | ¢/ (C A | ¥1) to

change at some stage v > u and then go to 8.

B, D B, and 3b < ¢; (b € B, — B, and b is restrained by some
S;-requirement with restraint B | ¢'). In this case for all such b
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we wait for A | 9’ to change at some stage v > u and then go to
Tbs.

7bs. By 2 By, and Vb (b € B, — By — b is not restrained by require-
ments of higher priority). Remove all these b from B and wait for
A | ¢ to change at some stage v > u.

8. Set W, (k) = W, (k) = I'41¥1(k). Cancel restraints of S, and start
cycle k£ + 1.

The possible outcomes for S,.

A.  Some cycle waits forever at 2. or 6. Clearly, then W, # ‘Pf@B and
we meet Se.

B. There are infinitely many cycles, and every cycle (beginning for
some cycle k) finishes in 4., 7a. or 8. Then clearly W, <r A and
we again meet S,.

C. There are infinitely many cycles which finish in 7by. This means
that any of their A | ¥’ is not changed after stage u. Hence, some
requirement S;,4 < e, is satisfied at stage u. But there are finitely
many requirements of higher priority, therefore we cannot have this
outcome.

D.  There are infinitely many cycles which finish in 7bs. To prove that
we again cannot have this outcome we define by induction a total
recursive function h. which contradicts that A is e-dominant.

Suppose T is the greatest integer such that h.(z) is defined for any
z < zg. Define he(zg + 1) = u (the stage where a new agreement is
achieved, see point 6. of the description of the Se-strategy). Clearly if h,
is not total then we do not come to 6. from 4. at some cycle k. Therefore,
W, # @298 and we meet S..

Let b < 91 be an integer which is enumerated in B at some stage t' > ¢
(see point 4. of the description of the S.-strategy) and after that at point
3. of cycle k' of some S;-strategy, i.e., creates a B [ ¢*-restraint with
¢* > b. (Otherwise, if it creates a B | ¢*-restraint at stage ¢’ < t, b
may be removed from B without problems.) To force A [ ¢* to change we
want to have 2o+ 1 < ¢* and we slightly modify the definition of ¢ in 3.:
$1 must be greater than Z, where & = max{z : he(z) is defined at some
stage < s and for some e}.

Now it is obvious that the existence of infinitely many cycles which
finish in 7by means that h. is total and ¢4 does not majorize he.

Therefore, there are only two possible outcomes (A) and (B) for the S-
strategy. If the strategy S, has outcome (A), then it causes finite injury to
lower priority requirements. If it has outcome (B), then each of its cycles
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creates restraints which later are cancelled. Therefore, S, again causes
finite injury to